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1. koordinatTa sistemebi sibrtyeze da1. koordinatTa sistemebi sibrtyeze da1. koordinatTa sistemebi sibrtyeze da1. koordinatTa sistemebi sibrtyeze da                                                

sivrceSisivrceSisivrceSisivrceSi    

    

marTkuTxa (anu dekartes) koordinatTa sistemamarTkuTxa (anu dekartes) koordinatTa sistemamarTkuTxa (anu dekartes) koordinatTa sistemamarTkuTxa (anu dekartes) koordinatTa sistema        aris wrfivi 

algebris da analizuri geometriis safuZveli.    

        geometria,geometria,geometria,geometria, berZnulad geo (miwa) – metria (gazomva)   

istoriulad   miRebulia rom  geometriis “mama” aris        

                                        evklideevklideevklideevklide ( III saukune qristemde) ;    

 

algebra,algebra,algebra,algebra, arabulad al-jebr (Sekreba), 

algebris “mama” -- alalalal----xvarizmixvarizmixvarizmixvarizmi (misi wigni daiwera 820 wels). 

Tumca manamade arsebobdnen egviptelebi, romlebmac 140  

piramida aages dawyebuli 5000 wlis win!5000 wlis win!5000 wlis win!5000 wlis win!       
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Ppirveli sistematuri SekavSireba algebrasa da geometrias SorisPpirveli sistematuri SekavSireba algebrasa da geometrias SorisPpirveli sistematuri SekavSireba algebrasa da geometrias SorisPpirveli sistematuri SekavSireba algebrasa da geometrias Soris 

moxda dekartes mier 17-e saukuneSi koordinatebis SemoRebiT.   rene dekarte rene dekarte rene dekarte rene dekarte 

(frangulad Descartes), laTinurad (Cartesius), amitom inglisur literaturaSi 

gvxdeba Cartesian coordinates 

 

     ricxviTi ricxviTi ricxviTi ricxviTi wrfe anu dekartes koordinatTa sistema wrfeze.wrfe anu dekartes koordinatTa sistema wrfeze.wrfe anu dekartes koordinatTa sistema wrfeze.wrfe anu dekartes koordinatTa sistema wrfeze.    

Adekartes koordinatebis SemoReba wrfeze niSnavs am wrfeze avirCioT sami ram: 

1. wertili O0 anu “koordinatTa saTave” 

2. sigrZis erTeuli: 

3. orientacia, anu romeli naxevarwrfe iyos dadebiTi (da Sesabamisad meore 

naxevarwrfe uaryofiTi) . 

 

                            O         1 
 ● 

 

Aamis Semdeg wrfis yovel wertils gansazRvravs misi koordinatikoordinatikoordinatikoordinati,,,, anu manZili 

O saTavemde, aRebuli + an _ niSniT imis mixedviT, Tu romel naxevarze Zevs es 

wertili. 

 

wrfes arCeuli koordinatTa sistemiT ewodebawrfes arCeuli koordinatTa sistemiT ewodebawrfes arCeuli koordinatTa sistemiT ewodebawrfes arCeuli koordinatTa sistemiT ewodeba ricxviTi wrfericxviTi wrfericxviTi wrfericxviTi wrfe .  

yovel namdvil ricxvsnamdvil ricxvsnamdvil ricxvsnamdvil ricxvs, , , ,  anu 

naturalurs, (1, 2, 3 .. ); 

mTels, (naturaluri ricxvebi maTi mopirdapire ricxvebi _1,_2,_3 .. da 0 ); ………… 

racionalurs, (wiladebi. mag. 1/2, 1/3, ..);   

Tu iracionalurs, (usasrulo araperioduli aTwiladebi, mag. √2, �5,   �=wrewiris sigrZis Sefardeba mis diametrTan)   

aqvs aqvs aqvs aqvs calsaxad calsaxad calsaxad calsaxad gansazRvruli mdebareoba am wrfeze da piriqiT:gansazRvruli mdebareoba am wrfeze da piriqiT:gansazRvruli mdebareoba am wrfeze da piriqiT:gansazRvruli mdebareoba am wrfeze da piriqiT:        yovel wertils yovel wertils yovel wertils yovel wertils 

wrfeze Seesabameba erTaderTi namdvili ricxvi.     wrfeze Seesabameba erTaderTi namdvili ricxvi.     wrfeze Seesabameba erTaderTi namdvili ricxvi.     wrfeze Seesabameba erTaderTi namdvili ricxvi.         

 

კითხვა:  პრაქტიკულად როგორ გადავზომოთ  მონაკვეთი რომლის სიგრძეა √2, �5,   � ? 
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    marTkuTxa anu dekartes koordinatTa sistema sibrtyezemarTkuTxa anu dekartes koordinatTa sistema sibrtyezemarTkuTxa anu dekartes koordinatTa sistema sibrtyezemarTkuTxa anu dekartes koordinatTa sistema sibrtyeze    

A 

dekartes koordinatTa sistemis SemoReba sibrtyeze niSnavs, rom am sibrtyeze  

1. avirCioT sakoordinato RerZebiRerZebiRerZebiRerZebi, anu marTobul wrfeTa dalagebuli 

wyvili (X,Y). anu X  da Y wrfeebi unda iyos urTiermarTobuli(anu maT 

Soris kuTxe marTia) da dalagebuli niSnavs rom mniSvneloba aqvs 

romelia pirvel adgilze da romeli meoreze. 

2. orive wrfisTvis avirCioT sigrZis erTeuli da orientacia. 

3. X  da Y wrfeTa gadakveTis 0 wertili unda miviRoT koordinatTa 

saTaved. 

 
Aamis Semdeg koordinaTta sistemis orive wrfe gadaiqceva ricxviT orive wrfe gadaiqceva ricxviT orive wrfe gadaiqceva ricxviT orive wrfe gadaiqceva ricxviT 

wrfedwrfedwrfedwrfed.  sibrtyis yoveli wertilis koordinatebi miiReba ase: sibrtyis yoveli wertilis koordinatebi miiReba ase: sibrtyis yoveli wertilis koordinatebi miiReba ase: sibrtyis yoveli wertilis koordinatebi miiReba ase:  

pirveli koordinatis misaRebad davuSvaT mocemuli wertilidan marTobi 

(anu perpendikulari) X wrfeze da vipovoT gadakveTis wertili.  M am 

wertils rogorc viciT Seesabameba namdvili ricxvi da es ricxvi 

aviRoT pirvel koordinatad.  

 

analogiurad, Tu mocemuli wertilidan davuSvebT marTobs Y wrfeze da 

vipoviT dagakveTis wertils miviRebT meore koordinats. 

 

                    Y  

                          Y 

    

                                                                meore meore meore meore koordinatikoordinatikoordinatikoordinati                                                                                ● A    

    

                                                                                                B  B  B  B  B   ●    

    

    

                                                                                                                            OO               O               O               O               pirveli koordinatipirveli koordinatipirveli koordinatipirveli koordinati                    XXXX    
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                                    dekartes koordinatTa sistema sivrceSidekartes koordinatTa sistema sivrceSidekartes koordinatTa sistema sivrceSidekartes koordinatTa sistema sivrceSi    

    

   dekartes koordinatTa sistemis SemoReba sivrceSi niSnavs:   

1. sivrceSi avirCioT sakoordinato RerZebiRerZebiRerZebiRerZebi, anu marTobul wrfeTa 

dalagebuli sameuli (X,Y,Z).  e.i. am sami wrfidan nebismieri ori maTgani 

urTierTmarTobuli unda iyos.  
 

2. samive wrfisTvis avirCioT sigrZis erTeuli da orientacia. 

3. X , Y, Z wrfeTa gadakveTis 0 wertili unda miviRoT koordinatTa saTaved. 

 
Aamis Semdeg koordinaTta sistemis samivesamivesamivesamive    wrfe gadaiqceva ricxviT wrfe gadaiqceva ricxviT wrfe gadaiqceva ricxviT wrfe gadaiqceva ricxviT 

wrfedwrfedwrfedwrfed.  sibrtyis yoveli wertilis koordinatebis misaRebad  sibrtyis yoveli wertilis koordinatebis misaRebad  sibrtyis yoveli wertilis koordinatebis misaRebad  sibrtyis yoveli wertilis koordinatebis misaRebad   

 davuSvaT mocemuli wertilidan marTobebi (anu perpendikularebi) X, Y 

da Z wrfeze da vipovoT Sesabamisi gadakveTis wertilebi.   am gadakveTis 

wertilebs rogorc viciT Seesabameba namdvili ricxvebi Sesabamisad X, X, X, X, Y 

da ZYYYYwrfeebze. Eam sami ricxvidan pirveli  mogvcems pirvel koordinats,  

meore ricxvi-meore koordinats, mesame ricxvi ki mesame koordinats. 

    

SevniSnoTSevniSnoTSevniSnoTSevniSnoT rom sivrcis SemTxvevaSi TiTqmis igive gavimeoreT, rac 

sibrtyeze gvqonda, oRond   sityva “ori” Seicvala “samiT”. 

Tumca praqtikulad albaT jobia aseTi gansazRvreba:  

  

sivrces nebismieri sibrtye or naxevarsivrced yofs. AK 

koordinatTa wrfeebi qmnian sakoordinato sibrtyeebs ((((X,Y), (), (), (), (Y,Z) ) ) ) da (X,(X,(X,(X,Z).).).). 

 

amitom sivrcis mocemuli wertils pirveli koordinati  aris manZili YY 
da Z  wrfeebiT gansazRvrul ((((Y,Z) sibrtyemde,  oRond + an _ niSniT, imis 

mixedviT, Tu romel naxevarsivrceSi mdebareobs Cveni wertili. 

analogiurad miiReba meore da mesame koordinati ((((X,Z)  da 

(X,Y)Ysibrtyeebis saSualebiT. 

 

    

    



7 

 

    

    

    

                                                                                                        

                                                                                                                                    kvadrantebi da oqtantebikvadrantebi da oqtantebikvadrantebi da oqtantebikvadrantebi da oqtantebi    

sibrtye sakoordinato naxevarRZebiT oTx meoTxedad anu kvadrantad kvadrantad kvadrantad kvadrantad 

iyofa. Aam kvadrantebSi mdebare wertilebis (anu ricxvebis wyvilis) 

niSnebi naCvenebia am naxatze: 

 

         II  kvadranti               I kvadranti 

            (_,+)                       (+,+) 

 

 

 

 

          III    (_,_)                  IV   (+,_)        

    

    

sivrce sakoordinato naxevarRZebiT rva metvedad anu oqtantadoqtantadoqtantadoqtantad    iyofa. 

Aam oqtantebis numeracia sayovelTaod SeTanxmebuli araa. Mmxolod 

(+,+,+) niSnian wertilebs uwodeben yovelTvis pirveli oqtantiwertilebs. 

Asul am niSnebisTvis aris  8=23  varianti. (ratom?, daxateT oqtantebi)   

    

    

ratomaa ase mniSvnelovani dekartes koordinatebi? Aanu ratom ratomaa ase mniSvnelovani dekartes koordinatebi? Aanu ratom ratomaa ase mniSvnelovani dekartes koordinatebi? Aanu ratom ratomaa ase mniSvnelovani dekartes koordinatebi? Aanu ratom         

SeakavSira koordinateSeakavSira koordinateSeakavSira koordinateSeakavSira koordinatebma algebra da geometria?bma algebra da geometria?bma algebra da geometria?bma algebra da geometria?    

imitom, koordinatebis saSualebiT xSirad geometriuli figurebi (magaliTad 

wrfe, sibrtye, wrewiri, elifsi, sxvadasxva saxis wirebi, agreTve zedapirebi da 

a.S.) SegviZlia warvovadginoT gantolebebis saxiT da xSirad piriqiTac, 

algebruli gantoleba Seesabameba garkveul geometriul obieqts. 

daviwyoT martivi magaliTebiT:    
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                                       manZili or wertils Soris. manZili or wertils Soris. manZili or wertils Soris. manZili or wertils Soris.     

    

ricxviT wrfeze 	
   da  	�   wertilebs Soris manZilia    |	� 
 	
|. 
                                    

                                                                                                                                                                                  

                                                 x1                                                      x2   

 

sibtyeze sibtyeze sibtyeze sibtyeze ���, ���      dadadada    ���, ���     wertilebs Soris manZiliwertilebs Soris manZiliwertilebs Soris manZiliwertilebs Soris manZili    gamoiTvleba formuliT 

� � ��x�   
    x
�� � �y�   
    y
��
 

es piTagoras Teoremis Sedegia.  (vaCvenoT es qvemoTmoyvanili naxatiT))))    

mag:  (1,3) da (5,6) wertilebs Soris manZilia  ��5 
 1�� � �6 
 3��=√25 =5    

 

                                            YYYYY                                          B(x2,y2)  ●    

    

                                                                                 

                                                                A(x1,y1)     ●                                                                        C(x2,y1)                        

    

                                                            O                                                                                                                                                                                            XXXX    

 

sivrceSi  sivrceSi  sivrceSi  sivrceSi  ����, ��, ���      dadadada    ����, ��, ���    wertilebs Soris manZiliwertilebs Soris manZiliwertilebs Soris manZiliwertilebs Soris manZili    gamoiTvleba 

formuliT 

� � ��x�  
    x
�� � �y�   
     y
�� � �z�  
     z
��
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Ees  piTagoras Teoremis orjer gamoyenebis Sedegia.  

(vaCvenoT es qvemoT mocemuli naxatiT. M wertili aris Q wertilis 

gegmili XOY sibrtyis paralelur da P wertilze gamaval sibrtyeze.  N 

wertili aris ori wrfis gadakveTa:  erTi P wertilze gadis da X RerZis 

paraleluria , meoreMM wertilze gadisYda Y RerZis paraleluria. 

MmaSin MM  da  N wertilebis koordinatebi swored iseTia rogorc 

naxatze. agreTve PMQ da  PNM samkuTxedebi marTkuTxaa. amitom SegviZlia 

gamoviyenoT piTagoras Teorema PQ monakveTis gamosaTvleldad PPM  da  

MQ = z2 –z1  monakveTebiT.  Semdeg ki isev piTagoras TeoremiT PPM 

monakveTis sigrZe gamovTvaloT !" � 	� 
 	
  da "# � $� 
 $
  monakveTebiT.) 

 

 

                                                                                Z         

                                                                                                              Q(x2 , y2,  z2)                                                                                             

                                                                                                       ● 

                                                     P(x1 ,y1 ,z1) 

                                                                 ● N(x2 , y1 , z1 ) 

                  

                                                                                                                M(x2, y2,, z 1)                                     

 

                                                               O                                                                                         X 

    

                                    Y  

 

magaliTad (1,2,3) da (4,-2,15) wertilebs Soris manZilia ��4 
 1�� � �
2 
 2�� � �15 
 3��=√169 � 13. 
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                                                    polarul koordinatTa sistemapolarul koordinatTa sistemapolarul koordinatTa sistemapolarul koordinatTa sistema 

 

marTkuTxa koordinatTa sistemebis garda arsebobs sxva sistemebic:  

polarul koordinatTa sistema sibrtyeze ganisazRvreba ase: 

gvaqvs polaruli RerZi, e.i. polaruli '( sxiviT, saTaviT (anu polusiT) da 

sigrZis erTeuliT; 

 

 

 

                                               M                                                                                

                                  ρ 

                                   φ       

                                                                     X      

                    0 

 

 

 

sibrtyis yovel MM  wertils aqvs ori polaruli koordinati M(ρ,φ),  sadac 

ρ –manZilia saTavidan M wertilamde (polaruli radiusi), xolo  φ-kuTxe 

polarul radiussa da polarul RerZs Soris(polaruli kuTxe).   

SevTanxmdeT rom SevTanxmdeT rom SevTanxmdeT rom SevTanxmdeT rom     0000 )    ρ < ∞ ,  
+ ,----) +.  

(sxva(sxva(sxva(sxva wignebSi SeiZleba sxva SeTanxmeba iyos!wignebSi SeiZleba sxva SeTanxmeba iyos!wignebSi SeiZleba sxva SeTanxmeba iyos!wignebSi SeiZleba sxva SeTanxmeba iyos!        kerZod  kerZod  kerZod  kerZod  0000 )    ρ < ∞ ,  0 )----, �+. ) 
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M. / wertiliswertiliswertiliswertilis    dekartul (dekartul (dekartul (dekartul (x,y) koordinatebi polaruli koordinatebiT ase ) koordinatebi polaruli koordinatebiT ase ) koordinatebi polaruli koordinatebiT ase ) koordinatebi polaruli koordinatebiT ase 

gamoisaxeba:gamoisaxeba:gamoisaxeba:gamoisaxeba:    

0 � � 12345� � 14675  ,8    
xolo saTavisTvis ρ=0 da φ kuTxe ganusazRvrelia.    AAAA    

    

advilia piriqiT kavSiric. advilia piriqiT kavSiric. advilia piriqiT kavSiric. advilia piriqiT kavSiric.  jer erTi 	�+$� =  ρ��:;<�	 � <=>�	� �   ρ�, amitom    

                                                                                                                                                                                                                                                                                                ρρρρ====��� � ��;;;;    

xolo    φ kuTxis gasagebad gaviTvaliswinoT rom ?@A � BC , agreTve y da x –is 

niSnebiT davadginoT romel meoTxedSia polaruli radiusi. 

magaliTi: #�2, 
2�. gvaqvs     ρρρρ====��� � �� � �√�;;;;        DE�5� � �� � 
�,    radgan wertili        

moTavsebulia IV meoTxedSi amitom    5 � 
 +F.    
 

 

bunebrivia vikiTxoT ra saWiroa polaruli koordinatebi, roca ukve gvaqvs 

dekartuli koordinatebi?  ganvixiloT magaliTi.  # wertili moZraobs 

brtyel wirze, ise rom manZili polarul saTavemde  |'#| proporciulia ('# 

kuTxis, sadac ( polaruli RerZia. Ee. i. polarul koordinatebSi am wiris 

gantolebaa 1 � G 5. Aam wirs ewodeba arqimedes spirali . arqimedes spirali . arqimedes spirali . arqimedes spirali . aq G dadebiTia.  Tu G-s niSans SevucvliT miiReba am wiris simetriuli wiri $ RerZis mimarT.        

    

                                  y    

 

 

 

x 
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arqimedes spiralis gantoleba dekartul koordinatebSi gacilebiT rTulia.  

amrigad polaruli koordinatebi zogjer ufro masaxerxebelia. Mmagram 

yovelTvis ara! ganvixiloT wrfe M#".  Nnaxatidan Cans, rom misi gantoleba 

polarul koordinatebSi SeiZleba ase Caiweros H � IJKL �MNO� .   

 

 

 

 

 

 

 YY 

AM                                                                               A 

 

 

Ρ                                                                                        

    φ   p                                                                                                            φ 

         α                    

O                   N        X                                                     O         B                            X 

 

saTaveze gamaval PQ wrfis gantolebas aseTi saxiT ver CavwerT, radgan am 

SemTxvevSi R � 0 da A 
 T � U�/2 anu cos�A 
 T� � 0.  am SemTxvevaSi 'P sxivis 

gantolebaa 5 � Z[\] ,,,, xolo 'Q sxivis gantolebaa 5 � Z[]̂ .    
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                                                cilindrul koordinatTa sistema.cilindrul koordinatTa sistema.cilindrul koordinatTa sistema.cilindrul koordinatTa sistema.    

    

P wertils sivrceSi cilindruli koordinatebiT ase aRniSnaven P(ρ,φ,z). 

aq Q wertili P wertilis gegmilia OXY sibrtyeze. P wertilis pirveli ori 

koordinati, ρ da φ, emTxveva Q -ს polarul koordinatebs; xolo mesame, 

koordinati z, emTxveva  P wertilis mesame  dekartul koordinats. 

SevTanxmdeT, rom 0000 )    ρ < ∞ ,  0 )----, �+   dadadada  -∞ , z < �∞. 
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am figuriT (naxatiT) P wertilis dekartuli koordinatebi ase gamoisaxeba 

cilindruliT: 

                             _� � 12345� � 14675� � � 8            

 

piriqiT, P wertilis cilindruli koordinatebi ase gamoisaxeba dekartuliT: 

1 � ��� � ��, , , ,   DE5 � �� ;;;;  � � �.         



 

5    kuTxis zustad    dasadgenad

gaviTvaliswinoT 	 da 

wertili.  

 

avRniSnoT marTkuTxa sakoordinato RerZebis (erTeulovani) mgezavebi ase 

xolo cilindruli sakoordinato RerZebis mgezavebi:  

 

 

 

    

    

    

figurebidan advili sanaxavia rom 

cxriliT 

 

 à `b `c  = cosθ -sinθ 0 

j sinθ cosθ 0 
k 0 0 1 
    

magaliTi.  

mocemulia veqtori marTkuTxa sistemaSi 

CavweroT es veqtori 

dasadgenad,    iseve rogorc polarul koordinatebSi, 

da $-is niSnebi, davadginoT romel meoTxedSi imyofeba

avRniSnoT marTkuTxa sakoordinato RerZebis (erTeulovani) mgezavebi ase 

xolo cilindruli sakoordinato RerZebis mgezavebi:  `a , `b

 

figurebidan advili sanaxavia rom skalaruli namravlebi

mocemulia veqtori marTkuTxa sistemaSi d � d
= � d�e � d
 cilindrul koordinatebSi. 

15 

iseve rogorc polarul koordinatebSi, 

el meoTxedSi imyofeba Q 

avRniSnoT marTkuTxa sakoordinato RerZebis (erTeulovani) mgezavebi ase =, e, f, 

b, `c .  

namravlebi aRiwereba 

dgf. moiTxoveba 
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vTqvaT cilindrul koordinatebSi d � da à � db`b � dc`c.  viciT rom 

veqtoris koordinati =-uri koordinati tolia veqtoris da =-uri 

mgezavis skalaruli namravlis. gvaqvs   

da � d à � �d
= � d�e � dgf� à � d
= à � d�e`b � d�f`c  da cxriliT miviRebT                      � d
:;<h 
 d� sin h; 

analogiurad 

db � d`b � �d
= � d�e � dgf�`b � d
=`b � d�e`b � d�f`c � d
<=>h � d� cos h ; 

 dc � d`c � �d
= � d�e � dgf�`c � dg. 
Aamrigad  cilindrul koordinatebSi d veqtori miiRebs saxes 

d � �d
:;<h 
 d� sin h� à � �d
<=>h � d� cos h� `b � dg`c 

                                                                                                    

    

    

    

    

    

    

    

    

    

    

                                                                                            sferuli koordinatebisferuli koordinatebisferuli koordinatebisferuli koordinatebi    

    

MM  wertilis sferuli koordinatebi ewodeba ricxvebis sameuls ρ,φ,θ  (ix. Nnax.) 

sadac ρ aris manZili saTavidan M wertilamde, φ-kuTxea OM monakveTis OXY 

sibrtyeze  gegmilsa da OX RerZs Soris, xolo θ-kuTxea OM monakveTs da OZ 
RerZs Soris.     

                                                                                                    0000 )    ρ < ∞ ,  0 )----, 2�   da da da da / )θ)π. 
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nax. MmixedviT advili sanaxavia rom M wertilis sferuli koordinatebiT misi 

x,y,z dekartuli koordinatebi  aseGgamoisaxeba 

                                             x= ρsinθcosφ, , , ,         

                                                                                        y=ρsinθsinφ,     

                                             z=ρcosθ. 

 

 

 

 

2. 2. 2. 2. wrfe sibrtyezewrfe sibrtyezewrfe sibrtyezewrfe sibrtyeze    

    

ganvixiloT pirveli rigis (anu wrfivi) algebruli gantoleba 

                                          k� � l� � 2 � /,            (1) 

sadac d, m koeficientebidan erTi mainc aranulovania,  anu d�+m�  . 0. 

    

X
φ

θ

Μ

Ζ

Yρ
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Teorema.  Teorema.  Teorema.  Teorema.  Nnebismieri wrfe sibrtyeze maTkuTxa koordinatTa sistemaSi Nnebismieri wrfe sibrtyeze maTkuTxa koordinatTa sistemaSi Nnebismieri wrfe sibrtyeze maTkuTxa koordinatTa sistemaSi Nnebismieri wrfe sibrtyeze maTkuTxa koordinatTa sistemaSi 

warmoidginebawarmoidginebawarmoidginebawarmoidgineba   gantolebiTgantolebiTgantolebiTgantolebiT   no � pq � r � /,    sadac sadac sadac sadac  n�+p�  . /, (anu orive anu orive anu orive anu orive 

koeficienti nuli araakoeficienti nuli araakoeficienti nuli araakoeficienti nuli araa) da piriqiT, nebismieri aseTi gantoleba aRwers da piriqiT, nebismieri aseTi gantoleba aRwers da piriqiT, nebismieri aseTi gantoleba aRwers da piriqiT, nebismieri aseTi gantoleba aRwers 

wrfes.wrfes.wrfes.wrfes.    

Ddamtkiceba.  ganvixiloT nebismieri Ls wrfe sibrtyeze. vTqvaT wertili 

#t(	t,$t) Zevs  s wrfeze da veqtori >uv�d, m� perpendikularulia  s wrfis.  

 

         n        
                                                                           #       s              
              #t          

 

aseT pirobebSi nebismieri wertili #�	, $� ekuTvnis s wrfes maSin da 

mxolod maSin roca #t#uuuuuuuuuv veqtori marTobulia  >uv veqtoris. davweroT  

am ori veqtoris marTobulobis piroba koordinatebSi:   viciT  

#t#uuuuuuuuuv=(x-	t,y-$t) da >uv�d, m� amitom maTi skalaruli namravli tolia nulis 

niSnavs  

                          Ad�	 
 	t� � m�$ 
 $t� � 0,  
anu                           

                    d	 � m$ � : � 0,     sadac : � 
d	t 
 m$t. 

Teoremis pirveli nawili damtkicda. M 

meore nawilis dasamtkiceblad ganvixiloT (1) gantoleba. Aam  

gantolebis amonaxsnTa simravle carieli araa, (magaliTad Tu a. 0 , 

SegviZlia aviRoT amonaxni x= 
Nwx , y=0) anu (1) gantolebiT mocemulia 

wertilTa aracarieli simravle.  vTqvaT #t(	t,$t) wertili ekuTvnis am 

simravles. Ee.i.  

                       d	t � m$t � : � 0 .                                           (2) 

(1)-s  gamovakloT  (2),  miviRebT 

                Ad�	 
 	t� � m�$ 
 $t� � 0.                                          (3) 

miRebuli gantoleba (3) warmoadgens #t#uuuuuuuuuv=(x-	t,y-$t) da >uv�d, m� veqtorebis 

marTobulobis pirobas. maSasadame M#�	, $� wertili ekuTvnis  (1) 
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gantolebiT mocemul simravles maSin da mxolod MmaSin, roca  #t#uuuuuuuuuv 

veqtori perpendikularulia > veqtoris, Aanu roca # wertili Zevs 

wrfeze romelic gadis #t wertilze da perpendikularulia > veqtoris.  

    

gansazRvreba.  GgansazRvreba.  GgansazRvreba.  GgansazRvreba.  Ggantolebasgantolebasgantolebasgantolebas        k� � l� � 2 � /,      d�+m�  . /Eewodeba wrfis Eewodeba wrfis Eewodeba wrfis Eewodeba wrfis 

zogadi saxis gantoleba, xolo veqtors zogadi saxis gantoleba, xolo veqtors zogadi saxis gantoleba, xolo veqtors zogadi saxis gantoleba, xolo veqtors 7uuv�k, l�  wrfis normali. Ees wrfis normali. Ees wrfis normali. Ees wrfis normali. Ees 

veqtori, iseve rogorc wrfis gantoleba salsaxad ganisazRvreba veqtori, iseve rogorc wrfis gantoleba salsaxad ganisazRvreba veqtori, iseve rogorc wrfis gantoleba salsaxad ganisazRvreba veqtori, iseve rogorc wrfis gantoleba salsaxad ganisazRvreba 

proporciulobamde sizustiT. proporciulobamde sizustiT. proporciulobamde sizustiT. proporciulobamde sizustiT.     

       

magaliTi. magaliTi. magaliTi. magaliTi.  vipovoT im wrfis zogadi gantoleba, romelic gadis A(1,2) 

wertilze da romlic normaluri veqtoria n=(3,4). 

Nnormaluri veqtoris koordinatebi gvaZleven zogadi gantolebis 

koeficientebs x da y cvladebTan, amitom gntolebas aqvs saxe 

                                                      3x+4y+c=0. 

ucnobi koeficienti c rom gavigoT CavsvaT  am gantolebaSi A  wertilis 

koordinatebi: 3 y 1 � 4 y 2 � : � 0, anu := _11. sabolood gvaqvs gantoleba 

3x+4y-11=0. 

    

magaliTi. magaliTi. magaliTi. magaliTi.  ganvixiloT ori wertili M#
, #� romelic wrfeze ar 

Zevs.AmaSin am wertilebis koordinatebis CasmiT wrfis zogad 

gantolebaSi 0-s ar miviRebT. (radgan  #t #
uuuuuuuuuuuuv da #t #� uuuuuuuuuuuuuv  veqtorebis 

skalaruli namravlebi n veqtorTan aranulovania.) ix. Nnax. (a) , (b). 

 

 

 

#
          n 

                        #�        (a) 

       #t 
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                   n          #� 

#
                                           (b)                                

             #t              

 

 

Tu miviReT orive dadebiTi ricxvi, anu skalaruli namravlebi  

                     #t #
uuuuuuuuuuuuv · >uv { 0   da  #t #�uuuuuuuuuuuuv · >uv { 0 ,     

(e.i. kuTxeebi #
#t>  da >#t#
  maxvilia, ix. nax. a) ) 

an orive uaryofiTi, anu skalaruli namravlebi  

#t #
uuuuuuuuuuuuv · >uv , 0  da #t #�uuuuuuuuuuuuv  · >uv , 0,  

(e.i kuTxeebi #
#t>  da >#t#
  blagvia)  

maSin es ori wertili wrfis erT mxares mdebareobs.  

analogiurad Tu miviReT xsvadaxva niSniani ricxvebi maSin es ori 

wertili wrfis sxvadasxva mxares mdebareobs.  ix.Nnax  b).  

    

    

    

    

                                            wrfis specialuriwrfis specialuriwrfis specialuriwrfis specialuri    saxis gantolebebi.saxis gantolebebi.saxis gantolebebi.saxis gantolebebi.    

Eesenia: 

1.1.1.1. wrfis gantoleba kuTxuri koeficientiT;wrfis gantoleba kuTxuri koeficientiT;wrfis gantoleba kuTxuri koeficientiT;wrfis gantoleba kuTxuri koeficientiT; 
2.2.2.2. wrfis parametruli gantoleba;wrfis parametruli gantoleba;wrfis parametruli gantoleba;wrfis parametruli gantoleba; 
3.3.3.3. wrfis veqtoruli gantoleba;wrfis veqtoruli gantoleba;wrfis veqtoruli gantoleba;wrfis veqtoruli gantoleba; 
4.4.4.4. wrfis kanonikuri gantoleba;wrfis kanonikuri gantoleba;wrfis kanonikuri gantoleba;wrfis kanonikuri gantoleba; 
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5.5.5.5. or mocemul wertilze gamavali wrfis gantoleba;or mocemul wertilze gamavali wrfis gantoleba;or mocemul wertilze gamavali wrfis gantoleba;or mocemul wertilze gamavali wrfis gantoleba; 
6.6.6.6. wrfis gantoleba monakveTebSi;wrfis gantoleba monakveTebSi;wrfis gantoleba monakveTebSi;wrfis gantoleba monakveTebSi; 
7.7.7.7. wrfis normaluri gantoleba;wrfis normaluri gantoleba;wrfis normaluri gantoleba;wrfis normaluri gantoleba; 

    

    

 
 
 
    

                                wrfis gantolebas kuTxuri koeficientiT aqvs saxe:wrfis gantolebas kuTxuri koeficientiT aqvs saxe:wrfis gantolebas kuTxuri koeficientiT aqvs saxe:wrfis gantolebas kuTxuri koeficientiT aqvs saxe:    y=kx+b,,,, 

sadac k=tg φ,  φ kuTxea wrfesa da OX  RerZs Soris,  xolo b aris wrfisa 

da OY RerZis gadakveTis werilis ordinati. 

 

 

 

                                                    YYYYY                            

    

                                                                                            M 
                                                                            

                                            |/            b 
    

                                                    φ    

    X 
    

    

Tu wrfe gadis #t(	t, $t) wertilze, maSin  

                                                            
�N�/�N�/ � DE5,     G � DE5,    l � �/ 
 �/DE5    ....    

magaliTi.  magaliTi.  magaliTi.  magaliTi.  vipovoT wrfis gantoleba romelic gadis MM(2,-2) wertilze 

da abcisTa RerZTan adgens kuTxes  π/3. 

radgan k=tg π/3=√3 gantolebas aqvs saxe y=√3 x+b;  b-s gasagebad CavsvaT  M 

wertilis koordinatebi: -2=√3 y 2 � m, anu  m=-2-2√3. miviReT y=√3 x-2-2√3. 
 

 

                    wrfis parametrul gantolebas aqvs saxewrfis parametrul gantolebas aqvs saxewrfis parametrul gantolebas aqvs saxewrfis parametrul gantolebas aqvs saxe :  } � 
 �/ � ~D� 
 �/ � �D8    

 



 

es gantoleba gansazRvravs wrfes romelic gadis 

paraleluria � � ��, �
niSnavs rom   (tX uuuuuuuuv paraleluria 

    

უფრო დეტალურად:    

როგორც ვიცით წრფეს მისი

წერტილებზე  გაივლება ერთადერთი

       

 

ეს ორი წერტილი შეიძლება

განვიხილოთ ვექტორები  

ავიღოთ ჩვენ წრფეზე ნებისმიერი

Z 
 Z/    პარალელურია  �    ვექტორის

რაღაც ? -ნამდვილი რიცხვისთვის

                                        ამრიგადამრიგადამრიგადამრიგად        გვაქვსგვაქვსგვაქვსგვაქვს    განტოლებაგანტოლებაგანტოლებაგანტოლება

                                                                                                                                                                                                                    

es gantoleba gansazRvravs wrfes romelic gadis (t(	t��  veqtoris. Pwertili (�	, $� ekuTvnis am wrfes 

paraleluria � � ��, �� veqtoris.   

მისი ორი წერტილი განსაზღვრავს, ანუ  მოცემულ

ერთადერთი წრფე.     

 

შეიძლება შევცვალოთ მათი რადიუს  ვექტორებით, 

  Z/        და  � � Z� 
 Z/. . . .  

 

ნებისმიერი (  წერტილის რადიუს ვექტორი  Z.  .  .  .  

ვექტორის,  ანუ ეს ორი ვექტორი პროპორციულია

რიცხვისთვის.  

განტოლებაგანტოლებაგანტოლებაგანტოლება    

                                                                                                                                                                                                                    Z 
 Z/ � �D                                                                                                                                                (1)(1)(1)(1)    

22 

t,$t) wertilze da 

ekuTvnis am wrfes 

მოცემულ (t და  (
 

,  Z/        და  Z�    .  

.  .  .  .      მაშინ ვექტორი  

პროპორციულია :  Z 
 Z/ � �D., 
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(1) (1) (1) (1) ----    განტოლებაგანტოლებაგანტოლებაგანტოლება        არისარისარისარის    იმისიმისიმისიმის    პირობაპირობაპირობაპირობა, , , , რომრომრომრომ        Z    წერტილიწერტილიწერტილიწერტილი    ძევსძევსძევსძევს        წრფეზეწრფეზეწრფეზეწრფეზე,  ,  ,  ,  რომელიცრომელიცრომელიცრომელიც    Z/                

წერტილზეწერტილზეწერტილზეწერტილზე    გაივლებაგაივლებაგაივლებაგაივლება        �        ვექტორისვექტორისვექტორისვექტორის    პარალელურადპარალელურადპარალელურადპარალელურად....    

    თუ (1) განტოლებას გადავწერთ კოორდინატობრივად მივიღებთ წრფის პარამეტრულ    

განტოლებას. 

(1) განტოლებას ეწოდება წრფის წრფის პარამეტრიზაცია, სადაც ? არის თავისუფალი 

პარამეტრი, რომელიც იღებს ნებისმიერ ნამდვილ მნიშვნელობას.  

ამრიგად ? პარამეტრის ყოველ მნიშვნელობას შეესაბამება რადიუს ვექტორი, რომლის ბოლო  

ჩვენს წრფეზეა.   

მაგალითად როც ? � 0,  მაშინ  Z � Z/; ; ; ;        
 ? � 1  მნიშვნელობას შეესაბამება      Z � Z/ � � � Z�....                                                                                                                                                            

 

?-პარამეტრი გაირბენს  ნამდვილ რიცხვით წრფეს �
∞, �∞� ,  ხოლო შესაბამისი რადიუს 

ვექტორის ბოლო გაირბენს  (1) განტოლებით მოცემულ  წრფეს.  

    

    

    

 

 

                                                                        wrfis kanonikuri gantolebas aqvs saxewrfis kanonikuri gantolebas aqvs saxewrfis kanonikuri gantolebas aqvs saxewrfis kanonikuri gantolebas aqvs saxe:     :     :     :     
�N�/~     = = = = 

�N�/� , , , ,  

es gantoleba gansazRvravs isev wrfes romelic gadis #t(	t,$t) wertilze 

da paraleluria 4 � ��, �� veqtoris.  Aam gantolebis misaRebad SevniSnoT 

rom  #tM uuuuuuuuuuv paraleluria 4 � ��, ��  veqtoris, anu am veqtorebis 

koordinatebi proporciulia. 

  
    

or mocemul or mocemul or mocemul or mocemul |�((((��,,,,��) , ) , ) , ) , |�((((��,,,,��) wertilze gamaval wrfis ) wertilze gamaval wrfis ) wertilze gamaval wrfis ) wertilze gamaval wrfis 

gantolebas gantolebas gantolebas gantolebas aqvs saxeaqvs saxeaqvs saxeaqvs saxe    :   :   :   :   
�N����N�� = = = = 

�N����N��.... 

    

am  gantolebis misaRebad SevniSnoT rom ##
uuuuuuuuuv paraleluria   #
#�uuuuuuuuuuuuuv 

veqtoris, anu Sesabamisi koordinatebi proporciulia. 
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wrfis gantoleba monakveTebSi aqvs saxewrfis gantoleba monakveTebSi aqvs saxewrfis gantoleba monakveTebSi aqvs saxewrfis gantoleba monakveTebSi aqvs saxe    :   :   :   :   
�k    + + + + 

�l � �.... 

    

es gantoleba gansazRvravs wrfes, romelic sakoordinato RerZebze 

CamoWris a da b monakveTebs. 

 

 

              b       

 
                                                                                        a                                
    

    

    

        

sxva sityvebiT, saZiebeli wrfe gadis wertilebze koordinatebiT (a,0) da 

(0,b). am or wertilze gamaval wrfes ki aqvs gantoleba 
�Nk/Nk====

�N/lN/.  .  .  .  

gavamartivoT da miviRebT wrfis gantolebas monakveTebSi. 

    

    

    

    

    

    

    

    

    

    

    

    

    

    

     

wrfis normalur gantoleba aqvs saxewrfis normalur gantoleba aqvs saxewrfis normalur gantoleba aqvs saxewrfis normalur gantoleba aqvs saxe::::        �2345 � �4675 
 � � /,         

sadac sadac sadac sadac n=(cosAAAA, sinAAAA) erTeulovani normaluri radius veqtoria , erTeulovani normaluri radius veqtoria , erTeulovani normaluri radius veqtoria , erTeulovani normaluri radius veqtoria , AAAA----kuTxea kuTxea kuTxea kuTxea n 
veqtorsa da abcisTa RerZsveqtorsa da abcisTa RerZsveqtorsa da abcisTa RerZsveqtorsa da abcisTa RerZs  OX-Soris, Soris, Soris, Soris, p manZilia saTavidan wrfemde.manZilia saTavidan wrfemde.manZilia saTavidan wrfemde.manZilia saTavidan wrfemde. 

    

                                                                                    YYYY    YYYY    

                                                    M                      Y         Y         Y         Y             
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                                                                                                pppp                    

                                                                                            nnnn     

                                                                        φ 
                      O                                                                                          X            
                     
 
 

SevniSnoT rom gamosaxuleba �2345 � �4675    aris O'#uuuuuuv=(x,y) daO 
n=(cosA, sinA)  erTeulovani normalis skalaruli namravli. 

gantoleba gveubneba rom es skalaruli namravli udris p-s. 

marTlac, radgan Mn veqtori  erTeulovania skalaruli namravli 

O'#uuuuuuv. n udris '#uuuuuuv veqtoris gegmils n veqtoris mimarTulebaze, 

(gavixsenoT gegmilis gansazRvreba) rac naxatidan Cans rom p-s 

tolia. 

    

    

                                                                        wrfeebis urTierTganlageba sibrtyezewrfeebis urTierTganlageba sibrtyezewrfeebis urTierTganlageba sibrtyezewrfeebis urTierTganlageba sibrtyeze    

sibrtyeze ori wrfe SeiZleba iyos paraleluri (maT Soris erTmaneTs 

damTxveuli) an TanamkveTi(maT Soris marTobuli). Oori s
, s� wrfis 

urTierTganlageba SeiZleba ganisazRvros mati zogadi gantolebebiT: 

s
: d
x+m
y+:
=0  da   s�: d�x+m�y+:�=0.   

gavixsenoT am wrfeebis normaluri veqtorebia Sesabamisad 

>
=(d
,m
)  da  >�=(d�,m�), amitom 

s
 | | s� ,�{ x�x� = 
����,  

xolo wrfeebi erTmaneTs emTxveva niSnavs: 

s
= s� ,�{ x�x� = 
���� = 

w�w�.  

    

magaliTi.magaliTi.magaliTi.magaliTi. wrfeebi x+2y+5=0 da  2x+4y-5=0 paraleluria, magram ar 

emTxveva: 

1/2½=2/4 . 5/�
5�. 
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ori wrfis perpendikularoba ki niSnavs maTi normaluri veqtorebis 

marTobulobas: 

 s
 ┴ s� ,�{ d
d�+m
m�=0. 

 

magaliTi. magaliTi. magaliTi. magaliTi. wrfeebi x+2y-3=0  da 2x-y+7=0 marTobulia: 1 · 2 � 2 · �
1�=0. 

 

    

Tu wrfeebis gantolebebi mocemulia kuTxuri koeficientebiT Tu wrfeebis gantolebebi mocemulia kuTxuri koeficientebiT Tu wrfeebis gantolebebi mocemulia kuTxuri koeficientebiT Tu wrfeebis gantolebebi mocemulia kuTxuri koeficientebiT y=G�x+l�, 

y=G�x+l�,    maSinmaSinmaSinmaSin    

wfeebi paraleluria wfeebi paraleluria wfeebi paraleluria wfeebi paraleluria ����    G� �    G�,,,,    

wfeebi marTobulia wfeebi marTobulia wfeebi marTobulia wfeebi marTobulia ����    G�G�= = = = ----1.1.1.1.    

(es iqidan gamodis rom f
= -
x���, f�= -

x��� ). 

                                                                            

    

                                                                                        kuTxe or wrfes Soris.kuTxe or wrfes Soris.kuTxe or wrfes Soris.kuTxe or wrfes Soris.    

s
 daOOOO s� wrfeebi gadakveTisas or mosazRvre kuTxes qmnian. maT Soris 

umciresi gamoiTvleba formuliT: 

                                        cosφ    = = = = 
|7�7�||7�||7�|        = = = = 

|k� k��l�l�|�k���l���k���l��....    

Aaq gamoviyeneT >
, >� normalebis skalaruli namravlis, da veqtoris 

sigrZis formula (gavixsenoT). 

kuTxuri koeficientebiT saSualebiT f
 � ?@A
, f� � ?@A�, igive kuTxe 

gamoiTvleba formuliT:   

                                               tg----=DE�5� 
 5�)=
G�NG���G�G�. 

 

 

                                                                                        manZili wertilidan wrfemde.manZili wertilidan wrfemde.manZili wertilidan wrfemde.manZili wertilidan wrfemde. 

Mmocemuli #t wertilidan manZilis gamosaTvlelad L wrfemde wrfis 
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Nnormaluri saxis gantolebaa moxerxebuli. GgavixsenoT es gantoleba: 

                                                                                �2345 � �4675 
 � � /,                                                     (1)(1)(1)(1)    

sadac sadac sadac sadac n=(cosAAAA, sinAAAA) erTeulovani normaluri radius veqtoria , erTeulovani normaluri radius veqtoria , erTeulovani normaluri radius veqtoria , erTeulovani normaluri radius veqtoria , AAAA----kuTxea kuTxea kuTxea kuTxea n 
veqtorsa da abcisTa RerZsveqtorsa da abcisTa RerZsveqtorsa da abcisTa RerZsveqtorsa da abcisTa RerZs  OX-Soris, Soris, Soris, Soris, p manZilia saTavidan  manZilia saTavidan  manZilia saTavidan  manZilia saTavidan  �    wrfemde.wrfemde.wrfemde.wrfemde.    

    

    

    

                                                                                    YYYYY    

                                                    d            M    

                                                                      

                                           

                                                        P                                                                        

                                            N                                           L 

 0            φ                                                                              X  

 

manZili manZili manZili manZili |��, �� wertilidanwertilidanwertilidanwertilidan    (1) gantolebiT mocemul wrfemde (1) gantolebiT mocemul wrfemde (1) gantolebiT mocemul wrfemde (1) gantolebiT mocemul wrfemde 

gamoiTvleba FformuliTgamoiTvleba FformuliTgamoiTvleba FformuliTgamoiTvleba FformuliT    

                                         � � | �2345 � �4675 
 �|.            (2)(2)(2)(2)    

 

Ddamtkiceba. PR � � aris '#uuuuuuv �	, $� veqtoris gegmili >uv�2345, 4675) normalis 

mimarTulebaze. gegmilis gansazRvrebiT (gavixsenoT) es igivea rac 

skalaruli namravli '#uuuuuuv. 7, anu: 

 

Pp+d='#uuuuuuv  ·  7uuv � �2345 � �4675,   da aqedan gavigebT �-s. 

 

 

bolos vTqvaT gvaqvs igive amocana magram wrfe mocemulia zogadi saxiT: 

manZili manZili manZili manZili  |��, �� wertilidan  wertilidan  wertilidan  wertilidan  k� � l� � 2 � /  wrfemdewrfemdewrfemdewrfemde    gamoiTvleba gamoiTvleba gamoiTvleba gamoiTvleba 

formuliTformuliTformuliTformuliT    
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                                                      d =
|k��l��2|�k��l� .                    (3)    

    

Ddamtkiceba.  Ggamosaxuleba 
k��l��2�k��l�     anu, √d� � m�-ze gayofa wrfis zogad 

gantolebas miiyvans normalur saxeze. MmarTlac 

k��l��2�k��l� = = = = x
k�k��l� + + + + y

l�k��l�+
2�k��l�.      Eaxla x da y cvladebis koeficientebis 

jami udris 1-s, anu gvaqvs normaluri saxis gantoleba da visargebloT 

(2) formuliT.  

 

 

 

 

 

 

 

 

 

                                                                                                    

    

    

    

    

    3 . 3 . 3 . 3 . sibrtyesibrtyesibrtyesibrtye            დადადადა        წრფეწრფეწრფეწრფე        sivrceSisivrceSisivrceSisivrceSi    

        

                                                                                                                                                                                                        სიბრტყესიბრტყესიბრტყესიბრტყე        

ganvixiloT pirveli rigis gantoleba sami ucnobiT 

AAAA\� � ^� � �� � � � /,  sadac  \� � ^� � �� . /           (1) 
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Aanu AA,B,C koeficientebidan  erTi mainc aranulovania. 

Teorema. Teorema. Teorema. Teorema. Nnebismieri sibrtye sivrceSi marTkuTxa koordinatTa sistemaSi Nnebismieri sibrtye sivrceSi marTkuTxa koordinatTa sistemaSi Nnebismieri sibrtye sivrceSi marTkuTxa koordinatTa sistemaSi Nnebismieri sibrtye sivrceSi marTkuTxa koordinatTa sistemaSi 

moicema (1) gantolebiT da piriqiT, nebismieri aseTi gantoleba moicema (1) gantolebiT da piriqiT, nebismieri aseTi gantoleba moicema (1) gantolebiT da piriqiT, nebismieri aseTi gantoleba moicema (1) gantolebiT da piriqiT, nebismieri aseTi gantoleba 

marTkuTxa koordinatTa sistemaSi aRwers sibrtyes.marTkuTxa koordinatTa sistemaSi aRwers sibrtyes.marTkuTxa koordinatTa sistemaSi aRwers sibrtyes.marTkuTxa koordinatTa sistemaSi aRwers sibrtyes.    

Ddamtkiceba.  Ddamtkiceba.  Ddamtkiceba.  Ddamtkiceba.  marTlac vTqvaT    π sibrtye mocemulia Tavisi #t wertiliT 

da n aranulovani normaluri veqtoriT. MmaSin sivrce sam nawilad 

gaiyofa: erTi nawili sibrtyis wertilebia, danarCeni ori nawili ki 

sibrtyis sxvadasxva mxares mdebare wertilebisgan Sedgeba. is Tu am sami 

nawilidan sad mdebareobs sivrcis nebismieri M wertili ganisazRvreba 

skalaruli namravlis n #t#uuuuuuuuuv niSniT. kerZod: 

Tu M wertili π sibrtyeze mdebareobs maSin  n #t#uuuuuuuuuv=0 radgan kuTxe n da  #t#uuuuuuuuuuv veqtorebs Soris marTia. Tu es M wertili π sibrtyeze ar 

mdebareobs maSin es kuTxe maxvilia da n #t#uuuuuuuuuv>0, an blagvia da n #t#uuuuuuuuuv<0. Aam 

skalaruli namravlis niSani sibrtyis erT mxares mdebare 

wertilebiTvis erTnairia. 

avRniSnoT koordinatebi: #t � �	t, $t, �t�, # � �	, $, ��, > � �P, Q, ��. MmaSin #t#uuuuuuuuuv=�	 
 	t, $ 
 $t, � 
 �t� da Tu M wertili π sibrtyeze mdebareobs gvaqvs: 

   P�	 
 	t� � Q�$ 
 $t� � ��� 
 �t� � 0, 

Aanu frCxilebis gaxsniT gvaqvs: 

   P	 � Q$ � �� � � � 0, sadac � � 
P	t � Q$t 
 ��t. 

aq A,B,C koeficientebidan erTi mainc aranulovania, radgan > � �P, Q, �� 

veqtori aranulovania. amiT damtkicda Teoremis pirveli nawili, e.i. rom 

sibrtye aris (1) gantolebis geometriuli saxe. 

Teoremis meore nawilis dasamtkiceblad avirCioT ricxvebi 	 � 	t, $ � $t, 

� � �t, romlebic akmayofileben (1) gantolebas. (aseTi ricxvebi arsebobs, 

mag. Tu P . 0,  SegviZlia aviRoT $t � 0, �t � 0,  	t=
 ��). am ricxvebs 

Seesabameba wertili #t � �	t, $t, �t�, romelic ekuTvnis (1) gantolebis 

geometriul saxes. Gvaqvs 

                 P	t � Q$t � ��t � � � 0,               (2) 

gamovakloT (1)-s (2), miviRebT 

            P�	 
 	t� � Q�$ 
 $t� � ��� 
 �t� � 0.         (3)                      

(3) toloba aris orTogonulobis kriteriumi veqtorebisTvis > �(A,B,C) 

da #t#uuuuuuuuuv � �	 
 	t, �$ 
 $t, � 
 �t�, sadac wertili M� �	, $, ��.  es kriteriumi 
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sruldeba im sibrtyis wertilebisTvis romelic gadis #t wertilze da > �(A,B,C) veqtoris marTobulia (da ar sruldeba sivrcis sxva 

wertilebisTvis.)  e.i. (1) aris aRniSnuli sibrtyis gantoleba. ▄  

 

GgansazRvreba. GgansazRvreba. GgansazRvreba. GgansazRvreba. A(1) A(1) A(1) A(1) gantolebas gantolebas gantolebas gantolebas \� � ^� � �� � � � /    eeeewodeba sibrtyis wodeba sibrtyis wodeba sibrtyis wodeba sibrtyis 

zogadi gantoleba. Kkoeficientebs zogadi gantoleba. Kkoeficientebs zogadi gantoleba. Kkoeficientebs zogadi gantoleba. Kkoeficientebs A,B,C aqvs aqvs aqvs aqvs     geometriuli azri:  geometriuli azri:  geometriuli azri:  geometriuli azri:  

veqtori veqtori veqtori veqtori n=(A,B,C) sibrtyissibrtyissibrtyissibrtyis marTobulia, amitom mas ewodeba sibrtyis marTobulia, amitom mas ewodeba sibrtyis marTobulia, amitom mas ewodeba sibrtyis marTobulia, amitom mas ewodeba sibrtyis 

normaluri veqtori.normaluri veqtori.normaluri veqtori.normaluri veqtori.    

    

    

                                        

    

    

                                                        sibrtyis specialuri saxis sibrtyis specialuri saxis sibrtyis specialuri saxis sibrtyis specialuri saxis gantolebebi.gantolebebi.gantolebebi.gantolebebi.    

E   esenia: 

        sibrtyis veqtoruli da parametruli gantolebebi;sibrtyis veqtoruli da parametruli gantolebebi;sibrtyis veqtoruli da parametruli gantolebebi;sibrtyis veqtoruli da parametruli gantolebebi; 

    sam mocemul wertilze gamavali sibrtyis gantoleba;sam mocemul wertilze gamavali sibrtyis gantoleba;sam mocemul wertilze gamavali sibrtyis gantoleba;sam mocemul wertilze gamavali sibrtyis gantoleba; 

                                                sibtyis gantoleba monakveTebSi;sibtyis gantoleba monakveTebSi;sibtyis gantoleba monakveTebSi;sibtyis gantoleba monakveTebSi; 

                                                sibrtyis normaluri gantoleba;sibrtyis normaluri gantoleba;sibrtyis normaluri gantoleba;sibrtyis normaluri gantoleba; 

    

    

1.1.1.1. vTqvaT �t da � #t da # wertilebis radius veqtorebia. MmaSin    |/|uuuuuuuuuuv====� 
 �/    da piroba rom sibrtye gadis #t wertilze da > 

veqtoris marTobulia SegviZlia CavweroT skalaruli namravlis 

gamoyenebiT (anu > da � 
 �/    veqtorebis skalaruli namravli 

nulis tolia) 

 

 

                                                                    7�� 
 �/� �0,                 (4)0,                 (4)0,                 (4)0,                 (4)        

 

 

 

            n 

                    #t                         # 
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                        �/                        �    

                                        0000    

    

    

(4) gantolebas ewodeba sibrtyis veqtoruli gantoleba.sibrtyis veqtoruli gantoleba.sibrtyis veqtoruli gantoleba.sibrtyis veqtoruli gantoleba.    

    

Ffiqsirebul sibrtyeze (sivrceSi) avirCioT ori aranulovani da 

arakolinearuli veqtori, anu bazisi `
, `�. (gavixsenoT bazisi). 

Aanu arsebobs ricxvebi ?
, ?� rom 

                           |/|uuuuuuuuuuv====?
`
 �  ?�`
, 

    AanuAanuAanuAanu    

                                                                                    � 
 �/ �  D��� �  D���....           (5) 

(5) gantolebas ewodeba sibrtyis parametruli gantoleba, parametrebiT  sibrtyis parametruli gantoleba, parametrebiT  sibrtyis parametruli gantoleba, parametrebiT  sibrtyis parametruli gantoleba, parametrebiT  D�,,,, D� � �.     

    

mocemul mocemul mocemul mocemul sam sam sam sam wertilze wertilze wertilze wertilze |� � ���, ��, ���, , , , |� � ���, ��, ���, , , , |� � ���, ��, ���, , , , 

gamavali sibrtyis gantolebaagamavali sibrtyis gantolebaagamavali sibrtyis gantolebaagamavali sibrtyis gantolebaa    

                                                               � 
 �� � 
 �� � 
 ���� 
 �� �� 
 �� �� 
 ���� 
 �� �� 
 �� �� 
 ��       = 0 .                                               (6) 

 

Ddamtkiceba. Uunda vaCvenoT rom am mocemul sam wertilze gamaval 

sibrtyeze mdebare  M=(x,y,z) wertilebis simravle moicema (6) gantolebiT.   

(6) niSnavs rom sami veqtoris Sereuli namravli nulia: 

kerZod am sami veqtoris koordinatebia determinantis striqonebi, anu:  

 

#
#uuuuuuuuuv � �� 
 ��, � 
 ��, � 
 ���;  

#
#�uuuuuuuuuuuv � ��� 
 ��, �� 
 ��, �� 
 ���  da  
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#
#guuuuuuuuuuuv � ��� 
 ��, �� 
 ��, �� 
 ���   

veqtorebia Sereuli namravli nulia,      

es ki aris am sami veqtoris komplanarobis (anu erT sibrtyeze 

mdebareobis) kriteriumi. anu es aris kriteriumi M,  #
, #�, #g, wertilebis 

erT sibrtyeze yofnis. r.d.g. 

SevniSnoT rom Tu (6)-s gavSliT pirveli striqonis mixedviT gveqneba 

 

        ��� 
 �� �� 
 ���� 
 �� �� 
 ��� �� 
 ���    _ _ _ _ ��� 
 �� �� 
 ���� 
 �� �� 
 ���(((( � 
 ��))))    ++++        

+ + + + ��� 
 �� �� 
 ���� 
 �� �� 
 ���(((( � 
 ��) = 0      ) = 0      ) = 0      ) = 0                                                                                                                  (7).(7).(7).(7).    

    

Dda frCxilebis gaxsnis mere miviRebT sibrtyis zogad gantolebas. Dda frCxilebis gaxsnis mere miviRebT sibrtyis zogad gantolebas. Dda frCxilebis gaxsnis mere miviRebT sibrtyis zogad gantolebas. Dda frCxilebis gaxsnis mere miviRebT sibrtyis zogad gantolebas.     

    

SevniSnoT rom (7)-Si monawile meore rigis dererminantebi arian  

#
#�uuuuuuuuuuuv � �	� 
 	
, $� 
 $
, �� 
 �
�  da #
#guuuuuuuuuuuv � ��� 
 ��, �� 
 ��, �� 
 ��� veqtorebis 

veqtoruli namravlis koordinatebi.  Eradgan es veqtoruli namravli 

orive veqtoris da amitom maTze gamavali sibrtyis marTobulia, amitom 

is sibrtyis normali veqtoria. 

    

    

                                                            sibtyis gantoleba monakveTebSisibtyis gantoleba monakveTebSisibtyis gantoleba monakveTebSisibtyis gantoleba monakveTebSi    
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vTqvaT sibrtye sakoordinto RerZebze CamoWrisvTqvaT sibrtye sakoordinto RerZebze CamoWrisvTqvaT sibrtye sakoordinto RerZebze CamoWrisvTqvaT sibrtye sakoordinto RerZebze CamoWris    monakveTebs monakveTebs monakveTebs monakveTebs k, l, 2, , , ,  maSin maSin maSin maSin 

misi gantolebaamisi gantolebaamisi gantolebaamisi gantolebaa    

                                                                                
�k + 

�l + 
�2 = 1                    (8). 

 

Ddamtkiceba. Ees sibrtye gadis wertilebze P � �d, 0,0�; Q � �0, m, 0�; � ��0,0, :�. 
gamoviyenoT (6): 

 

                                   
	 
 d $ �
d m 0
d 0 :  = 0, 

 

Aanu   m:�	 
 d� � d:	 � dm� � 0.                                                                   

gavyoT dm:-ze  da gavamartivoT, miviRebT  (8)-s. 

 

C

A

B

a

b

c

X

Y

Z
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                                                                                    wrfe sivrceSi.wrfe sivrceSi.wrfe sivrceSi.wrfe sivrceSi.    

wrfe sivrceSi SeiZleba warmovidginoT rogorc ori sibrtyis TanakveTa. 

vTqvaT ori sibrtye 

�
: P
	 � Q
$ � �
� � �
 � 0, da   ��: P�	 � Q�$ � ��� � �� � 0 

Pparaleluri araa, maSin maTi TanakveTa aris wrfe. wertili #�	, $, �� 

Zevs am wrfeze maSin da mxolod maSin, Tu igi Zevs orive sibrtyeze, anu  

aris    

}\�� � ^�� � ��� � �� � /\�� � ^�� � ��� � �� � /8                                                                            (1)(1)(1)(1)    

sistemis amonaxsni.  

(1)(1)(1)(1)----s ewodeba wrfis zogadi gantoleba sivrceSi.s ewodeba wrfis zogadi gantoleba sivrceSi.s ewodeba wrfis zogadi gantoleba sivrceSi.s ewodeba wrfis zogadi gantoleba sivrceSi.    

                                                

                                        wrfis specialuri saxis gantolebebi.wrfis specialuri saxis gantolebebi.wrfis specialuri saxis gantolebebi.wrfis specialuri saxis gantolebebi.    

esenia:    

1.1.1.1. wrfis parametruli gantoleba;wrfis parametruli gantoleba;wrfis parametruli gantoleba;wrfis parametruli gantoleba; 
2.2.2.2. wrfis kanonikuriwrfis kanonikuriwrfis kanonikuriwrfis kanonikuri    gantoleba;gantoleba;gantoleba;gantoleba; 
3.3.3.3. or mocemul wertilze gamavali wrfis gantoleba;or mocemul wertilze gamavali wrfis gantoleba;or mocemul wertilze gamavali wrfis gantoleba;or mocemul wertilze gamavali wrfis gantoleba; 

    

    

wrfis parametrul gantolebas aqvs saxewrfis parametrul gantolebas aqvs saxewrfis parametrul gantolebas aqvs saxewrfis parametrul gantolebas aqvs saxe::::   � � 
 �/ � ~D� 
 �/ � �D� 
 �/ � 7D 8                                      (2).(2).(2).(2). 

Ees gantoleba gansazRvravs wrfes romelic gadis #t(	t,$t,�t) wertilze 

da paraleluria  <v��, �, >� veqtoris. P 

wertili M(x,y)EekuTvnis am wrfes niSnavs rom   #tM uuuuuuuuuuv paraleluria <v��, �, >� veqtoris, anu rom   #tM uuuuuuuuuuv � ?<v.  Tu am bolo tolobas CavwerT 

koordinatebSi miviRebT parametrul gantolebas. 
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wrfis kanonikuri gantolebas aqvs saxewrfis kanonikuri gantolebas aqvs saxewrfis kanonikuri gantolebas aqvs saxewrfis kanonikuri gantolebas aqvs saxe :   
�N�/~     ====

�N�/� ====
�N�/7                 (3). (3). (3). (3).  

    

es gantoleba gansazRvravs isev wrfes romelic gadis #t(	t,$t, �t) 

wertilze da paraleluria <v��, �, >�  veqtoris.  Aam gantolebis misaRebad 

SevniSnoT rom  #tM uuuuuuuuuuv =(x-	t,y-$t, � 
 �t) paraleluria <v��, �, >� veqtoris, anu am 

veqtorebis koordinatebi proporciulia. 

  

    

or mocemul or mocemul or mocemul or mocemul |�((((��,,,,��,,,, ��) , ) , ) , ) , |�((((��,,,,��, ��) wertilze gamaval wrfis ) wertilze gamaval wrfis ) wertilze gamaval wrfis ) wertilze gamaval wrfis 

gantolebas aqvs saxegantolebas aqvs saxegantolebas aqvs saxegantolebas aqvs saxe:::: 

 �N����N��====
�N����N��====

�N���N��                                                (4).(4).(4).(4).    

    

am gantolebis misaRebad SevniSnoT rom #
#uuuuuuuuuv=(	 
 	
, $ 
 $
, � 
 �
) 

paraleluria   #
#�uuuuuuuuuuuuuv=(	� 
 	
, $� 
 $
, �� 
 �
) veqtoris, anu Sesabamisi 

koordinatebi proporciulia. 

 

 

wrfis kanonikuri gantolebidan parametrul gantolebaze gadasvla wrfis kanonikuri gantolebidan parametrul gantolebaze gadasvla wrfis kanonikuri gantolebidan parametrul gantolebaze gadasvla wrfis kanonikuri gantolebidan parametrul gantolebaze gadasvla (anu 

(3)-dan (2)-ze) an piriqiT adviliaan piriqiT adviliaan piriqiT adviliaan piriqiT advilia. es xdeba parametris SemoRebiT an es xdeba parametris SemoRebiT an es xdeba parametris SemoRebiT an es xdeba parametris SemoRebiT an 

piriqiT gamoricxviT. piriqiT gamoricxviT. piriqiT gamoricxviT. piriqiT gamoricxviT.     

 

magaliTi  magaliTi  magaliTi  magaliTi  vTqvaT wrfe mocemulia parametruli gantolebiT    

� 	 � 2 � ?$ � 3? � � 
1 � 2?8          (a) 

 

kanonikuri gantolebis misaRebd gamovricxoT t paramerti, anu amovxsnaT t 

samive tolobidan: ? � 	 
 2;  ? � Bg ;  : ? � c�
�  da marjvena mxareebi 

gavutoloT, miviRebT knonikur gantolebas: 

CN�
  = 
Bg = 

c�
�       (b). 



36 

 

 

Eexla piriqiT Tu gvaqvs (b), maSin SemoviRebT parametrs, anu 

gavutolebT am yvelafers t-s:  
CN�
  = 

Bg = 
c�
� � ? da amovxsniT x,y da z-s.  

miviRebT (a)-s. 

 

wrfis kanonikuri gantolebidan zogad gantolebaze gadasvla (anu wrfis kanonikuri gantolebidan zogad gantolebaze gadasvla (anu wrfis kanonikuri gantolebidan zogad gantolebaze gadasvla (anu wrfis kanonikuri gantolebidan zogad gantolebaze gadasvla (anu (anu 

(3)-dan (1)-ze)    xdeba ase:xdeba ase:xdeba ase:xdeba ase: 

 

(3) aris ormagi toloba. GadavweroT es tolobebi sistemis saxiT 

                                    ��
�/~  � �
�/��
�/~ � �
�/7  8                            anu       anu       anu       anu       }�� 
 ~� � �~�/ 
 ��/� � /7� 
 ~� � �~�/ 
 7�/� � / 8    
rac aris kerZo SemTxveva wrfi zogadi gantolebis.rac aris kerZo SemTxveva wrfi zogadi gantolebis.rac aris kerZo SemTxveva wrfi zogadi gantolebis.rac aris kerZo SemTxveva wrfi zogadi gantolebis.    

    

    

wrfis  zogadi gantolebidan kanonikuri gantolebaze gadasvla wrfis  zogadi gantolebidan kanonikuri gantolebaze gadasvla wrfis  zogadi gantolebidan kanonikuri gantolebaze gadasvla wrfis  zogadi gantolebidan kanonikuri gantolebaze gadasvla (anu (1)-

dan (3)-ze)    xdeba ase:xdeba ase:xdeba ase:xdeba ase: 

                  }\�� � ^�� � ��� � �� � /\�� � ^�� � ��� � �� � /8             (1) 

sistema Sedgeba  �
 da �� sibrtyeebis gantolebebisgan:    

�
: P
	 � Q
$ � �
� � �
 � 0, da   ��: P�	 � Q�$ � ��� � �� � 0. 
�
 sibrtyis normaluri veqtoria >
 � �P
, Q
, �
�; 

�� sibrtyis normaluri veqtoria >� � �P�, Q�, ���. 

Aam veqtorebis veqtoruli namravli >
 y >� SeiZleba ganvixiloT rogorc 

(1)-iT mocemuli wrfis mimmarTveli veqtori  <v��, �, >� . marTlac  >
 y >� 

veqtori marTobulia >
 da >� veqtorebis (veqtoruli namravlis 

gansazRvrebiT) e.i paraleluria �
  da �� sibrtyeebis da maSasadame maTi 

TanakveTiT miRebuli wrfis. Kkanonikuri gantolebis dasawerad gvinda 

kidev am wrfeze mdebare erTi romelime wertilis koordinatebi, rasac 

gavigebT (1)-sistemidan, magaliTad CasmiT � � 0. 
magaliTi.magaliTi.magaliTi.magaliTi. wrfis zogadi gantolebaa }	 
 $ � � 
 2 � 0	 � $ 
 � � 0 8 
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>
 y >�=  � =   e   f1  
 1   11      1     1�= 2j + 2k,   e.i. wrfis mimmarTveli veqtoria < � �0,2,2�, 
SegviZlia SevcvaloT misi paraleluri veqtoriT (0,1,1) . 

wrfeze mdebare romelime erTi wertilis sapovnelad (1)-Si CavsvaT z=0:  }	 
 $ 
 2 � 0	 � $ � 0 8 .  amoxsna gvaZlevs 	 � 1, $ � 
1, 

e.i. wertili #�1, 
1,0� ekuTvnis wrfes da misi mimmarTveli veqtoria �0,1,1�, amitom wrfis kanonikuri gantolebaa           

CN
t =
B�

 � c
. 
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wrfeebis da sibrtyeebis urTierTganlageba sivrceSiwrfeebis da sibrtyeebis urTierTganlageba sivrceSiwrfeebis da sibrtyeebis urTierTganlageba sivrceSiwrfeebis da sibrtyeebis urTierTganlageba sivrceSi    

    

                                                                            sibrtyeebis urTierTganlageba.sibrtyeebis urTierTganlageba.sibrtyeebis urTierTganlageba.sibrtyeebis urTierTganlageba.    

vTqvaT sivrcis marTkuTxa koordinatTa sistemaSi mocemulia ori 

sibrtye zogadi gantolebebiT Sesabamisad 

�
: P
	 � Q
$ � �
� � �� � 0   da  ��: P�	 � Q�$ � ��� � �� � 0. 
 sibrtyis paralelobis pirobaa maTi normaluri veqtorebis 

kolinearoba, xolo ori veqtoris kolinearobis pirobaa maTi 

koordinatebis proporciuloba. e.i. 

sibrtyeebis sibrtyeebis sibrtyeebis sibrtyeebis paraleloba paraleloba paraleloba paraleloba +� ||    +�     Caiwereba aseCaiwereba aseCaiwereba aseCaiwereba ase   
\�\� � ^�^� � ����.  .  .  .      

sibrtyeebis damTxveva  sibrtyeebis damTxveva  sibrtyeebis damTxveva  sibrtyeebis damTxveva  +� � +�     Caiwereba ase  Caiwereba ase  Caiwereba ase  Caiwereba ase  
\�\� � ^�^� � ���� � ����....    

sibrtyis marTobulobis pirobaa maTi normaluri veqtorebis 

marTobuloba, xolo ori veqtoris marTobulobis pirobaa maTi 

skalaruli namravlis nuloba  e.i. 

sibrtyeebis sibrtyeebis sibrtyeebis sibrtyeebis MmarTobuloba MmarTobuloba MmarTobuloba MmarTobuloba +� ¡    +�     Caiwereba aseCaiwereba aseCaiwereba aseCaiwereba ase  \�\� � ^�^� � ���� � /.  

    

sibrtyeebis Soris kuTxe.  sibrtyeebis Soris kuTxe.  sibrtyeebis Soris kuTxe.  sibrtyeebis Soris kuTxe.  sibrtyeebis Soris ori kuTxidan erTi 

emTxveva maT normalur veqtorebs Soris kuTxes α, meore ki tolia 

kutxis π-α.     

skalaruli namravlis gansazvrebis Tanaxmad    r¢£ ¤ � \�\��^�^�������\���^�������\���^������....    
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                                                                            wrfeebis urTierTganlageba.wrfeebis urTierTganlageba.wrfeebis urTierTganlageba.wrfeebis urTierTganlageba.    

Oori wrfe sivrceSi SeiZleba a) emxveodes erTmaneTs, b) iyos 

paraleluri da ar emTxveodes erTmaneTs, g) TanaikveTebodes an d) 

iyosAacdenili. CavweroT es SemTxvevebi wrfeaTa gantolebebis 

terminebSi.  

 

vTqvaT sivrcis marTkuTxa koordinatTa sistemaSi mocemulia ori wrfe 

maTi kanonikuri gantolebebiT Sesabamisad Sesabamisad �� : �N��~� � �N���� � �N��7� ;;;;    

��: �N��~� � �N���� � �N��7� ....    

e.i. ��    wrfe gadis |����, ��, ���    wertilze da misi mimmarTveli anu    

mgezavi veqtoria    4��~�, ��, 7��. A. A. A. A    

analogiurad, ��    wrfe gadis |����, ��, ���    wertilze da misi mgezavi    

veqtoria    4��~�, ��, 7��....    

Oori wrfis damTxveva niSnavs rom isini paraleluria anu Oori wrfis damTxveva niSnavs rom isini paraleluria anu Oori wrfis damTxveva niSnavs rom isini paraleluria anu Oori wrfis damTxveva niSnavs rom isini paraleluria anu maTi mgezavi maTi mgezavi maTi mgezavi maTi mgezavi 

veqtorebis paraleluria, e.i.veqtorebis paraleluria, e.i.veqtorebis paraleluria, e.i.veqtorebis paraleluria, e.i.    

                                                                                                
~�~� � ���� � 7�7�                                                        (1)(1)(1)(1)    

da aqvT erTi mainc saerTo wertili.  da aqvT erTi mainc saerTo wertili.  da aqvT erTi mainc saerTo wertili.  da aqvT erTi mainc saerTo wertili.  vTqvaT es saerTo wertilia 	�, anu    	� akmayofilebs    s
 wrfis gantolebas. e.i.e.i.e.i.e.i.    

                                                                    
��N��~� � ��N���� � ��N��7�                                 (2).(2).(2).(2).    

��====��    Caiwereba ase: sruldeba (1) da (2)Caiwereba ase: sruldeba (1) da (2)Caiwereba ase: sruldeba (1) da (2)Caiwereba ase: sruldeba (1) da (2)    ��    | || || || |    ��    magram ar emTxveva niSnavs sruldeba (1) da ar sruldeba (2). magram ar emTxveva niSnavs sruldeba (1) da ar sruldeba (2). magram ar emTxveva niSnavs sruldeba (1) da ar sruldeba (2). magram ar emTxveva niSnavs sruldeba (1) da ar sruldeba (2).             

 

 

Tu ori wrfe acenli araa maSin isini erT sibrtyeSia, anu veqtorebi 4��~�, ��, 7��, , , , 4��~�, ��, 7��, da , da , da , da |�  |�uuuuuuuuuuuuuuv= = = = ((((�� 
 ��, �� 
 ��, �� 
 ��) ) ) ) erTerTerTerT    sibrtyeSia sibrtyeSia sibrtyeSia sibrtyeSia 

(komplanarulia),(komplanarulia),(komplanarulia),(komplanarulia),    rac niSnavs rac niSnavs rac niSnavs rac niSnavs     
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��� 
 ��    �� 
 ��          �� 
 ��  ~�               ��                      7�      ~�            ��                    7�         8    =0                  (3).=0                  (3).=0                  (3).=0                  (3).    

    

e.i e.i e.i e.i     

 ��    dadadada    ��    wrfeebi ikveTeba niSnavs, sruldeba (3)wrfeebi ikveTeba niSnavs, sruldeba (3)wrfeebi ikveTeba niSnavs, sruldeba (3)wrfeebi ikveTeba niSnavs, sruldeba (3)    da ar sruldeba (2).da ar sruldeba (2).da ar sruldeba (2).da ar sruldeba (2).    

 ��    dadadada    ��    wrfeebi acdenilia niSnavs ar sruldeba (3.)wrfeebi acdenilia niSnavs ar sruldeba (3.)wrfeebi acdenilia niSnavs ar sruldeba (3.)wrfeebi acdenilia niSnavs ar sruldeba (3.)                                    

    

    

    

    

                                                wrfisa da sibrtyis urTierTganlagebawrfisa da sibrtyis urTierTganlagebawrfisa da sibrtyis urTierTganlagebawrfisa da sibrtyis urTierTganlageba    

    

vTqvaT sivrcis marTkuTxa koordinatTa sistemaSi mocemulia π sibrtye 

zogadi gantolebiT  

π: : : : \� � ^� � �� � � � /,    
da � wrfe kanonikuri gantolebiT 

�: �N�/~ � �N�/� � �N�/7 ....    

Kkvlav gavixsenoT rom es niSnavs: veqtori koordinatebiT (veqtori koordinatebiT (veqtori koordinatebiT (veqtori koordinatebiT (\, ^, �)))) aris π    

sibrtyis normaluri veqtori, sibrtyis normaluri veqtori, sibrtyis normaluri veqtori, sibrtyis normaluri veqtori, xolo veqtori koordinatebiT ((((~, �, 7) aris ) aris ) aris ) aris 

LLLL�    wrfis mgezavi da wrfis mgezavi da wrfis mgezavi da wrfis mgezavi da LLLL�    wrfe gadis (wrfe gadis (wrfe gadis (wrfe gadis (�/, , , , �/,,,, �/) wertilze. ) wertilze. ) wertilze. ) wertilze.     

Aamitom zemoTmoyvanili msjelobis analogiurad vaskvniT rom:   

�    Zevs Zevs Zevs Zevs π sibrtyeSi sibrtyeSi sibrtyeSi sibrtyeSi     niSnavs wertili (niSnavs wertili (niSnavs wertili (niSnavs wertili (�/, , , , �/,,,, �/) ) ) ) �    π  da  da  da  da  ((((\, ^, �) ) ) ) 

marTobulia (marTobulia (marTobulia (marTobulia (~, �, 7), anu), anu), anu), anu 

    �    Zevs Zevs Zevs Zevs π sibrtyeSi sibrtyeSi sibrtyeSi sibrtyeSi     ¥                0\�/ � ^�/ � ��/ � � � /\~ � ^� � �7 � / 8        ;;;;    

    �    | | | | | | | | π sibrtyis, magram ar ekuTvnis sibrtyis, magram ar ekuTvnis sibrtyis, magram ar ekuTvnis sibrtyis, magram ar ekuTvnis ¥    0\�/ � ^�/ � ��/ � � . /\~ � ^� � �7 � / 8    ;;;;    

    �    kveTs kveTs kveTs kveTs π sibrtyes  sibrtyes  sibrtyes  sibrtyes  ¥    \~ � ^� � �7 . /....    
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4.4.4.4. sibrtyis moZraobasibrtyis moZraobasibrtyis moZraobasibrtyis moZraoba,,,,    orTogonuli orTogonuli orTogonuli orTogonuli 

gardaqmnebi.gardaqmnebi.gardaqmnebi.gardaqmnebi.    
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skolidan viciT Tu ra didi mniSvneloba aqvs geometriaSi figurebis 

tolobis (kongruentobis) cnebas da masTan mWidrod dakavSirebul 

moZraobis moZraobis moZraobis moZraobis cnebas. 

TvalsaCinod moZraoba (vTqvaT sibrtyis) aris gardaqmna, (sibrtyis asaxva 

TavisTavze) romlis dros “araferi mniSvnelovani ar xdeba”, anu 

sigrZeebi da kuTxeebi SenarCunebulia (sibrtyis figurebi mxolod 

“adgils icvlian”), veqtorebis jami gadadis veqtorebis jamSi, ricxvis 

veqtorze namravli_ricxvis veqtorze namravlze da a.S.  

rogor moicema evkliduri sivrcis moZraoba? rogor moicema evkliduri sivrcis moZraoba? rogor moicema evkliduri sivrcis moZraoba? rogor moicema evkliduri sivrcis moZraoba?     

amisaTvis aviRoT ori nebismieri marTkuTxa koordinatTa sistema   amisaTvis aviRoT ori nebismieri marTkuTxa koordinatTa sistema   amisaTvis aviRoT ori nebismieri marTkuTxa koordinatTa sistema   amisaTvis aviRoT ori nebismieri marTkuTxa koordinatTa sistema   [���    

da da da da [¦�¦�¦�¦    da sivrcis yovel da sivrcis yovel da sivrcis yovel da sivrcis yovel \    wertils SevusabamoT is wertils SevusabamoT is wertils SevusabamoT is wertils SevusabamoT is \¦    wertili,  wertili,  wertili,  wertili,  

romromromromelsac  elsac  elsac  elsac  [¦�¦�¦�¦    sistemaSi igive koordinatebi aqvs rogoric sistemaSi igive koordinatebi aqvs rogoric sistemaSi igive koordinatebi aqvs rogoric sistemaSi igive koordinatebi aqvs rogoric hhhhqondaqondaqondaqonda    \    

wertils wertils wertils wertils [���    sistemaSi.sistemaSi.sistemaSi.sistemaSi.    

amasTan moZraobam ar unda Secvalos sibrtyis (anu marTkuTxa 

sakoordinato sistemis) orientacia, anu marjvenamarjvenamarjvenamarjvena sistema (anu mobruneba '	 RerZidan '$ RerZisken xdeba saaTis isris sawinaaRmdegod) unda 

gadaiyvanos marjvenaSi. Aam SemTxevaSi amboben rom    \ da \¦ wertilebis 

koordinatebi tolia erTsaxelaerTsaxelaerTsaxelaerTsaxela marTkuTxa koordinatTa  [���    da [¦�¦�¦�  

sistemebSi. 

Fformalurad gvaqvs: 

gansazRvreba:gansazRvreba:gansazRvreba:gansazRvreba:        evkliduri sivrcis (an sibrtyis) moZraoba aris misi evkliduri sivrcis (an sibrtyis) moZraoba aris misi evkliduri sivrcis (an sibrtyis) moZraoba aris misi evkliduri sivrcis (an sibrtyis) moZraoba aris misi 

nebismieri gardaqmna (Tavis Tavze asaxva) erTsaxela marTkuTxa nebismieri gardaqmna (Tavis Tavze asaxva) erTsaxela marTkuTxa nebismieri gardaqmna (Tavis Tavze asaxva) erTsaxela marTkuTxa nebismieri gardaqmna (Tavis Tavze asaxva) erTsaxela marTkuTxa 

sakoordinatTa sistemebSi koordinatebis tolobis mixedviT.sakoordinatTa sistemebSi koordinatebis tolobis mixedviT.sakoordinatTa sistemebSi koordinatebis tolobis mixedviT.sakoordinatTa sistemebSi koordinatebis tolobis mixedviT.    

Ees niSnavs rom nebismieri moZraoba calsaxad ganisazRvreba ori aseTi 

sakoordinato sistemiT (Tanac pirveli nebismierad SeiZleba aviRoT) da 

yovel \    wertils gadaiyvans iseT \¦ wertilSi, romelsac [¦�¦�¦�  

sistemaSi igive koordinatebi aqvs, rac \    wertils [��� sistemaSi. 

vTqvaT  [��� marjvena marTkuTxa sakoordinato sistemis mgezavebia =, e, f 

da [¦�¦�¦�¦ marjvena marTkuTxa sakoordinato sistemis mgezavebi _ =¦, e¦, f¦. 
zemoT rac vTqviT niSnavs: 

                        Tu     'Puuuuuv � d= � me � :f, 
                      maSin     'P¦uuuuuuuv � d=¦ � me¦ � :f¦. 
M> ganzomilebiani evkliduri sivrcis moZraobebis simravle (romelic 

sxvaTaSoris aris jgufi) aRiniSneba simboloTi '�?��>�, anu sibrtyis 

SemTxvevaSi gvaqvs '�?��2�, sivrcisTvis '�?��3�. 
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Tu zemoTmoyvanil gansazRvrebaSi ar moviTxovT erTsaxela 

sakoordinato sistemebs (anu orientaciis Senaxvas), maSin moZraobebis 

magivrad gveqneba orTogonuli gardaqmnebiorTogonuli gardaqmnebiorTogonuli gardaqmnebiorTogonuli gardaqmnebi    , , , , romelTa simravle (rac 

agreTve warmoadgens jgufs) aRiniSneba    [�D���, , , , (an    [�D���, , , , sibrtyisaTvis). 

    

sibrtyis  sibrtyis  sibrtyis  sibrtyis  marTkuTxa koordinatebSi    orTogonuli gardaqmna matriculad 

ase Caiwereba: 

                                                          � � \� � l,                        ���        

sadac $, 	 da  m sibrtyis veqtorebia, P ki orTogonuli matriciorTogonuli matriciorTogonuli matriciorTogonuli matrici    (ix. 

danarTi) 

               $ � §B�B�¨,   	 � §C�C�¨,    m � §����¨,   P � §d

 d
�d�
 d��¨.    

 

 koordinatebSi (1) gardaqmna ase Caiwereba: 

                          §B�B�¨ � §d

 d
�d�
 d��¨ §C�C�¨ � §����¨  

Aanu                      

                          $
 � d

	
 � d
�	� � m
               (2)  

                          $� � d�
	
 � d��	� � m�.  

���    gardaqmna aris moZraoba maSin da mxolod maSin, rocagardaqmna aris moZraoba maSin da mxolod maSin, rocagardaqmna aris moZraoba maSin da mxolod maSin, rocagardaqmna aris moZraoba maSin da mxolod maSin, roca P orTogonuli orTogonuli orTogonuli orTogonuli 

matricimatricimatricimatrici    amave dros aris sakuTrivi amave dros aris sakuTrivi amave dros aris sakuTrivi amave dros aris sakuTrivi (anu determinanti =1 ). Aam mizeziT(anu determinanti =1 ). Aam mizeziT(anu determinanti =1 ). Aam mizeziT(anu determinanti =1 ). Aam mizeziT 

moZraobas sakuTriv orTogonulmoZraobas sakuTriv orTogonulmoZraobas sakuTriv orTogonulmoZraobas sakuTriv orTogonul    gagagagarrrrdaqmnasacdaqmnasacdaqmnasacdaqmnasac uwodeben.uwodeben.uwodeben.uwodeben. 

    

Tu (1) gardaqmnisas Tu (1) gardaqmnisas Tu (1) gardaqmnisas Tu (1) gardaqmnisas \    aris erTeulovani matrici, Aaris erTeulovani matrici, Aaris erTeulovani matrici, Aaris erTeulovani matrici, A\ � ©, gvaqvs sibrtyis , gvaqvs sibrtyis , gvaqvs sibrtyis , gvaqvs sibrtyis 

paraleluri gadatana paraleluri gadatana paraleluri gadatana paraleluri gadatana l    veqtoriT:veqtoriT:veqtoriT:veqtoriT:    

                                                                  � � � � l,                                                                                (3)(3)(3)(3)    

AAAA    

anu                      anu                      anu                      anu                      $
 � 	
 � m
                        (4)  

                          $� � 	� � m�.  

    

gansazRvreba.  gansazRvreba.  gansazRvreba.  gansazRvreba.  |    wertils ewodeba wertils ewodeba wertils ewodeba wertils ewodeba ª    gardaqmnis uZravi wertili,gardaqmnis uZravi wertili,gardaqmnis uZravi wertili,gardaqmnis uZravi wertili,    
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TuTuTuTu  ª�|� � |, anu , anu , anu , anu |    wertili adgilze rCeba wertili adgilze rCeba wertili adgilze rCeba wertili adgilze rCeba ª    gardaqmnisas.gardaqmnisas.gardaqmnisas.gardaqmnisas.    

 

(4) formulidan Cans rom Tu m . 0 paralelur gadatanas ara aqvs uZravi paralelur gadatanas ara aqvs uZravi paralelur gadatanas ara aqvs uZravi paralelur gadatanas ara aqvs uZravi 

wertilebi.wertilebi.wertilebi.wertilebi.    

    

gansazRvreba.  evkliduri sivrcis gansazRvreba.  evkliduri sivrcis gansazRvreba.  evkliduri sivrcis gansazRvreba.  evkliduri sivrcis moZraobas romelic adgilze tovebs moZraobas romelic adgilze tovebs moZraobas romelic adgilze tovebs moZraobas romelic adgilze tovebs 

erT raime erT raime erT raime erT raime [    wertils, ewodeba wertils, ewodeba wertils, ewodeba wertils, ewodeba momomomobrunbrunbrunbrunebaebaebaeba    [    centriT (anu mobrunebacentriT (anu mobrunebacentriT (anu mobrunebacentriT (anu mobruneba    [    

wertilis garSemo)wertilis garSemo)wertilis garSemo)wertilis garSemo)....    

M' wertilis garSemo sibrtyis mobrunebebis simravle (rac agreTve 

warmoadgens jgufs) aRiniSneba ase �3D/���    (an an an an �3D/���    sivrcisaTvis).    

 

Eevkliduri sivrcis (nebismieri ganzomilebis) nebismieri moZraoba daiyvaneba Eevkliduri sivrcis (nebismieri ganzomilebis) nebismieri moZraoba daiyvaneba Eevkliduri sivrcis (nebismieri ganzomilebis) nebismieri moZraoba daiyvaneba Eevkliduri sivrcis (nebismieri ganzomilebis) nebismieri moZraoba daiyvaneba 

mobrunebis da paraleluri gadatanis kompoziciamde. Mmobrunebis da paraleluri gadatanis kompoziciamde. Mmobrunebis da paraleluri gadatanis kompoziciamde. Mmobrunebis da paraleluri gadatanis kompoziciamde. M    

marTlac (1) gardaqmna aris  $ � P	 mobrunebis da $ � 	 � m paraleluri 

gadatanis kompozicia (agreTve $ � 	 � PN
m paraleluri gadatanis da $ � P	 

mobrunebis kompozicia.) 

    

ganvixiloT detalurad sibrtyis moZraobebi.ganvixiloT detalurad sibrtyis moZraobebi.ganvixiloT detalurad sibrtyis moZraobebi.ganvixiloT detalurad sibrtyis moZraobebi.    

Nnebismier sakuTriv orTogonuli Nnebismier sakuTriv orTogonuli Nnebismier sakuTriv orTogonuli Nnebismier sakuTriv orTogonuli � y �    matricsmatricsmatricsmatrics        aqvs saxeaqvs saxeaqvs saxeaqvs saxe    

§234¤ 
467¤467¤ 234¤ ¨    

Aamitom yoveli mobruneba koordinatTa saTavis garSemo Caiwereba ase: Aamitom yoveli mobruneba koordinatTa saTavis garSemo Caiwereba ase: Aamitom yoveli mobruneba koordinatTa saTavis garSemo Caiwereba ase: Aamitom yoveli mobruneba koordinatTa saTavis garSemo Caiwereba ase:                                                                                     

                          	« � 	 :;<T – $ <=>T                (5)  

                          $« � 	 <=>T � $ :;<T  
sadac  T raRac kuTxea, romelic 
� ,α) � pirobebSi calsaxadaa 

gansazRvruli.  T kuTxes mobrunebis kuTxemobrunebis kuTxemobrunebis kuTxemobrunebis kuTxe ewodeba radgan sibrtyis 

yoveli veqtori am kuTxiT mobrubdeba da SeTanxmebiT aTvla xdeba 

saaTis isris sawinaaRmdegod. 

Turme sibrtyis yoveli moZraoba an paraleluri gadatanaa an mobruneba. 

    

Teorema.  sibrtyis woveli moZraoba aris an paraleluri gadatana, an Teorema.  sibrtyis woveli moZraoba aris an paraleluri gadatana, an Teorema.  sibrtyis woveli moZraoba aris an paraleluri gadatana, an Teorema.  sibrtyis woveli moZraoba aris an paraleluri gadatana, an 

mobruneba. mobruneba. mobruneba. mobruneba.     
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sxagvarad rom vTqvaT moZraobebis simravle (jgufi)  ­®¯���� aris 

gaerTianeba paraleluri gadatanebis simravlis (jgufis)  Trans�2� da  

mobrunebebis simravleebis (jgufebis)  RotK�2� yoveli wertilis garSemo.  

­®¯���� � µ®n¶£��� · ·¢ ¸¢¯¢���.    
    Ddamtkiceba.  Ddamtkiceba.  Ddamtkiceba.  Ddamtkiceba.  radgan nebismier mobrunebas aqvs (5) saxe gamodis rom marTkuTxa 

koordinatTa 	, $ sistemaSi yoveli moZraoba Caiwereb ase:  

                          	« � 	 :;<T – $ <=>T � m
                (6)  

                          $« � 	 <=>T � $ :;<T � m�. 
roca  T � 0 gvaqvs paraleluri gadatana. vaCvenoT rom roca T . 0, maSin 

(6) gardaqmnas aucileblad aqvs erTaderTi uZravi wertili da amitom 

aris mobruneba. Ppiroba imisa, rom raime #t � �	t, $t� wertilis adgilze 

rCeba (6) gardaqmnis dros ase Caiwereba: 

                                                           	t � 	t :;<T – $t <=>T � m
                 

                          $t � 	t <=>T � $t :;<T � m�. 
Aanu 

 

                          �1 
 :;<T�	t  �          <=>T $t  � m
                (7)  

                              
<=>T 	t � �1 
 :;<T�$t  � m�. 
rac warmoadgens wrfiv gantolebaTa araerTgvarovan sistemas  	t, $t -is 

mimarT. Aam sistemis determinanti �1 
 :;<T��+<=>�T � 2�1 
 :;<T� . 0, roca T . 0. amitom am sistemas aqvs erTaderTi amonaxsni, romelic uZravi 

wertilia anu mobrunebis centria. □ 

amrigad sibrtyis nebismier moZraobas an ara aqvs uZravi wertili 

(paralelur gadatanas aranulovani veqtoriT) an aqvs  erTaderTi uZravi 

werili (mobrunebas aranulovani kuTxiT). Aanu sibrtyis moZraobas ar 

SeiZleba hqondes erTze meti uZravi wertili. orTogonuli 

gardaqmnebisaTvis romlebic ar inaxaven orientacias (arasakuTrivi 

gardaqmnebi) es ukve ase aRaraa!  

    

    

    

sibrtyis arasakuTrivi orTogonuli gardaqmnebi.sibrtyis arasakuTrivi orTogonuli gardaqmnebi.sibrtyis arasakuTrivi orTogonuli gardaqmnebi.sibrtyis arasakuTrivi orTogonuli gardaqmnebi.    
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gansazRvreba. gansazRvreba. gansazRvreba. gansazRvreba.     sibrtyis raime sibrtyis raime sibrtyis raime sibrtyis raime     ~    wrfis (RerZis ) mimarT simetria ewodeba wrfis (RerZis ) mimarT simetria ewodeba wrfis (RerZis ) mimarT simetria ewodeba wrfis (RerZis ) mimarT simetria ewodeba 

sibrtyis sibrtyis sibrtyis sibrtyis ¹    gardaqmnas (TavisTavze asaxvagardaqmnas (TavisTavze asaxvagardaqmnas (TavisTavze asaxvagardaqmnas (TavisTavze asaxvas), romelic uZravad tovebs  s), romelic uZravad tovebs  s), romelic uZravad tovebs  s), romelic uZravad tovebs  ~    wrfiswrfiswrfiswrfis    

wertilebs da nebismieri sxva wertili wertilebs da nebismieri sxva wertili wertilebs da nebismieri sxva wertili wertilebs da nebismieri sxva wertili | gadayavs iseT gadayavs iseT gadayavs iseT gadayavs iseT |¦    wertilSi, romwertilSi, romwertilSi, romwertilSi, rom    

a)a)a)a)  ||¦    wrfe marTobulia wrfe marTobulia wrfe marTobulia wrfe marTobulia ~    wfiswfiswfiswfis    ;;;;    

b)b)b)b) |    da da da da |¦    wertilebi Tanabradaa daSorebuli wertilebi Tanabradaa daSorebuli wertilebi Tanabradaa daSorebuli wertilebi Tanabradaa daSorebuli ~    wrfidan da mis sxvadasxva wrfidan da mis sxvadasxva wrfidan da mis sxvadasxva wrfidan da mis sxvadasxva 
mxares mdebareoben.mxares mdebareoben.mxares mdebareoben.mxares mdebareoben.    

~    wrfes ewodeba wrfes ewodeba wrfes ewodeba wrfes ewodeba ¹    simetriis RerZi.simetriis RerZi.simetriis RerZi.simetriis RerZi.    

magaliTad x, y marTkuTxa koordinatTa sistemaSi '$ RerZis mimarT simetria 

Caiwereba ase    

                                                                                                                                                            �« � 
�    ;                  ;                  ;                  ;                          (7)(7)(7)(7)    

                                                                                                                                                                �« � �....    

RerZuli simetrias aqvs usasrulod bevri uZravi wertili, kerZod RerZuli simetrias aqvs usasrulod bevri uZravi wertili, kerZod RerZuli simetrias aqvs usasrulod bevri uZravi wertili, kerZod RerZuli simetrias aqvs usasrulod bevri uZravi wertili, kerZod 
mTeli simetriis RerZi. Ees gardaqmna orientacias cvlis. mTeli simetriis RerZi. Ees gardaqmna orientacias cvlis. mTeli simetriis RerZi. Ees gardaqmna orientacias cvlis. mTeli simetriis RerZi. Ees gardaqmna orientacias cvlis.     

 

 

Mmcocavi simetria.Mmcocavi simetria.Mmcocavi simetria.Mmcocavi simetria.    

sibrtyis arasakuTrivi orTogonuli gardaqmna, romelic aris RerZuli sibrtyis arasakuTrivi orTogonuli gardaqmna, romelic aris RerZuli sibrtyis arasakuTrivi orTogonuli gardaqmna, romelic aris RerZuli sibrtyis arasakuTrivi orTogonuli gardaqmna, romelic aris RerZuli 
simetriis daMam RerZis gaswvriv paraleluri simetriis daMam RerZis gaswvriv paraleluri simetriis daMam RerZis gaswvriv paraleluri simetriis daMam RerZis gaswvriv paraleluri gadatanis kompozicia gadatanis kompozicia gadatanis kompozicia gadatanis kompozicia 
ewodeba mcocavi simetria. Gewodeba mcocavi simetria. Gewodeba mcocavi simetria. Gewodeba mcocavi simetria. G    

 magaliTad mcocavi simetria romelic aris  x, y marTkuTxa koordinatTa 
sistemaSi '$ RerZis mimarT simetriis da �0, d� veqtoriT paraleluri gadatanis 
kompozicia Caiwereba ase    

                                                                                                                                                            �« � 
�    ;                  ;                  ;                  ;                          (7(7(7(7’’’’))))    

                                                                                                                                                                �« � � � k....    

Mcxadia mcocav simetrias ara aqvs uZravi wertilebi da igi cvlis Mcxadia mcocav simetrias ara aqvs uZravi wertilebi da igi cvlis Mcxadia mcocav simetrias ara aqvs uZravi wertilebi da igi cvlis Mcxadia mcocav simetrias ara aqvs uZravi wertilebi da igi cvlis 
orientacias.orientacias.orientacias.orientacias.    

     

Teorema.Teorema.Teorema.Teorema.    sibrtyis nebismieri orTogonuli gardaqmna, romelic cvlis sibrtyis nebismieri orTogonuli gardaqmna, romelic cvlis sibrtyis nebismieri orTogonuli gardaqmna, romelic cvlis sibrtyis nebismieri orTogonuli gardaqmna, romelic cvlis 
orientacias aris mcocavi simetria.  orientacias aris mcocavi simetria.  orientacias aris mcocavi simetria.  orientacias aris mcocavi simetria.      

Aam Teoremas dawvrilebiT ar davamtkicebT radgan is mobrunebebis Sesaxeb 

Teoremis msgavsad dadis wrfiv sistemis amoxsnaze. Mmokled avRniSnoT rom 

 Nnebismier arasakuTriv orTogonuli Nnebismier arasakuTriv orTogonuli Nnebismier arasakuTriv orTogonuli Nnebismier arasakuTriv orTogonuli � y �    matricsmatricsmatricsmatrics        aqvs saxeaqvs saxeaqvs saxeaqvs saxe    
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§234¤ 467¤467¤ 
234¤¨    

 

 

Aamitom marTkuTxa koordinatTa 	, $ sistemaSi yoveli orientaciis Semcvleli 

orTogonuli gardaqmna Caiwereb ase:  

                          	« � 	 :;<T � $ <=>T � m
   

                          $« � 	 <=>T 
 $ :;<T � m�.                                                                   

 

 

    

    

    

    

    

    

    

    

    

    

    

    

    

    

                                                                    formulebi praqtikuli gamoTvlebisTvis.formulebi praqtikuli gamoTvlebisTvis.formulebi praqtikuli gamoTvlebisTvis.formulebi praqtikuli gamoTvlebisTvis.    
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                                                                        sibrtyis paraleluri gadatanasibrtyis paraleluri gadatanasibrtyis paraleluri gadatanasibrtyis paraleluri gadatana....    

am gardaqmnas ara aqvs uZravi wertilebi da inaxavs orientacias.am gardaqmnas ara aqvs uZravi wertilebi da inaxavs orientacias.am gardaqmnas ara aqvs uZravi wertilebi da inaxavs orientacias.am gardaqmnas ara aqvs uZravi wertilebi da inaxavs orientacias.    

Pparaleluri gadatana v = (p, q) veqtoriT 	v � �	
, 	�� veqtors gadaiyvans 	v � �v veqtorSi. Ees ase Caiwereba veqtorulad: 

º�k74�uuv��uuv� � �uuv � �,uuuv 

Aanu koordinatebSi 

                            º�k74��,»����, ��� � ��� � �,  �� � »� 

magaliTad: 

� � �2,5� veqtoriT paraleluri gadatana wertils �	
, 	�� � �4,6� 
gadaiyvans wertilSi 

¼�d><��,½� � �	
 � 2, 	� � 5� � �6,11�. 
 

 

                                                                                sibrtyis mobrunebasibrtyis mobrunebasibrtyis mobrunebasibrtyis mobruneba    
    
koordinatTa saTavis garSemo koordinatTa saTavis garSemo koordinatTa saTavis garSemo koordinatTa saTavis garSemo α α α α kuTxiTkuTxiTkuTxiTkuTxiT    mobruneba mobruneba mobruneba mobruneba �3D/    wertils (wertils (wertils (wertils (��, ��) ) ) ) 

gadaiyvans wertilSi, romelic matriculad ase Caiwerebagadaiyvans wertilSi, romelic matriculad ase Caiwerebagadaiyvans wertilSi, romelic matriculad ase Caiwerebagadaiyvans wertilSi, romelic matriculad ase Caiwereba    

�3D/���, ��� � §234¤ 
467¤467¤ 234¤ ¨ ¿����À.    
Aanu koordinatebSi 

�3D/���, ��� � ���234¤ 
 ��467¤ , ��467¤ � ��234¤� 

 

magaliTad:  Tu xdeba sibrtyis mobruneba saTavis garSemo �/3 kuTxiT 

(mobrunebis kuTxe rogoc yovelTvis aiTvleba saaTis isris saw. mimarTulebiT) 

maSin wertili ���, ��� � �2,3� gadava wertilSi 

�3D/���, ��� � �3D/��, �� � ��234+/� 
 �467+/� , �467+/� � �234+/�� � 

                  � �1 
 g√g� , √3 � 3/2�. 

 

Tu mobruneba xdeba saTavisagan gansxvavebuli wertilis garSemo praqtikulad 

umjobesia es mobruneba “davSaloT” sam gardaqmnad. kerZod: MMMM    
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mobruneba mobruneba mobruneba mobruneba ¤    kuTxiT kuTxiT kuTxiT kuTxiT im wim wim wim wertilis garSemoertilis garSemoertilis garSemoertilis garSemo,,,,    romlis radius veqtoria romlis radius veqtoria romlis radius veqtoria romlis radius veqtoria �uuv, , , , 

avRniSnoTavRniSnoTavRniSnoTavRniSnoT    �3D�,¤. Ees gardaqmna aris sami gardaqmnis kompozicia:. Ees gardaqmna aris sami gardaqmnis kompozicia:. Ees gardaqmna aris sami gardaqmnis kompozicia:. Ees gardaqmna aris sami gardaqmnis kompozicia:    

                                                                                    �3D�,¤= = = =  º�k74�    ° �3D3,¤ ° º�k74N�.    
Aanu jer xdeba paraleluri gadatana Aanu jer xdeba paraleluri gadatana Aanu jer xdeba paraleluri gadatana Aanu jer xdeba paraleluri gadatana  º�k74N�    ((((�uuv    radius veqtoris Sesabamisradius veqtoris Sesabamisradius veqtoris Sesabamisradius veqtoris Sesabamisi  i  i  i  

wertili gadavitanoT saTaveSi), mere xdeba sibrtyis mobruneba wertili gadavitanoT saTaveSi), mere xdeba sibrtyis mobruneba wertili gadavitanoT saTaveSi), mere xdeba sibrtyis mobruneba wertili gadavitanoT saTaveSi), mere xdeba sibrtyis mobruneba ¤    kuTxiT kuTxiT kuTxiT kuTxiT 

saTavis garSemo saTavis garSemo saTavis garSemo saTavis garSemo �3D3,¤    da bolos isev paraleluri gadatana da bolos isev paraleluri gadatana da bolos isev paraleluri gadatana da bolos isev paraleluri gadatana  º�k74�    (saTave (saTave (saTave (saTave 

gadavitanoT isev  gadavitanoT isev  gadavitanoT isev  gadavitanoT isev  �uuv    radius veqtoris wertilSi..)radius veqtoris wertilSi..)radius veqtoris wertilSi..)radius veqtoris wertilSi..)    

magaliTad sibrtyis mobrunebiT (1,2) wertilis garSemo �/2 kuTxiT wertili 
(3,5) gadava Semdeg wertilSi: 

 �3,5�  º�k74Â�ÃÄÄÄÄÄÅ �3 
 1, 5 
 2� � �2,3� �3D3,¤ÃÄÄÅ �2 cos �/2 
 3 sin �/2 , 2<=>�/2 � 3:;<�/2 � �.   

� �
3,2�  º�k74�ÃÄÄÄÄÅ �
3 � 1,2 � 2� � �2,4�. 
Aanu aq sami gardaqmna calk-calke gamovTvaleT. 

Mmobrunebas aqvs zustad erTi uZravi wertili da inaxavs orientacias.Mmobrunebas aqvs zustad erTi uZravi wertili da inaxavs orientacias.Mmobrunebas aqvs zustad erTi uZravi wertili da inaxavs orientacias.Mmobrunebas aqvs zustad erTi uZravi wertili da inaxavs orientacias.    

 

 

 

                                                                            simetria RerZis mimarT (anu arekvla).simetria RerZis mimarT (anu arekvla).simetria RerZis mimarT (anu arekvla).simetria RerZis mimarT (anu arekvla).    

Tu Tu Tu Tu �     aris simetriis RerZis erTeulovani mgezavi veqtori maSin veqtorulad aris simetriis RerZis erTeulovani mgezavi veqtori maSin veqtorulad aris simetriis RerZis erTeulovani mgezavi veqtori maSin veqtorulad aris simetriis RerZis erTeulovani mgezavi veqtori maSin veqtorulad 
es gardaqmna ase Caiwereba es gardaqmna ase Caiwereba es gardaqmna ase Caiwereba es gardaqmna ase Caiwereba     

¹���uuv� � ����uuv� 
 ��¡��uuv�,                (8),                (8),                (8),                (8)    

AAAAsadac sadac sadac sadac ����uuv�     aris aris aris aris �uuv    veqtoris proeqcia veqtoris proeqcia veqtoris proeqcia veqtoris proeqcia �    veqtoris mimarTulebaze xolo veqtoris mimarTulebaze xolo veqtoris mimarTulebaze xolo veqtoris mimarTulebaze xolo ��¡��uuv�    aris aris aris aris �uuv    veqtoris proeqcia veqtoris proeqcia veqtoris proeqcia veqtoris proeqcia �----isisisis    marTobul veqtoris mimarTulebaze. marTobul veqtoris mimarTulebaze. marTobul veqtoris mimarTulebaze. marTobul veqtoris mimarTulebaze.     

    

    



50 

 

    

E 

exla gavixsenoT veqtoris proeqcia meore veqtoris mimarTulebaze skalaruli 
namravlis terminebSi: 

����uuv� � ��uuuv · �uuv� �uuuuv,   radgan skalaruli namravli ,   radgan skalaruli namravli ,   radgan skalaruli namravli ,   radgan skalaruli namravli ����uuv�    veqtoris sigZea, xolo veqtoris sigZea, xolo veqtoris sigZea, xolo veqtoris sigZea, xolo �    
veqtori erTeulovania da  veqtori erTeulovania da  veqtori erTeulovania da  veqtori erTeulovania da  ����uuv�----is mimmarTvis mimmarTvis mimmarTvis mimmarTveli.eli.eli.eli.    

Nnaxatidan Cans rom  Nnaxatidan Cans rom  Nnaxatidan Cans rom  Nnaxatidan Cans rom  ��¡��uuv� � �uuv 
 ����uuv�,  Tu CavsvamT (8) ,  Tu CavsvamT (8) ,  Tu CavsvamT (8) ,  Tu CavsvamT (8) ––––Si gvqvs:Si gvqvs:Si gvqvs:Si gvqvs:    

                                                        ¹���uuv� � �����uuv� 
 �uuv � ���uuuv · �uuv� �uuuuv 
 �uuv                                                    (9)(9)(9)(9)    

    

    

xolo koordinatebSi  gvaqvs  xolo koordinatebSi  gvaqvs  xolo koordinatebSi  gvaqvs  xolo koordinatebSi  gvaqvs      

Fformula:  Fformula:  Fformula:  Fformula:  Tu Tu Tu Tu  ¹�    simetriis RerZi gadis saTaveze da misi erTeulovani simetriis RerZi gadis saTaveze da misi erTeulovani simetriis RerZi gadis saTaveze da misi erTeulovani simetriis RerZi gadis saTaveze da misi erTeulovani 
mgezavia mgezavia mgezavia mgezavia � � ��, »�, maSin , maSin , maSin , maSin am am am am simetriiT wertili simetriiT wertili simetriiT wertili simetriiT wertili � � ���, ���    gadadis wertilSi:gadadis wertilSi:gadadis wertilSi:gadadis wertilSi:    

¹����, ��� � �
�� � ������� »���, 
�� � �»����� »����.                                    (10)(10)(10)(10)                    

marTlac 

 Æ�	v� � Æ�	
, 	�� � 2!Ç�	
, 	�� 
 �	
, 	�� � �2�R	
� È	��R 
 	
, �2�R	
� È	��È 
 	��.        É        AAAA    

 

TuTuTuTu    simetriis werZi ar gadis saTaveze maSin ase moviqceT: simetriis werZi ar gadis saTaveze maSin ase moviqceT: simetriis werZi ar gadis saTaveze maSin ase moviqceT: simetriis werZi ar gadis saTaveze maSin ase moviqceT:     
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Tu Tu Tu Tu ¹�,Ê    aris simetria im RerZis mimarT romlis erTeulovani mgezavi aris simetria im RerZis mimarT romlis erTeulovani mgezavi aris simetria im RerZis mimarT romlis erTeulovani mgezavi aris simetria im RerZis mimarT romlis erTeulovani mgezavi 
veqtoria veqtoria veqtoria veqtoria �    da simetriis RerZi gadis wertilze romlis radius da simetriis RerZi gadis wertilze romlis radius da simetriis RerZi gadis wertilze romlis radius da simetriis RerZi gadis wertilze romlis radius 
veqtoria veqtoria veqtoria veqtoria Ê,    maSin Cveni simetria aris sami gardaqmnis kompozicia:maSin Cveni simetria aris sami gardaqmnis kompozicia:maSin Cveni simetria aris sami gardaqmnis kompozicia:maSin Cveni simetria aris sami gardaqmnis kompozicia:    

                                                                                ¹�,Ê � º�k74Ê°¹�°º�k74NÊ                                                     (11)(11)(11)(11)    

Aanu  jer sruldeba Aanu  jer sruldeba Aanu  jer sruldeba Aanu  jer sruldeba º�k74NÊ(paraleluri gadataniT (paraleluri gadataniT (paraleluri gadataniT (paraleluri gadataniT Ê     radius veqtoris radius veqtoris radius veqtoris radius veqtoris 
Sesabamisi wertili gadadis saTaveSi), mere sruldeba Sesabamisi wertili gadadis saTaveSi), mere sruldeba Sesabamisi wertili gadadis saTaveSi), mere sruldeba Sesabamisi wertili gadadis saTaveSi), mere sruldeba ¹�    (simetria ukve (simetria ukve (simetria ukve (simetria ukve 
saTaveZe gamavali wrfis mimarT) saTaveZe gamavali wrfis mimarT) saTaveZe gamavali wrfis mimarT) saTaveZe gamavali wrfis mimarT) da bolos da bolos da bolos da bolos º�k74Ê    (isev paraleluri (isev paraleluri (isev paraleluri (isev paraleluri 
gadatana, saTave gadadis gadatana, saTave gadadis gadatana, saTave gadadis gadatana, saTave gadadis Ê    radius veqtoris mqone wertilSi).radius veqtoris mqone wertilSi).radius veqtoris mqone wertilSi).radius veqtoris mqone wertilSi).    

AaseTi simetriisTvis formulis gamoyvana SeiZleba, magram praqtikulad 
jobia es sami gardaqmna gamovTvaloT xolme. 

RerZuli simetrias aqvs usasrulod bevri uZravRerZuli simetrias aqvs usasrulod bevri uZravRerZuli simetrias aqvs usasrulod bevri uZravRerZuli simetrias aqvs usasrulod bevri uZravi wertili, kerZod i wertili, kerZod i wertili, kerZod i wertili, kerZod 
mTeli simetriis RerZi. Ees gardaqmna orientacias cvlis. mTeli simetriis RerZi. Ees gardaqmna orientacias cvlis. mTeli simetriis RerZi. Ees gardaqmna orientacias cvlis. mTeli simetriis RerZi. Ees gardaqmna orientacias cvlis.     

 

MMMM    

                                                                                                mcocavi simetria.mcocavi simetria.mcocavi simetria.mcocavi simetria.    

Mmcocavi simetria GMmcocavi simetria GMmcocavi simetria GMmcocavi simetria GË� aris ori gardaqmnis kompozicia. kerZod jer aris ori gardaqmnis kompozicia. kerZod jer aris ori gardaqmnis kompozicia. kerZod jer aris ori gardaqmnis kompozicia. kerZod jer 
xdeba paraleluri gadatana raime wrfis gaswvriv da mere  am wrfis  xdeba paraleluri gadatana raime wrfis gaswvriv da mere  am wrfis  xdeba paraleluri gadatana raime wrfis gaswvriv da mere  am wrfis  xdeba paraleluri gadatana raime wrfis gaswvriv da mere  am wrfis  
mimarT simetria.mimarT simetria.mimarT simetria.mimarT simetria.    

veqtoruli formula aseTia: Tu paraleluri gadatana xdeba veqtoruli formula aseTia: Tu paraleluri gadatana xdeba veqtoruli formula aseTia: Tu paraleluri gadatana xdeba veqtoruli formula aseTia: Tu paraleluri gadatana xdeba �    veqtoriT veqtoriT veqtoriT veqtoriT 
da da da da ����    aris aris aris aris �----s erTeulovani mgezavi maSin  s erTeulovani mgezavi maSin  s erTeulovani mgezavi maSin  s erTeulovani mgezavi maSin      

                                                                                                                            Ë� � ¹����°º�k74�                                                                (12)(12)(12)(12)    

Mmcocav simetrias ara aqvs uZravi wertilebi daMmcocav simetrias ara aqvs uZravi wertilebi daMmcocav simetrias ara aqvs uZravi wertilebi daMmcocav simetrias ara aqvs uZravi wertilebi da    igi cvlis orientacias. igi cvlis orientacias. igi cvlis orientacias. igi cvlis orientacias.  

 

gavixsenoT gavixsenoT gavixsenoT gavixsenoT     orTogonuliorTogonuliorTogonuliorTogonuli matricebi.  

MgansazRvreba.MgansazRvreba.MgansazRvreba.MgansazRvreba. kvadratul matrics ewodeba orTogonuli (da ara 

orTonormuli) Tu misi striqonebi (an svetebi) arian orTonormirebuli 

veqtorebi(anu erTeulovani sigZis orTogonuli veqtorebi). 

 

Mmag.    §d m: �¨ orTogonulia niSnavs :  

striqonebi orTonormirebuli veqtorebia: d� � m�=1, :� � ��=1, dm � :� � 0, 
rac igivea rom svetebi orTonormirebuli veqtorebia:  d� � :�=1, m� � ��=1, d: � m� � 0. 
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EEEE    

eeeeqvivalenturi gansazRvreba.qvivalenturi gansazRvreba.qvivalenturi gansazRvreba.qvivalenturi gansazRvreba.    kvadratul P matrics ewodeba orTogonuli, Tu 

Mmisi tranponirebuli da Sebrunebuli matricebi tolia: PÌ � PN
, an rac igivea, PPÌ � PÌP � Í, sadac Í erTeulovani matricia. 

orTogonuli matricebis magaliTebia :  

aqedan gamomdinareobs rom orTogonuli matricis drom orTogonuli matricis drom orTogonuli matricis drom orTogonuli matricis deeeeterminanti terminanti terminanti terminanti � U�.    
piriqiT mcdariapiriqiT mcdariapiriqiT mcdariapiriqiT mcdaria!  MmagaliTad  Ddeterminanti  !  MmagaliTad  Ddeterminanti  !  MmagaliTad  Ddeterminanti  !  MmagaliTad  Ddeterminanti  ÎÏ¯ ¿� // �/�À=1, M=1, M=1, M=1, M    

magram es matrici araa orTogonuli.magram es matrici araa orTogonuli.magram es matrici araa orTogonuli.magram es matrici araa orTogonuli.    

 

sazogadod 2 y 2  orTogonuli matrici Caiwereba aseTo saxiT:  

 §:;<T 
<=>T<=>T :;<T ¨  an   §:;<T <=>T<=>T 
:;<T¨. 
Ppirveli inaxavs orientacias (anu marjvena sistemas gadaiyvans marjvenaSi), 

meore ki sawinaawmdego orientaciiT cvlis.  
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sibrtyis moZraobis gaSla ori simetriis kompoziciad. ori mobrunebis sibrtyis moZraobis gaSla ori simetriis kompoziciad. ori mobrunebis sibrtyis moZraobis gaSla ori simetriis kompoziciad. ori mobrunebis sibrtyis moZraobis gaSla ori simetriis kompoziciad. ori mobrunebis 

kompoziciis centri.kompoziciis centri.kompoziciis centri.kompoziciis centri.    

    

TeoremaTeoremaTeoremaTeorema    1111....    sibrtyis nebismieri mobruneba aris ori RerZuli simetriis sibrtyis nebismieri mobruneba aris ori RerZuli simetriis sibrtyis nebismieri mobruneba aris ori RerZuli simetriis sibrtyis nebismieri mobruneba aris ori RerZuli simetriis 

kompozicia, romelTa simetriis RerZebi gadian mobrunebis centrze. kompozicia, romelTa simetriis RerZebi gadian mobrunebis centrze. kompozicia, romelTa simetriis RerZebi gadian mobrunebis centrze. kompozicia, romelTa simetriis RerZebi gadian mobrunebis centrze. 

amasTan pirveli simetria nebismierad SeiZleba aviRoT, oRond misi RerZi amasTan pirveli simetria nebismierad SeiZleba aviRoT, oRond misi RerZi amasTan pirveli simetria nebismierad SeiZleba aviRoT, oRond misi RerZi amasTan pirveli simetria nebismierad SeiZleba aviRoT, oRond misi RerZi 

unda gadiodes mobrunebis centrze, xolo meore simetria calsaxadunda gadiodes mobrunebis centrze, xolo meore simetria calsaxadunda gadiodes mobrunebis centrze, xolo meore simetria calsaxadunda gadiodes mobrunebis centrze, xolo meore simetria calsaxad    

ganisazRvreba.ganisazRvreba.ganisazRvreba.ganisazRvreba.    

 

damrtkiceba. wina leqciidan viciT sibrtyis nebismieri orTogonuli 

gardaqmna, romelic cvlis orientacias aris mcocav simetria, (anu 

RerZuli simetriis da am RerZis gaswvriv raime d veqtoriT paraleluri 

gadatanis kompozicia). viciT agreTve romMmcocav simetrias ara aqvs 

uZravi wertilebi, roca d veqtori aranulovania. e.e.e.e.iiii....    sibrtyis nebismieri sibrtyis nebismieri sibrtyis nebismieri sibrtyis nebismieri 

orTogonuli gardaqmna romelic cvlis orientacias da aqvs erTi mainc orTogonuli gardaqmna romelic cvlis orientacias da aqvs erTi mainc orTogonuli gardaqmna romelic cvlis orientacias da aqvs erTi mainc orTogonuli gardaqmna romelic cvlis orientacias da aqvs erTi mainc 

uZravi wertili yofila RerZuli simetria (da amitom mas aqvs ara marto uZravi wertili yofila RerZuli simetria (da amitom mas aqvs ara marto uZravi wertili yofila RerZuli simetria (da amitom mas aqvs ara marto uZravi wertili yofila RerZuli simetria (da amitom mas aqvs ara marto 

uZravi wertili arauZravi wertili arauZravi wertili arauZravi wertili aramed uZravi wertilebis mTeli wrfe_simetriis RerZi).med uZravi wertilebis mTeli wrfe_simetriis RerZi).med uZravi wertilebis mTeli wrfe_simetriis RerZi).med uZravi wertilebis mTeli wrfe_simetriis RerZi).    

magaliTad es naTqvami exeba Æ RerZuli simetriis da am RerZze mdebare 

wertilis garSemo Ð mobrunebis kompozicias. e,i. komposicia  Ð ° Æ aris 

RerZuli simetria. naxatiT es ase SeiZleba vnaxoT: 

 

                             Ð°Æ 

       Æ                   

                            T/2  

                        

 

Tu Ð aris mobruneba T kuTxiT, maSin Æ aviRoT nebiemierad, oRond misi 

RerZi gadiodes mobrunebis centrze. maSin Ð°Æ kompoziciis simetriis 

RerZi gadis mobrunebis centrze da  Æ simetriis RerZTan qmnis T/2 

kuTxes. 

sabolood radgan kompozicia Æ°Æ aris igivuri asaxva, Ñ  aris kompozicia 

ori simetriis: Ñ � �Ñ°Æ�°Æ. r.d.g. 
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Teorema 2.Teorema 2.Teorema 2.Teorema 2.    vTqvaT vTqvaT vTqvaT vTqvaT ¹    da da da da ¹¦    RerZuli simetriebia RerZuli simetriebia RerZuli simetriebia RerZuli simetriebia [    wertilSi TanamkveTi wertilSi TanamkveTi wertilSi TanamkveTi wertilSi TanamkveTi 

RerZebiT, romelTa Soris kuTxea RerZebiT, romelTa Soris kuTxea RerZebiT, romelTa Soris kuTxea RerZebiT, romelTa Soris kuTxea ¤.  maSin maTi kompozicia aris  .  maSin maTi kompozicia aris  .  maSin maTi kompozicia aris  .  maSin maTi kompozicia aris  

mobruneba mobruneba mobruneba mobruneba [    wertilis garSemo wertilis garSemo wertilis garSemo wertilis garSemo �¤    kuTxiT.  kuTxiT.  kuTxiT.  kuTxiT.      

    

damtkiceba. radgan ori RerZuli simetriis kompozicia inaxavs 

orientacias da Tan uZravad tovebs ' wertils, TeoremiT sibrtyis 

moZraobebis Sesaxeb es kompozicia aris mobruneba ' centriT. ras udris 

mobrunebis kuTxe?    es advilad gamodis iqidan rom nebismieri # 

wertilisTvis '# veqtori    am kuTxiT    mobrundeba    ¹¦ simetriis dros. 

aviRoT # wertili ¹    simetriis RerZidan, maSin '# veqtori    �¤    kuTxiT    

mobrundeba    ¹¦ simetriT. r.d.g. 

 

Teorema 3Teorema 3Teorema 3Teorema 3....    vTqvaT vTqvaT vTqvaT vTqvaT ¹    da da da da ¹¦    RerZuli simetriebia paraleluri RerZebiT, RerZuli simetriebia paraleluri RerZebiT, RerZuli simetriebia paraleluri RerZebiT, RerZuli simetriebia paraleluri RerZebiT, 

romelTa Soris manZilia romelTa Soris manZilia romelTa Soris manZilia romelTa Soris manZilia k.  maSin maTi kompozicia aris paraleluri .  maSin maTi kompozicia aris paraleluri .  maSin maTi kompozicia aris paraleluri .  maSin maTi kompozicia aris paraleluri 

gadatana simetriis RerZebis marTobuli da gadatana simetriis RerZebis marTobuli da gadatana simetriis RerZebis marTobuli da gadatana simetriis RerZebis marTobuli da �k    sigrZis veqtoriT.sigrZis veqtoriT.sigrZis veqtoriT.sigrZis veqtoriT.    

    

damtkiceba. am kompozicias ara aqvs uZravi wertilebi da inaxavs 

orientacias. wina leqciiT es aris paraleluri dagatana. gadatanis 

veqtoris dasadgenad aviRoT # wertili Æ simetriis RerZidan. cxadia 

rom Æ¦ simetriis dros # wertili gadaadgildeba simetriis RerZebis 

marTobulad RerZebs Soris gaormagebuli  manZiliT. r.d.g. 
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                                    5.5.5.5.    meore rigis wirebimeore rigis wirebimeore rigis wirebimeore rigis wirebi    EEEE    

    

                                                                                            elifsielifsielifsielifsi                          

gansazRvreba.gansazRvreba.gansazRvreba.gansazRvreba.  DdavafiqsiroT sibrtyeze ori wertili Ñ
 da Ñ�. vTqvaT 

am wertilebs Soris manZili aris 2:. sibrtyis im wertilTa simravles 

romelTagan Ñ
 da Ñ� wertilebamde manZilebis jami mudmivi sididea 

(vTqvaT es sididea 2d) ewodeba elifsi. elifsi. elifsi. elifsi.     

 

Eelifsis es gansazRvreba saSualebas iZleva geometriulad avagoT is. 

warmovidginoT rom Ñ
 da Ñ� WikartebiT damagrebulia dafaze.  Ñ
 da Ñ� 

  

  Ñ�                                      
                                           Ñ
 

       

SeerTebulia 2d sigrZis ZafiT.  

 

 

   Ñ�                                       Ñ
 

 

davWimoT es Zafi fanqris wveriT da fanqari vamoZraoT ise rom Zafi 

daWimul mdgomareobaSi iyos. MmaSin fanqris wveriT Cven davxatavT 

elifss. 
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Eelifsis elementebia:Eelifsis elementebia:Eelifsis elementebia:Eelifsis elementebia:    

    

Ffokusebi.Ffokusebi.Ffokusebi.Ffokusebi.  Ffokusebs Soris manZilia  2:. 
 

 

centri.centri.centri.centri.    

 

 

RerZebiRerZebiRerZebiRerZebi. Des ori RerZi elifsis simetriis RerZebicaa.  

didi naxevarRerZia k, patara ki l.  

 

oTxi wverooTxi wverooTxi wverooTxi wvero - elifsis RerZebTan gadakveTis wertilebi.  
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                                                                                                elifsis kanonikuri gantolebaelifsis kanonikuri gantolebaelifsis kanonikuri gantolebaelifsis kanonikuri gantoleba    

visargebloT elifsis gansazRvrebiT da gamoviyvanoT misi gantoleba. 

koordinatTa sistema saTave davamTxvioT elifsis centrs, xolo 

koordinatTa RerZebi elifsis RerZebs. MmaSin fokusebis 

koordinatebiiqneba Ñ��
:, 0� da Ñ
�:, 0�. 
aviRoT elifsis nebismieri wertili #�	, $�. 

 

 

 

elifsis gansaRvrebis Tanaxmad  

�
 � �� � 2d  sadac �
 � |#Ñ
|=��	 � :�� � $� da �� � |#Ñ�|=��	 
 :�� � $� 

e.i. 

       ��	 
 :�� � $� + ��	 � :�� � $� = 2d.                   (1) 

(1)(1)(1)(1)----Si marjvena fesvi dagavitanoT tolobis marjvena mxares da miRebuli 

gamosaxuleba aviyvanoT kvadratSi, miviRebT 

�x 
 c�� � y� � 4a� 
 4a ��	 � :�� � $� + �x � c�� � y�
 

gavamartivoT 

                                                                ��� � 2�� � ��    = = = = k � Ò�,      ,      ,      ,                                  (2)(2)(2)(2)    
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sadac  Ò � 2k        da ewodeba elifsis eqscentrisitetieqscentrisitetieqscentrisitetieqscentrisiteti. 

 

Semdeg,  (2) isev aviyvanoT kvadratSi da gavamartivoT. 

�	 � :�� � $� � d� �  2dÓ	 � Ó�	�,  

anu  

C�x� �d� 
 :��+$� � d� 
 :�. 
gavyoT d� 
 :� -ze da SemoviRoT aRniSvna  d� 
 :� � m� { 0.  

sabolood miviRebT 

 

                         
C�x� � B��� � 1           (3)  

 (3)-s ewodeba elifsis kanonikuri gantolebaelifsis kanonikuri gantolebaelifsis kanonikuri gantolebaelifsis kanonikuri gantoleba. 

 

                                                                                                HHHH    

                                                                                                                                                                    ჰჰჰჰiperbolaiperbolaiperbolaiperbola    

                       

gansazRvreba.gansazRvreba.gansazRvreba.gansazRvreba.  DdavafiqsiroT sibrtyeze ori wertili Ñ da Ñ¦. vTqvaT am 

wertilebs Soris manZili aris 2:. sibrtyis im wertilTa 

simravlesromelTagan Ñ da Ñ¦ wertilebamde manZilebis sxvaobasxvaobasxvaobasxvaoba mudmivi 

sididea(vTqvaT es sididea 2d) ewodeba hiperbola.hiperbola.hiperbola.hiperbola.    Ñ da Ñ¦ wertilebs 
ewodeba fokusebi. 

SeniSvna.SeniSvna.SeniSvna.SeniSvna. Aaq igulisxmeba rom udides manZils akldeba umciresi. 
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NnaxNnaxNnaxNnax    (1)(1)(1)(1)    

 

hiperbolis kanonikuri gantoleba gamoiyvaneba elifsis hiperbolis kanonikuri gantoleba gamoiyvaneba elifsis hiperbolis kanonikuri gantoleba gamoiyvaneba elifsis hiperbolis kanonikuri gantoleba gamoiyvaneba elifsis 
analogiuradDda aqvs saxeanalogiuradDda aqvs saxeanalogiuradDda aqvs saxeanalogiuradDda aqvs saxe    

    

                                                                                                    
��k� 
 ��l� � 1  .         (4) 

oRond aq :� 
 d� � m� { 0. 

KkerZod:  gansazRvrebidan gamodis rom hiperbolas aqvs simetriis ori 
RerZi: erTi gadis Ñ, Ñ¦ fokusebze(namdvili RerZi), meore ki  ÑÑ¦ 
monakveTis Suaperpendikularia(warmosaxviTi RerZi). avirCioT 
koordinatTa sistema ise rom X RerZi daemtxves bamdvil Rerzs, Y ki 
warmosaxviTs. Nnax(1). 

MmaÓÓSin fokusebis koordinatebia FÑ(c,0) da Ñ¦(c,0). AaviRoT hiperbolis 
nebismieri wertili ��	, $�.  gansazRvrebiT gvaqvs 

��	 
 :�� � $� - ��	 � :�� � $� =U2d. 
gasamartiveblad gadavitanoT marjvena fesvi gantolebis marjvena mxares 
da kvadratSi aviyvanoT. 

�	 
 :��+$�=�	 � :��+$� U 4d��	 � :�� � $�+4d�. 

gavamartivebiT miviRebT 

-Ó	 
 d = U��	 � :�� � $� 

Aanu  

��	 � :�� � $�= |Ó	 � d | , sadac Ó � : d⁄ . 
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Mmeored aviyvanoT kvadratSi da SemoviRoT aRviSvna m� � :� 
 d�, miviRebT 

                     
C�x� 
 B��� � 1  .   r.d.g. 

 

                                                                                                    

                                                                                                parabolaparabolaparabolaparabola    

gansazgansazgansazgansazRvrebaRvrebaRvrebaRvreba.  .  .  .  davafiqsiroT sibrtyeze wrfe d da mis gareT mdebare 
wertili Ö. . . . Î wrfidan da Ö    wertilidan    Tanabrad daSorebul sibrtyis 
wertilTa simravles ewodeba parabola.  

 

Nnax. A(a) 

Ö    wertils ewodeba parabolis    fokusi, fokusi, fokusi, fokusi, Î    wrfes ki parabolis 
direqtrisa.  direqtrisa.  direqtrisa.  direqtrisa.  vTqvaT manZili fokusidan direqtrisamde aris    �.    
maSin fokusis koordinatebia Ñ×R 2Ø , 0Ù,  xolo direqtrisis gantoleba 

iqneba 	 � 
 R 2Ø  . 

anu gansazRvrebiT gveqneba 

��	 
 R 2Ø �� � $� = | 	 � R 2Ø  |....    

aviyvanoT kvadratSi da SevaerToT msgavsi wevrebi, miviRebT 

parabolis kanonikur gantolebas 

                        q� � �Úo....    

 

erTi naxevrad saxumaro kiTxva:Aaris raime kavSiri “parabolas” da 
“parlaments” Soris? Turme aris.  

es meore rigis wirebi elifsi, hiperbola da parabolaAaleqandre 
makedonelis maTematikis maswavlebelma saxelad Menaechmus (375-325 saukune 
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qristemde),  aRmoaCina rogorc konusis da sibrtyis TanakveTebi. Mmisi terminia  
“parabola” rac berZnulad “paralelurad dagdebuls” niSnavs.  droTa 
ganmavlobaSi laTinurSi Semovida terminebi “hiperboluri laparaki ” , 
laparaki romelic faqtebs Sors gahyveba“, “elifsuri laparaki” anu 
“elipsis”- faqtebs cota CamorCeba, xolo “parabli” ki zustad iyenebs 

faqtebs.  ise rom Zvel romSi “parabolare”saerTod laparaks niSnavda, xolo 

frangulma enam mogvca parley, parlance, parlor, parliament, parole…  

 

 

elifsis, hiperbolas da parabolas mxebebi da optikuri elifsis, hiperbolas da parabolas mxebebi da optikuri elifsis, hiperbolas da parabolas mxebebi da optikuri elifsis, hiperbolas da parabolas mxebebi da optikuri 

Tvisebebi.Tvisebebi.Tvisebebi.Tvisebebi. 

 

gavixsenoT elifsi geometriulad ganisazRvreba rogorc wertilTa simravle, 

romelTagan sibrtyis or mocemul Ñ
 da Ñ� wertilamde manZilebis jami mudmivi 2d sididea. 

am gansazRvrebiT Cven gamoviyvaneT elifsis kanonikuri kanonikuri kanonikuri kanonikuri gantoleba: 

                              
C�x� � B��� � 1,     d { 0, m { 0.   

 

 

 
 
 
 
 

kanonikuri niSnavskanonikuri niSnavskanonikuri niSnavskanonikuri niSnavs rom elifsis wertilebi akmayofileben am gantolebas 
kanonikur marTkuTxa koordinatTa sistemaSi, anu roca:  
 
koordinatTa saTave koordinatTa saTave koordinatTa saTave koordinatTa saTave |Ö�Ö�|    monakveTis Suawertilia (elifsis centri)monakveTis Suawertilia (elifsis centri)monakveTis Suawertilia (elifsis centri)monakveTis Suawertilia (elifsis centri)    
da sakoordinato RerZebi moicavda sakoordinato RerZebi moicavda sakoordinato RerZebi moicavda sakoordinato RerZebi moicavenenenen    elifsis RerZebs (elifsis RerZebs (elifsis RerZebs (elifsis RerZebs (�k ––––    didi RerZi, didi RerZi, didi RerZi, didi RerZi, �l    

----patara RerZi.)  patara RerZi.)  patara RerZi.)  patara RerZi.)      
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Aaq horizontaluri RerZia 2d, vertikaluri RerZi 2m,  |!Ñ
| da  |!Ñ�| 

ewodeba ! wertilis fokusuri radiusebi. 
 

Kkanonikur koordinatTa sistema orientaciamde sizustiT salcaxad 

ganisazRvreba elifsiT. Ees niSnavs rom elifsis obieqtebi, romlebic ar arian 

damokidebuli sakoordinato sistemis orientaciaze (anu ar icvlebian 

koordinatebis niSnis Secvlisas) salsaxad iqnebian dakavSirebuli elifsTan. 

Ees obieqtebia: 

 

ricxvi d,  didi naxevarRerZi, 

ricxvi m, patara naxevarRerZi, 

ricxvi :, romelsac ewodeba wrfivi eqscentrisiteti, 

ricxvi 2:, romelsac ewodeba fokusuri manZili, 

ricxvi ` � wx   , romesac ewodeba (ricxviTi) eqscentrisiteti, 

ricxvi R � ��x  , romesac ewodeba fokaluri parametri, 

wertili �0,0� 
centri, 

wertilebi �Ud, 0� 
wveroebi, 

wertilebi �U:, 0� 
fokusebi, 

wrfeebi 	 � U xÛ 
direqtrisebi. 

 

Cven dagvWirdeba fokusuri radiusebis formulebi: 

elifsis #�	, $� wertilis fokusuri radiusebi avRniSnoT 

�
 � |Ñ
, #| da �� � |Ñ�, #|-iT. 
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Ggvaqvs 

�
� � �	 
 :�� � $� � �	 
 :�� � m� Ü1 
 	�d�Ý � :�d� 	� 
 2	: � d� � `�	� 
 2	`d � d� � �d 
 `	�� 

radgan |	| ) d, |`	| , d, amitom 

�� � k 
 ��                                        �k�    

 Aanalogiurad                                                  �� � k � ��                                        �l�    

     

 

 

                                                                                    Eelifsis mxebi.Eelifsis mxebi.Eelifsis mxebi.Eelifsis mxebi.      

 

SevniSnoT rom rogorc es kanonikuri gantolebidan Cans elifsi (rogorc zeda 

da qveda naxevari) aris ori funqciis grafikis gaerTianeba: 

 

$ � m�1 
 C�x�   roca 
d ) 	 ) d,    $ { 0,               (1)  

Dda 

$ � 
m�1 
 C�x�   roca 
d ) 	 ) d,   $ ) 0.             (2). 

 

gamoviyvanoT mxebis gantoleba (1) SemTxvevisTvis, da SevamowmoT (Cven TviTon) 

rom (2)  funqciisTvis igive iqneba roca $ , 0 . roca $ � 0 elifsis mxebi �
d, 0� 

wertilSi aris 	 � 
d wrfe , xolo �d, 0� wertilSi 	 � d wrfe. 

rogorc analizis kursidan viciT #�	Þ, $Þ� wertilSi (1) funqciis grafikis 

mxebis gantolebaa: 

$ 
 $Þ � $«�	Þ��	 
 	t�. 

radgan $« �  Üm�1 
 C�x� Ý « � 
 �C�
�x��
Nß�à� �  
 C�

x��
Nß�à� � 
 C�x� . �B � 
 CB ��x�                           

amitom gvaqvs 

$ 
 $Þ � 
 CáBá ��x�  �	 
 	t�, anu  �$ 
 $Þ��$td�� � 
	tb� �	 
 	t�, 

G 
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gavyoT  d�m� -ze da gaviTvaliswinoT rom 
Cá�x� + 

Bá��� =1, sabolood miviRebT 

    

    ((((�/, �/) wertilSi elifsis mxebis gantolebas                         ) wertilSi elifsis mxebis gantolebas                         ) wertilSi elifsis mxebis gantolebas                         ) wertilSi elifsis mxebis gantolebas                             

                                                                                    
��/k� � ��/l� � �                                                                    (3)(3)(3)(3)    

 

 

 

EEEE                                                                                elifsis optikuri Tviseba : elifsis optikuri Tviseba : elifsis optikuri Tviseba : elifsis optikuri Tviseba :     

elifsis erTielifsis erTielifsis erTielifsis erTi----erTi fikusidan gamosuli sinaTlis sxivi elifsidan sarkiseburi erTi fikusidan gamosuli sinaTlis sxivi elifsidan sarkiseburi erTi fikusidan gamosuli sinaTlis sxivi elifsidan sarkiseburi erTi fikusidan gamosuli sinaTlis sxivi elifsidan sarkiseburi 

arekvlis Semdeg gaivlis meore fokusze.arekvlis Semdeg gaivlis meore fokusze.arekvlis Semdeg gaivlis meore fokusze.arekvlis Semdeg gaivlis meore fokusze.    

Ggeometriulad es niSnavs rom monakveTebi Ggeometriulad es niSnavs rom monakveTebi Ggeometriulad es niSnavs rom monakveTebi Ggeometriulad es niSnavs rom monakveTebi �Ö�, , , , �Ö�    tol kuTxeebs adgenentol kuTxeebs adgenentol kuTxeebs adgenentol kuTxeebs adgenen    

Eelifsis mxebTan Eelifsis mxebTan Eelifsis mxebTan Eelifsis mxebTan �    wertilSi.  wertilSi.  wertilSi.  wertilSi.          

        

 

  

 

 

Ddamtkicebis analizuri gza aseTia:  

avRniSnoT manZili Ñ
  fokusidan mxebamde �
 –iT da manZili Ñ�  fokusidan 

mxebamde �� –iT. MmaSin naxatidan marjvena marTkuTxa samkuTxedidan gvaqvs ã�|äå�| � <=>h. Aanalogiurad marcxena marTkuTxa samkuTxedidan unda gvqondes ã�|äå�| � <=>h, anu 
ã�|äå�|= ã�|äå�|. SevamowmoT es bolo toloba elifsis mxebis (3) 

gantolebis gamoyenebiT:  
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amisaTvis gavixsenoT manZilis formula mocemuli wertilidan wrfemde, roca 

wrfe normaluri saxiTaa Cawerili.  (3) wrfe CavweroT normaluri saxiT:  


æ � o �/k� � � �/l� 
 ��=0  

sadac " aris manormalirebeli mamravli 

" � �§Cáx�¨� � §Báx�¨�
. 

 

MmaSin manZili marcxena Ñ� �
:, 0� fokusidan mxebamde aris  

��=

æ �Cá�Nw�x� � Bá.t�� 
 1� � 
æ �Cáwx� � 1� � 
æx |	t` � d| � |äå�|æx  , 

 

xolo manZili marjvena Ñ
 �:, 0� fokusidan mxebamde-  

�
=

æ �Cáwx� � Bá.t�� 
 1� � 
æ �Cáwx� 
 1� � 
æx |	t` 
 d| � |äå�|æx . 

Aaq Cven visargebleT fokusuri radiusis zemoTmoyvanili formulebiT �d� da �m�.A 

 

am bolo ori tolobis SedarebiT miviRebT r.d.g. 

 

 

Ageometriuli damtkicebis idea martivia: avagoT Ñ
 fokusis RerZulad 

simetriuli wertili mxebis mimarT. Tu am wertils SevaerebT Ñ� fokusTan 

maSin mxebs gadavkveTT zustad ! wertilSi, amitom qvemoT naxatze moniSnuli 

ori CvenTvis saintereso kuTxe (h-ebiT aRniSnuli ) mesame moniSnuli kuTxis 

tolia.    
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                                                                                        hiperbolahiperbolahiperbolahiperbola        

gavixsenoT rom hiperbolas kanonikuri gantolebaa: 

	�d� 
 $�m� � 1,        d { 0, m { 0. 
d-s ewodeba namdvili naxevarRerZi,  

m-s- warmosaxviTi naxevarRerZi,  

ricxvs : � √d� � m� ewodeba wrfivi eqscentrisiteti,  

2:-fokaluri manZili, 

ricxvs ` � wx =�1 � ��x�   ewodeba (ricxviTi) eqscentrisiteti,  1 , ` , ∞, 
ricxvs R � ��x  ewodeba fikaluri parametri 

    

kanonikuri niSnavskanonikuri niSnavskanonikuri niSnavskanonikuri niSnavs rom hiperbolas wertilebi akmayofileben am 
gantolebas garkveul marTkuTxa koordinatTa sistemaSi N(nax a.) 
 
kerZod roca: 
 
 
abcisTa RerZi aris namdvili RerZi(anu moicavs namdvil naxevarRerZs), 
ordinatTa RerZi aris warmosaxviTi RerZi (anu moicavs warmosaxviT 
RerZs), 
 
am RerZebis gadakveTis wertils anu saTaves (0,0)-s ewodeba centri, 
wertilebs (Ud, 0) ewodeba wveroebi,  
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wertilebs �U:, 0� ewodeba fokusebi, 
wertilis SemaerTebel monakveTebs fokusebTan ewodeba fokaluri 
radiusebi, 

wrfeebs 	 � U xÛ ewodeba direqtrisebi. 

 
 
 
 
 
zustad iseTive msjelobiT, rogorc elifsis SemTxvevaSi mtkicdeba rom   
HHHH    

hiperbolas mxebs mis hiperbolas mxebs mis hiperbolas mxebs mis hiperbolas mxebs mis |/ � ��/, �/�    weertilSi aqvs gantoleba:weertilSi aqvs gantoleba:weertilSi aqvs gantoleba:weertilSi aqvs gantoleba:    

    

                                                        
��/k� 
 ��/l� � �                                                                    (4)(4)(4)(4)    

 
da rom hiperbolas aqvs optikuri hiperbolas aqvs optikuri hiperbolas aqvs optikuri hiperbolas aqvs optikuri Tviseba:Tviseba:Tviseba:Tviseba:    
    
hiperbolis nebismieri wertilis fokaluri radiusebi mis mxebTan tol hiperbolis nebismieri wertilis fokaluri radiusebi mis mxebTan tol hiperbolis nebismieri wertilis fokaluri radiusebi mis mxebTan tol hiperbolis nebismieri wertilis fokaluri radiusebi mis mxebTan tol 
kuTxeebs qmnian. kuTxeebs qmnian. kuTxeebs qmnian. kuTxeebs qmnian. (nax. Bb.)  
    
    
    
        
    

 

N                   nax a. N                              nax. b.  

 

AAAAaaaanunununu        hiperbolas erTihiperbolas erTihiperbolas erTihiperbolas erTi----erTi erTi erTi erTi     fokusidan gamosuli sinaTlis sxivi hiperblaze fokusidan gamosuli sinaTlis sxivi hiperblaze fokusidan gamosuli sinaTlis sxivi hiperblaze fokusidan gamosuli sinaTlis sxivi hiperblaze 

arekvlis Semdeg agrZelebs gzas meore fokusidan gamosuli sxivis arekvlis Semdeg agrZelebs gzas meore fokusidan gamosuli sxivis arekvlis Semdeg agrZelebs gzas meore fokusidan gamosuli sxivis arekvlis Semdeg agrZelebs gzas meore fokusidan gamosuli sxivis 

mimarTulebiT.  mimarTulebiT.  mimarTulebiT.  mimarTulebiT.      
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gavixsenoT parabolas kanonikur gantolebagavixsenoT parabolas kanonikur gantolebagavixsenoT parabolas kanonikur gantolebagavixsenoT parabolas kanonikur gantoleba    

                         q� � �Úo, sadac , sadac , sadac , sadac � { 0,    
e.i. arsebobs koordinatTa kanonikuri sistema sadac am gantolebas aqvs adgili. 

kanonikur koordinatTa sistemis abcisTa RerZi aris parabolas simetriis 

RerZi(radgan $ 
is niSnis SecvliT gantoleba ar icvleba) amitom am RerZs 

parabolas RerZi ewodeba. gantolebidan cxadia parabola Zevs 	 ç 0 

naxevarsibrtyeSi. RerZisGim mxares sadac parabola Zevs ewodeba dadebiTi 

mimarTuleba. ordinatTa RerZi parabolas RerZis marTobulia da parabolas 

kveTs wertilSi '(0,0), romelsac parabolas wvero ewodeba. Aamrigad 

(orientaciamde sizustiT) parabola calsaxad gansazRvravs kanonikur 

koordinaTTa sistemas. Eeseigi calsaxad ganisazRvreba agreTve Semdegi 

obieqtebi: 

ricxvi R, romelsac fokaluri parametri ewodeba, 

ricxvi R/2, romelsac fokusuri manZili ewodeba, 

wertili § I�,t¨,  romelsac fokusi ewodeba, 

wrfe 	 � 
R/2, romelsac direqtrisa ewodeba. 

 

 

                                            parabolas mxebs mis parabolas mxebs mis parabolas mxebs mis parabolas mxebs mis |/ � ��/, �/�    wertilSi aqvs gantoleba:wertilSi aqvs gantoleba:wertilSi aqvs gantoleba:wertilSi aqvs gantoleba:    

                                                                                                                HHHH��/ � ���� � �/�.    
 

Ddamtkiceba. vaCvenoT es parabolas zeda naxevrisTvis, anu roca $ { 0.  

im SemTxvevaSi roca  $ , 0 analogiurad vomsjelebT, xolo roca $ � 0 mxebi 

ris ordinatTa RerZi 	 � 0.   

roca $ { 0, $ � �2R	, amitom  $« � I��IC � R/$, da $«�	t� � R/$t 

Aamitom mxebis gantolebaa 

 

$ 
 $t � R/$t�	 
 	t�, anu �$ 
 $t�$t � R�	 
 	t�.  

radgan  $t� � 2R	t, msgavsi wevrebis SeerTebiT miviRebT r.d.g. 
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parabolas optikuri Tviseba: parabolas optikuri Tviseba: parabolas optikuri Tviseba: parabolas optikuri Tviseba: ( ixile nax (a) ) 

    

parabolas nebismieri wertilis  fokusur radiussa da am wertilSi parabolas nebismieri wertilis  fokusur radiussa da am wertilSi parabolas nebismieri wertilis  fokusur radiussa da am wertilSi parabolas nebismieri wertilis  fokusur radiussa da am wertilSi 

mxebs Soris kuTxe mxebs Soris kuTxe mxebs Soris kuTxe mxebs Soris kuTxe ©�Ö    tolia tolia tolia tolia  �©Ö    kuTxisa am mxebsa da abcisTa RerZis kuTxisa am mxebsa da abcisTa RerZis kuTxisa am mxebsa da abcisTa RerZis kuTxisa am mxebsa da abcisTa RerZis 

dadebiT mimarTulebas Soris.dadebiT mimarTulebas Soris.dadebiT mimarTulebas Soris.dadebiT mimarTulebas Soris.    

    

Ddamtkoceba: mxebi abcisTa RerZs gadakveTs wertilSi �
	t, 0�. manZili am 

wertilidan fokusamde �R/2,0� tolia 	t � R/2.  Eparabolas gantolebidan 

gvaqvs rom es udris manZils Sexebis #t�	t, $t� wertilidan fokusamde, 

radgan es  tolia �$t� � �	t 
 R/2�� � ��	t � R/2��= 	t � R/2.   

e.i. naxatze Eè�Ñ samkuTxedi tolferdaa da amitom ferdebTan kuTxeebi 

tolia. r.d.g. 

 

    

 

 

 

nax(g) 

 

 

Eeseigi  Eeseigi  Eeseigi  Eeseigi  parabolas fokusidan gamosuli sinaTlis sxivi parabolaze arekvlis parabolas fokusidan gamosuli sinaTlis sxivi parabolaze arekvlis parabolas fokusidan gamosuli sinaTlis sxivi parabolaze arekvlis parabolas fokusidan gamosuli sinaTlis sxivi parabolaze arekvlis 

Semdeg gzas agrZelebs parabolas RerZis paraleluri mimarTulebiT.  Semdeg gzas agrZelebs parabolas RerZis paraleluri mimarTulebiT.  Semdeg gzas agrZelebs parabolas RerZis paraleluri mimarTulebiT.  Semdeg gzas agrZelebs parabolas RerZis paraleluri mimarTulebiT.  ixile 

Nnax (d)    
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N                         

                                     nax. (d) D 
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6.6.6.6. meore rigis meore rigis meore rigis meore rigis wirebis wirebis wirebis wirebis 

klasifikaciaklasifikaciaklasifikaciaklasifikacia    

    

Cven viciT meore rigis wirebis magaliTebi: elifsi, hiperbola da 

parabola. Manu maTi kanonikuri gantolebebi warmoadgenen meore rigis 

algebrul gantolebebs. Bbunebrivia vikiTxoT arseboben Tu ara sxva 

meore rigis wirebi. 

ganvixiloT zogadad meore rigis algebruli gantoleba: 

 

k���� � �k���� � k���� � �k��� � �k��� � k�� � /.                                                                    (1)(1)(1)(1)    

    

Mmeore rigi niSnavs rom  Mmeore rigi niSnavs rom  Mmeore rigi niSnavs rom  Mmeore rigi niSnavs rom  d

, d
�, d�� koeficientebidan erTi mainc 

aranulovania. Aam koeficientebs ufrosi koeficientebi ewodeba,  

koeficientebs d
g, d�g 
 wrfivi koeficientebi, xolo dgg 
Tavisufali 

wevri.  

         

ganvixiloT sidideebi  d

 � d��,     �d

 d
�d�
 d���  da   �d

 d
� d
gd�
 d�� d�gdg
 dg� dgg�, 
sadac gvaqvs simetria  k6é � ké6 , anu ganvixiloT 

ê� � k�� � k��,                    ê� � �k�� k��k�� k���            da  da  da  da      ê� � �k�� k�� k��k�� k�� k��k�� k�� k���                        (2).(2).(2).(2).    

 

ATurme es sidideebi arian (1) gantolebis es sidideebi arian (1) gantolebis es sidideebi arian (1) gantolebis es sidideebi arian (1) gantolebis invariantebi koordinatTa invariantebi koordinatTa invariantebi koordinatTa invariantebi koordinatTa 

sistemis gardaqmnis mimarT.sistemis gardaqmnis mimarT.sistemis gardaqmnis mimarT.sistemis gardaqmnis mimarT. E 

es niSnavs Semdegs:  (1) gantoleba Cawerilia raRac marTkuTxa 

koordinatTa sistemaSi. Tu am sistemidan gadavalT axal sakoordinato 

sistemaze,  maSin (1) gantoleba sazogadod Seicvleba. Seicvlebian 

koeficientebic dëì , magram sidideebi Í
, Í� , Íg  Turme igive rCeba. 
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Cven am faqts dawvrilebiT ar davamtkicebT, magram damtkicebis 

mniSvnelovani fragmentebi mainc dagvWirdeba Semdeg kiTxvebze pasuxis 

gasacemad: 

1. rogor davadginoT (1) gantolebiT mocemul wirs aqvs Tu ara 

simetriis centri? 

2. Tu aqvs rogor vipovoT centris koordinatebi? 

3.  centris mqone wiri aris Tu ara elifsi an hiperbola? (parabolas 

simetriis centri ara aqvs) 

 

 

kiTxva 1. rogorc avRviSneT (1) gantoleba weria raRac 

sakoordinato sistemaSi. Aam sistemis saTave rom mocemuli wiris 

simetriis centri iyos, 	 da $ cvladebs niSnis SecvliT 

Mgantoleba ar Seicvleboda. Ees maSin xdeba, roca (1) gantolebaSi 

wrfivi wevrebi �k��� da �k���    nulis tolia. 

 magram sazogadod ase araa.  

(1) gantolebas aqvs simetriis centri �	t, $t� imas niSnavs, rom Tu 

sakoordinato sistemas sadac (1) gantoleba weria paralelurad 

gadavitanT  axal sakoordinato '¦	¦$¦ sistemaSi, ise rom �0,0� 

wertili gadavides  �	t, $t� wertilSi maSin   	¦ da $¦ cvladebis 

niSnis SecvliT axali gantoleba (	«, $« cvladebSi Cawerili)  

 

                        k¦���¦� � �k¦���¦�¦ � k«���«� � �k«���¦ � �k«���¦ � k¦�� � /                                            (1(1(1(1’’’’))))    

 

ar Seicvleba. cxadia es maSin moxdeba, roca                                                                       �k«���« � /    da da da da �k«���« � /. 
 

 

vnaxoT ras NniSnavs es (1) gantolebis terminebSi. 

maS  '	$ Zveli sakoordinato sistemaa, '¦	¦$¦ axali sakooedinato 

sistema, romelic miiReba �	t, $t� veqtoris saSualebiT paraleluri 

gadataniT. Zveli da axali sistema aseT kavSirSia:  

}	 � 	« � 	t$ � $« � $t 8 
CavsvaT 	 da $-is mniSvnelobebi (1) gantolebaSi, gveqneba 

 k����« � �/�� � �k����« � �/���« � �/� � k����« � �/�� � �k����« � �/� �    
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   ��k����« � �/� � k�� � /.                                             

  

  gavamartivoT da miviyvanoT (1’) saxemde, miviRebT Semdeg formulebs: 

 

 

 

Teorema 1Teorema 1Teorema 1Teorema 1. sibrtyis paraleluri gadatanisas (. sibrtyis paraleluri gadatanisas (. sibrtyis paraleluri gadatanisas (. sibrtyis paraleluri gadatanisas (�/, �/) veqtoriT, (1) ) veqtoriT, (1) ) veqtoriT, (1) ) veqtoriT, (1) 

gantoleba dagadis (1’) gantolebaSi, sadacgantoleba dagadis (1’) gantolebaSi, sadacgantoleba dagadis (1’) gantolebaSi, sadacgantoleba dagadis (1’) gantolebaSi, sadac    

                      }k¦�� � k���/ � k���/ � k��k¦�� � k���/ � k���/ � k�� 8                                            (1’’)(1’’)(1’’)(1’’)    

    

UamasTan ufrosi UamasTan ufrosi UamasTan ufrosi UamasTan ufrosi koeficientebikoeficientebikoeficientebikoeficientebi    D D D D k��, k��, k��        ar Seicvleba, ar Seicvleba, ar Seicvleba, ar Seicvleba, anu anu anu anu     

k¦�� � k��,  k¦�� �  k��,  k¦�� �  k��,            

xxxxoloolooloolo    k¦��----is misaRebad (1) gantoleis misaRebad (1) gantoleis misaRebad (1) gantoleis misaRebad (1) gantolebbbbaSi aSi aSi aSi ��, �� 
is adgilze unda CavsvaT is adgilze unda CavsvaT is adgilze unda CavsvaT is adgilze unda CavsvaT ��/, �/�, e.i., e.i., e.i., e.i.    

    k¦�� � k���/� � �k���/�/ � k���/� � �k���/ � �k���/ � k��.    
    

 

rogorc vTqviT  d¦
g da d¦�g koeficientebis nuloba niSnavs, rom gvaqvs 

simetriis centri koordinatebiT �	t, $t�. 
 

e.i sabolood gvaqvs: 

    

TeoremaTeoremaTeoremaTeorema    2222....    

               k���� � �k���� � k���� � �k��� � �k��� � k�� � /.                            (1)(1)(1)(1)    

gantolebiT mocemul wirs gaaCnia simetriis centri koordinatebiT gantolebiT mocemul wirs gaaCnia simetriis centri koordinatebiT gantolebiT mocemul wirs gaaCnia simetriis centri koordinatebiT gantolebiT mocemul wirs gaaCnia simetriis centri koordinatebiT ��/, �/�,     maSin da mxolod MmaSin roca maSin da mxolod MmaSin roca maSin da mxolod MmaSin roca maSin da mxolod MmaSin roca �/  , �/    cvladebis mimarT wrfiv cvladebis mimarT wrfiv cvladebis mimarT wrfiv cvladebis mimarT wrfiv 

gantolebaTa gantolebaTa gantolebaTa gantolebaTa sistemissistemissistemissistemis    

                        }k���/ � k���/ � k�� � /k���/ � k���/ � k�� � /8            
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determinantideterminantideterminantideterminanti    

                        ê� � �k�� k��k�� k��� . /,,,,    

Dda amitom simetriis centris koordinatebi  Dda amitom simetriis centris koordinatebi  Dda amitom simetriis centris koordinatebi  Dda amitom simetriis centris koordinatebi  ��/, �/� amamamam sistemis sistemis sistemis sistemis 

erTaderTi amonaxsnia.erTaderTi amonaxsnia.erTaderTi amonaxsnia.erTaderTi amonaxsnia.                                    

    

arsebobs (1) gantolebis gamartivebis sxva gza, romelsac standartuli 

gamartiveba hqvia. kerZod koordinatTa sistemis garkveuli kuTxiT 

mobrunebiT SegviZlia mivaRwioT imas, rom axal koordinatebSi (1’) 

gantolebis koeficienti d¦
� � 0. 
amisaTvis gavixsenoT, rom T kuTxiT mobrunebisas Zveli '	$ da axali '¦	¦$¦ koordinatebi aseT urTierTkavSirSia: 

 

                              }	 � 	«:;<T 
 $¦<=>T$ � 	«<=>T � $¦:;<T8                 

CavsvaT 	 da $-is es mniSvnelobebi (1) gantolebaSi, miviRebT 

k���	«:;<T 
 $¦<=>T�� � �k���	«:;<T 
 $¦<=>T��	«<=>T � $¦:;<T�        

                                                                                    �k���	«<=>T � $¦:;<T�� � �k���	«:;<T 
 $¦<=>T� �    

                                                                                      ��k���	«<=>T � $¦:;<T� � k�� � /.                                             

 

gavamartivoT da miviyvanoT (1’) saxemde, miviRebT d¦ëì koeficientebis 

gamosaxulebebs.  magaliTad 

                 d¦
� � 
1/2�d

 
 d���<=>2T 
 d
�:;<2T . 
e.i. axal koordinatebSi d¦
� koeficientis nuloba niSnavs, rom 

mobrunebis kuTxe unda iyos 

                                              2DE�¤ � k��Nk���k��                                                                                                     (2)           (2)           (2)           (2)               

Dda am kuTxiT mobrunebisas (1) gantoleba gadadis gantolebaSi 

                         k¦���¦� � k«���«� � �k«���¦ � �k«���¦ � k¦�� � /                                            (3(3(3(3))))    
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Teorema 3.Teorema 3.Teorema 3.Teorema 3.    sakoordinato sistemis sakoordinato sistemis sakoordinato sistemis sakoordinato sistemis ¤    kuTxiT mobrunebisas, sadac kuTxiT mobrunebisas, sadac kuTxiT mobrunebisas, sadac kuTxiT mobrunebisas, sadac     

             2DE�¤ � k��Nk���k�� ,,,,    

(roca (roca (roca (roca k�� . /) meore rigis wiris zogadi gantoleba (1) gadadis ) meore rigis wiris zogadi gantoleba (1) gadadis ) meore rigis wiris zogadi gantoleba (1) gadadis ) meore rigis wiris zogadi gantoleba (1) gadadis 

gantolebaSi (3) gantolebaSi (3) gantolebaSi (3) gantolebaSi (3) (anu xdeba standartuli gamartiveba).    

 

                                 

Eexla davubrundeT meore rigis wiris zogad (1) gantolebas. 

Kklasifikaciis idea imaSi mdgomareobs rom meore rigis wirebis 

geometriuli daxasiaTeba da ganlageba savsebiT ganisazRvreba misi 

  

ê� � k�� � k��,                    ê� � �k�� k��k�� k���            da  da  da  da      ê� � �k�� k�� k��k�� k�� k��k�� k�� k���    

    

invariantebis mniSvnelobebiT.  

meore rigis wirs ewodeba 

elifsuri tipis, Tu elifsuri tipis, Tu elifsuri tipis, Tu elifsuri tipis, Tu ê� { 0,    
hiperboluri tipis, Tuhiperboluri tipis, Tuhiperboluri tipis, Tuhiperboluri tipis, Tu ê� , 0,    
paraboluri tipis, Tu paraboluri tipis, Tu paraboluri tipis, Tu paraboluri tipis, Tu ê� � /.    
    

    

    

Teoremebi elifsuri da hiperboluri tipis meore rigis wirebis Teoremebi elifsuri da hiperboluri tipis meore rigis wirebis Teoremebi elifsuri da hiperboluri tipis meore rigis wirebis Teoremebi elifsuri da hiperboluri tipis meore rigis wirebis 

klasifikaciis Sesaxeb.klasifikaciis Sesaxeb.klasifikaciis Sesaxeb.klasifikaciis Sesaxeb.    

jer vigulisxmoT rom meore rigis wiris zogad (1) gantolebaSi 

invarianti Í
 { 0, winaaRmdeg SemTxvevaSi amas mivaRwevT -1-ze gamravlebiT. 

    

TeoremaTeoremaTeoremaTeorema    4. Eelifsuri tipis wiri (4. Eelifsuri tipis wiri (4. Eelifsuri tipis wiri (4. Eelifsuri tipis wiri (ê� { 0) warmoadgens elifss roca ) warmoadgens elifss roca ) warmoadgens elifss roca ) warmoadgens elifss roca ê� , 0,    aris wertili (aris wertili (aris wertili (aris wertili (gadagvarebuli elifsi) roca ) roca ) roca ) roca ê� � /,     da aris da aris da aris da aris 

carieli simravle (carieli simravle (carieli simravle (carieli simravle (anu    warmosaxviTi elifsi) roca   ) roca   ) roca   ) roca   ê� { 0.    
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TeoremaTeoremaTeoremaTeorema    5. Hhiperboluri tipis wiri (5. Hhiperboluri tipis wiri (5. Hhiperboluri tipis wiri (5. Hhiperboluri tipis wiri (ê� , 0) warmoadgens hiperbolas Tu) warmoadgens hiperbolas Tu) warmoadgens hiperbolas Tu) warmoadgens hiperbolas Tu    

    ê� . /,     da TadamkveT wrfeTa wyvils roca da TadamkveT wrfeTa wyvils roca da TadamkveT wrfeTa wyvils roca da TadamkveT wrfeTa wyvils roca ê� � /.    
    

Teorema 6 (paraboluri tipis wirebis Sesaxeb). Teorema 6 (paraboluri tipis wirebis Sesaxeb). Teorema 6 (paraboluri tipis wirebis Sesaxeb). Teorema 6 (paraboluri tipis wirebis Sesaxeb).     

Pparaboluri tipis Pparaboluri tipis Pparaboluri tipis Pparaboluri tipis wiri (wiri (wiri (wiri (ê� � /) warmoadgens parabolas Tu) warmoadgens parabolas Tu) warmoadgens parabolas Tu) warmoadgens parabolas Tu    

    ê� . /,     da paralelur wrfeTa wyvils an cariel simravles roca da paralelur wrfeTa wyvils an cariel simravles roca da paralelur wrfeTa wyvils an cariel simravles roca da paralelur wrfeTa wyvils an cariel simravles roca ê� � /.    
    

Aam Teoremebis damtkicebis idea aseTia: jer davadgenT mocemul wirs 

aqvs Tu ara erTaderTi simetriis wentri.  

Tu aqvs, jer gamoviyenebT (2) Teoremas da gavamartivebT (1) gantolebas. 

Aanu paraleluri gadataniT gavaqrobT gantolebis wrfiv wevrebs. 

Semdeg gamoviyenebT (3) gantolebas da gavaqrobT koeficients d¦
�. amis 

Semdeg gantoleba advilad miiyvaneba elifsis an hiperbilas kanonikur 

gantolebamde. Ggadagvarebul SemTxvevebSi ki miviRebT wertils an 

wrfeTa wyvils.    

 

Tu wirs ara aqvs erTaderTi simetriis centri, maSin pirdapir (3) 

Teoremas gamoviyenebT da gavaqrobT d¦
� koeficients. Aamis mere radgan Í� � 0,    davaskvniT rom d

 ,d�� koeficientebidan erT-erTi nulovania    da 

gantolebas daviyvanT parabolas kanonikur gantolebaze. Ggadagvareul 

SemTxvevaSi miviRebT paralelur wrfeTa wyvils.  

 

 

 

ganvixiloT magaliTebi.ganvixiloT magaliTebi.ganvixiloT magaliTebi.ganvixiloT magaliTebi.    

magaliTi 1.magaliTi 1.magaliTi 1.magaliTi 1.  2	� 
 4	$ � 5$� 
 	 � 5$ 
 4 � 0.                  (a) 

aq koeficientebia  d

 � 2,  d
� � 
2, d�� � 5, d
g � 
 
� , d�g � ½� , dgg � 
4. 
invariantebi: Í
 � 7,   Í� � 6,    Íg � 
131/4. 
radgan radgan radgan radgan   ê� . /    amitom am wirs aqvs erTaderTi simetriis centri. amitom am wirs aqvs erTaderTi simetriis centri. amitom am wirs aqvs erTaderTi simetriis centri. amitom am wirs aqvs erTaderTi simetriis centri.     

aris elifsuri tipis, radgan aris elifsuri tipis, radgan aris elifsuri tipis, radgan aris elifsuri tipis, radgan   ê� { 0.    E 
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Teorema (4)Teorema (4)Teorema (4)Teorema (4)----iT es wiri elifsia  radgan  iT es wiri elifsia  radgan  iT es wiri elifsia  radgan  iT es wiri elifsia  radgan  ê� , 0.         

vipovoT simetriis centris koordinatebivipovoT simetriis centris koordinatebivipovoT simetriis centris koordinatebivipovoT simetriis centris koordinatebi, amisaTvis visargebloT 

Teorema (2)-iT da amovxsnaT wrfivi sistema: 

 

î 2	t 
 2$t 
 12 � 0

2	t � 5$t � 52 � 08 

  miviRebT 	t � 
 ½
� , $t � 
2/3. e.i. simetriis centria wertili �
 ½
� , 
2/3). 

 

 gavamatrivoT es gantoleba. jer gvinda movklaT wrfivi wevrebi. 

amisaTvis Teorema (1) –iT movaxdinoT paraleluri gadatana  

}	 � 	« 
 5/12$ � $« 
 2/3 8 
DCavsvaT 	 da $-is mniSvnelobebi wiris sawyis (a) gantolebaSi, miviRebT 

                2	¦� 
 4	«$« � 5$¦� 
 
g
�ï � 0.         (b)  

Eexla gvinda movklaT koeficienti 	«$« 
Tan. amisaTvis visargebloT 

Teorema (3)-iT da movaxdinoT mobruneba kuTxiT 

                                                               :?@2T � �N½Nï � 3/4. 

Aam dros  

:;<2T � 1�1 � ?@�2T � 3/5 

Aamitom  

                                 <=>T � �
NwÞð�O� � 1/�5,     :;<T � �
�wÞð�O� � 2/√5. 
 

Aamitom am kuTxiT mobrunebas aqvs saxe 

�	¦ � �√½ 	«« 
 
√½ $¦¦$¦ � 
√½ 	«« � �√½ $«¦8  

CavsvaT (b) gantolebaSi, miviRebT 
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	««� � 6$««� � 13124 . 
Aamitom 


g
�ï  -ze gayofiT gvaqvs                              

    

                                                                    
�ññ�

������F �� � �ññ�
������FF�� � �                    ((((c))))    

Ada sabolood miviReT elifsis kanonikuri gantoleba. 

MmagaliTi 2.MmagaliTi 2.MmagaliTi 2.MmagaliTi 2.    Ggantoleba 8	� � 24	$ � $� 
 56	 � 18$ 
 55 � 0  

Aaris hiperboluri tipis,Aaris hiperboluri tipis,Aaris hiperboluri tipis,Aaris hiperboluri tipis, radgan Í� � 8 y 1 
 12� � 
136 , 0, 
Ees wiri aris TanamkveT wrfeTa wyviliaris TanamkveT wrfeTa wyviliaris TanamkveT wrfeTa wyviliaris TanamkveT wrfeTa wyvili, radgan invarianti  

Íg � � 8 12 
2812 1 9
28 9 
55� � 0.  

 

MmagaliTi 3.MmagaliTi 3.MmagaliTi 3.MmagaliTi 3.    Ggantoleba 	� � 2	$ � $� � 2	 � $ � 0  

Aaris paraboluri tipisAaris paraboluri tipisAaris paraboluri tipisAaris paraboluri tipis radgan Í� � 1 y 1 
 1� � 0. 
Ees wiri aris parabolaEes wiri aris parabolaEes wiri aris parabolaEes wiri aris parabola, radgan Íg � �1 1 11 1 1/21 1/2 0 � � 
1/4 . 0.  

 

 

 

 

magaliTebi imisa Tu rogor davadgineT meore rigis wiris tipi, misi magaliTebi imisa Tu rogor davadgineT meore rigis wiris tipi, misi magaliTebi imisa Tu rogor davadgineT meore rigis wiris tipi, misi magaliTebi imisa Tu rogor davadgineT meore rigis wiris tipi, misi 

kanonikuri gantoleba da kanonikurkanonikuri gantoleba da kanonikurkanonikuri gantoleba da kanonikurkanonikuri gantoleba da kanonikur    koordinatTa sistema koordinatTa sistema koordinatTa sistema koordinatTa sistema     

 

Kes Tema kavSiria da gavixsenoT simetriuli matriciT mocemuli kvadratuli 

forma. Mmatricis sakuTrivi ricxvebi da sakuTrivi veqtorebi.  

    

 

magaliTi.magaliTi.magaliTi.magaliTi.  ó�� � F�� � ô�� 
 ��� 
 óõ� � ô/ � /.    
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Aamoxsna. gvaqvs Gd

 � 5, d
� � 2, d�� � 8, d
g � 
16, d�g � 
28, dgg � 80.   

 amitom wiris invariantebi  Í
 � 13 { 0,  Í� � 36 { 0,   Íg � 
1296 , 0.     
radgan   Í� { 0  da  Í�,  Íg-s sxvadasxva niSani aqvT wiri aris elifsi. 

Aamitom mocemuli gantoleba miiyvaneba saxemde 

ö��¦¦� � ö��¦¦� � ê�ê� � /,    
  sadac  ÷
,  ÷�  kvadratuli nawilis Sesabamisi maxasiaTebeli ricxvebia. 

Ees gamomdinareobs iqidan, rom 

Íg � Í¦¦g � ø÷
 0 00 ÷� 00 0 d¦¦ggø � Í¦¦�d¦¦gg � Í�d¦¦gg, anu Tavisufali wevri iqneba 
ê�ê�. 

 

agreTve, wiris gantolebis Sesabamisi kvadratuli formis matricis 

maxasiaTebeli gantolebaa 

�5 
 ÷ 22 8 
 ÷� � 0,  anu  ÷� 
 13÷ � 36 � 0. fesvebia ÷
 � 4,   ÷� � 9.  

EgavixsenoT kvadratuli formis miyvana kanonikur saxemde. Ees xdeba bazisis 

gardaqmniT im orTogonuli matriciT romlis svetebi formis sakuTrivi 

veqtorebia. 

bazisis am gardaqmniT kvadratuli nawili  5	� � 4	$ � 8$� miiRebs formas 4	¦� � 9$¦�,  (anu 	$-Tan koeficienti gaqreba da kvadratebTan koeficientebi 

sakuTrivi ricxvebia.) 

Semdeg rogorc viciT, paraleluri gadataniT, romlis dros saTave gadadis 

wiris centrSi  wrfivi nawili  
32	 
 56$ gaqreba, xolo kvadratuli wevrebis 

koeficientebi ar Seicvleba.  amasTan  axali Tavisufali wevri invariantebiT 

ase gamoisaxeba d¦gg � Íg: Í�=
 
�ùúgú � 
36. 

Aanu axal  	«, $« cvladebSi wirs eqneba gantoleba    

                              4	¦� � 9$¦� 
 36 � 0,   

Dda 36-ze gayofiT miiReba kanonikuri gantoleba   

                               
C«�ù � B«�ï � 1. 

 

centris koordinatebi, rogorc viciT aris Semdegi sistemis amonaxsni:  

}5	 � 2$ 
 16 � 02	 � 8$ 
 28 � 08      anu  '«�2,3�.  
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kanonikuri sistemis sakoordinato RerZebis mgezavebad `¦
, `¦� unda aviRoT 

erTeulovani sakuTrivi veqtorebi,  `¦
 -is koordinatebs gavigebT Semdegi 

sistemis amoxsniT: 

 ��d

 
 ÷
�	 � d
�$ � 0d
�	 � �d�� 
 ÷
�$ � 0	� � $� � 1 8 
 Aanu } 	 � 2$ � 0	� � $� � 18 da `«
 � § �√½ , 
 
√½¨. 
`¦�-s analogiurad gamovTvliT, Tumca `¦�-ad SeiZleba aviRoT `¦
-is MmarTobuli 

veqtori `¦� � § 
√½ , �√½¨. 
Eexla radgan viciT elifsis centri, kanonikuri gantoleba da RerZebi 

SegviZlia es elifsi davxatoT kidec. 

    

 

    

magaliTi.  magaliTi.  magaliTi.  magaliTi.  Ö��, �� � F�� 
 F�� � �� 
 �� 
 �F� � û � /.    
wiris invariantebia  Í
 � 5 { 0,  Í� � 0,   Íg � 
225 , 0.     
radgan   Í� � 0  Íg , 0.    wiri aris parabola. 

maxasiaTebeli fesvebia �4 
 ÷ 
2
2 1 
 ÷� � 0,  e.i. ÷
 � 0,   ÷� � 5. 
:?@2T � d

 
 d��2d
� ,     ?@T � ÷
 
 d

d
� � 2. 

Aamitom  :;<T � 
�
�üý�O � 
√½ ,    <=>T � üýO�
�üý�O � �√½.    
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A 

winaswar viciT rom mocemuli gantoleba daiyvaneba saxeze 

 

                                ö��««� � �
 ê�ê� �««   � /.... 

 Aanu  ÷�$««� � 2d««
g	«« � 0, sadac |d««
g| � �
 þ�þ� 	««.     

Ees gvaqvs iqidan, rom d¦¦�� � Í¦¦
 � Í
  da  Íg � Í"g � ø 0 0 d¦¦
g0 d�� 0d¦¦
g 0 0 ø � 
d¦¦��d¦¦
g�
. 

 

Aanu |d««
g| � 3√5  da radgan ÷� � 5 unda miviRoT  

$¦¦� � 6 √55 	««. 
 

 

MmarTlac  gardaqmniT    

��
�	 � 1√5 	« 
 2√5 $«

$ � 1√5 	« � 1√5 $« 8 
 

F�x, y� � 0 miiRebs saxes 

Ñ«�	«$«� � � �√½ 	« 
 
√½ $«�� 
 4 § �√½ 	« 
 
√½ $«¨ § 
√½ 	« � �√½ $«¨ � 4� 
√½ 	« � �√½ $«�� � 4 § �√½ 	« 

√½ $«¨ 
 3 § 
√½ 	« � �√½ $«¨ 
 7 � 0. 

Aanu 

Ñ«�	«, $«� � 5$¦� 
 6√5	« 
 2√5$« � 7 � 0  

 

rogorc vxedavT $�-is koeficienti udris maxasiaTebel ricxvs 5-s. 	�-is 

koeficienti nulia, ix. zemoT ÷
 � 0, ÷� � 5.  

 

exla unda movaxdinoT sakoordinato RerZebis paraleluri gadatana rom 

gavaqroT wevri 
2√5$« � 7,  anu Ñ«�	«, $«�-Si rac darCeba miviyvanoT parabolis 
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gantolebamde.  amisaTvis vTqvaT saTave gadadis �	t, $t� wertilSi, anu gvaqvs 

axali koordinatebi �	««, $¦¦� 

}	« � 	«« � 	t$« � $«« � $t 8  

anu  

 Ñ««�	««, $««� � 5�$«« � $t�� 
 6√5�	«« � 	t� 
 2�5�$«« � $t� � 7 � 0  

 

gavaqroT wevri 
2√5$« � 7 niSnavs, bolo gantolebaSi $¦¦-is koeficienti da 

Tavisufali wevri unda iyos 0. 

Ñ««�	««, $««�Aanu   _ 10$t 
 2√5 � 05$t� 
 6√5	t 
 2√5$t � 7 � 08 
Damonaxnia �	t, $t� � §√½½ , √½½ ¨,  anu parabolas wveros koodinatebi �	«, $¦�-Si aris �√½½ , √½½ �, 

amitom axal �	««, $¦¦� koordinatebSi gantoleba miiRebs saxes 

Ñ««�	««, $¦¦� � 5�$«« � √55 �� 
 6√5 Ü	«« � √55 Ý 
 2�5�$«« � √55 � � 7 � 0 

Aanu   

 Ñ««�	««, $««� � 5$¦¦� 
 6√5	«« � 0 

Aanu sabolod gvaqvs parabolis kanonikuri gantoleba 

$¦¦� � 6 √55 	««. 
amasTan Cven viciT kanonikuri koordinatTa sistemas:  

	¦¦-is sakuTxo koeficientia ?@T � 2; 
parabolis wveros, anu kanonikuri sakordinato sistemis saTavis koordinatebi �	«, $¦�-Si aris �√½½ , √½½ �, xolo �	, $�-koordinatebSi gavigebT zemoTmoyvanili 

gardaqmniT  

��
�	 � 1√5 	« 
 2√5 $« � 15 
 25 � 
1/5

$ � 1√5 	« � 1√5 $« � 15 � 25 � 3/5. 8 
Eexla SgviZlia parabolis daxatvac.  

P 
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M 7.  meore rigis zedapirebimeore rigis zedapirebimeore rigis zedapirebimeore rigis zedapirebi

    

Eelifsoidis kanonikuri gantolebaaEelifsoidis kanonikuri gantolebaaEelifsoidis kanonikuri gantolebaaEelifsoidis kanonikuri gantolebaa

 

gamiviyenoT egreTwodebuli “paraleluri kveTebis meTodi” da davadginoT 

elifsoidis forma.  

jer ganvixiloT mocemuli elifsoidis kveTebi O

paraleluri sibrtyeebiT. yovel aseT sibrtyes aqvs gantoleba 

wiri, romelic kveTiT miiReba, moicema ori gantolebiT

                         

Aaqedan Cans, rom 

1) roca |�| , :, maSi

romlis naxevarRerZebia

d� � d�1 
 	�w�       da

Dda simetriuladaa ganlagebuli 

mimarT.   

2) sidideebi d� da 

udidesi elifsi miiReba 

3) roca |�| izrdeba 

4) roca � � U:, maSin  

wertilSi, anu �
exeba.    

5) roca  |�| { :,  (2) gantolebebiT gvaqvs carieli simravle (warmosaxviTi 

elifsi) anu am SemTxvevaSi 

meore rigis zedapirebimeore rigis zedapirebimeore rigis zedapirebimeore rigis zedapirebi    

Eelifsoidis kanonikuri gantolebaaEelifsoidis kanonikuri gantolebaaEelifsoidis kanonikuri gantolebaaEelifsoidis kanonikuri gantolebaa                
��k� � ��l� � ��2� � �

gamiviyenoT egreTwodebuli “paraleluri kveTebis meTodi” da davadginoT 

jer ganvixiloT mocemuli elifsoidis kveTebi O'(
 sakoordinato sibrtyis 

paraleluri sibrtyeebiT. yovel aseT sibrtyes aqvs gantoleba 

wiri, romelic kveTiT miiReba, moicema ori gantolebiT 

                         _C�x� � B��� � 1 
 	�w�� � �. 8                 (2)Y   

, maSin � � � sibrtyis da (1) elifsoidis TanakveTaa elifsi, 

romlis naxevarRerZebia 

da    m� � m�1 
 	�w� . 
Dda simetriuladaa ganlagebuli '(� da '
� sakoordinato sibrtyeebis 

da m� udidesia, roca � � 0 , maSin d� � d 

udidesi elifsi miiReba � � 0 sibrtyis TanakveTiT. 

izrdeba d� da m� mcirdeba. 

, maSin  d�=m� � 0. e.i. kveTiT miRebuli elifsi gadagvarda � U: sibrtye mocemul elifsoids ki ar kveTs, aramed 

(2) gantolebebiT gvaqvs carieli simravle (warmosaxviTi 

elifsi) anu am SemTxvevaSi � � � sibrtye ar kveTs (1) elifsoids.

84 

�          (1)      

gamiviyenoT egreTwodebuli “paraleluri kveTebis meTodi” da davadginoT 

sakoordinato sibrtyis 

paraleluri sibrtyeebiT. yovel aseT sibrtyes aqvs gantoleba � � �, amitom 

 

sibrtyis da (1) elifsoidis TanakveTaa elifsi, 

sakoordinato sibrtyeebis 

 da m� � m. anu 

e.i. kveTiT miRebuli elifsi gadagvarda 

sibrtye mocemul elifsoids ki ar kveTs, aramed 

(2) gantolebebiT gvaqvs carieli simravle (warmosaxviTi 

sibrtye ar kveTs (1) elifsoids. 
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absoluturad igive suraTi gveqneba, Tu ganvixilavT (1) elifsoidis kveTebs '(� da '
� sakoordinato sibrtyeebis paraleluri sibtyeebiT. 

    

amrigad SegviZlia davaskvnaT rom elifsoidi Sekruli ovaluro formis amrigad SegviZlia davaskvnaT rom elifsoidi Sekruli ovaluro formis amrigad SegviZlia davaskvnaT rom elifsoidi Sekruli ovaluro formis amrigad SegviZlia davaskvnaT rom elifsoidi Sekruli ovaluro formis 

zedapiria.  elifsoids (kanonikur sakoordinato sistemaSi (1) gantolebiT zedapiria.  elifsoids (kanonikur sakoordinato sistemaSi (1) gantolebiT zedapiria.  elifsoids (kanonikur sakoordinato sistemaSi (1) gantolebiT zedapiria.  elifsoids (kanonikur sakoordinato sistemaSi (1) gantolebiT 

mocemuls) sami urTierTmarTobuli simetriis sibrtye aqvs (sakoordinato mocemuls) sami urTierTmarTobuli simetriis sibrtye aqvs (sakoordinato mocemuls) sami urTierTmarTobuli simetriis sibrtye aqvs (sakoordinato mocemuls) sami urTierTmarTobuli simetriis sibrtye aqvs (sakoordinato 

sibrtyeebi).sibrtyeebi).sibrtyeebi).sibrtyeebi).    

 

 

 

 

 

 

 

 

 

 



 

 

 

 

erTkalTa hiperboloidis  kanonikuri gantolebaa erTkalTa hiperboloidis  kanonikuri gantolebaa erTkalTa hiperboloidis  kanonikuri gantolebaa erTkalTa hiperboloidis  kanonikuri gantolebaa 

                                                                                        

 

jer ganvixiloT kveTebi

kveTa '(� (anu $ � 0) sibrtyiT moicema gantolebebiT (CavsvaT (3)

                                   

vxedavT rom esaa hiperbola romelic simetriuladaa ganlagebuli 

sakoordinati RerZebis mimarT da  �d, 0,0�. 
 

Aanalogiurad kveTa  '
�
                                 

esaa hiperbola romelic simetriuladaa ganlagebuli 

RerZebis mimarT da  '

 

exla ganvixiloT (3) hiperboloidis 

sibrtyeebiT. Yoveli aseTi sibrtye moicema gantolebiT 

moicema gantolebebiT 

vxedavT rom esaa elifsi 

erTkalTa hiperboloidis  kanonikuri gantolebaa erTkalTa hiperboloidis  kanonikuri gantolebaa erTkalTa hiperboloidis  kanonikuri gantolebaa erTkalTa hiperboloidis  kanonikuri gantolebaa     

                                                                                            
��k� � ��l� 
 ��2� � �                                            (3)    

er ganvixiloT kveTebi  '(� da '
� sakoordinato sibtyeebiT.

) sibrtyiT moicema gantolebebiT (CavsvaT (3)

                                   _C�x� 
 c�w� � 1$ � 0. 8                 Y  

vxedavT rom esaa hiperbola romelic simetriuladaa ganlagebuli 

sakoordinati RerZebis mimarT da  '	 RerZs kveTs wertilebSi 

'
� sibrtyiT moicema gantolebebiT 

                                 _B��� 
 c�w� � 1	 � 0. 8                  

esaa hiperbola romelic simetriuladaa ganlagebuli '
 da '
 RerZs kveTs wertilebSi �0, 
m, 0� da 

(3) hiperboloidis kveTa '(
 (anu � � 0) sibrtyis paraleluri 

sibrtyeebiT. Yoveli aseTi sibrtye moicema gantolebiT � �
 

�	�d� � $�m� � 1 � ��:�� � �. 8 
vxedavT rom esaa elifsi  
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sakoordinato sibtyeebiT. 

) sibrtyiT moicema gantolebebiT (CavsvaT (3)-Si $ � 0 ) 

Y   

vxedavT rom esaa hiperbola romelic simetriuladaa ganlagebuli '( da '� 

RerZs kveTs wertilebSi �
d, 0,0� da 

da '� sakoordinati 

da �0, m, 0�. 
) sibrtyis paraleluri 

�, amitom kveTa 
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C �x�� � B���� � 1, 

romlis naxevarRerZebia 

                    d� � d�1 � 	�w�       da    m� � m�1 � 	�w� . 
Ees elifsi umciresia roca � � � � 0 (sayelo elifsi) da izrdeba usasrulod 

roca |�| � |�| izrdeba. 

Ees informacia sakmarisia imisaTvis, rom warmovidginiT erTkalTa 

hiperboloidi rogorc usasrulo milis formis vertikalurad mimarTuli 

zedapiri, romelic yvelaze viwroa nulovan simaRleze  da TandaTan 

usasrulod farTovdeba roca simaRle monotonurad izrdeba (an iklebs 

nulovani donis qvemoT).  

 

 

   

 

 

 

radgan kveTebze vsaubrobT ismis kiTxva, 

ras warmoadgens (3) hiperboloidis kveTa 	 � � da $ � � sibrtyeebiT? 

Ppasuxi aseTia (ix naxati).: Ppasuxi aseTia (ix naxati).: Ppasuxi aseTia (ix naxati).: Ppasuxi aseTia (ix naxati).:     



 

kveTa kveTa kveTa kveTa � � �, , , , |�| , d    sibrtyiT aris hiperbola (ipoveT misi naxevarRerZebi da  sibrtyiT aris hiperbola (ipoveT misi naxevarRerZebi da  sibrtyiT aris hiperbola (ipoveT misi naxevarRerZebi da  sibrtyiT aris hiperbola (ipoveT misi naxevarRerZebi da  

gantoleba)gantoleba)gantoleba)gantoleba)    

kveTa kveTa kveTa kveTa � � �, , , , � � Uk    sibrtyiT wrfeTa wyvili sibrtyiT wrfeTa wyvili sibrtyiT wrfeTa wyvili sibrtyiT wrfeTa wyvili 

kveTa kveTa kveTa kveTa � � �, , , , |�| { d    sibrtyiT aris isev hiperbola (ipoveT misi naxevarRerZebi da  sibrtyiT aris isev hiperbola (ipoveT misi naxevarRerZebi da  sibrtyiT aris isev hiperbola (ipoveT misi naxevarRerZebi da  sibrtyiT aris isev hiperbola (ipoveT misi naxevarRerZebi da  

gantoleba.)gantoleba.)gantoleba.)gantoleba.)    

pasuxi analogiuria pasuxi analogiuria pasuxi analogiuria pasuxi analogiuria � �
 

                        orkalTa hiperboloidis kanonikuri gantolebaa orkalTa hiperboloidis kanonikuri gantolebaa orkalTa hiperboloidis kanonikuri gantolebaa orkalTa hiperboloidis kanonikuri gantolebaa 

                                                                                                                                                                        
�k

 

jer ganvixiloT kveTebi

kveTa '(� (anu $ � 0) sibrtyiT moicema gantolebebiT (CavsvaT (4)

                   _C�x� 
$
Y   

vxedavT rom esaa hiperbola romelic simetriuladaa ganlagebuli 

sakoordinati RerZebis mimarT da  �0,0, :�. 
 

Analogiurad kveTa '
�
Si)   

                   _B��� 
	
Y   

sibrtyiT aris hiperbola (ipoveT misi naxevarRerZebi da  sibrtyiT aris hiperbola (ipoveT misi naxevarRerZebi da  sibrtyiT aris hiperbola (ipoveT misi naxevarRerZebi da  sibrtyiT aris hiperbola (ipoveT misi naxevarRerZebi da  

sibrtyiT wrfeTa wyvili sibrtyiT wrfeTa wyvili sibrtyiT wrfeTa wyvili sibrtyiT wrfeTa wyvili ����� 
 ��2� � /� � Uk. 8                                                                    

sibrtyiT aris isev hiperbola (ipoveT misi naxevarRerZebi da  sibrtyiT aris isev hiperbola (ipoveT misi naxevarRerZebi da  sibrtyiT aris isev hiperbola (ipoveT misi naxevarRerZebi da  sibrtyiT aris isev hiperbola (ipoveT misi naxevarRerZebi da  

� �    sibrtyeebiT kveTebisTvis (upasuxeT!)sibrtyeebiT kveTebisTvis (upasuxeT!)sibrtyeebiT kveTebisTvis (upasuxeT!)sibrtyeebiT kveTebisTvis (upasuxeT!)

orkalTa hiperboloidis kanonikuri gantolebaa orkalTa hiperboloidis kanonikuri gantolebaa orkalTa hiperboloidis kanonikuri gantolebaa orkalTa hiperboloidis kanonikuri gantolebaa 

��k� � ��l� 
 ��2� � 
�                                    (4) 

er ganvixiloT kveTebi  '(� da '
� sakoordinato sibtyeebiT.

) sibrtyiT moicema gantolebebiT (CavsvaT (4)

_ c�w� � 
1$ � 0. 8      anu     _c�w� 
 C�x� � 1$ � 0. 8                                         

vxedavT rom esaa hiperbola romelic simetriuladaa ganlagebuli 

sakoordinati RerZebis mimarT da  '� RerZs kveTs wertilebSi 

'
� (anu ( � 0) sibrtyiT moicema gantolebebiT (CavsvaT (4)

_ 
 c�w� � 
1	 � 0. 8      anu     _c�w� 
 B��� � 1	 � 0. 8                                         
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sibrtyiT aris hiperbola (ipoveT misi naxevarRerZebi da  sibrtyiT aris hiperbola (ipoveT misi naxevarRerZebi da  sibrtyiT aris hiperbola (ipoveT misi naxevarRerZebi da  sibrtyiT aris hiperbola (ipoveT misi naxevarRerZebi da  

                                                                        

sibrtyiT aris isev hiperbola (ipoveT misi naxevarRerZebi da  sibrtyiT aris isev hiperbola (ipoveT misi naxevarRerZebi da  sibrtyiT aris isev hiperbola (ipoveT misi naxevarRerZebi da  sibrtyiT aris isev hiperbola (ipoveT misi naxevarRerZebi da  

sibrtyeebiT kveTebisTvis (upasuxeT!)sibrtyeebiT kveTebisTvis (upasuxeT!)sibrtyeebiT kveTebisTvis (upasuxeT!)sibrtyeebiT kveTebisTvis (upasuxeT!)    

orkalTa hiperboloidis kanonikuri gantolebaa orkalTa hiperboloidis kanonikuri gantolebaa orkalTa hiperboloidis kanonikuri gantolebaa orkalTa hiperboloidis kanonikuri gantolebaa     

sakoordinato sibtyeebiT. 

) sibrtyiT moicema gantolebebiT (CavsvaT (4)-Si)   

                                         

vxedavT rom esaa hiperbola romelic simetriuladaa ganlagebuli '� da '( 

RerZs kveTs wertilebSi �0,0, 
:� da 

) sibrtyiT moicema gantolebebiT (CavsvaT (4)-
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vxedavT rom esaa hiperbola romelic simetriuladaa ganlagebuli '� da '( 

sakoordinati RerZebis mimarT da  '� RerZs kveTs wertilebSi �0,0, 
:� da �0,0, :�. 
exla ganvixiloT (3) hiperboloidis kveTa '(
 (anu � � 0) sibrtyis paraleluri 

sibrtyeebiT. Yoveli aseTi sibrtye moicema gantolebiT � � �, amitom kveTa 

moicema gantolebebiT 

�	�d� � $�m� � 
1 � ��:�� � �. 8 
vxedavT rom esaa  

1) elifsi, roca |�| { :  

                                  
C �x�� � B���� � 1, 

romlis naxevarRerZebia 

                    d� � d�
1 � 	�w�       da    m� � m�
1 � 	�w� . 
Ees elifsi izrdeba usasrulod roca |�| � |�| izrdeba. 

 

2)  es elifsi gadagvardeba wertilad roca � � � � U:. 

3)  gvaqvs carieli simravle Tu � � |�| , :. 

 

 

Ees informacia sakmarisia imisaTvis, rom warmovidginiT orTkalTa 

hiperboloidis forma.  

 



 

 

kiTxva: ras warmoadgens (4) orkalTa hiperboloidis kveTa kiTxva: ras warmoadgens (4) orkalTa hiperboloidis kveTa kiTxva: ras warmoadgens (4) orkalTa hiperboloidis kveTa kiTxva: ras warmoadgens (4) orkalTa hiperboloidis kveTa 

sibrtyeebiT?sibrtyeebiT?sibrtyeebiT?sibrtyeebiT?    

pasuxi: hiperbolebs. zemoTmoyvanili msjelobis analogiiT ipoveT pasuxi: hiperbolebs. zemoTmoyvanili msjelobis analogiiT ipoveT pasuxi: hiperbolebs. zemoTmoyvanili msjelobis analogiiT ipoveT pasuxi: hiperbolebs. zemoTmoyvanili msjelobis analogiiT ipoveT 

naxevarRerZebi pirvel da naxevarRerZebi pirvel da naxevarRerZebi pirvel da naxevarRerZebi pirvel da 

kveTebis gantolebebi.kveTebis gantolebebi.kveTebis gantolebebi.kveTebis gantolebebi.    

 

 

elifsuri parabiloidis kanonikuri gantolebaa  elifsuri parabiloidis kanonikuri gantolebaa  elifsuri parabiloidis kanonikuri gantolebaa  elifsuri parabiloidis kanonikuri gantolebaa  

 

 

jer ganvixiloT kveTebi

kveTa '(� (anu $ � 0) sibrtyiT moicema gantolebebiT (CavsvaT (5)

 

kiTxva: ras warmoadgens (4) orkalTa hiperboloidis kveTa kiTxva: ras warmoadgens (4) orkalTa hiperboloidis kveTa kiTxva: ras warmoadgens (4) orkalTa hiperboloidis kveTa kiTxva: ras warmoadgens (4) orkalTa hiperboloidis kveTa �
pasuxi: hiperbolebs. zemoTmoyvanili msjelobis analogiiT ipoveT pasuxi: hiperbolebs. zemoTmoyvanili msjelobis analogiiT ipoveT pasuxi: hiperbolebs. zemoTmoyvanili msjelobis analogiiT ipoveT pasuxi: hiperbolebs. zemoTmoyvanili msjelobis analogiiT ipoveT 

naxevarRerZebi pirvel da naxevarRerZebi pirvel da naxevarRerZebi pirvel da naxevarRerZebi pirvel da k�, 2�    naxevarRerZebi meore SemTxvevaSi da dawereT naxevarRerZebi meore SemTxvevaSi da dawereT naxevarRerZebi meore SemTxvevaSi da dawereT naxevarRerZebi meore SemTxvevaSi da dawereT 

    

elifsuri parabiloidis kanonikuri gantolebaa  elifsuri parabiloidis kanonikuri gantolebaa  elifsuri parabiloidis kanonikuri gantolebaa  elifsuri parabiloidis kanonikuri gantolebaa  �� � �

er ganvixiloT kveTebi  '(� da '
� sakoordinato sibtyeebiT.

) sibrtyiT moicema gantolebebiT (CavsvaT (5)
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� � �    da da da da � � �    

pasuxi: hiperbolebs. zemoTmoyvanili msjelobis analogiiT ipoveT pasuxi: hiperbolebs. zemoTmoyvanili msjelobis analogiiT ipoveT pasuxi: hiperbolebs. zemoTmoyvanili msjelobis analogiiT ipoveT pasuxi: hiperbolebs. zemoTmoyvanili msjelobis analogiiT ipoveT l�, 2�    

naxevarRerZebi meore SemTxvevaSi da dawereT naxevarRerZebi meore SemTxvevaSi da dawereT naxevarRerZebi meore SemTxvevaSi da dawereT naxevarRerZebi meore SemTxvevaSi da dawereT 

��� � ��»                                             (5)(5)(5)(5)    

sakoordinato sibtyeebiT. 

) sibrtyiT moicema gantolebebiT (CavsvaT (5)-Si)   
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                          }	� � 2R�$ � 0. 8                                           Y   

vxedavT rom esaa parabola romelic simetriuladaa ganlagebuli '�  

sakoordinati RerZis mimarT da romlis parametria R. 
 

Aanalogiurad kveTa '
� (anu 	 � 0) sibrtyiT moicema gantolebebiT  

                          }$� � 2È�	 � 0. 8                                                                                          

Y   

vxedavT rom esaa hiperbola romelic simetriuladaa ganlagebuli '� 

sakoordinati RerZis mimarT da romlis parametria È.  

 

exla ganvixiloT (3) hiperboloidis kveTa '(
 (anu � � 0) sibrtyis paraleluri 

sibrtyeebiT. Yoveli aseTi sibrtye moicema gantolebiT � � �, amitom kveTa 

moicema gantolebebiT 

�	�R � $�È � 2�� � �. 8 
vxedavT rom esaa  

1) elifsi, roca � { 0  

                                  
C �x�� � B���� � 1, 

romlis naxevarRerZebia d� � �2R�,     m� � �2È�  
2) wertili roca � � 0. 
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hiperboluri parabiloidis kanonikuri gantolebaa hiperboluri parabiloidis kanonikuri gantolebaa hiperboluri parabiloidis kanonikuri gantolebaa hiperboluri parabiloidis kanonikuri gantolebaa 

                                                                                            

 

 

 

kveTa '(� sibrtyis (anu 

moicema gantolebiT $
parabola �2� � C�I 
 	�


$ � �
8 

esaa aRmavali parabola(Stoebi maRla aqvs mimarTuli).

kveTa '
� sibrtyis (anu 

moicema formuliT 	 �

Eesaa daRmavali parabolebi(Stoebi dablaa mimarTuli) 

sabolood kveTa '(
 sibrtyis paraleluri sibrtyeebiT, anu 

aris hiperbola  

Ees informacia sakmarisia imisaTvis, rom warmovidginoT hiperboluri 

paraboloidis forma.  

hiperboluri parabiloidis kanonikuri gantolebaa hiperboluri parabiloidis kanonikuri gantolebaa hiperboluri parabiloidis kanonikuri gantolebaa hiperboluri parabiloidis kanonikuri gantolebaa 

                                                                                                                        �� � ��� 
 ��»                                                     (6)

sibrtyis (anu $ � 0) paraleluri sibrtyeebiT, asetri sibrtyeebi � � amitom kveTa moicema gantolebebiT

8
esaa aRmavali parabola(Stoebi maRla aqvs mimarTuli). 

sibrtyis (anu 	 � 0) paraleluri sibrtyeebiT. aseTi sibrtyeebi � � amitom kveTa moicema gantolebebiT

�2� � 
 $�È � ��R	 � �
8 

Eesaa daRmavali parabolebi(Stoebi dablaa mimarTuli)  

sibrtyis paraleluri sibrtyeebiT, anu 

�	�R 
 $�È � 2�� � �. 8 
sakmarisia imisaTvis, rom warmovidginoT hiperboluri 
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hiperboluri parabiloidis kanonikuri gantolebaa hiperboluri parabiloidis kanonikuri gantolebaa hiperboluri parabiloidis kanonikuri gantolebaa hiperboluri parabiloidis kanonikuri gantolebaa     

(6) 

) paraleluri sibrtyeebiT, asetri sibrtyeebi 

amitom kveTa moicema gantolebebiT 

) paraleluri sibrtyeebiT. aseTi sibrtyeebi 

amitom kveTa moicema gantolebebiT 

sibrtyis paraleluri sibrtyeebiT, anu � � � sibrtyiT 

sakmarisia imisaTvis, rom warmovidginoT hiperboluri 
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KKKK    

                                    konusis kanonikuri gantolebaa konusis kanonikuri gantolebaa konusis kanonikuri gantolebaa konusis kanonikuri gantolebaa 

                                                                                                        

 

 

Knaxatidan Cans, rom konusis kveTebia

parabola (vaCvenoT !). Aamitom meore rigis wirebs konusur kveTebsac uwodeben.

 

 

konusis kanonikuri gantolebaa konusis kanonikuri gantolebaa konusis kanonikuri gantolebaa konusis kanonikuri gantolebaa     

                                                                                                            
��k� � ��l� 
 ��2� � /                                         (7) 

onusis kveTebia rogorc elifsi, ise hiperbola da 

!). Aamitom meore rigis wirebs konusur kveTebsac uwodeben.
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rogorc elifsi, ise hiperbola da 

!). Aamitom meore rigis wirebs konusur kveTebsac uwodeben.  

 



 

 

 

 

 

Mmeore rigis cilindrebi.  elifsuri, hiperboluri da paraboluri cilindris 

kanonikuri gantoleba formalurad igivea rac Sesa

gantoleba, oRond igulisxmeba rom 

elifsuri cilindris kanonikuri gantolebaa elifsuri cilindris kanonikuri gantolebaa elifsuri cilindris kanonikuri gantolebaa elifsuri cilindris kanonikuri gantolebaa 

                                                                                                                            

 

 

hiperboluri cilindris kanonikuri gantolebaahiperboluri cilindris kanonikuri gantolebaahiperboluri cilindris kanonikuri gantolebaahiperboluri cilindris kanonikuri gantolebaa

                                                                                                                        

 

 

 

 

 

Mmeore rigis cilindrebi.  elifsuri, hiperboluri da paraboluri cilindris 

kanonikuri gantoleba formalurad igivea rac Sesabamisi meore rigis wiris 

gantoleba, oRond igulisxmeba rom � nebismieria. anu  

elifsuri cilindris kanonikuri gantolebaa elifsuri cilindris kanonikuri gantolebaa elifsuri cilindris kanonikuri gantolebaa elifsuri cilindris kanonikuri gantolebaa     

                                                                                                                            
��  k� � ��l� � �                                            (8)    

hiperboluri cilindris kanonikuri gantolebaahiperboluri cilindris kanonikuri gantolebaahiperboluri cilindris kanonikuri gantolebaahiperboluri cilindris kanonikuri gantolebaa

                                                                                                                    
��k� 
 ��l� � �                                            (9)    
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Mmeore rigis cilindrebi.  elifsuri, hiperboluri da paraboluri cilindris 

bamisi meore rigis wiris 

    

hiperboluri cilindris kanonikuri gantolebaahiperboluri cilindris kanonikuri gantolebaahiperboluri cilindris kanonikuri gantolebaahiperboluri cilindris kanonikuri gantolebaa    



 

 

paraboluri cilindris kanonikuri gantolebaa paraboluri cilindris kanonikuri gantolebaa paraboluri cilindris kanonikuri gantolebaa paraboluri cilindris kanonikuri gantolebaa 

                                                                                                            

 

 

 

 

am zedapirebis formaze warmodgena mxolod horizontaluri (

paraleluri kveTebiTac sakmarisia.  ix. naxati

 

 

paraboluri cilindris kanonikuri gantolebaa paraboluri cilindris kanonikuri gantolebaa paraboluri cilindris kanonikuri gantolebaa paraboluri cilindris kanonikuri gantolebaa 

                                                                                                                    �� � ���                                     (10)    

zedapirebis formaze warmodgena mxolod horizontaluri (

paraleluri kveTebiTac sakmarisia.  ix. naxati  
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paraboluri cilindris kanonikuri gantolebaa paraboluri cilindris kanonikuri gantolebaa paraboluri cilindris kanonikuri gantolebaa paraboluri cilindris kanonikuri gantolebaa         

zedapirebis formaze warmodgena mxolod horizontaluri (� � � sibrtyeebiT) 
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99 

 

            8.8.8.8.    kvkvkvkvaternionebi aternionebi aternionebi aternionebi     

 

gansazRvreba: gansazRvreba: gansazRvreba: gansazRvreba: kvaternioni ewodeba gamosaxulebas a � ib � jc � kd,  sadac a, b, c, d 

namdvili ricxvebia, i, j, k warmosaxviTi elementebi.  

 

gavixsenoT kompleqsuri ricxvebi, rogorc gamosaxulebebi d � =m. 
kvaternionebis SekrebaSekrebaSekrebaSekreba xdeba koordinatobrivad, anu radgan kvaternioni 

SegviZlia ganvixiloT rogorc veqtori  �d, m, :, ��  � Ðï , Sekrebis operaciac 

iseTivea rogorc veqtorebSi. kerZod:   
�	
, 	�, 	g, 	ï� � �$
, $�, $g, $ï� � �	
 � $
, 	� � $�, 	g � $g, 	ï � $ï�. 

 

kvaternionebSi    gamravlebis operaciagamravlebis operaciagamravlebis operaciagamravlebis operacia Semodis ase:  

 

kvarernionebs  x
 � i x� � jxg � kxï da  y
 � iy� � jyg � kyï  

jer gadavamravlebT rogorc mravalwevrebs ;  

Semdeg gaviTvaliswinebT rom warmosaxviT elementebze gamravleba asea 

ganszRvruli: 

(1)   i� � j� � k� � 
1 da 

(2)   ij � k � 
ji,       jk � i � 
kj,        ki � j � 
ik 

da sabolood, SevaerTebT msgavs wevrebs, anu i, j da k-s koeficientebs 

erTad davajgufebT. 

    

magaliTad magaliTad magaliTad magaliTad �2 � 3= 
 4f��= 
 2e� � 2= 
 4e � 3=� 
 6=e 
 4f= � 8fe �    

                               �   2= 
 4e 
 3 
 6f 
 4e 
 8= � 
3 
 6= 
 8e 
 6f. 
  

SevniSnoT rom kvaternionebSi gamravleba araa komutaciurikvaternionebSi gamravleba araa komutaciurikvaternionebSi gamravleba araa komutaciurikvaternionebSi gamravleba araa komutaciuri. Mmag =e . e=. 

pirdapiri SemowmebiT SeiZleba damtkicdes rom am gamravlebisTvis sruldeba 

asociuroba da jufdebadoba. 
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Cven gvinda kvaternionebi gamoviyenoT  Ðg sivrceSi veqtoruli algebrisaTvis, 

amitom SevniSnoT rom kvaternioni (rogorc namdvil ricxvTa oTxeuli )    aseTi aseTi aseTi aseTi 

formiTac SeiZleba CaiwerosformiTac SeiZleba CaiwerosformiTac SeiZleba CaiwerosformiTac SeiZleba Caiweros �k, ��,    
aq aq aq aq k     namdvili ricxvia, namdvili ricxvia, namdvili ricxvia, namdvili ricxvia, �    ki veqtori ki veqtori ki veqtori ki veqtori ��    sivrceSisivrceSisivrceSisivrceSi (anu namdvil ricxvTa 

sameuli).  roca d � 0 gvaqvs �0, 	� saxis kvaternioni, romelsac ewodeba wmindawmindawmindawminda 

kvaternioni. 

anu kvaternionebi mWidro kavSirSia Ðg sivrcis veqtorebTan, rac ufro kargad 

Cans Semdegi gamravlebis wesidan: 

 

Teorema.  Teorema.  Teorema.  Teorema.  kvaternionebis namravli moicema formuliT: 

�a, x��b, y� � �ab 
 x · y  , ay � bx � �x y y��, 

sadac  x · y  veqtorebis skalaruli namravlia, x y y ki veqtoruli 

namravli. 

 

damtkicebas ar moviyvanT, radgan es pirdapiri semocmebiT xdeba. 

    

kerZod    wminda kvaternionebi mravldeba ase:wminda kvaternionebi mravldeba ase:wminda kvaternionebi mravldeba ase:wminda kvaternionebi mravldeba ase:    

�/, o��/, q� � �
o · q  , o y q�,,,,    

anu maTi gamravleba mxolod skalaruli da veqtoruli namravlebis terminebSi 

xdeba. 

kompleqsuri ricxvebis analogiurad kvaternionisTvis ganisazRvreba misi 

SeuRlebuli. 

gansazRvreba. gansazRvreba. gansazRvreba. gansazRvreba. d � 	 kvaternionis SeuRlebuli aris d 
 	.  Cven È kvaternionis 

SeuRlebuls avRviSnavT È� simbiloTi. 

kvaternionebis gamravlebis formulidan pirdapir gamomdinareobs rom 

��»����� � »��.�     

aq mimdevrobas mniSvneloba aqvs, radgan gamravleba araa komutaciuri!aq mimdevrobas mniSvneloba aqvs, radgan gamravleba araa komutaciuri!aq mimdevrobas mniSvneloba aqvs, radgan gamravleba araa komutaciuri!aq mimdevrobas mniSvneloba aqvs, radgan gamravleba araa komutaciuri!    

    

SevniSnoT rom  

»»� � �k � ���k 
 �� � k� � � · � � k� � |�|�.    
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da radgan d � 	 kvaternionis sigrZe, anu manZili �d, 	
, 	�, 	g�  veqtoridan 

saTavemde aris 

�k� � |�|���/� � �k� � ��� � ��� � ���,,,,    

amitom am gamosaxulebas ewodeba amitom am gamosaxulebas ewodeba amitom am gamosaxulebas ewodeba amitom am gamosaxulebas ewodeba k � �    kvaternioniskvaternioniskvaternioniskvaternionis    norma da aRiniSneba norma da aRiniSneba norma da aRiniSneba norma da aRiniSneba |k � �|....    
    

gvaqvs formulagvaqvs formulagvaqvs formulagvaqvs formula    

                                                    |�»| � |�||»|. . . .     

marTlac |RÈ| � � �RÈ��RÈ���� � RÈÈ�R� � R|È|�R� � |È|�RR� � |È|�|R|� � |R|�|È|�. 
    

SeniSvna.  SeniSvna.  SeniSvna.  SeniSvna.  kvaternioni �d, 	� ufro mosaxerxebelia Caiweros ase d � 	. MmaSin Tu È wminda kvaternionia da |È| � 1 gamravlebis wesiT gvaqvs È� � 
1.  

es aris   =� � e� � f� � 
1 formulis ganzogadeba,ganzogadeba,ganzogadeba,ganzogadeba, radgan is sruldeba 

nebismieri wminda kvaternionisTvis, normiT erTi. 

                                                   
    

    

    

    

    

                                                                arekvlebi da brunvebi sivrceSiarekvlebi da brunvebi sivrceSiarekvlebi da brunvebi sivrceSiarekvlebi da brunvebi sivrceSi    

gansazRvreba.  gansazRvreba.  gansazRvreba.  gansazRvreba.  asaxvas �: Ðg �  Ðg ewodeba izometria Tu is inaxavs manZilebs, 

anu �	, $ � Ðg veqtorebisTvis |��	� 
 ��$�| � |	 
 $|. 
 

sivrceSi raime sibrtyeze arekvla aris izometria.  qveviT Cven vnaxavT rom 

nebismieri izometria warmoadgens arekvlebis kompozicias. 

ganvixiloT sivrceSi П sibrtye romlis gantolebaa  

                                                            � · 7 � �,               (1)  

sadac > sibrtyis normaluri veqtoria, |>| � 1.  

(aq 7 � �P, Q, ��, � � �	, $, �� � Ðg veqtorebis skalaruli namravli gaSlili saxiT 

ase Caiwereba AP	 � Q$ � �� � �, rac rogorc viciT sibrtyis gantolebaa.)   

vTqvaT vTqvaT vTqvaT vTqvaT ����    aris aris aris aris П    sibrtyeze arekvla. sibrtyeze arekvla. sibrtyeze arekvla. sibrtyeze arekvla. gamoviyvanoT misi formula. 
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                                                            �                                                                        � � D7                                � � �D7    

                                                                            

    

                                                                                                                                            П sibrtyesibrtyesibrtyesibrtye    

  

SevarCioT ? ricxvi ise rom 	 wertilis simetriuli wertili iyos 	 � 2?>,  anu  

 Ñ� 	� � 	 � 2?>.  maSin  wertili 	 � ?> � П,  amitom akmayofilebs (1) gantolebas. 

�� � D7� · 7 � �  �  � · 7 � ? � �  �  ? � � · 7 
 �....    

CavsvaT ?-s mniSvneloba 	-is simetriul wertilis � � �D7    gamosaxulebaSi, 

miviRebT arekvlis formulas:: 

                                                                     ���� � � � ��� 
 � · 7�7                                        (2)(2)(2)(2)    

    

                                            

                            ori paraleluri sibrtyis ori paraleluri sibrtyis ori paraleluri sibrtyis ori paraleluri sibrtyis mimarT arekvlebis kompozicia.mimarT arekvlebis kompozicia.mimarT arekvlebis kompozicia.mimarT arekvlebis kompozicia.    

ganvixiloT П
  da  П� paraleluri sibrtyeebi gantolebebiT   
                                                   � · 7 � �
  da  � · 7 � ��.   

vTqvaT Ð
 aris П
 sibrtyis mimarT arekvla, Ð� ki П� sibrtyis mimarT arekvla. 

maSin (1) formuliT kompozicia    ��������� � � � ���� 
 ���7.  .  .  .      

amrigad paraleluri sibrtyeebis mimarT ori arekvlis kompozicia aris amrigad paraleluri sibrtyeebis mimarT ori arekvlis kompozicia aris amrigad paraleluri sibrtyeebis mimarT ori arekvlis kompozicia aris amrigad paraleluri sibrtyeebis mimarT ori arekvlis kompozicia aris 

paraleluri gadatana paraleluri gadatana paraleluri gadatana paraleluri gadatana ��7    veqtoriT, sadac veqtoriT, sadac veqtoriT, sadac veqtoriT, sadac 7    aris am ori sibrtyis saerTo aris am ori sibrtyis saerTo aris am ori sibrtyis saerTo aris am ori sibrtyis saerTo 

erTeulovani normali, erTeulovani normali, erTeulovani normali, erTeulovani normali, �    ki manZili sibrtyeebs Soris.  ki manZili sibrtyeebs Soris.  ki manZili sibrtyeebs Soris.  ki manZili sibrtyeebs Soris.      

                                    

                            

                        ori TanamkveTi sibrtyis mimarT arekvlebis kompozicia.ori TanamkveTi sibrtyis mimarT arekvlebis kompozicia.ori TanamkveTi sibrtyis mimarT arekvlebis kompozicia.ori TanamkveTi sibrtyis mimarT arekvlebis kompozicia.    

ganvixiloT П
  da  П�  gansxvavebuli TanamkveTi sibrtyeebia;  Ð
 aris П
 

sibrtyis mimarT arekvla, Ð� ki П� sibrtyis mimarT arekvla.  
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vTqvaT s wrfe aris TanakveTa П
 � П�.  maSin orive arekvla s wrfis wertilebs 

uZravad tovebs,  xolo s wrfis marTobuli nebismieri AП  sibrtyis wertilebs 

isev am sibrtyis wertilebSi gadaiyvans. GanvixiloT ori wrfe П sibrtyeze  

                                                      s
 � П
 � П  da s
 � П
 � П .  
maSin komposicia Ð�Ð
 ase moqmedebs П sibrtyeze: es kompozicia aris jer   s
 

Semdeg ki   s� wrfis mimarT arekvlis (anu RerZuli simetriis) kompozicia. 

rogorc viciT sibrtyeze ori gadamkveTi wrfis mimarT kompozicia aris 

mobruneba gadakveTis wertilis garSemo kuTxiT romelic orjer metia wrfeebs 

Soris kuTxeze.   

amrigad ori gansxvavebuli TanamkveTi sibrtyis mimarT arekvlebis kompozicia ori gansxvavebuli TanamkveTi sibrtyis mimarT arekvlebis kompozicia ori gansxvavebuli TanamkveTi sibrtyis mimarT arekvlebis kompozicia ori gansxvavebuli TanamkveTi sibrtyis mimarT arekvlebis kompozicia 

aris aris aris aris ��    sivrcis mobruneba am sibrtyeebis gadakveTiT miRebuli wrfis garSemo sivrcis mobruneba am sibrtyeebis gadakveTiT miRebuli wrfis garSemo sivrcis mobruneba am sibrtyeebis gadakveTiT miRebuli wrfis garSemo sivrcis mobruneba am sibrtyeebis gadakveTiT miRebuli wrfis garSemo 

kuTxiT, romelic am sibrtyeebs Soris kuTxis ormagia. kuTxiT, romelic am sibrtyeebs Soris kuTxis ormagia. kuTxiT, romelic am sibrtyeebs Soris kuTxis ormagia. kuTxiT, romelic am sibrtyeebs Soris kuTxis ormagia.     

 

 

 

                                            arekvlis Cawera kvaternionebiTarekvlis Cawera kvaternionebiTarekvlis Cawera kvaternionebiTarekvlis Cawera kvaternionebiT    

 

Teorema: Teorema: Teorema: Teorema: sivrceSi    � · » � /    sibrtyis mimarT arekvla, sadac È wminda 

kvaternionia erTeulovani sigrZiT, Caiwereba ase 

                                                                                                                                       º��� � »�».                                                                        (3)(3)(3)(3)    

MmarTlac Tu    º    asaxva asaxva asaxva asaxva �    veqtors adgilze tovebs maSin    � � »�»    anu anu anu anu »� � »��» �
�» �radgan erTeulovani sigrZis wminda kvaternioni kvadratSi � 
1).).).).    

magram wminda kvaternionebis gamravlebiT  toloba    »� � 
�»    niSnavs rom        

�
» · �, » y �� � �� · », 
� y »� � � · » � /.    
eseigi ¼ asaxva    � · » � /    sibrtyis wertilebs uZravad tovebs. exla gavarkvioT º    

asaxvas sad gadayavs nebismieri wertili    � � ��    anu wminda kvaretnioni �.    
radgan    »    veqtori orTogonulia    � · » � /    sibrtyis nebismieri    �    SegviZlia 

gavSaloT »    veqtorisa da am            � · » � /    sibrtyis raime    � veqtoriT:    

                                      � � � � D», D----raRac namdvili ricxvia. 

gvaqvs 

º��� � º�� � D»� � º��� � Dº�»� � � � D�»»�» � � 
 D»....    

meores mxriv (2) formuliT es aris $ wertilis anarekli  

���� � � 
 ��� · »�» � � � D» 
 �×�� � D»� · »Ù» � � � D» 
 �D» � � 
 D».    .    .    .    r.d.g.r.d.g.r.d.g.r.d.g.    
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SevniSnoT SevniSnoT SevniSnoT SevniSnoT rom rom rom rom am TeoremiT am TeoremiT am TeoremiT am TeoremiT rom ori arekvlis komposicia rom ori arekvlis komposicia rom ori arekvlis komposicia rom ori arekvlis komposicia �    da da da da »    erTeulovani erTeulovani erTeulovani erTeulovani 

normaluri veqtorebiT iqnebanormaluri veqtorebiT iqnebanormaluri veqtorebiT iqnebanormaluri veqtorebiT iqneba    

                                                                                ���� � »�����» � �»�����»�.        (4).        (4).        (4).        (4)    

    

    

    

    

                                                                            mobrunebis Cawera kvaternionebiTmobrunebis Cawera kvaternionebiTmobrunebis Cawera kvaternionebiTmobrunebis Cawera kvaternionebiT    

    

Teorema. vTqvaT gvaqvs kvaternioni Teorema. vTqvaT gvaqvs kvaternioni Teorema. vTqvaT gvaqvs kvaternioni Teorema. vTqvaT gvaqvs kvaternioni � � �234¤, 467¤ ¶�, sadac , sadac , sadac , sadac 7    erTeulovani erTeulovani erTeulovani erTeulovani 

veqtoria. MmaSin veqtoria. MmaSin veqtoria. MmaSin veqtoria. MmaSin �    erTeulovani kvaternionia da asaxva FerTeulovani kvaternionia da asaxva FerTeulovani kvaternionia da asaxva FerTeulovani kvaternionia da asaxva F    

                                                                                                                                    ���� � ����                                                                  (5) (5) (5) (5)     

aris brunva aris brunva aris brunva aris brunva 7    veqtoris mimarTulebis RerZis garSemo veqtoris mimarTulebis RerZis garSemo veqtoris mimarTulebis RerZis garSemo veqtoris mimarTulebis RerZis garSemo �¤    kuTxiT.kuTxiT.kuTxiT.kuTxiT.    

    

marTlac ori arekvlis komposicia marTlac ori arekvlis komposicia marTlac ori arekvlis komposicia marTlac ori arekvlis komposicia �    da da da da »    erTeulovani erTeulovani erTeulovani erTeulovani normaluri veqtorebiT normaluri veqtorebiT normaluri veqtorebiT normaluri veqtorebiT 

gamoiTvleba (4) formuliT. Tu gamoiTvleba (4) formuliT. Tu gamoiTvleba (4) formuliT. Tu gamoiTvleba (4) formuliT. Tu � · » � 234¤,        � y » � 467 ¤ 7, maSin kvaretnionebis , maSin kvaretnionebis , maSin kvaretnionebis , maSin kvaretnionebis 

gamravlebiT gamravlebiT gamravlebiT gamravlebiT »� � 
�,     �» � 
��.    amitom amitom amitom amitom ���� � 
���
��� � ���.�            r.d.gr.d.gr.d.gr.d.g    

    

        

    

    

        Teorema izometriis warmodgenis Sesaxeb arekvlebis kompoziciiT.Teorema izometriis warmodgenis Sesaxeb arekvlebis kompoziciiT.Teorema izometriis warmodgenis Sesaxeb arekvlebis kompoziciiT.Teorema izometriis warmodgenis Sesaxeb arekvlebis kompoziciiT. 
 

TeoremaTeoremaTeoremaTeorema. Ðg-is yoveli izometria aris araumetes oTxi arekvlis kompozicia.  

damtkiceba. Cven dagvWirdeba  

LLLL    

    

lema 1. lema 1. lema 1. lema 1. vTqvaT � izometriaa romelic inaxavs saTaves, anu ��0� � 0, maSin  

1.1.1.1. � inaxavs normas, |����| � |�|    ;;;;    
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2.2.2.2. �    inaxavs skalarul namravls,        ���� · ���� � � · �    

marlac  �.             |����| � |���� 
 ��/�| � |� 
 /| � |�|.    
 �.        |����|� � |����|� 
 ����� · ���� � |���� 
 ����|� � |� 
 �|� � |�|� � |�|� 
 �� · �    

amrigad � inaxavs skalarul namravlsac. 

LLlema 2. Tu izometria adgilze tovebs LLlema 2. Tu izometria adgilze tovebs LLlema 2. Tu izometria adgilze tovebs LLlema 2. Tu izometria adgilze tovebs /, 6, é, G 
s,  maSin s,  maSin s,  maSin s,  maSin �    igivuri asaxvaa.igivuri asaxvaa.igivuri asaxvaa.igivuri asaxvaa.    

es lema TiTqmis cxadia radgan pirobis Tanaxmad izometria uZravad tovebs 

sakoordinato sistemas.    

LLlema 3. vTqvaT LLlema 3. vTqvaT LLlema 3. vTqvaT LLlema 3. vTqvaT |k| � |l| . /, maSin arsebobs arekvla , maSin arsebobs arekvla , maSin arsebobs arekvla , maSin arsebobs arekvla �    saTaveze gamaval saTaveze gamaval saTaveze gamaval saTaveze gamaval 

sibrtyis mimarT, ise rom sibrtyis mimarT, ise rom sibrtyis mimarT, ise rom sibrtyis mimarT, ise rom ��k� � l.    
sakmarisia aviRoT sibrtyis erTeulovani normalis rolSi veqtori   

> � �d 
 m�/|d 
 m|.  M 

maSin 	 · > � 0 sibrtyis mimarT arekvlisas  

Ð�d� � d 
 2�d · >�> � d 
 2 ¿d · d 
 m|d 
 m|À d 
 m|d 
 m| � d 
 �d 
 m� � m 

SevniSnoT rom Cven gamoviyeneT toloba 2d�d 
 m� � |d 
 m|�. r.d.g. 

    

Teoremis damtkiceba.Teoremis damtkiceba.Teoremis damtkiceba.Teoremis damtkiceba.    

vTqvaT �  aris Ðg sivrcis nebismieri izometria. Tu ��0� . 0 maSin Ð
 iyos 

arekvla romelic erTmaneTSi gadaiyvans 0-s da  ��0�-s. Tu  ��0� � 0, maSin Ð
iyos 

igivuri asaxva.  nebismier SemTxvevaSi kompozicia �
 � Ð
� uZravad tovebs 0-s, 

anu   

���/� � /.    
radgan lema 3-iT |�
�f�| � |f| arsebobs arekvla Ð�, saTaveze gamaval sibrtyis 

mimarT, romelic erTmaneTSi gadaiyvans  �
�f�-s da f-s. MmaSin kompozicia 

�� � Ð��
 uZravad datovebs 0-s da f-s.   

                                                                                                ���/� � /,       ���G� � G.     
exla SevniSnoT rom lema 1 –iT veqtorebi ���=� da ���e� erTeulovani 

orTogonuli veqtorebia 	 · f � 0 sibrtyeSi. amitom lema 3-iT arsebobs arekvla Ðg, saTaveze gamaval vertikalur sibrtyis mimarT (anu romelic moicavs 0. f-s) 

romelic erTamaneTSi gadacvlis ���e�-s da e 
s. amrigad kompozicia  �g � Ðg�� 

uZravad datovebs 0, f, e-s 

                                                                                                ���/� � /,     ���G� � G,    ���é� � é.        
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Semdeg �g�=� � U=. Tu �g�=� � =, maSin Ðï iyos igivuri asaxva. Tu �g�=� � 
=, maSin Ðï 

iyos 	 · = � 0 sibrtyis mimarT arekvla. nebismier SemTxvevaSi kompozicia  

�ï � Ðï�g  uzravad datovebs 0, f, e, =-s da amitom lema 2-iT idivuri asaxvaa 

                                                             �F � �F������� � ê....    

da radgan    �7�7 � ê    miviRebT                                                                                 

�������F � ��������F�ê � ��������F��F������� � ����������F�F���������� � �....    

r.d.g. 
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9.         mobiusis gardaqmnebi. 

    

მობიუსის გარდაქმნის    გასაზღვრებაგასაზღვრებაგასაზღვრებაგასაზღვრება    ....    

კომპლექსური სიბრტყის    მობიუსისმობიუსისმობიუსისმობიუსის    გარდაქმნაგარდაქმნაგარდაქმნაგარდაქმნა (აგრეთვე ცნობილია როგორც წილად-წრფივი 

ან ჰომოგრაფიული გარდაქმნა)  არისარისარისარის        �  კომპლექსურიკომპლექსურიკომპლექსურიკომპლექსური    სიბრტყისსიბრტყისსიბრტყისსიბრტყის    გარდაქმნაგარდაქმნაგარდაქმნაგარდაქმნა,,,,    ანუანუანუანუ    ასახვაასახვაასახვაასახვა    

� � �, , , , რომელიცრომელიცრომელიცრომელიც    მოიცემამოიცემამოიცემამოიცემა    ფოემულითფოემულითფოემულითფოემულით    

                                                                                                                                            ���� � n��pr��Î      ;                                                        (1)(1)(1)(1)    

აქაქაქაქ        �    არისარისარისარის    კომპლექსურიკომპლექსურიკომპლექსურიკომპლექსური    ცვლადიცვლადიცვლადიცვლადი, , , , n, l, 2, �    კომპლექსურიკომპლექსურიკომპლექსურიკომპლექსური    რიცხვებირიცხვებირიცხვებირიცხვები    დადადადა    სრულდებასრულდებასრულდებასრულდება    პირობაპირობაპირობაპირობა        nÎ 
 pr . /.    
ეს ბოლო პირობა რა საჭიროა? (1) ფორმულიდან ადვილად გამომდინარეობს, რომ 

                               f�z� 
 f�w� � �� N!J��"N#��J"� ��J#� � . 

ეს ნიშნავს, რომ თუთუთუთუ    k� 
 l2 � /,    მაშინ    ���� 
 ��$� � 0, ანუ         ���� � ��Ê�, , , ,     � �, Ê    � �.   

ამრიგად ამამამამ    შემთხვევაშიშემთხვევაშიშემთხვევაშიშემთხვევაში  � ასახვა მუდმივია, ანუ სიბრტყის ყველა წერტილი ერთ წერტილში 

აისახება და ამიტომ  � არააარააარააარაა    საინტერესოსაინტერესოსაინტერესოსაინტერესო.... 

მაგალითად ���� � 1/�, Tu d � : � 1, m � � � 0.  ამ შემთხვევაში � ასახვა არაა 

განსაზღვრული 0 წერტილში.    

ამრიგად ჩვენ გვინდა კიდევ რაღაც პირობა იმისათვისიმისათვისიმისათვისიმისათვის    რომრომრომრომ    �     ფუნქციაფუნქციაფუნქციაფუნქცია    იყოსიყოსიყოსიყოს    

განსაზღვრულიგანსაზღვრულიგანსაზღვრულიგანსაზღვრული        სიბრტყისსიბრტყისსიბრტყისსიბრტყის    ყოველყოველყოველყოველ    წერტილზეწერტილზეწერტილზეწერტილზე  და იყოს  ურთიერთცალსახა.  

ფუნქციის ზღვრის თვისებებით გვაქვს: 

%&'��( k��l2���  �   k2  ,                da    da    da    da    %&'��N�/2 k��l2���  �   ∞,          როცაროცაროცაროცა        2 . /    

ამიტომ თუ გვინდა რომ � ფუნქცია იყოს ურთიერთცალსახა, � კომპლექსურ სიბრტყის 

მაგივრად უნდა განვიხილოთ  სიმრავლე )�* · )∞*. 
ამრიგად მივიღებთ ასახვას, რომლის განსაზღვრის არე და მნიშვნელობათა სიმრავლე არის  

კომპლექსურ სიბრტყეს დამატებული ერთადერთი ელემენტი ∞ (უსასრულო წერტილი). 

ამ სიმრავლეს )�* · )∞* ეწოდება გაფართოებული კომპლექსური სიბრტყე (აგრეთვე 

რიმანის სფერო, იხ. სტერეოგრაფიული პროექცია) და აღინიშნება �( simboloTi. 
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ამის  შემდეგ  განსაზღვრული გვექნება მობიუსისმობიუსისმობიუსისმობიუსის    გარდაქმნაგარდაქმნაგარდაქმნაგარდაქმნა    გაფართოებულგაფართოებულგაფართოებულგაფართოებულ    კომლექსურკომლექსურკომლექსურკომლექსურ    

სიბრტყეზესიბრტყეზესიბრტყეზესიბრტყეზე    . . . .     კერძოდ �( -ზე  � მოიცემამოიცემამოიცემამოიცემა ასე:  �-ზე  (1) (1) (1) (1) ფორმულითფორმულითფორმულითფორმულით    დადადადა    ∞    წერტილისთვის  

ფორმულებიფორმულებიფორმულებიფორმულებითთთთ    

��∞� � k2 ,                � §
 �2¨ � ∞    roca  roca  roca  roca  2 . /    da da da da ��∞� � ∞    roca  roca  roca  roca  2 � /.    
 

გაფართოებულ კომპლექსურ სიბტყეზე მობიუსის გარდაქმნისათვის გვაქვსგვაქვსგვაქვსგვაქვს    თეორემებითეორემებითეორემებითეორემები:::: 

 

Teorema 1.  Teorema 1.  Teorema 1.  Teorema 1.  vTqvaT vTqvaT vTqvaT vTqvaT k, l, 2, �    da da da da ¤,+,,,-    arian kompleqsuri ricxvebi daarian kompleqsuri ricxvebi daarian kompleqsuri ricxvebi daarian kompleqsuri ricxvebi da    

�k� 
 l2��¤- 
 +,� . /    

da arsebobs da arsebobs da arsebobs da arsebobs �----is sami mniSvneloba mainc rom is sami mniSvneloba mainc rom is sami mniSvneloba mainc rom is sami mniSvneloba mainc rom 2� � � . / ,    ,� � - . /    dadadada    

k� � l2� � � � ¤� � +
,� � -  ,          

maSin arsebobs aranulovani kompleqsuri ricxvi maSin arsebobs aranulovani kompleqsuri ricxvi maSin arsebobs aranulovani kompleqsuri ricxvi maSin arsebobs aranulovani kompleqsuri ricxvi λ, rom, rom, rom, rom    

                                                                                                                                        §k l2 �¨ � ö §¤ +, -¨.        

    

    

Teorema 2Teorema 2Teorema 2Teorema 2.  yoveli mobiusis asaxva aris yoveli mobiusis asaxva aris yoveli mobiusis asaxva aris yoveli mobiusis asaxva aris bieqcia bieqcia bieqcia bieqcia �(    simravlisa TavisTavze da simravlisa TavisTavze da simravlisa TavisTavze da simravlisa TavisTavze da 

mobiusis asaxvebi kompoziciis mimarT qmnian e.w. mobiusis jgufs mobiusis asaxvebi kompoziciis mimarT qmnian e.w. mobiusis jgufs mobiusis asaxvebi kompoziciis mimarT qmnian e.w. mobiusis jgufs mobiusis asaxvebi kompoziciis mimarT qmnian e.w. mobiusis jgufs |----s.s.s.s.    

    

    

1 Teoremis Taxmad (1)1 Teoremis Taxmad (1)1 Teoremis Taxmad (1)1 Teoremis Taxmad (1) formulaSi d, m, :, � koeficientebi proporciulad 

SegviZlia SevcvaloT asaxvis Seucvlelad. amitom 2 TeoremaSi SegviZlia 

vigulisxmoT romvigulisxmoT romvigulisxmoT romvigulisxmoT rom    

k� 
 l2 � �.    
MmaSin Tu MmaSin Tu MmaSin Tu MmaSin Tu �    asxvis matricia asxvis matricia asxvis matricia asxvis matricia §k l2 �¨, am matricis mikavSirebuli matrici , am matricis mikavSirebuli matrici , am matricis mikavSirebuli matrici , am matricis mikavSirebuli matrici     

§k l2 �¨� � § � 
l
2 k ¨    iqneba iqneba iqneba iqneba �N�  asaxvis Sesabamisi matrici.  

 

anu gvaqvs 2 y 2  zomis specialuri kompleqsuri (erTis toli determinantis 

mqone) matricebis jgufis Æs�2, �� -is homomorfizmi mobiusis # jgufSi, da am 

homomorfizmis birTvi(anu elementebi romlebis neitralur erTeulSi midian) 

aris )UÍ*, sadac Í erTeulovani matricia. amrigad gvaqvs izomorfizmi  
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                              # . Æs�2, ��/)UÍ*  

    

მობიუსისმობიუსისმობიუსისმობიუსის    გარდაქმნისგარდაქმნისგარდაქმნისგარდაქმნის    კავშირიკავშირიკავშირიკავშირი        აინშტაინისაინშტაინისაინშტაინისაინშტაინის    ფარდობითობისფარდობითობისფარდობითობისფარდობითობის    თეორიასთანთეორიასთანთეორიასთანთეორიასთან....        

ამ თეორიაში ¼ დრო და სამგანზომილებიანი სივრცის წერტილის (რაიმე მოვლენის) �(,
,�� დეკარტეს კოორდინატები  კომბინაციით გვაძლევენ ერთ ვექტორს, კერძოდ 

4-ვექტორს �¼, (,
,�� ოთხგანზომილებიან სივრცესივრცესივრცესივრცე----დროდროდროდროშიშიშიში....     ცხადია ამ ვექტორის 

სივრცითი კომპონენტები ამსოლუტური არაა: მაგალითად საკოორდინატო ღერძების 

მობრუნებით მიღებულ ნებისმიერ ორ სხვადასხვა საკოორდინატო სისტემაში 

სივრცის ერთსა და იმავე წერტილს ექნება სხვადასხვა კოორდინატები .  ამის 

მიუხედავად ამ ორ სისტემაში მყოფი დამკვირვებლებისთვის  იგივე დარჩება 

სიდიდე    

                                              (/� � 
/� � �/� � (� � 
� � ��,  

რაც წარმოადგენს სათავიდან წერტილამდე   მანძილის კვადრატს. 

ამის საპირისპიროდ, ჩვენ მიჩვეულნი ვართ იმ აზრს რომ დროის კომპონენტს ¼-ს 

აქვს რაღაც აბსოლუტური მნიშვნელობა. აინშტაინის თეორია-მრავალი 

ექპერიმენტით დადასტურებული-ამბობს რომ ეს აზრი მცდარია.   

    

    

    

                                            mobiusis gardaqmnis daSla kompoziciadmobiusis gardaqmnis daSla kompoziciadmobiusis gardaqmnis daSla kompoziciadmobiusis gardaqmnis daSla kompoziciad    

    

Teorema 3. Teorema 3. Teorema 3. Teorema 3. yoveli mobiusis gardaqmna aris araumetes oTxi asaxvis kompozicia, 

romelTagan TiToeuli aris erTerTi Semdegi asaxva: z � az, z � z � b, da z � 1/z. 

damtkiceba. jer SevniSnoT rom es martivi asaxvebi aris mobruneba da gaWimva 

(SekumSva), paraleluri gadatana da inversia (kompleqsuri Sebruneba). 

vTqvaT f�z� � �"�!J"�     .  Tu c � 0 maSin d . 0 da gvaqvs f�z� � �
 z � !

   da f aris 

komposzicia f � f�f
 , sadac f
�z� �  � z  da   f��z� �  z � !
  .  

Tu c . 0, maSin  f � fïfgf�f
 ,  

sadac  f
�z� �  z �  J ,   f��z� � 

"  ,   fg�z� �  kz, sadac 
 �� N!J�J�   da  fï�z� �  z � �J .  
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                                                                mobiusis gardaqmnis fiqsirebuli wertilebi.mobiusis gardaqmnis fiqsirebuli wertilebi.mobiusis gardaqmnis fiqsirebuli wertilebi.mobiusis gardaqmnis fiqsirebuli wertilebi.    

    

gavixsenoT rom  C( aRniSnavs gafarToebul kompleqsur sibrtyes C( � C · )∞*.  

TeoremaTeoremaTeoremaTeorema    4444. . . .         vTqvaT z
, z�, zg  da  w
,w�,wg gansxvavebul wertilTa ori 

sameulia C(-Si. maSin arsebobs erTaderTi mobiusis asaxva f, iseTi rom f1�z1� �
w1, i � 1,2,3.  

damtkiceba. sakmarisia vaCvenoT rom arsebobs mobiusis asaxva , romelic  

mocemul sam gansxvavebul wertils dagaiyvans 0, ∞, 1 –Si.  marTlac maSin 2�,� 

asaxvebi, rom 

�
, ��, �g  3�0, ∞, 1   da  $
,$�,$g  	�0, ∞, 1.  amitom    �
, ��, �g  	Â�3ÃÄÄÅ$
,$�,$g.    

exla vTqvaT �
, ��, �g wertilebidan arcerTi araa ∞ da 

@��� � �c�Nc���c�Nc�� cNc�cNc�.   

maSin @��
� � 0, @���� � ∞, @��g� � 1 da saZiebeli asaxvaa @.  

roca �
, ��, �g wertilebidan erT-erTi aris ∞, aviRoT wertili �ï . �
, ��, �g da 

asaxva <��� � 
�cNc4�.   maSin �
, ��, �g wertilebze < asaxvis mniSvneloba araa ∞ da 

wina SemTxveviT maTTvis arsebobs asaxva @ rom  <��
�, <����, <��g� ý�0, ∞, 1.  xolo 

saZiebeli asaxva am SemTxvevaSi iqneba kompozicia @<.     

    dagvrCa erTaderToba. vTqvaT arsebobs ori asaxva �, Ñ rom 

�
, ��, �g  3�$
,$�,$g da �
, ��, �g  å�$
,$�,$g . 

maSin �
, ��, �g  åÂ�3ÃÄÄÅ �
, ��, �g.  vaCvenoT rom es aris igivuri asaxva.  

vTqva � asaxva iseTia rom  �
, ��, �g  5� 0, ∞, 1, maSin �N
�ÑN
��� asaxva uZravad tovebs 

wertilebs  0, ∞, 1 da cxadia igi igivuri asaxvaa(es gamomdinareobs mobiusis 

asaxvis formulidan). e.i. 

�N
�ÑN
��� � Í � ÑN
� � �Í�N
 � Í. 
r.d.g. 

    

    

Sedegi. Sedegi. Sedegi. Sedegi.     mobiusis asaxva, romelsac aqvs sami uZravi wertili aris igivuri 

asaxva. 
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                                                wrewirebi gafaeToebul kompleqsur sibrtyezewrewirebi gafaeToebul kompleqsur sibrtyezewrewirebi gafaeToebul kompleqsur sibrtyezewrewirebi gafaeToebul kompleqsur sibrtyeze    

    

gabsazRvreba. gabsazRvreba. gabsazRvreba. gabsazRvreba.     evkliduri wrewiri kompleqsur C sibrtyeze moicema gantolebiT |z 
 zt| � r, r { 0. evkliduri wrfe aris wertilTa simravle C-Si romelic 

moicema gantolebiT |z 
 a| � |z 
 b|, a . b. xolo wrewiri gafarToebul 

kompleqsur sibrtyeze C( aris erTerTi, evkliduri wrewiri an  L · )∞*, sadac L 

aris evkliduri wrfe.        

    

Teorema. Teorema. Teorema. Teorema.     mobiusis asxva wrewirs dagasaxavs wrewirSi. 

damtkiceba. es Teorema abmobs rom Tu � mobiusis asxvaa da Æ wrewiri, maSin 

��Æ� aris wrewiri. sakmarisia vaCvenoT rom  ��Æ�7 Æ¦ sada Æ¦ raRac wrewiria. 

marTlac Tu es asea maSin Æ7 �N
�Æ¦�. radgan  �N
�Æ¦� ragac wrewiris nawilia, 

cxadia es wrewiri aris Æ da amitom Æ �  �N
�Æ¦� anu  ��Æ� � Æ«.  

exla isRa davrCenia rom SevamowmoT es Tviseba martivi asaxvebisTvis radgan 

mobiusis asxvebi aris araumetes oTxi martivi asaxvis kompozicia (Teorema 3-iT). 

r.d.gG   

 

 

 

 

 

                                                                                                            jvaredina fardoba.jvaredina fardoba.jvaredina fardoba.jvaredina fardoba.    

gansazRvreba.  gansazRvreba.  gansazRvreba.  gansazRvreba.  kompleqsuri �  sibrtyis oTxi gansxvaveuli �
, ��, �g, �ï wertilis 

jvaredina fardoba ewodeba gamosaxulebas  

8�
, ��, �g, �ï9 � ��
 
 �g���� 
 �ï���
 
 �����g 
 �ï�, 
xolo Tu erTerTi wertili usasrulobaa, jvaredina fardoba ganisazRvreba 

rogorc am gamosaxulebis zRvari anu 

8∞, ��, �g, �ï9 � �� 
 �ï�g 
 �ï, 
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8�
, ∞, �g, �ï9 � 
 ��
 
 �g���g 
 �ï�, 
8�
, ��, ∞, �ï9 � 
 ��� 
 �ï���
 
 ���, 
8�
, ��, �g, ∞9 � �
 
 �g�
 
 �� . 

SevniSnoT rom  80,1, �, ∞9 � �. sxva literaturaSi SeiZleba sxva dalageba iyos. 

 

    

TeoremaTeoremaTeoremaTeorema....            vTqvaT z
, z�, zg, zï  da  w
,w�,wg,wï gansxvavebul wertilTa ori 

oTxeulia. maSin aucilebeli da sakmarici piroba iseTi mobiusis f asxavis 

arsebobisa rom f�z1� � w1, i � 1,2,3,4 aris toloba 

8z
, z�, zg, zï9 � 8w
,w�,wg,wï9, 
kerZod nebismieri mobiusis f asaxvisaTvis sruldeba 

8z
, z�, zg, zï9 � 8f�z
�, f�z��, f�zg�, f× zï�:. 
    

    

    

    

    

gansazRvreba. gansazRvreba. gansazRvreba. gansazRvreba. wertilebs  z
, z�,… , z< ewodeba koncikluri Tu isini mdebareoben 

erT wrewirze C(-Si. 

 

 nebismieri sami wertili koncikluria , magram yoveli oTxi ara.  

 

Teorema.  oTxi z
, z�, zg, zï wertili koncikluria maSin da mxolod maSin Tu 

jvaredina fardoba  8z
, z�, zg, zï] aris namdvili ricxvi.  
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10101010....    vklides  “elementebi” da vklides  “elementebi” da vklides  “elementebi” da vklides  “elementebi” da 

araevkliduri araevkliduri araevkliduri araevkliduri     geometriebi.geometriebi.geometriebi.geometriebi.    

    

Ggeometriam rogorc empiriulma mecnierebam pirvelad egvipteSi miaRwia 

maRal dones. Ees ganpirobebuli iyo samSeneblo da sairigacio 

moTxovnilebebiT. 

Cven welTaRricxvamde pirvel aTaswleulSi geometriam egviptidan 

saberZneTSi CaaRwia da daiwyo ganviTarebis axali era. 

VIII -- III saukuneebSi Cv.w.aR.-mde swored saberZneTSi gadaidga didi 

nabijebi geometriis gamdidrebasa da logikur dafuZnebaSi.  
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BberZen geometrTa mravalsaukunovani Sroma Seajama evklidem (Cv.w.aR.-mde 

330-275 wlebi) Tavisi saxelganTqmuli wigniT “elementebi”.   

Evlkides  “elementebi” Sedgeba 13 wignisagan, I—IV da VI exeba 

planimetrias, XI—XIII stereometrias, danarCenebi ki ariTmetikis 

geometriul aRweras.  

Yyoveli wigni iwyeba im cnebebis gansazRrebiT romlebis pirvelad 

gvxvdeba. Mpirvel wignSi aris 23 gansazRvreba, mag.: 

1. wertili aris is rasac ara aqvs nawilebi; 

2. wiri aris sigrZe siganis gareSe; 

3. wrfe aris iseTi wiri, romelic erTnairad aris ganlagebuli 

Tavisi yvela wertilis mimarT; 

 

 

gansazRvrebebs mosdevs 5 “postulati”, da Semdeg aqsiomebi”.Mmag.Ppirveli 

postulati  ambobs rom erTi wertilidan nebismier meoreze SeiZleba 

wrfis gavleba, meoTxe postulati ambobs rom marTi kuTxeebi tolia.  

Cven vnaxavT rom gansakuTrebuli roli aqvs mexuTe postulats, romelic 

eqvivalenturia e.w. paralelobis aqsiomis: wrfis gareT mdebare 

wertilze gaivleba am wrfis paraleluri wrfe da amasTan mxolod erTi.  

TviTon evlides es postulati cota rTuli formiT ewera (ix. qvemoT). 

es savaraudod imitom moxda rom grZnobda am postulatis 

gansakuTrebul rols.  rogoc Cans evklide cdilobda da SesaZloa 

sxvebsac ubiZgebda am postulatis damtkicebas, anu gamoyvanas sxva 

aqsiomebidan. A ai, es postulati evklides sityvebiT: 

 

 

 

 

V postulati:V postulati:V postulati:V postulati:  moiTxoveba rom Tu wrfe ori sxva wrfis 

gadakveTisas maTTan qmnis erT mxareze Siga kuTxeebs, jamSi 

Oor marT kuTxeze naklebs, es wrfeebi usasrulod gagrZelebisas 

ikveTebodes im mxareze, romelzedac es kuTxeebi jamSi or marT 

kuTxeze naklebia. 
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cxadia, am postulatis samarTlianobaSi eWvi ar gvepareba, magram 

metismetad bevri sityvebia da Tanac arc ise cxadia, rogorc danarCeni 

postulatebi.  swored es garemoeba ubiZgebda 2000 wlis ganmavlobaSi! 

matematikosebs am postulatis gamoyvanisken sxva aqsiomebidan. Mmagram 

uSedegod. Yyvela visac ki egona rom mizans miaRwia erTidaigive 

Secdomas uSvebda: damtkicebaSi cxadad Tu aracxadi saxiT iyenebda 

daSvebas, romelic sinamdvileSi V postulatis tolfasi iyo. 

aseTi tolfasi daSvebebi ki cota araa, mag: (es sia prof. Eefimovma 

Seadgina, misi dazepireba araa saWiro!) 

1. samkuTxedis Siga kuTxeebis jami ori marTi kuTxis tolia. 

2. Siga kuTxeebis jami tolia yvela samkuTxedisaTvis. 

3. wertilebi, romlebic ganlagebulia mocemuli wrfis erT mxares 

erTidaigive manZiliT, qmnian wrfes. 

4. Tu ori wrfe ar gadaikveTeba, maSin manZilebis erToblioba erTi 

wrfis wertilebidan meore wrfis wertilebamde SemosazRvrulia. 

5. arsebobs ragind didi farTobis samkuTxedi. 

6. arseboben msgavsi samkuTxedebi. 

7. kuTxis nebismier Sida wertilze gadis wrfe romelic kuTxis 

orive gverds kveTs. 

8. yovel samkuTxedze Semoixazeba wrewiri. 

9. Caxazuli eqvskuTxedis gverdi Semoxazuli wrewiris radiusis 

tolia. 

 

rogorc zemoT avRniSneT V postulatis tolfasi yvelaze martivi 

aqsiomaa: wrfis gareT mdebare wertilze gadis mocemuli wrfis wrfis gareT mdebare wertilze gadis mocemuli wrfis wrfis gareT mdebare wertilze gadis mocemuli wrfis wrfis gareT mdebare wertilze gadis mocemuli wrfis 

paraleluri erTaderTi wrfe.paraleluri erTaderTi wrfe.paraleluri erTaderTi wrfe.paraleluri erTaderTi wrfe.    

 

Praxan sibrtyeze varT, ori wrfis paraleloba niSnavs isini ar 

TanaikveTebian. 

amitom V postulatis Canacvlebis mizniT SeiZleba ase moviqceT: 

miviRoT am aqsiomis magivrad misi uaryofa, danarCeni aqsiomebis 

daxmarebiT davamtkicoT Teoremebi da veZeboT xom ar migviyvans es 

winaaRmdegobamde, anu debulebamde romelic aqsiomebs ewinaaRmdegeba. 

Mmagram uaryofa ori gziT SeiZleba:  
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miviRoTmiviRoTmiviRoTmiviRoT    elifsuri aqsiomaelifsuri aqsiomaelifsuri aqsiomaelifsuri aqsioma: : : : wwwwrfisrfisrfisrfis    gareT mdebare wertilisTvis gareT mdebare wertilisTvis gareT mdebare wertilisTvis gareT mdebare wertilisTvis ar ar ar ar 

arsebobs am wertilze gamavali mocemuli wrfis paraleluri wrfe; arsebobs am wertilze gamavali mocemuli wrfis paraleluri wrfe; arsebobs am wertilze gamavali mocemuli wrfis paraleluri wrfe; arsebobs am wertilze gamavali mocemuli wrfis paraleluri wrfe;     

 

faqtiurad es aqsioma ambobs rom saerTod ar arsebobs paraleluri 

wrfeebi, an rac igivea nebismieri ori wrfe ikveTeba. Ees absurds hgavs. 

    

meore gzaa meore gzaa meore gzaa meore gzaa miviRoTmiviRoTmiviRoTmiviRoT    hiperboluri aqsiomahiperboluri aqsiomahiperboluri aqsiomahiperboluri aqsioma: : : : wrfis gareT mdebare wrfis gareT mdebare wrfis gareT mdebare wrfis gareT mdebare 

wertilze gadis mocemuli wrfis paraleluri erTze meti wrfe.wertilze gadis mocemuli wrfis paraleluri erTze meti wrfe.wertilze gadis mocemuli wrfis paraleluri erTze meti wrfe.wertilze gadis mocemuli wrfis paraleluri erTze meti wrfe.    

am ideiT sargeblobdnen: sakkeri (1667--1773). Mman aCvena elifsuri aqsiomis 

winaaRmdegoba evklides sxva aqsiomebTan, magram misi igive daskvna 

hiperbolur aqsiomis SemTxvevaSi arasworia. 

gausi (1777-1855). rogorc werilebidan Cans man icoda romHhiperboluri 

aqsioma ar ewinaaRmdegeba evklides danarCen aqsiomebs, magram am 

sakiTxze Sroma ar gamouqveynebia. 

 

 

lobaCevski(1793--1856). man dauSva hiperboluri aqsioma, ganaviTara mTeli 

Teoria da pirvelma gaakeTa swori daskvna rom arsebobs sxva 

geometriebi.   

 

Mmagram arc lobaCevskis ar hqonda imis damtkiceba, rom hiperboluri 

aqsiomiT paralelobis aqsiomis Canacvleba ar migviyvans 

arawinaaRmdegobriv Teoriamde. marTalia man bevri Teorema daamtkica 

hiperboluri aqsiomis miRebiT da ar mivida winaRmdegobamde, magram ra 

garantiaa rom rac dRes ar moxda xvalac ar moxdeba? M 

magram evklides Ggeometriazec xom igive SeiZleba vTqvaT?  

ra gamosavalia?    

Lkleini iyo pirveli geometri vinc sxvadasxva geometriebisTvis 

pirvelad Semoitana modelebimodelebimodelebimodelebi.  G 

    

Tu paralelobis aTu paralelobis aTu paralelobis aTu paralelobis aქქქქsiomas SevcvliT hiperboluri aqsiomiT siomas SevcvliT hiperboluri aqsiomiT siomas SevcvliT hiperboluri aqsiomiT siomas SevcvliT hiperboluri aqsiomiT 

miviRebTAaraevklidur geometrias romelsacmiviRebTAaraevklidur geometrias romelsacmiviRebTAaraevklidur geometrias romelsacmiviRebTAaraevklidur geometrias romelsac    ewodebaewodebaewodebaewodeba    hiperboluri,hiperboluri,hiperboluri,hiperboluri,      
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modelebis modelebis modelebis modelebis saSualebiT Cven ver davamtkicebT rom hiperboluri saSualebiT Cven ver davamtkicebT rom hiperboluri saSualebiT Cven ver davamtkicebT rom hiperboluri saSualebiT Cven ver davamtkicebT rom hiperboluri 

geometria Tanmimdevruli Teoriaa (anu ar Seicavs winaaRmdegobas), geometria Tanmimdevruli Teoriaa (anu ar Seicavs winaaRmdegobas), geometria Tanmimdevruli Teoriaa (anu ar Seicavs winaaRmdegobas), geometria Tanmimdevruli Teoriaa (anu ar Seicavs winaaRmdegobas), 

magram imas ki davamtkicebmagram imas ki davamtkicebmagram imas ki davamtkicebmagram imas ki davamtkicebTTTT    rom hiperboluri geometria iseverom hiperboluri geometria iseverom hiperboluri geometria iseverom hiperboluri geometria isevea a a a 

TanmimdevruliTanmimdevruliTanmimdevruliTanmimdevruli, rogorc evkliduri geometria. , rogorc evkliduri geometria. , rogorc evkliduri geometria. , rogorc evkliduri geometria.     

 

ra aris modeli? jer ganvixiloT modeli romelic ekuTvnis puankares.  

M 

 

evkliduri geometriis sibrtyes hiperbolur geometriaSi Seesabameba 

zeda naxevarsibrtye: 

= � )��, �� � ��: � { 0*.    
Eexla Cveni wertilebi aris =  naxevarsibrtyis wertilebi. 

rac mTavaria hiperbolur geometriaSi, wrfeebi arian an vertikaluri 

wrfeebi, an naxevarwrewirebi, centriT = -is sazRvarze. Nnax. 1, 2.H 

    

    

    

 

 
    

                                                                                                                                                                                                                                                                                                                                                nax. 1nax. 1nax. 1nax. 1    

:  

 

 



 

 

naxnaxnaxnax

    

A 

 

 

 

 

 

 

am terminebSi hiperboluri aqsioma cxadad sruldeba. ix. nax. 3.

 wrfe 3 paraleluria mis gareT mdebare wertilze gamavali 6,7,8 

wrfeebis.  

    

naxnaxnaxnax 3: sxvadasxva

    

NNNN    
.... 2:  sxvadasxva hiperboluri wrfeebi

hiperboluri aqsioma cxadad sruldeba. ix. nax. 3.

wrfe 3 paraleluria mis gareT mdebare wertilze gamavali 6,7,8 

    
sxvadasxva paraleluri hiperboluri 
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wrfeebi 

hiperboluri aqsioma cxadad sruldeba. ix. nax. 3. 

wrfe 3 paraleluria mis gareT mdebare wertilze gamavali 6,7,8 

 

 wrfeebi 
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imisaTvis rom davrwmundeT rom es marTla hiperboluri geometriis 

modelia unda SevamowmoT aqsiomebi. 

 

MmagaliTad: Nnebismier or wertilze gadis erTaderTi wrfe.  

Arogorc vTqviT hiperbolur geometriaSi “wrfe” niSnavs “hiperboluri 

wrfe” anu vertikaluri wrfe an naxevarwrewiri. Eanu  Cven SemTxvevaSi 

aqsioma niSnavs rom:  

=    naxevarsibrtyis nebismier or wertilzeGgadis an erTaderTi 

vertikaluri wrfe, an erTaderTi naxevarwrewiri.  

rac aris Teorema evklidur geometriaSi.  

Aamrigad hiperboluri geometriis aqsiomebi gadaiqceva evklidur 

geometriis Teoremebad da piriqiT. Aamitom hiperbolur geometriaSi 

raime winaaRmdegoba rom iyos, es gamoiwvevda Sesabamis winaaRmdegobas 

evklidur geometriaSi. es niSnavs rom orive Teoria Tanmimdevrulia, an 

orive winaaRmdegobrivi. 

 

Aamrigad modelebis saSualebiT imis damtkicebaa SesaZlebeli Aamrigad modelebis saSualebiT imis damtkicebaa SesaZlebeli Aamrigad modelebis saSualebiT imis damtkicebaa SesaZlebeli Aamrigad modelebis saSualebiT imis damtkicebaa SesaZlebeli 

romEevkliduri geometria isevea TromEevkliduri geometria isevea TromEevkliduri geometria isevea TromEevkliduri geometria isevea Tanmimdevruli rogorc araevkliduri anmimdevruli rogorc araevkliduri anmimdevruli rogorc araevkliduri anmimdevruli rogorc araevkliduri 

geometriebi geometriebi geometriebi geometriebi     

    

    

    

                                                                            Eelifsuri geometria Eelifsuri geometria Eelifsuri geometria Eelifsuri geometria     

rogorc zemoT avRniSneT Tu miviRebT elifsur aqsiomas (paralelobis 

aqsiomis nacvlad) moviRebT winaawmdegobas evklides sxva aqsiomebTan. 

mainc romel aqsiomebTan? Turme  aucilebeli xdeba am ori evkliduri 

aqsiomidan erT-erTze uaris Tqma: 

1. or gansxvavebul wertilze gadis erTaderTi wrfe. 

2. sibrtyeze mdebare wrfe am sibrtyes or nawilad hyofs. 

 

Tu elifsur aqsiomas moviRebT da amasTan  

a. uars vityviT 2 aqsiomaze, gveqneba    “cali elifsuri”“cali elifsuri”“cali elifsuri”“cali elifsuri” geometria, 
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b. uars vityviT 1 aqsiomaze, gveqneba “ormagi elifsuri”“ormagi elifsuri”“ormagi elifsuri”“ormagi elifsuri” geometria. 

 

 

ormagiormagiormagiormagi    elifsuri elifsuri elifsuri elifsuri (anu sferuli) (anu sferuli) (anu sferuli) (anu sferuli) geometriis modeli: geometriis modeli: geometriis modeli: geometriis modeli:     

    

am modelSi Cveni “sibrtye” aris sfero,  

wertilebi – wertilebi sferoze, 

Cveni “wrfeebi” _ sferos didi wrewirebi. 

sferos didi wrewiri miiReba sferos TanakveTiTsferos didi wrewiri miiReba sferos TanakveTiTsferos didi wrewiri miiReba sferos TanakveTiTsferos didi wrewiri miiReba sferos TanakveTiT    

sferos centrze gamaval sibrtyesTan. sferos centrze gamaval sibrtyesTan. sferos centrze gamaval sibrtyesTan. sferos centrze gamaval sibrtyesTan.     

  

 

 

 

    

 

 

rogorc naxatidan Cans P, P¦ polusebze gadis erTze meti 

wrfe. (sinamdvileSi uamravi wrfe). 

Uufro metic aq saerTod ar arsebobs paraleluri wrfeebi   

(radgan ori nebismieri didi wrewiri sferoze TanaikveTeba). 

 

Aam geometriis “sibrtyeze” mdebare “elifsuri wrfeebis” Sesaxeb 

Teoremebs Seesabameba vkliduri geometriis Teoremebi sferoze 

mdebare didi wrewirebis Sesaxeb. 

 

 

 

  

                            calicalicalicali    elifsuri elifsuri elifsuri elifsuri (anu proeqtiuli) (anu proeqtiuli) (anu proeqtiuli) (anu proeqtiuli) geometriis modeli:geometriis modeli:geometriis modeli:geometriis modeli:    

    

 

am geometriis sibrtyis modeli aris e.w. proeqtiuli sibrtye, anu  

zeda naxevarsfero ekvatoris CaTvliT, oRond ekvatoris 

antipodaluri (centris mimarT simetriuli) wertilebi 

gaigivebulia. Awrfeebi aris didi naxevarwrewirebi.  

 

ekvatoris antipodaluri wertilebis gaigivebis gamo ar sruldeba 

evkliduri geometriis zemoTmoyvanili 2 aqsioma. 
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SevniSnoT rom proeqtiuli sibrtye igivea rac sfero 

antipodaluri wertilebis gaigivebiT (miwebebiT). Aam dros qveda 

naxevarsfero miewebeba zedas. Aamitom darCeba zeda naxevarsfero 

da ekvatorze antipodaluri wertilebi gaigivdeba, rogorc zemoT 

gvqonda. 

 

MMMM                                                                                                    

                                                                                        maRali ganzomilebebi.maRali ganzomilebebi.maRali ganzomilebebi.maRali ganzomilebebi.    

    
 

zemoTmoyvanil modelebSi Cven saubari gvqonda araevkliduri 

sibrtyis modelebze. rasakvirvelia arsebobs maTi ganzogadeba sami 

da nebismieri n  ganzomilebisTvis. maTze Cven exla dawvrilebiT 

ver SevCerdebiT da mxolod motivaciis mizniT mokle SeniSvnebiT 

SemovifarglebiT. 

 

1.  sferuli(anu cali elifsuri) geometriis  n  ganzomilebiani 

modelia n ganzomilebiani sfero Æ>, romelic > � 1 ganzomilebian 

evklidur sivrceSi Ð>�
 aris Cadgmuli. aq  wrfeebi arian    

didi wrewirebi, anu Æ> sferos TanakveTebi Ð>�
 sivrcis 

sibrtyeebTan; modelis  sibrtyeebi arian Æ> sferos TanakveTebi Ð>�
 sivrcis samganzomilebian sivrceebTan;  

Sesabamisad modelis m ganzomilebiani sibrtyeebi arian Æ> sferos 

TanakveTebi Ð>�
 sivrcis m+1 ganzomilebian sibrtyeebTan. 

 

2. proeqtiul(anu cali elifsuri) geometriis n  ganzomilebiani 

modelia n ganzomilebiani proeqtiuli sivrce Ð!>, anu n 

ganzomilebiani sfero Æ>, romelSic antipodaluri wertilebi 

gaigivebulia.  

 

3. rac Seexeba hiperbolur geometrias. Ees saxeli imiTaa 

gamowveuli rom am geometriis sibrtyis erT-erT modeli, 

lorencis modeli, warmoadgens hiperboloids. KkerZod ki e.w. 

orkalTa hiperboloidis erT komponents (nawils). 

xolo hiperboluri geometriis n  ganzomilebiani modelia “n 

ganzomilebiani orkalTa hiperboloidis” erTi(“momavlis”) 

komponenti. Aarsebobs Mminkovskis sivrce, rac rogorc simravle 

igivea rac > � 1 ganzomilebiani evklidur sivrce Ð>�
, 

oRond (	t, 	
 … , 	> ) veqtoris “sigrZis kvadrati” asea gansazRvruli  	t�
	
� 
...…
	>�.… veqtorebs romelTaTvis 	t�
	
� 
...…
	>� � 1,     

ewodeba n ganzomilebiani orkalTa hiperboloidi. erTi kalTa 

roca 	t , 0 (“momavlis”) aris swored n-ganzomilebiani modeli.  

(meore kalTas roca 	t { 0  ew. “warsuli”.)  
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                                                                                                                                                        sferuli kuTxeebi da sferuli sferuli kuTxeebi da sferuli sferuli kuTxeebi da sferuli sferuli kuTxeebi da sferuli samkuTxedebisamkuTxedebisamkuTxedebisamkuTxedebi 

 

evklidur brtyel geometriaSi, wrfeebi qmnian kuTxes maSin, roca isini 

ikveTebian. rogorc cnobilia, roca ori wiri erT wertilSi ikveTeba, maSin 

kuTxe am or wirs Soris ganimarteba rogorc kuTxe gadakveTis wertilSi 

TiToeuli wirisadmi gavlebul mxeb veqtorebs Soris (nax. 4). wiris yovel 

wertilSi, mxebi veqtorisaTvis gvaqvs misi mopirdapire veqtori, Sesabamisad 

_wirebis gadakveTis wertilSi gvaqvs oTxi veqtori, romlebic erTmaneTTan oTx 

kuTxes adgenen (vertikaluri kuTxeebi). am kuTxeebidan θ  umcires kuTxes  

wirebs Soris kuTxes uwodeben. analogiurad ganimarteba kuTxe sferos or did 

wrewirs anu geodeziurs  geodeziurs  geodeziurs  geodeziurs  Soris.   

 

  

nax. 4 

arsebobs or geodeziurs Soris kuTxis meore, eqvivalenturi ganmarteba: 

ganvixiloT mocemuli geodeziurebis ganmsazRvreli, sferos centrze gamavali 

sibrtyeebi. amovarCioT nebismieri wertili am sibrtyeebis TanakveTis wrfeze 

magaliTad, B  wertili (ix. nax 4). am sibrtyeebidan TiToeulze gavavloT 

sxivebi, romlebic TanakveTis wrfis perpendikularulia da B  wertilSi 

ikveTebian. SevniSnoT, rom TiToeul sibrtyeSi agebuli sxivebisaTvis  

SesaZlebelia avirCioT ori erTmaneTis sapirispiro mimarTuleba. am sxivebis 

mier Sedgenil kuTxeebs Soris umcires θ  kuTxe _geodeziurebs Soris kuTxes 

warmoadgens. 

 

gansazRvreba. gansazRvreba. gansazRvreba. gansazRvreba.  vTqvaT, A , B  da C  sferoze aRebuli, erTdroulad erT 

geodeziurze aramdebare wertilebia,AAB , BC da �P rkalebi romlebic 
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geodeziurebze mdebareoben wyvil-wyvilad sam wertilSi (A, B ,CA) 

dagaikveTebian da SemosazRvraven sferos nawils, romelsac ABC sferuli 

samkutxedi ewodeba. (ix. nax. 5)    

 

 

SeniSvna.SeniSvna.SeniSvna.SeniSvna. arsebobs sferuli samkuTxedi ori marTi kuTxiT. vTqvaT, eP  aris 

sibrtye, romelic sferos kveTs ekvatoris gaswvriv, xolo 1P  aris sibrtye, 

romelic gadis sferos centrze, eP  sibrtyis marTobulad. 1P  sibrtye adgens 

Crdilo da samxreT polusebis SemaerTebel geodeziurs _grZeds. vTqvaT, 1A  am 

grZedis ekvatorTan gadakveTis erT-erTi wertilia. vinaidan 1P  da eP  

sibrtyeebi urTierT marTobulia, amitom am or geodeziurs Soris yoveli 

kuTxea o90 . movabrunoT 1P  sibrtye Crdilo da samxreT polusebis 

SemaerTebeli wrfeze (is am wrfeze gadis, radgan gadis sferos centrze), 

miviRebT 2P  sibrtyes. es axali sibrtye aseve warmoqmnis geodeziurs _grZeds, 

romelic aseve marTobulia ekvatoruli sibrtyis da masTan Sedgenili kuTxea 
o90 . vTqvaT, 2A  miRebuli axali grZedis ekvatorTan gadakveTis erT-erTi 

wertilia. rogorc davadgineT, 21NAA  samkuTxedis or kuTxe marTia da 

Sesabamisad, am samkuTxedis kuTxeebis jami o180 -ze metia.  

bunebrivad Cndeba kiTxva: samkuTxedis kuTxeebis jami ramdeniTaa meti samkuTxedis kuTxeebis jami ramdeniTaa meti samkuTxedis kuTxeebis jami ramdeniTaa meti samkuTxedis kuTxeebis jami ramdeniTaa meti o180 ----ze?ze?ze?ze?    

    

TeoremaTeoremaTeoremaTeorema----1111.... ABC sferuli samkuTxedis sapirispiro ))()(( CBA −−−  sferuli 

samkuTxedi igive zomisaa da am samkuTxedebis farTobebi tolia 

SeniSvna. Aaq SeniSvna. Aaq SeniSvna. Aaq SeniSvna. Aaq – \,  aris ,  aris ,  aris ,  aris \    wertilis mopirdapire wertili sferoze, anu wertilis mopirdapire wertili sferoze, anu wertilis mopirdapire wertili sferoze, anu wertilis mopirdapire wertili sferoze, anu 

koordinatebSi Tu koordinatebSi Tu koordinatebSi Tu koordinatebSi Tu \ � ��, �, ��, maSin , maSin , maSin , maSin ––––\ � �
�, 
�, 
��.    analogiurad analogiurad analogiurad analogiurad – ^. 
�....    

 

TeoremaTeoremaTeoremaTeorema----2222.... R radiusiani sferos zedapiris farTobi 24 Rπ -is tolia 

(Sesabamisad, naxevarsferos farTobia 22 Rπ ) 

 

SeniSvna. SeniSvna. SeniSvna. SeniSvna. SemovabrunoT sfero ise, rom wina mxares aRmoCndes ABC sferuli 

samkuTxedi. maSin A , B , A−  da B−  wertilebi moTavsdebian did wrewirebze, 

romlebic sferos zedapirs wina (naTel) da ukana (bnel) mxareebad dayofen (nax. 

5). wyvetiliT didi wrewiris is nawilia aRniSnuli, romelic sferos ukana 

mxares ganekuTvneba. sferos ukana mxarezea aseve )( CAB −  sferuli samkuTxedi.  

ori didi wrewiri sferos zedapirs oTx nawilad_mTvared yofs (es 

saxelwodeba mTvaris zedapiris nawilebis saxelwodebis analogias 
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rarmoadgens). magaliTad, C  wertilSi ikribeba oTxi mTvare. maT Soris erTi 

BCCCA )(− _Tia SemosazRvruli (Tu davuSvebT, rom )( CAB −  sferuli 

samkuTxedi am mTvaris nawilia). mTvaris misaRebad didi wrewiri or tol 

nawiladaa dayofili. mTvaris sapirispiro wertilebidan TiToeuls mTvaris 

kide ewodeba. didi wrewirebiT Sedgenili kidis kuTxis zomas_mTvaris zoma 

(sidide) ewodeba.       

    

TeoremaTeoremaTeoremaTeorema----3. 3. 3. 3.     θ  radianis toli kidis kuTxis Sesabamisi mTvaris farTobi 22 Rθ -is 

tolia 

    

nax. 5     

damtkiceba. damtkiceba. damtkiceba. damtkiceba. sferos zedapirze avagoT mTvare. ganvixiloT )( CCB −  

naxevarwrewiri da SemovabrunoT is sferos im diametris garSemo, romelsac C  

da )( C−  wertilebi gansazRvravs. am mobrunebis Sedegad (roca AB → ) mTvare 

naxevarwrewirSi gadava da Sesabamisad, misi farTobi 0–is tolia. Tu 

mobruneba moxdeba π  radianze ( o180 -ze), maSin miviRebT naxevarsferos, romlis 

zedapiris farTobia 22 Rπ . cxadia, rom Tu mobruneba ganxorcieldeba θ  

radianis tol kuTxeze, maSin miRebuli mTvaris zedapiris farTobi 

naxevarsferos zedapiris farTobis πθ / -nawilis toli iqneba. amgvarad, θ  

radianis toli kidis kuTxis Sesabamisi mTvaris farTobi tolia 22 Rθ -is. rdgrdgrdgrdg   

 

TeoremaTeoremaTeoremaTeorema----4444.... (namatis Sesaxeb.)namatis Sesaxeb.)namatis Sesaxeb.)namatis Sesaxeb.)  R radiusiani sferos ABC sferul 

samkuTxedisaTvis (ix. nax. 5) adgili aqvs tolobas: 

                                              
2

][

R

S
CmBmAm ABC+=∠+∠+∠ π , 

sadac ][ ABCS _sferuli samkuTxedis farTobia, xolo am samkuTxedis kuTxeebi 

radianebSia gazomili. 



125 

 

damtkiceba.damtkiceba.damtkiceba.damtkiceba. sferuli ABC samkuTxedis yovel wvero gansazRvravs erT mTvares. 

is miiReba sferuli samkuTxedis im ori gverdis gagrZelebiT, romlebic am 

wertilSi ikveTebian. maT ewodebaT: mTvare A_Si, mTvare B _Si da mTvare C _Si. 

avRniSnoT Sesabamisad s�P�, s�Q�, s���.  gveqneba: 

Æ?��� � Æ?�@� � Æ?�A� � S(naxevarsfero )+ 2Æ8�@A9 
 Æ8�N���N@��NA�9 � Æ8�@�NA�9. 
am tolobaSi, bolo ori farTobi erTmaneTis tolia, amitom gveqneba: 

][
2222 22222 ABCSRCmRBmRAmR ⋅+=∠⋅+∠⋅+∠⋅ π  

tolobis orive mxaris 22 R⋅ -ze gavyofiT, miviRebT saWiro tolobas. rdgrdgrdgrdg 

 

SeniSvna.SeniSvna.SeniSvna.SeniSvna. amgvarad, sferuli samkuTxedis farTobis gamoTvla SesaZlebelia misi 

kuTxeebisa da sferos radiusis mixedviT. amasTan, araa aucilebeli vicodeT 

samkuTxedis gverdebis sigrZeebi.  

nebismieri sferuli samkuTxedisaTvis, arsebobs naxevarsfero, romelic 

mTlianad Seicavs mas, amitom sferuli samkuTzedis maqsimaluri farTobia 2�Ð�. gamoviyenoT Teorema namaTis Sesaxeb.   

    

TeoremaTeoremaTeoremaTeorema.  sferuli samkuTxedis Siga kuTxeebis jami sferuli samkuTxedis Siga kuTxeebis jami sferuli samkuTxedis Siga kuTxeebis jami sferuli samkuTxedis Siga kuTxeebis jami + , T � B � C , 3+. . . .     

 

Ddamtkiceba:  nebismieri sferuli samkuTxedisaTvis, arsebobs naxevarsfero, 

romelic mTlianad Seicavs mas (romeli? ix. qvemoT savarjiSo), amitom sferuli 

samkuTxedis maqsimaluri farTobia 2�Ð�. gamoviyenoT Teorema namatis Sesaxeb. 

R.d.g. (dawereT es damtkiceba dawvrilebiT).  

 

Aam Teoremis damtkicebis alternatiuli gza eyrdnoba e.w. 

stereografiul proeqcias. Ees proeqcia matematikasa da sxva 

disciplinebSi farTod gamoiyeneba. Cvem mokled SevexebiT mis 

gansazRvrebas da Tvisebebs. 

    

HHhipeHHhipeHHhipeHHhiperboluri kuTxeebi da samkuTxedebi.rboluri kuTxeebi da samkuTxedebi.rboluri kuTxeebi da samkuTxedebi.rboluri kuTxeebi da samkuTxedebi.    

Ppuankares hiperboluri sibrtyis modelze dayrdnobiT mtkicdeba  

Teorema.Teorema.Teorema.Teorema.    HHHHhiperboluri samkuTxedis Siga kuTxeebis jami hiperboluri samkuTxedis Siga kuTxeebis jami hiperboluri samkuTxedis Siga kuTxeebis jami hiperboluri samkuTxedis Siga kuTxeebis jami / , T � B � C , �....    

damtkicebas ar moviyvanT.  
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