Numerical Methods: Design, Analysis, and Computer
Implementation of Algorithms

Anne Greenbaum Timothy P. Chartier




Contents

Preface . . . . e e e e e e e e

1 Mathematical Modeling

1.1 Modeling in Computer Animation . . .. . ... ... ... ... L.

1.1.1 A Model Robe . . . . . . . .. .
1.2 Modeling in Physics: Radiation Transport . . . . . . . . . . ... ... ... .....
1.3 Modeling in Sports . . . . . . . . oL
1.4 Ecological Models. . . . . . . . . . . L e e
1.5 Modeling a Web Surfer and Google . . . . . . . . ... ... o .

1.5.1 The Vector Space Model . . . . . . . . .. ... .. ... ..

1.5.2 Google’s PageRank . . . . . . . ... .o

2 Basic Operations with MATLAB

2.1 Launching MATLAB . . . . . . . . . e
2.2 Vectors . . . . . . . e e e e e
23 Gettinghelp. . . . . . oL
2.4 Matrices . . . . . . . e e e e e e e e e e
2.5 Creating and running .mfiles . . . . . . .. ... Lo Lo
2.6 Comments . . . . . . . . L. L e e e e e e e
2.7 Plotting . . . . . . o L e e e e e
2.8 Creating your own functions . . . . . . . .. ..o Lo o
2.9 Printing . . . . . . L e
2.10 More loops and conditionals . . . . . . ... .. oo oL o
2.11 Clearing variables . . . . . . . . . . .. L
2.12 Logging your SeSSION . . . . . . . .« . o it e e e e e e e
2.13 More Advanced Commands . . . . . . . . . ... . L Lo o

3 Monte Carlo Methods

3.1 A Mathematical Gameof Cards. . . . . . . . .. . .. . . ... ... ... ... ...
3.1.1 TheOddsin Texas Holdem . . .. ... ... .. .. ... . ..........
3.2 Basic Statistics . . . . . . . .. e e e e e
3.2.1 Discrete Random Variables . . .. .. ... ... ... .............
3.2.2 Continuous Random Variables . . . ... ... .. ... .. ..........



3.2.3 The Central Limit Theorem . . . . . . . . . . . . . . o o v,

3.3 Monte Carlo Integration . . . . . . . . . . . . . e
3.3.1 Buffon’sNeedle . . . . . . . . . o e
3.3.2 Estimating m . . . . . ... oL e
3.3.3 Another Example of Monte Carlo Integration . . . . .. ... ... ... ...

Solution of a Single Nonlinear Equation in One Unknown

4.1 Bisection . . . . . . . L e e e e e e e e e e e e
4.2 Taylor’s Theorem . . . . . . . . . . . o e
4.3 Newton’s Method . . . . . . . . . . .
4.4 Quasi-Newton Methods . . . . . .. . ... .. ... .. ... ..
4.4.1 Avoiding Derivatives . . . . . . . ... oL
4.4.2 Constant Slope Method . . . . . .. ... ... ... ..
4.4.3 Secant Method . . . . . . . . . .
4.5 Analysis of Fixed Point Methods . . . . . . ... ... ... ... ...
4.6 Fractals, Julia Sets and Mandelbrot Sets* . . . . . .. .. ... ... .........
Floating Point Arithmetic
5.1 Costly Disasters Caused by Rounding Exrrors . . . . . . . ... ... ... ... ...
5.2 Binary Representation and Base 2 Arithmetic . . . . . . . ... ... o000,
5.3 Floating Point Representation . . . . . . . . ... .. ... ... L oL
5.4 IEEE Floating Point Arithmetic . . . ... ... ... ... ... .. .....
5.5 Rounding . . . . . . . . .. e
5.6 Correctly Rounded Floating Point Operations . . . . . . . .. . ... ... ... ...
5.7 Exceptions . . . . . . . . e e
Conditioning of Problems; Stability of Algorithms
6.1 Conditioning of Problems . . . . . . . ... ...
6.2 Stability of Algorithms . . . . . . . . ... L
Direct Methods for Solving Linear Systems and Least Squares Problems
7.1 Review of Matrix Multiplication . . . . .. ... ... ... oo,
7.2 Gaussian Elimination. . . . . . . . . . ... L L oo e
7.2.1 Operation Counts . . . . . . . ... ... e
7.2.2 LU Factorization . . . . . . . . . . oL 0o o e e e
7.2.3 Pivoting . . . . . . . e e e e
7.2.4 Banded Matrices and Matrices for which Pivoting is Not Required . . . . . .
7.2.5 Implementation Considerations for High Performance® . . . . . .. ... ...
7.3 Other Methods for Solving Ax=b . . . . .. ... ... ... ... . ...
7.4 Conditioning of Linear Systems . . . . . . . . . . ... .. e
741 Norms . . . . . . o e e e e e e
7.4.2 Sensitivity of Solutions of Linear Systems . . . . . ... ... ... ... ...
7.5 Stability of Gaussian Elimination with Partial Pivoting . . . . ... ... ... ...

76
81
85
88
94
94
95
95
98
103

113
114
117
118
120
122
124
125

130
130
131



7.6 Least Squares Problems . . . . . . . . ... ... e 172

7.6.1 The Normal Equations . . . . . . . . . .. .. 173
7.6.2 QR Decomposition . . . . . . . .. L L 174
7.6.3 Fitting Polynomialsto Data . . . . . ... ... .. ... ... ... .. ..., 177
8 Polynomial and Piecewise Polynomial Interpolation 187
8.1 The Vandermonde System . . . . . . . . . . ... Lo 187
8.2 The Lagrange Form of the Interpolation Polynomial . . . ... ... ... ... ... 188
8.3 The Newton Form of the Interpolation Polynomial . . . . ... ... ... ...... 190
8.3.1 Divided Differences . . . . . . . . . . .. 192
8.4 The Error in Polynomial Interpolation . . . . . . . . ... ... ... ... 194
8.5 Piecewise Polynomial Interpolation . . . . . . . .. .. ... oo oL, 196
8.5.1 Piecewise Cubic Hermite Interpolation . . . . . . . ... ... ... ...... 199
8.5.2 Cubic Spline Interpolation . . . . . . . . . . . ..o oo 200
8.6 Some Applications . . . . . . . .. L L 204
9 Numerical Differentiation and Richardson Extrapolation 210
9.1 Numerical Differentiation . . . . . . . ... ... o oL 210
9.2 Richardson Extrapolation . . . . . . . ... ... ... L 216
10 Numerical Integration 221
10.1 Newton-Cotes Formulas . . . . . . . . . . . . . . i 221
10.2 Formulas Based on Piecewise Polynomial Interpolation . . . . . . . .. .. ... ... 225
10.3 Gaussian Quadrature . . . . . . . . . . .. L e e e 228
10.3.1 Orthogonal Polynomials . . . . . . . ... ... .. ... .. ... ... . ... 229
10.4 Romberg Integration . . . . . . . .. . . oL Lo oo 233
10.5 Periodic Functions and the Euler-Maclaurin Formula . . . . . . .. .. ... ... .. 234
10.6 Singularities . . . . . . . . L L e e e e e e e 238

11 Numerical Solution of the Initial Value Problem for Ordinary Differential Equa-
tions 242
11.1 Existence and Uniqueness of Solutions . . . . . . .. ... ... ... ... 244
11.2 One-Step Methods . . . . . . . . o o e 247
11.2.1 Euler’s Method . . . . . . . . . . o L e 247
11.2.2 Higher Order Methods Based on Taylor Series . . ... ... ... ...... 251
11.2.3 Midpoint Method . . . . . . . . . . . . e 252
11.2.4 Methods Based on Quadrature Formulas . . . . . . ... ... ... ...... 253
11.2.5 Classical Fourth-Order Runge-Kutta and Runge-Kutta-Fehlberg Methods. . . 253
11.2.6 Analysis of One-Step Methods . . . . . . . ... ... ... ... ... .. 255
11.2.7 Practical Implementation Considerations . . . . . ... .. ... ... .... 258
11.2.8 Systems of Equations . . . . . . .. ... ... L 259
11.3 Multistep Methods . . . . . . . . . . . . L e 260
11.3.1 Adams-Bashforth and Adams-Moulton Methods . . . . .. ... ... .... 260



11.3.2 General m-Step Methods . . . . . . . . . ... ... oo 262

11.3.3 Linear Difference Equations . . . . . . . . .. ... ... o oo 264
11.3.4 The Dahlquist Equivalence Theorem . . . . . . . . . ... ... ... ..... 267
11.4 Stiff Equations . . . . . . . . L e e e 268
11.4.1 Absolute Stability . . . . . . . . . . ... 269
11.4.2 Backward Differentiation Formulae (BDF Methods) . . ... ... ... ... 273
11.4.3 Implicit Runge-Kutta (IRK) Methods . . . .. .. ... ... ......... 274
11.5 Solving Systems of Nonlinear Equations in Implicit Methods . . . . . .. ... ... 275
11.5.1 Fixed Point Iteration . . . . . . . . . ... .. .o oo oo 275
11.5.2 Newton’s Method . . . . . . . . . . . ... . L 277

12 More Numerical Linear Algebra: Eigenvalues and Iterative Methods for Solving

Linear Systems 283
12.1 Eigenvalue Problems . . . . . . . . . . .. L L 283
12.1.1 The Power Method for Computing the Largest Eigenpair . . ... ... ... 290
12.1.2 Inverse Iteration . . . . . . . . . . . . . . . e 293
12.1.3 Rayleigh Quotient Iteration . . . . . . . . .. ... ... ... ... 295
12.1.4 The QR Algorithm . . . . . . . .. . ... 296
12.1.5 Google’s PageRank . . . . . . . ... .. Lo o 299

12.2 Tterative Methods for Solving Linear Systems . . . . . .. ... . ... ... ..... 306
12.2.1 Basic Iterative Methods for Solving Linear Systems . . . . . . ... ... ... 306
12.2.2 Simple Iteration . . . . . .. ..o L e 307
12.2.3 Analysis of Convergence . . . . . . . . . . .. e 310
12.2.4 The Conjugate Gradient Algorithm . . . . . . . . ... ... .. ... ... ... 314
12.2.5 Methods for Nonsymmetric Linear Systems . . . . . ... ... ... ..... 321

13 Numerical Solution of Two-Point Boundary Value Problems 327
13.1 An Application: Steady-State Temperature Distribution . . . . . . . . ... ... .. 327
13.2 Finite Difference Methods . . . . . . . . . . . .. .. .. 328
13.2.1 Accuracy . . . . . . oL e e e e e e 330
13.2.2 More General Equations and Boundary Conditions . . . . . . ... ... ... 335

13.3 Finite Element Methods . . . . . . . . .. . ... ... ... 339
13.3.1 Accuracy . . . . . . oL e e e e 344

14 Numerical Solution of Partial Differential Equations 349
14.1 Elliptic Equations . . . . . . . . .. .o 351
14.1.1 Finite Difference Methods . . . . . . . . . . . .. . ... ... ... 351
14.1.2 Finite Element Methods . . . . . . . ... .. ... ... ... . ... 355

14.2 Parabolic Equations . . . . . . . . ..o L e 357
14.2.1 Semidiscretization and the Method of Lines . . . . . . . ... ... ...... 357
14.2.2 Discretization in Time . . . . . . . . . . . ..o oL 358

14.3 Separation of Variables . . . . . . . . . . .o L Lo 365
14.3.1 Separation of Variables for Difference Equations . . . . .. .. .. ... ... 368



14.4 Hyperbolic Equations . . . . . . . . . . . L e 369

14.4.1 Characteristics . . . . . . . . . . L Lo e e e 369

14.4.2 Systems of Hyperbolic Equations . . . . . ... .. ... .. .. ........ 371

14.4.3 Boundary Conditions . . . . . . . . .. . ... e 372

14.4.4 Finite Difference Methods . . . . . . . . . .. ... .o o Lo 372

14.5 Fast Methods for Poisson’s Equation . . . . . . . .. ... ... ... 0L 376
14.5.1 The Fast Fourier Transform . . . . . . .. .. ... ... ... ..., 378

14.6 Multigrid Methods . . . . . . . . . . . .. 381

A Review of Linear Algebra 387
A.1 Vectors and Vector Spaces . - . . - . . . . oo e e 387
A.2 Linear Independence and Dependence . . . . .. ... .. ... ... ......... 388
A.3 Span of a Set of Vectors, Bases and Coordinates, Dimension of a Vector Space . . . 389
A.4 The Dot Product, Orthogonal and Orthonormal Sets, the Gram-Schmidt Algorithm 389
A.5 Matrices and Linear Equations . . . . . . .. ... . oL oo oo 391
A.6 Existence and Uniqueness of Solutions, The Inverse, Conditions for Invertibility . . . 393
A.7 Linear Transformations, the Matrix of a Linear Transformation . . . ... ... ... 397
A.8 Similarity Transformations, Eigenvalues and Eigenvectors . . . .. .. .. ... ... 398

B Review of Taylor’s Theorem in Multidimensions 401



Preface

In this book we have attempted to integrate a reasonably rigorous mathematical treatment of
elementary numerical analysis with motivating examples and applications as well as some historical
background. It is designed for use as an upper division undergraduate textbook for a course in
numerical analysis that could be in a mathematics department, a computer science department, or
a related area. It is assumed that the students have had a calculus course, and have seen Taylor’s
theorem, although this is reviewed in the text. It is also assumed that they have had a linear
algebra course. Parts of the material require multivariable calculus, although these parts could
be omitted. Different aspects of the subject — design, analysis, and computer implementation of
algorithms — can be stressed depending on the interests, background, and abilities of the students.

We begin with a chapter on mathematical modeling to make the reader aware of where numerical
computing problems arise and the many uses of numerical methods. In a numerical analysis course,
one might go through all or some of the applications in this chapter or one might just assign it to
students to read. Next is a chapter on the basics of MATLAB [41], which is used throughout the
book for sample programs and exercises. Another high level language such as SAGE [?] could be
substituted, as long as it is a language that allows easy implementation of high level linear algebra
procedures such as solving a system of linear equations or computing a QR decomposition. This
frees the student to concentrate on the use and behavior of these procedures rather than the details
of their implementation, although the major aspects of their implementation are covered in the
text in order to explain proper interpretation of the results.

The next chapter is a brief introduction to Monte Carlo methods. Monte Carlo methods usually
are not covered in numerical analysis courses, but they should be. They are very widely used
computing techniques and demonstrate the close connection between mathematical modeling and
numerical methods. The basic statistics needed to understand the results will be useful to students
in almost any field that they enter.

The next chapters contain more standard topics in numerical analysis — solution of a single
nonlinear equation in one unknown, floating point arithmetic, conditioning of problems and stability
of algorithms, solution of linear systems and least squares problems, and polynomial and piecewise
polynomial interpolation. The first author usually covers all or part of these chapters during the
first quarter of a three quarter sequence at the University of Washington. The second author
teaches a semester course at Davidson College and covers this material together with numerical
differentiation and integration and the numerical solution of ordinary differential equations.

The second quarter concentrates on the numerical solution of initial value problems for ordinary
differential equations (ODE’s) and related material. Here we cover the chapters on numerical dif-
ferentiation, numerical integration, and the numerical solution of initial value problems for ODFE’s.
A short section of the ODE chapter is devoted to solving systems of nonlinear equations and should
be an easy generalization of the material on solving a single nonlinear equation, assuming that the
students have had multivariable calculus. During this quarter we usually cover some of the material
from the chapter entitled “More Numerical Linear Algebra,” as well.

The third quarter concentrates on the numerical solution of partial differential equations (PDE’s)
and related material, such as two-point boundary value problems and the fast Fourier transform



(FFT). Here we often cover other parts of the text that were not covered previously.

One can arrange a sequence in which each quarter (or semester) depends on the previous one,
but it is also fairly easy to arrange independent courses for each topic. This requires a review of
MATLAB at the start of each course and usually a review of Taylor’s theorem with remainder
and a small amount of additional material from previous chapters, but the amount required from,
for example, the linear algebra sections in order to cover, say, the ODE sections is small and can
usually be fit into such a course.

We have attempted to draw on the popularity of mathematical modeling in a variety of new
applications, such as movie animation and information retrieval, to demonstrate the importance
of numerical methods, not just in engineering and scientific computing, but in many other areas
as well. Through a variety of examples and exercises, we hope to demonstrate some of the many,
many uses of numerical methods, while maintaining the emphasis on analysis and understanding
of results. Exercises seldom consist of simply computing an answer; in most cases a computational
problem is combined with a question about convergence, order of accuracy, or effects of roundoff.
Always an underlying theme is, “How much confidence do you have in your computed result?” We
hope that the blend of exciting new applications with old-fashioned analysis will prove a successful
one.



Chapter 1

Mathematical Modeling

Numerical methods play an important role in modern science. Scientific exploration is often con-
ducted on computers rather than laboratory equipment. While it is rarely meant to completely
replace work in the scientific laboratory, computer simulation often complements this work.

Figure 1.1: (a) A Ferrari Formula 1 car with computer simulated airstreams. (b) Solving protein
folding models utilizes numerical optimization.

For example, the aerodynamic simulation of a Ferrari Formula 1 car pictured in Figure 1.1 (a)
requires the numerical solution of partial differential equations (PDEs) that model the flow of air
past the car. The auto body must be smooth and sleek, so it is often modeled using cubic (or higher
order) splines. Similar computations are done in designing aircraft. We will study the numerical
issues in using splines and solving PDEs in Chapters 8 and 14, respectively.

Other examples occur in the field of mathematical biology, an active area of research in industry,
government, and academia. Numerical algorithms play a crucial role in this work. For example,
protein folding models are solved as large optimization problems. Protein arranges itself in such
a way as to minimize energy — nature has no trouble finding the right arrangement, but it is not
so easy for humans. The field of numerical optimization is an entire subject of its own. We will
briefly mention the basics and some of the computational issues in Chapter 77?.



Before studying issues in the analysis and implementation of efficient and accurate numeri-
cal methods, we first look briefly at the topic of mathematical modeling, which turns real-world
problems into the sorts of mathematical equations that numerical analysts can attack. The mathe-
matical formulation usually represents only a model of the actual physical situation, and it is often
important for the numerical analyst or computational scientist to know something about the origin
of the model; in fact, numerical analysts sometimes work directly with scientists and engineers in
devising the mathematical model. This interaction is important for a number of reasons. First,
many algorithms do not produce the exact solution but only an approximate one. An understand-
ing of the origin of the problem is necessary to determine what constitutes an acceptably good
“approximate” solution: an error of one meter might be acceptable in locating an enemy tank, but
it would not be acceptable in locating a tumor for laser surgery! Moreover, even if the algorithm
theoretically produces the exact solution, when implemented on a computer using finite precision
arithmetic, the results produced will most likely be inexact. Part of numerical analysis is the un-
derstanding of the impact of finite precision computations on the accuracy of results. We will look
more deeply at the issues in computing in finite precision in Chapter 5.

In this chapter we present a variety of applications that involve numerical computation and
stem from careful mathematical modeling.

1.1 Modeling in Computer Animation

Many of the computer generated graphics that dominate the silver screen are produced with dy-
namic simulation. That is, a model is created, often using the laws of physics, and numerical
methods are then used to compute the results of that model. In this section, we will look at the
role of numerics in animation that appeared in the 2002 film Star Wars Episode II: Attack of the
Clones. In particular, we will take a careful look at some of the special effects used to digitally
create the character of Yoda, a Jedi master who first appeared as a puppet in the Star Wars saga
in the 1980 film, The Empire Strikes Back. In the 2002 film, Yoda was digitally created, which
required heavy use of numerical algorithms.

A key aspect of creating a digital Yoda involves producing believable movement of the char-
acter. The movement of Yoda’s body is described using key-frame animation, in which a pose
is specified at particular points in time and the computer automatically determines the poses in
the intervening frames through interpolation. (We will discuss several interpolation techniques in
Chapter 8.) Animators have many controls over such movement, with the ability to specify, for
instance, velocities and tangents of motion. While animators indicate the movement of Yoda’s
body, the computer must determine the resulting flow of his robe.

1.1.1 A Model Robe

Referring to Figure 1.2, we see that the robe is represented with triangles and the motion of each
vertex of the robe must be determined. Each vertex is modeled as a particle, which in this context
is a pointlike object that has mass, position, and velocity and responds to forces, but has no size.

The motion of a particle is governed by Newton’s second law, which is expressed mathematically

10



Figure 1.2: Stages of simulation in the animation of the digitally created Yoda in the fight scene
with Count Dooku in Star Wars Episode II. Two layers of Yoda’s clothing, seen in Figure 1.2 (b)
and (c), were computed separately. A process known as collision detection ensured that the inner
layer of clothing did not intersect the outer robe and become visible. A simplified model of cloth
illumination created the appearance of a real garment producing the final rendering of the image
in (d). (@©Lucasfilm Ltd & TM. All Rights Reserved. Digital Work by Industrial Light & Magic.

by the equation
F = ma = m(d*y/dt?), (1.1)

where y is a distance function of time ¢. Notice that the equations involve vector-valued functions
since our computations are performed in three dimensions. Since a particle has mass (m # 0),
equation (1.1) can be rewritten as the second-order ordinary differential equation (ODE):
2

Ty = E (1.2)

dt?  m
This ODE is part of an initial value problem, since the state of the particle at some initial time is
given. In the case of a movie, this is where the scene (which may be several seconds or a fraction
of a second in duration) begins.

To keep the shape of the robe, pairs of neighboring particles are attached to each other using

a spring force. Hooke’s law states that a spring exerts a force F that is proportional to its
displacement from its rest length xy. This is expressed mathematically as

Fy = —k(z — ),

where x denotes the current position of the spring and k is the spring constant. For simplicity,
we have stated the one-dimensional formulation of Hooke’s law, but to model the Jedi’s robe a
three-dimensional version is used.

Many other forces are computed to animate Yoda’s robe, including gravity, wind forces, collision
forces, friction, and even completely made-up forces that are invented solely to achieve the motion
that the director requests. In the simplest of cases, an analytic solution of the model may exist.
In computer animation, however, the forces acting on the particle constantly change and finding
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BENDING THE LAWS OF PHYSICS

When simulating the motion of Jedi robes in Star Wars Episode
II, animators discovered that if the stunts were performed in re-
ality, the clothing would be ripped apart by such accelerations of
the motion. To solve the problem, custom “protection” effects
were added to the simulations, which dampened this acceleration.
In the end, the clothes on the digital actors were less distorted
by their superhuman motion. To the left, we see a digital dou-
ble of Obi-wan Kenobi (played by Ewan McGregor) performing a
stunt too dangerous for a live actor in Star Wars Episode 1I. Note,
the hairs, like the clothing, were simulated as strips of particles
connected by springs.

(©Lucasfilm Ltd & TM. All Rights Reserved. Digital Work by Industrial Light & Magic.

an analytic solution for each frame —if even possible — would be impractical. Instead numerical
methods are used to find approximate solutions by simulating the motion of the particles over
discrete time steps. There is a large body of literature on the numerical solution of initial value
problems for ODE’s, and some of the methods will be covered in Chapter 11.

A goal of movie animation is creating convincing simulations. Accuracy, which is a leading goal
of scientific simulation, may conflict with this goal. As such, numerical simulations are used for
different goals by scientists and by the entertainment industry, but many of the mathematical tools
and strategies are common. Let us now turn our attention to a simulation in science.

1.2 Modeling in Physics: Radiation Transport

The transport of radiation can be described stochastically and modeled using Monte Carlo sim-
ulation. Monte Carlo methods will be described in Chapter 3. Radiation transport also can be
modeled by an integro-differential equation, the Boltzmann transport equation. This is a partial
differential equation (PDE) that also involves an integral term. In Chapter 14 we discuss the
numerical solution of PDE’s, while Chapter 10 describes methods of numerical integration. A com-
bination of these ideas, together with iterative techniques for solving large linear systems (Section
12.2), is used to approximate solutions to the Boltzmann transport equation.

What radiation dose does your body receive from a dental X-ray examination? You probably
recall that a heavy vest is usually placed over you during the exam and that the dental assistant
leaves the room while the X-ray machine is on. The purpose of the covering is to absorb radiation.
How can the transport of X-ray photons be modeled mathematically in order to aid in the design
of such protective materials and to verify their effectiveness? The photons are produced by an
electron beam that is turned on and off as X-rays are needed. The energy and direction of travel

12



STUDYING SEMI-CONDUCTORS
Studying the behavior of electrons in semi-conductor ma-
terials requires solving the Boltzmann transport equation,
which involves complicated integrals. Both deterministic
methods and Monte Carlo methods are sometimes used
in this case. The picture to the left is a finite element
discretization used in a deterministic model for radiation
transport problems. Picture from the Applied Modeling
and Computational Group at the Imperial College Lon-
don.

of any individual photon cannot be predicted, but the overall distribution of energy and direction
of the X-rays can be approximated.

The independent variables in the system are energy, position, direction, and time of production
of the photons, and each of these variables can be thought of as random but obeying a certain
distribution. The energy of the photons might be distributed as shown below, for example.

probability
density function

energy

It is assumed that particles move in straight lines until they enter matter, where, with a certain
probability (depending on the characteristics of the material), they collide with an atom. The
collision usually involves an exchange of energy with an electron in the atom, after which the
photon emerges with reduced energy and an altered direction of travel. The photon may even give

up all of its energy to the electron, in which case it is considered to be absorbed by the atom.
scattered photon

incident photon
R

The probabilities of each of these events must be known, in order to simulate the situation.
These probabilities are deduced from theoretical and measured properties of X-rays and of various
materials that might be used as shields. Omne can then run a computer simulation, often with
millions of photons, each following a random path determined by these probability distributions.
The history of each photon is followed until it is either absorbed (or loses so much energy that it
effectively can be ignored) or travels outside the system to a point from which it will not return.
Average results are then taken to determine what dose of radiation is received at a particular
location.

13



A high level outline of a Monte Carlo simulation of radiation transport, which really can be
thought of as a form of random walk, is given below:

1. Formulate a description of the sources of radiation and interpret it as a probability density
function (such as the energy distribution pictured previously). A probability density function
S satisfies S(X) > 0 and [, S(X)dX = 1, where X specifies the relevant properties of the
photon and D is the domain of possible values for X. Sample from this distribution to specify
initial energy, position, and direction of travel of a photon.

2. Formulate a description of the interactions between photons and matter, again in the form
of a probability density function. A function 7'(X|Y) might measure the probability of a
particle with properties Y emerging from a single step of this random process with properties
X, where we assume that 7'(X|Y) > 0 and [, T(X|Y)dY < 1. By allowing this integral
to be less than 1, we account for the fact that a particle may disappear from the simulation
if it is absorbed or otherwise becomes uninteresting. Sample the distribution to determine
distance traveled before an interaction and to determine the direction and energy level of the
photon when it emerges from such an interaction, or if it is absorbed.

3. Repeat step 2 until the photon is either absorbed or leaves the system. Count the relevant
events that occur during step 2 (e.g., the energy a photon deposits inside your body) to be
used in determining averages that describe physical results. The radiation dose to a particular
organ might be taken as the total energy deposited in that organ divided by its mass. If V is
the number of photons simulated and E; the energy deposited by photon ¢, then the average
energy deposited by each photon is % Zfi 1 Ei.

While steps 1 through 3 above can be carried out directly with a Monte Carlo simulation, they
also can be used to derive an integro-differential equation, whose solution can then be approximated
using a deterministic algorithm. We will not go through all of the steps of such a derivation, but
the basic approach is as follows. Let x(X) denote the density of photons that, at some point during
the random walk, take on the properties X; that is, summing over all steps of the random walk
and averaging over all possible walks, the expected number of times that a point is sampled within
a small volume element dX about X is x(X)dX. The walk starts with a photon possessing a
set of properties, say, Xy, sampled from S(X). If not absorbed, the photon then takes on a set
of properties X, sampled from T(X|Xy). In general, the nth move is governed by T(X|X,_1)-
A photon can arrive in the volume element dX either because it was created there or because it
moved there from an earlier point. The total number of photons that arrive in the volume element
dX is the sum of these two terms:

x(X)dX = 5(X)dX + (/ T(X|Y)x(Y) dY) dx.
D

In the integral term on the right-hand side, x(Y)dY represents the number of photons in the
volume element dY', and T'(X|Y) is the probability that a photon moves from volume element dY
to volume element dX. One integrates over Y to cover all possible positions from the previous step.
This equation is an integral form of the linear Boltzmann equation.
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1.3 Modeling in Sports

In the recent 2006 FIFA World Cup, soccer balls curved and swerved through the air, in the players’
attempts to confuse goalkeepers and send their balls sailing to the back of the net. World class
soccer players such as Brazil’s Roberto Carlos, Germany’s Michael Ballack and England’s David
Beckham have perfected “bending” the ball from a free kick.

According to recent Computational Fluid Dynamics (CFD) research by the University of Sheffield’s
Sports Engineering Research Group and Fluent Europe, the shape and surface of the soccer ball,
as well as its initial orientation, play a fundamental role in the ball’s trajectory through the air. In
particular, such CFD research has increased the understanding of the “knuckleball” effect some-
times used to confuse an opposing goalkeeper who stands as the last line of defense. To obtain such
results, a soccer ball was digitized down to its stitching as seen in Figure 1.3. Note the refinement
near the seams, which is required in order to properly model the boundary layer.
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Figure 1.3: An important step in CFD simulations at the University of Sheffield is capturing the
geometry of a soccer ball with a 3D non-contact laser scanner. This mesh has approximately 9
million cells.

Some free kicks in soccer have an initial velocity of almost 70 mph. Wind tunnel experiments
demonstrate that a soccer ball moves from laminar to turbulent flow at speeds between 20 and 30
mph, depending on the ball’s surface structure and texture.

The techniques developed in Sheffield facilitated detailed analysis of the memorable goal by
David Beckham of England versus Greece during the World Cup Qualifiers in 2001. In a sense,
Beckham’s kick applied sophisticated physics. While the CFD simulations at Sheffield can accu-
rately model turbulent flow only when it is averaged over time, and so cannot yet give realistic
trajectories in all cases, such research could affect soccer players from beginner to professional. For
instance, ball manufacturers could exploit such work to produce a more consistent or interesting
ball that could be tailored to the needs and levels of players. Such work could also impact the
training of players.

To this end, there is a simulation program called Soccer Sim developed at the University of
Sheffield. The program predicts the flight of a ball given input conditions, which can be acquired
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Figure 1.4: (left) Wind tunnel smoke test of a non-spinning soccer ball. (right) CFD simulation
showing wake flow path lines of a non-spinning soccer ball, air speed of 27 mph.

from the CFD and wind tunnel tests, as well as from high speed videoing of players’ kicks. The
software can then be used to compare the trajectory of a ball given varying initial orientations
of the ball or different spins induced by the kick. Moreover, the trajectory can be compared for
different soccer balls.

Note that this application like that Section 1.1 involves the solution of differential equations.
The next application that we discuss involves a discrete phenomenon.

Figure 1.5: High speed airflow path lines colored by local velocity over the 2006 Teamgeist soccer
ball.
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1.4 Ecological Models

Computational biology is a growing field of application for numerical methods. In this section, we
explore a simplified example from ecology.

Suppose we wish to study the population of a certain species of bird. These birds are born in
the spring and live at most 3 years. We will keep track of the population just before breeding,
when there will be three classes of birds, based on age: Age 0 (born the previous spring), Age 1,
and Age 2. Let v(()"), vgn) and ’Uén) represent the number of females in each age class in Year n. To
model population changes we need to know:

e Survival rates. Suppose 20% of Age 0 birds survive to the next spring, and 50% of Age 1
birds survive to become Age 2.

e Fecundity rates. Suppose females that are 1 year old produce a clutch of a certain size, of
which 3 females are expected to survive to the next breeding season. Females that are 2 years
old lay more eggs and suppose that of these 6 females are expected to survive to the next
spring.

Then we have the following model of the number of females in each age class:

v((]n+1) = 3111”) + Gvén),
Ugnﬂ) = 0.21)(()"),
vénﬂ) = 0.51)1”) .
In matrix-vector form:
vintl) —  Ay(n)
(n)
0 3 6 2N
= (o2 0o of [ (13)
0 05 0 vén)

The matrix A in (1.3) can be used to predict future populations from year to year and expected
long term behavior. This type of matrix, reflecting survival rates and fecundities, is called a Leslie
matriz.

Suppose we start with a population of 3000 females, 1000 of each age. Using (1.3), we find

1000 0 3 6 9000
v =1(1000]), viU=4av@®=1(02 0 0]v®=1200 |,
1000 0 05 0 500
3600 6000
v® = Av() = [ 1800 |, and v® = Av(® = | 720
100 900

Plotting the population in each age group as a function of the year produces the graph in Figure
1.6 (a). Clearly the population grows exponentially. Figure 1.6 (b) shows the proportion of the
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Figure 1.6: Bird population with a3y = 0.5 and initial data v(®) = (1000 1000 1000)7".

population in each age class as a function of the year. Notice how the proportion of birds in each
age class settles into a steady state.

To be more quantitative, we might look, for instance, at the population vectors v(20) and v(19).
We find that v(20) — (20833 3873 1797)7, which indicates that in year 20 the fraction of birds

in each age class is (0.7861 0.1461 O.O67)T. Looking at the difference between v(29) and v(19)
we find that the total population grows by a factor of 1.0760 between year 19 and year 20.

Notice that v(® = Av(»—1) = A2y(n=2) — = = A7y(0)  In Chapter 12, we will see how
this observation indicates that the asymptotic behavior of this system (the behavior after a long
time period) can be predicted from the dominant eigenvalue (the one of largest absolute value) and
associated eigenvector of A. The eigenvalues of A can be computed to be 1.0759, —0.5380+0.51794,
and —0.5380 — 0.5179i (where i = /—1). The largest magnitude of an eigenvalue is 1.0759, and
the associated eigenvector, scaled so that its entries sum to 1, is v = (0.7860 0.1461 0.0679).
The largest magnitude of an eigenvalue determines the rate of growth of the population after a
long period of time, and the entries of v give the fractions of birds in each class, as these fractions
approach a steady state. While the eigenvalues and eigenvectors of a 3 by 3 matrix such as A can
be determined analytically, we will learn in Chapter 12 about methods to numerically approximate
eigenvalues and eigenvectors of much larger matrices.

Harvesting strategies We can use this model to investigate questions such as the following.
Suppose we want to harvest a certain fraction of this population, either to control the exponential
growth or to use it as a food source (or both). How much should we harvest in order to control the
growth without causing extinction?

Harvesting will decrease the survival rates. We might wish to decrease these rates to a point
where the dominant eigenvalue is very close to 1 in absolute value, since this would mean that the
total population, after a period of time, would remain fixed. If we decrease the survival rates too
much, then all eigenvalues will be less than 1 in magnitude and the population size will decrease
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exponentially to extinction.

For example, suppose we harvest 20% of the 1-year olds, so that the survival rate falls from 0.5
to 0.3. In this case, entry ags in matrix A changes from 0.5 to 0.3, and it turns out that the largest
magnitude eigenvalue decreases to 0.9830. A simulation with these parameters yields the graphs
in Figure 1.7.
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Figure 1.7: Bird population with a3y = 0.3 and initial data v(¥) = (1000 1000 1000)7".

Note that we now have exponential decay of the population and eventual extinction. The
decrease in population is gradual, however, and over the 100-year time span shown here it decreases
only from 3000 to 1148. Asymptotically (i.e., after a long period of time), the total population
will decrease each year to 0.9830 times that of the previous year. Hence if the population is 1148
after 100 years of this harvesting strategy, the number of additional years before the population
drops below 1 (i.e., the species becomes extinct), might be estimated by the value of k that satisfies
1148(.9830)% = 1, which is k = — log(1148)/ log(.9830) = 411 years.

One could try to find the matrix element a3o that results in the largest magnitude eigenvalue of
A being exactly 1, and while this is an interesting mathematical problem, from the point of view of
population control, it would likely be an exercise in futility. Clearly, this model is highly simplified,
and even if the assumptions about survival rates and fecundity rates held initially, they might
well change over time. Populations would need to be monitored frequently to adjust a particular
harvesting strategy to the changing environment.

1.5 Modeling a Web Surfer and Google

Submitting a query to a search engine is a common method of information retrieval. Companies
compete to be listed high in the rankings returned by a search engine. In fact, some companies’
business is to help raise the rankings of a paying customer’s web page. This is done by exploiting
knowledge of the algorithms used by search engines. While a certain amount of information about
search engine algorithms is publicly available, there is a certain amount that is proprietary. This
section discusses how one can rank web pages based on content and is introductory in nature. An
interested reader is encouraged to research the literature on search engine analysis, which is an
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ever-growing field. Here we will consider a simple vector space model for performing a search. This
method does not take into account the hyperlink structure of the World Wide Web, and so the
rankings from such a model might be aggregated with the results of an algorithm that does consider
the web’s hyperlink structure. Google’s PageRank algorithm is such a method and will be looked
at briefly in this section and in more detail in Section 12.1.5.

1.5.1 The Vector Space Model

The vector space model consists of two main parts: a list of documents and a dictionary. The list of
documents consists of those documents on which searches are to be conducted, and the dictionary
of terms is a database of keywords. While the dictionary of terms could be all the terms in every
document, this may not be desirable or computationally practical. Words not in the dictionary
return empty searches.

With a list of n documents and m keywords, the vector space model constructs an m by n
document matriz A with
g — { 1 if document j is relevant to term i, (1.4)
Y 0 otherwise. )
When a query is issued, a query vector q = (q1,...,qm)" is then formed, with ¢; = 1 if the query
includes term ¢ and g; = 0 otherwise. The ‘closeness’ of the query to each document is then
measured by the cosine of the angle between the query vector q and the column of A representing
that document. If a; denotes the jth column of A (and if it is not entirely zero due to document j
containing no keywords), then the angle 6; between q and a; satisfies:

T
cos(6;) = N . (1.5)
ajll2llall2

Since a larger value of the cosine implies a smaller angle between the vectors, documents are ranked
in order of relevance to the query by arranging the cosines in descending order.

A major difficulty in forming the document matrix is determining if a document is relevant to
a term. There are a variety of ways of doing this. For instance, every document can be searched
for each keyword. A document is deemed relevant to those keywords that are contained within it.
This requires considerable computational expense when one faces a large number of documents and
keywords. An alternative that is employed by some search engines is to read and perform analysis
on the first few hundred words of a document [?]. Other choices that must be made include whether
to require exact matching of terms or to allow synonyms, and whether or not to count word order.
For example, do we treat queries of boat show and show boat as the same or as different? All
of these choices impact which documents are deemed most relevant.

To illustrate the method we give a simple example, in which a document is deemed relevant if
its title contains the keyword exactly.

Searching in a Tiny Space

Suppose that our dictionary contains three keywords — ‘electric,” ‘fencing,” and ‘foil’ — and that
there are four documents entitled “the art of war,” “the fencing master,” “fencing techniques of foil,
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H Dictionary H H Documents H

electric I | the art of war

fencing II | the fencing master

foil IIT | fencing techniques of foil, epee, and saber
IV | hot tips on building electric fencing

Table 1.1: The dictionary of terms and documents used in a 3-dimensional example.

Scaled Image of the Vector Space

a3 =<0,.7,.7>

foil

0.6
0.6
fencing

electric

Figure 1.8: Visualization of vector space search in a three dimensional example.

epee, and saber,” and “hot tips on building electric fencing.” We have written the document titles
and dictionary terms in lower case and without punctuation to avoid questions about matching in
the presence of such factors. The information is listed in Table 1.1 for easy reference.

To form the document matrix A — where rows 1, 2, and 3 correspond to the terms ‘electric,’
‘fencing,” and ‘foil,” respectively, while columns 1, 2, 3 and 4 correspond to documents I, II, III,
and IV, respectively — we use (1.4) to obtain

0
A=1 0
0

S = O

01
11
10

Figure 1.8 depicts the columns of A (each except the first normalized to have length 1) as vectors
in three-space.

Suppose our query is “fencing.” Then the query vector is q = (0,1,0)”, and we can see by
inspection that it is identical to column 2 of A. Thus, document IT would be deemed most relevant
to this query. To determine the rankings of the remaining documents, we compute the cosine of
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the angle between q and every other nonzero column of A using (1.5) to find:

T
azq 1
cos(fz) = — 32 =
©) = Tmallalalz ~ V2
T
1
cos(0y) = L b S

lasllzllqlla — v/2

Thus documents III and IV would be ranked equally, behind document II.

1.5.2 Google’s PageRank

Real-world search engines deal with some of the largest mathematical and computer science prob-
lems in today’s computational world. Interestingly, “Google” is a play on the word “googol,” the
number 10'%, reflecting the company’s goal of organizing all information on the World Wide Web.

When you submit a query, such as numerical analysis, to Google, how does the search engine
distinguish between the web page listed first and the one listed, say, 100'"? There are various factors
that play into this decision, one of which is the web page’s relevance to your query, as discussed
previously. Another important component, however, is the “quality” or “importance” of the page;
“important” pages, or pages that are pointed to by many other pages, are more likely to be of
interest to you. An algorithm called PageRank™ is used to measure the importance of a web page.
This algorithm relies on a model of web surfing behavior.

Figure 1.9: A representation of the graph of the World Wide Web available from www.opte.org.

As with any model of reality, Google’s model of web surfing behavior is an approximation.
An important feature of PageRank™ is its assumption about the percentage of time that a surfer
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follows a link on his current web page. The exact assumptions that are made are proprietary, but
it is believed that the PageRank™ algorithm used by Google assumes that a surfer follows a link
on a web page about 85% of the time, with any of the links being equally likely. The other 15%
of the time the surfer will enter the URL for another web page, possibly the same one that he is
currently visiting.

These assumptions about surfing behavior affect not only the accuracy of the model but also
the efficiency of numerical techniques used to solve the model. Keep in mind that Google indexes
over 8 billion web pages, making this one of the largest computational problems ever solved! In
Chapter 12 we discuss more about numerical methods used to tackle this problem.

Exercises

1. The Fibonacci numbers and nature. The Fibonacci numbers are defined by F; = 1,
Fy=1, Fs=Fy+ F| =2, Fy = F3+ Fy = 3, etc. In general, Fj_|_1 = F] + ijl, 71=2,3,....
Write down Fj, Fg, and F7.

It is often observed that the number of petals on a flower or the number of branches on a
tree is a Fibonacci number. For example, most daisies have either 34, 55, or 89 petals, and
these are the 9th, 10th, and 11th Fibonacci numbers. The reason four-leaf clovers are so rare
is that 4 is not a Fibonacci number.

To see the reason for this, consider the following model of branch growth in trees. We start
with the main trunk (F; = 1), which spends one season growing (Fy = 1), and then after
another season, develops two branches (F3 = 2) — a major one and a minor one. After the
next season, the major branch develops two branches — a major one and a minor one — while
the minor branch grows into a major one, ready to divide in the following season. At this
point there are Fjy = 3 branches — two major ones and one minor one. At the end of the next
season, the two major branches divide, producing two major branches and two minor ones,
while the minor one from the previous season grows into a major one. Thus at this point
there are Fy = 5 branches, with F3 = 3 of these being major branches ready to divide during
the next season. Explain why the Fibonacci numbers arise from this model of branch growth.

. -YV\Q

2. Drunkard’s walk. A drunkard starts at position z in the diagram below and with each step
moves right one space with probability .5 and left one space with probability .5. If he reaches
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the bar, he stays there, drinking himself into oblivion. If he reaches home, he goes to bed and
stays there. You wish to know the probability p(z) that he reaches home before reaching the
bar.

| | | | | |

I T T T T 1
0 1 2 3 4 5
bar X home

This is a typical Markov chain problem that will be discussed later in the text. Note that
p(0) = 0 and p(5) = 1, since the drunk does not leave either the bar or his home. For
x=1,2,3,4, p(z) = .5p(x — 1) + .5p(z + 1), since he moves left with probability .5 and right
with probability .5.

(a) Let the drunk’s starting position be x = 3. What are the possible positions that he
could be in after one step, and what are the probabilities of each? How about after two
steps?

(b) For which initial positions z would you expect him to reach the bar first and for which
would you expect him to reach home first, and why?

This is a typical random walk problem, and while it is posed as a silly story, it has real physical
applications.

Consider an electrical network with equal resistors in series and a unit voltage across the
ends.

v(0)=0

Voltages v(z) will be established at points z = 0,1,2,3,4,5. We have grounded the point
xz = 0 so that v(0) = 0, and there is no resistor between the source and point z = 5, so that
v(5) = 1. By Kirchoff’s laws, the current flowing into z must be equal to the current flowing
out. By Ohm’s Law, if points  and y are separated by a resistor of strength R, then the
current 75, that flows from z to y is

- _v(z) —o(y)
T TR
Thus for z = 1,2, 3,4, we have

vz —1) —v(r) v(z)—v(z+1)
R B R '
Multiplying by R and combining like terms we see that v(z) = .5v(z — 1) + .5v(z + 1). This
is exactly the same formula (with the same boundary conditions) that we found for p(z) in
the drunkard’s walk problem.

Can you think of other situations that might be modeled in this same way? The behavior
of a stock price perhaps? Suppose you generalize by allowing different probabilities of the
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drunkard moving right or left, say, the probability of moving right is .6 while that of moving
left is .4. What generalization of the resistor problem would this correspond to? [Hint:
Consider resistors of different strengths.]

. Ehrenfests’ urn. Consider two urns, with N balls distributed between them. At each
unit of time, you take a ball from one urn and move it to the other, with the probability of
choosing each ball being equal, 1/N. Thus, the probability of choosing a ball from a given
urn is proportional to the number of balls in that urn. Let X (¢) denote the number of balls
in the left urn at time ¢, and suppose that X (0) = 0. Then X (1) = 1, since a ball must be
drawn from the right urn and moved to the left one.

(a) Let N = 100. What are the possible values for X (2), X(3), and X (4), and what is the
probability of each?

(b) If this process were carried out for a very long time, what do you think would be the
most frequently occurring value of X (¢)?

o O
O O
O
o O
O o o

This model was introduced in the early 1900’s by the Austrian Dutch physicists Paul and
Tatiana Ehrenfest to describe diffusion of gas molecules through a permeable membrane.
See, for example, http://en.wikipedia.org/wiki/Ehrenfest_model for a discussion of
its relation to the second law of thermodynamics. In the next chapter we will discuss Monte
Carlo simulation of physical processes using models such as this one. Can you think of other
situations that might be modeled by such a process? In addition to physical or chemical
processes, you might consider, for example, financial decisions or social interactions.

. Each year undergraduates participate in the Mathematical Contest in Modeling (MCM). See
www.mcm.org. Following is an example of the sort of modeling problems that they tackle:

An ornamental fountain in a large open plaza surrounded by buildings squirts water
high into the air. On gusty days, the wind blows spray from the fountain onto
passersby. The water-flow from the fountain is controlled by a mechanism linked
to an anemometer (which measures wind speed and direction) located on top of
an adjacent building. The objective of this control is to provide passersby with an
acceptable balance between an attractive spectacle and a soaking: The harder the
wind blows, the lower the water volume and height to which the water is squirted,
hence the less spray falls outside the pool area.

Your task is to devise an algorithm which uses data provided by the anemometer
to adjust the water-flow from the fountain as the wind conditions change.
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Think about how you might create a mathematical model for this problem and compare
your ideas with some of the students’ solutions that can be found in: UMAP: Journal of
Undergraduate Mathematics and its Applications, Vol. 23, no. 3, 2002, pp. 187-271.

. Consider the following dictionary of keywords:
chocolate, ice cream, sprinkles,

and the following list of documents:

D1. I eat only the chocolate icing off the cake

D2. I like chocolate and vanilla ice cream

D3. Children like chocolate cake with sprinkles

D4. May I have another scoop of ice cream if you hold both the sprinkles and chocolate sauce

Form the document matrix A, and, using the vector space model, rank the documents D1,
D2, D3, and D4 according to their relevance to the query: chocolate, ice cream.
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Chapter 2

Basic Operations with MATLAB

This book is concerned with the understanding of algorithms for problems of continuous mathe-
matics. Part of this understanding includes the ability to implement such algorithms. To avoid
distracting implementation details, however, we would like to accomplish this implementation in
the simplest way possible, even if it is not necessarily the very most efficient. One system in which
algorithm implementation is especially easy is called MATLAB [41] (short for MATrix LABoratory).

While a helpful academic and instructive tool, MATLAB is used in industry and government,
as well. For instance, systems engineers at the NASA Jet Propulsion Laboratory used MATLAB to
understand system behavior before launching the Mars Exploration Rover (MER) spacecraft into

space.

Figure 2.1: (Left) An artist’s concept of the Mars rover. (Right) Custom statistical MATLAB
visualizations that were used to predict how the onboard systems would respond under various
atmospheric conditions during descent to the Mars surface.

This chapter contains a short description of basic MATLAB commands, and more commands
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are described in programs throughout the book. For further information about using MATLAB,
we recommend [22].

2.1 Launching MATLAB

MATLAB is a high level programming language that is especially well-suited to linear algebra type
computations, but it can be used for almost any numerical problem. Following are some of the
basic features of MATLAB that you will need to carry out the programming exercises in this book.
Depending on what system you are using, you will start MATLAB either by double clicking on a
MATLAB icon or by typing ‘matlab’ or by some similar means. When MATLAB is ready for input
from you it will give a prompt such as >>.

You can use MATLAB like a calculator. For instance, if you type at the prompt:

>> 1+42%3
then MATLAB returns with the answer:

ans =

7

Since you did not give a name to your result, MATLAB stores the result in a variable called ‘ans’.
You can do further arithmetic using the result in ‘ans’:

>> ans/4
and MATLAB will return with the result:

ans =

1.7500

2.2 Vectors

MATLAB can store row or column vectors. The following commands:

> v = [1; 2; 3; 4]

B W N -
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create a column vector v of length 4 and a row vector w of length 4. In general, when defining a
matrix or vector, semicolons are used to separate rows, while commas or spaces are used to separate
the entries within a row. You can refer to an entry of a vector by giving its index:

>> v(2)

MATLAB can add two vectors of the same dimension, but it cannot add v and w because v is
4 x 1 and wis 1 x 4. If you try to do this, MATLAB will give an error message:

>> vtw
7?77 Error using ==> +
Matrix dimensions must agree.

The transpose of w is denoted w’:

>> w?

0 ~N O O

You can add v and w’ using ordinary vector addition:

>> v + w’
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6
8
10
12

Suppose you wish to compute the sum of the entries in v. One way to do this is as follows:

>> v(1) + v(2) + v(3) + v(4)

10
Another way is to use a for loop:

>> sumv = 0;
>> for i=1:4, sumv = sumv + v(i); end;
>> sumv

sumv =

10

This code initializes the variable sumv to 0. It then loops through each value i« = 1,2,3,4 and
replaces the current value of sumv with that value plus v(i). The line with the for statement
actually contains three separate MATLAB commands. It could have been written in the form:

for i=1:4
sumv = sumv + v(i);
end

MATLAB allows one line to contain multiple commands, provided they are separated by commas or
semicolons. Hence in the one-line version of the for loop, we had to put a comma (or a semicolon)
after the statement for i=1:4. This could have been included in the three-line version as well, but
it is not necessary. Note also that in the three-line version, we have indented the statement(s) inside
the for loop. This is not necessary, but it is a good programming practice. It makes it easy to see
which statements are inside and which are outside the for loop. Note that the statement sumv = 0
is followed by a semicolon, as is the statement sumv = sumv + v (i) inside the for loop. Following
a statement by a semicolon suppresses printing of the result. Had we not put the semicolon at the
end of the first statement, MATLAB would have printed out the result: sumv = 0. Had we not
put a semicolon after the statement sumv = sumv + v (i), then each time through the for loop,
MATLAB would have printed out the current value of sumv. In a loop of length 4, this might be
acceptable; in a loop of length 4 million, it probably would not be! To see the value of sumv at
the end, we simply type sumv without a semicolon and MATLAB prints out its value. Of course,
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if the answer is not what we were expecting, then we might go back and omit the semicolon after
the statement sumv = sumv + v(i), since then we could see the result after each step. Extra
output is often useful as a program debugging tool.

2.3 Getting help

Actually, the entries of a vector are most easily summed using a builtin MATLAB function called
sum. If you are unsure of how to use a MATLAB function or command, you can always type: help
followed by the command name, and MATLAB will provide an explanation of how the command
works:

>> help sum

SUM Sum of elements.
For vectors, SUM(X) is the sum of the elements of X. For
matrices, SUM(X) is a row vector with the sum over each
column. For N-D arrays, SUM(X) operates along the first
non-singleton dimension.

SUM(X,DIM) sums along the dimension DIM.

Example: If X = [0
3

then sum(X,1) is [3 5 7] and sum(X,2) is [ 3
1275

See also PROD, CUMSUM, DIFF.

In general, you can type help in MATLAB and receive a summary of the classes of commands for
which help is available. If you are not sure of the command name for which you are looking, there
are two other helpful commands. First, typing helpdesk displays the help browser, which is a very
helpful tool. Second, if you are interested in commands related to summing, you can type lookfor
sum. With this command, MATLAB searches for the specified keyword “sum” in all help entries.
This command results in the following:

>> lookfor sum

TRACE Sum of diagonal elements.

CUMSUM Cumulative sum of elements.

SUM Sum of elements.

SUMMER Shades of green and yellow colormap.
UIRESUME Resume execution of blocked M-file.
UIWAIT Block execution and wait for resume.

31



RESUME Resumes paused playback.
RESUME Resumes paused recording.

It may take some searching to find precisely the topic and/or command that you are looking for.

2.4 Matrices

MATLAB also works with matrices:

> A =11, 2, 3; 4, 5, 6; 7, 8, 0]

A=
1 2 3
4 5 6
7 8 0

There are many builtin functions for solving matrix problems. For example, to solve the linear
system Az = b, type A\b:

> x = A\b

X:
0.6667
-0.3333
0.0000

Note that the solution is printed out to only four decimal places. It is actually stored to about
sixteen decimal places. (See Chapter 5.) To see more decimal places, you can type:

>> format long
>> X
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0.66666666666667
-0.33333333333333
0.00000000000000

Other options include format short e and format long e to display numbers using scientific
notation.

You can check this answer by typing b - A*x. The notation A*x denotes standard matrix-vector
multiplication, and standard vector subtraction is used when you subtract the result from b. This
should give a vector of 0’s, if x solves the system exactly. Since the machine carries only about 16
decimal digits, we do not expect it to be exactly zero, but, as we will see later, it should be just a
moderate size multiple of 10716:

>> format short
>> b - Axx

1.0e-15 *

-0.0740
-0.2220
0

This is a good result!

2.5 Creating and running .m files

Typing MATLAB commands at the keyboard is fine if you are doing a computation once and will
never need to make modifications and run it again. Once you exit MATLAB, however, all of the
commands that you typed may be lost. To save the MATLAB commands that you type so that
they can be executed again, you must enter them into a file called filename.m. Then, in MATLAB,
if you type filename, it will run the commands from that file. We will refer to such files as M-files.
The M-file can be produced using any text editor, such as the one that comes up as part of the
MATLAB window. Once you save this file, it will be available for future use. Before attempting to
execute an M-file from MATLAB, you must remember to change the working directory of MATLAB
to the directory in which that file resides.

2.6 Comments

Adding documentation in your MATLAB code allows you and others to maintain your code for
future use. Many a programmer has coded what appears to be a crystal clear implementation of an
algorithm and later returned to be lost in the listing of commands. Comments can help to alleviate
this problem. Adding comments to Matlab code is easy. Simply adding a % makes the remaining
portion of that line a comment. In this way, you can have an entire line be a comment as in:
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% Solve Ax=b
or you can append a comment after a MATLAB command, as in:
x = A\b; % This solves the linear system Ax=b and stores the result in x.

The text following the % is simply a comment for the programmer and is ignored by MATLAB.

2.7 Plotting

Tables and figures are usually more helpful than long strings of numerical results. Suppose you are
interested in viewing a plot of cos(50z) for 0 < z < 1. You can create two vectors, one consisting
of z-values and the other consisting of corresponding y = cos(50x) values, and use the MATLAB

plot command. To plot the values of cos(50z) at z =0, 0.1, 0.2, ...,1, type
>> x = 0:0.1:1; % Form the (row) vector of x values.

>> y = cos(50*x); % Evaluate cos(50*x) at each of the x values.
>> plot(x,y) % Plot the result.

Note that the statement x = 0:0.1:1 behaves just like the for loop:
>> for i=1:11, x(i) = 0.1*(i-1); end;

Note also that, unless otherwise specified, each of these statements produces a row vector. In order
to produce a column vector, one could replace x(i) in the above for loop by x(i,1), or one could
replace the statement in the original code by x = [0:0.1:1] ;.

Clearly, this small number of evaluation points will not produce very high resolution, as is seen
in the MATLAB plot below.

I I I I
0 0.2 0.4 0.6 0.8 1

In the next piece of code we change x to include more points and we also include a title and labels
for the axes.

>> x = 0:0.01:1; % Create a vector of 101 x values.
>> plot(x,cos(50%x)) % Plot x vs cos(50*x), without (explicitly) storing cos(50%x).
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>> title(’Plot of x wversus cos(50x)’)
>> ylabel(’cos(50x)’)
>> xlabel(’x’)

The plot resulting from these commands is:

Plot of x versus cos(50x)
1 T T

0.8

0.6

I I I I
0 0.2 0.4 0.6 0.8 1
X

It is also possible to plot more than one function on the same graph. To plot the two functions
f(x) = cos(z) and g(x) = = on the same graph, type:

>> plot(x,cos(50%x) ,x,x)

The result is shown below.

K
cos(50x)
X

0 0.2 0.4 0.6 0.8 1

Notice the small boxed legend on the plot. This was added to the plot with the following command:
legend(’cos(50x)’,’x’)

Another way to plot two functions on the same graph is to first plot one, then type hold on,
and then plot the other. If you do not type hold on, then the second plot will replace the first,
but this command tells MATLAB to keep plots on the screen after they are created. To go back
to the default of removing old plots before new ones are added, type hold off. Again, type help
plot for more information on plotting or type doc plot which posts the Helpdesk documentation
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on the plot command. Other useful commands are axis and plot3. For a bit of fun, type the
following commands:

>> x = 0:0.001:10;
>> comet (x,cos(3*x))

For more information on options available for plots, type the commands hndlgraf, hndlaxis
and ardemo.

2.8 Creating your own functions

You can create your own functions to use in MATLAB. There are two options for this. If your
function is simple (e.g., f(z) = 2 + 2z), then you may enter it using the command inline:

>> f = inline(’x.72 + 2%x7)

Inline function:
f(x) = x.72 + 2%x

Note the .~2 notation. The expression x~2 produces the square of x if x is a scalar, but it gives
an error message if x is a vector, since standard vector multiplication is defined only if the inner
dimensions of the vectors are the same (i.e., the first vector is 1 by n and the second is n by 1 or the
first is n by 1 and the second is 1 by m). The operation .~ applied to a vector, however, squares
each entry individually. Since we may wish to evaluate the function at each entry of a vector of z
values, we must use the .~ operation. To evaluate f at the integers between 0 and 5, type:

>> £([0:5])

0 3 8 15 24 35

If the function is more complicated, you may create a file whose name ends in .m which tells
MATLAB how to compute the function. Type help function to see the format of the function
file. Our function here could be computed using the following file (called f.m):

function [output] = f(x)
output = x.72 + 2%¥x;

This function is called from MATLAB in the same way as above, i.e. £(x), where x can be a scalar
or vector.
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2.9 Printing

While graphical output can be an important visualization tool, numerical results are often presented
in tables. There are several ways to print output to the screen in MATLAB. First, to simply display
a variable’s contents, use the command display.

>> x = 0:.5:2;
>> display(x)
X =
0 0.5000 1.0000 1.5000 2.0000

In many cases, the extra carriage return imposed by the display command clutters printed results.
Therefore, another helpful command is disp, which is similar to the display command.

>> disp(x)
0] 0.5000 1.0000 1.5000 2.0000

You may still wish to have the variable name printed. Concatenating an array of text for output
accomplishes this purpose.

>> disp([’x = ’,num2str(x)])
x=0 0.5 1 1.5 2

For more information, type help num2str.
Tables such as the following can be created using disp:

>> disp(’ Score 1  Score 2  Score 3’), disp(rand(5,3))
Score 1 Score 2 Score 3
0.4514 0.3840 0.6085
0.0439 0.6831 0.0158
0.0272 0.0928 0.0164
0.3127 0.0353 0.1901
0.0129 0.6124 0.5869

You may find the fprintf command easier to use for tables of results. For instance, consider the
simple loop:

>> fprintf(’ x sqrt (x)\n \n’)
for i=1:5, fprintf(’%f »f\n’,i,sqrt(i)), end
x sqrt (x)
1.000000 1.000000
2.000000 1.414214
3.000000 1.732051
4.000000 2.000000
5.000000 2.236068
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The fprintf command takes format specifiers and variables to be printed in those formats. The
%f format indicates that a number will be printed in fixed point format in that location of the
line, and the \n forces a carriage return after the two quantities i and sqrt (i) are printed. You
can specify the total field width and the number of places to be printed after the decimal point by
replacing %f by, say, #8.4f to indicate that the entire number is to be printed in 8 spaces, with 4
places printed after the decimal point. You can send your output to a file instead of the screen by

typing:

fid = fopen(’sqrt.txt’,’w’);
fprintf(fid,’ x sqrt (x) \n \n’);
for i=1:5, fprintf(fid,’%4.0f %8.4f\n’,i,sqrt(i)); end

which prints the following table in a file called sqrt.txt:

X sqrt (x)

1.0000
1.4142
1.7321
2.0000
2.2361

g WwN -

Again, for more information, refer to MATLAB documentation.

2.10 More loops and conditionals

We have already seen how for loops can be used in MATLAB to execute a set of commands a given
number of times. Suppose, instead, that one wishes to execute the commands until some condition
is satisfied. For example, one might approximate a root of a given function f (x) by first plotting
the function on a coarse scale where one can see the approximate root, then plotting appropriate
sections on finer and finer scales until one can identify the root to the precision needed. This can
be accomplished with the following MATLAB code:

xmin = input(’ Enter initial xmin: ’);

xmax = input(’ Enter initial xmax: ’);
tol = input(’ Enter tolerance: ’)
while xmax-xmin > tol,

x = [xmin: (xmax-xmin)/100:xmax] ;
y = £(x);
plot(x,y)

xmin = input(’ Enter new value for xmin: ’);
xmax = input(’ Enter new value for xmax: ’);
end;
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The user looks at each plot to determine a value xmin that is just left of the root and a value
xmax that is just right of the root. The next plot then contains only this section, so that closer
values xmin and xmax can be determined. In Chapter 4 we discuss more efficient ways of finding
a root of f(x).

Another important statement is the conditional if statement. In the above code segment, one
might wish to let the user know if the code happens to find a point at which the absolute value of f
is less than some other tolerance, say, delta. This could be accomplished by inserting the following
lines after the statement y = f(x);:

[ymin,index] = min(abs(y)); % This finds the minimum absolute value of y
% and its index.
if ymin < delta,
fprintf(’ £( %f ) = %f\n’, x(index), y(index)) % This prints the x and y
% values at this index.
end;

The if statement may also contain an else clause. For example, to additionally write a message
when ymin is greater than or equal to delta, one could modify the above if statement to say:

if ymin < delta,
fprintf(’ £( %f ) = %f\n’, x(index), y(index)) ¥ This prints the x and y
% values at this index.
else
fprintf(’ No points found where [f(x)| < %f\n’, delta)
end;

2.11 Clearing variables

You may clear a particular variable by typing
>> clear x

or all variables with

>> clear all

This is important when you want to be sure that all variable names have been erased from memory.

2.12 Logging your session

You can keep a record of your MATLAB session by typing

>> diary(’hwl.txt’)
. some other commands ...
>> diary off
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This command records all subsequent commands that you type and all responses that MATLAB
returns in a file named hwl.txt. You will want to name the file by replacing hwl.txt with a more
descriptive name related to your work. Note, however, that you cannot then run the file from
MATLAB; this is simply a device for recording what happened during your keyboard session.

Note, if you execute an M-file in a session logged with the diary command, you may want to
type “echo on” before executing the M-file. In this way, the commands in the M-file are echoed
along with MATLAB’s response. Otherwise, the diary file will contain only the responses, not the
commands.

2.13 More Advanced Commands

It is perhaps apparent from the reference at the beginning of this chapter to the work on the Mars
Exploration Rover, that MATLAB has a large number of commands. To close this chapter, we
demonstrate some of the graphical capabilities through an example.

The commands

[X,Y] = meshgrid(-3:.125:3);
Z = peaks(X,Y);

meshc (X,Y,Z);

axis([-3 3 -3 3 -10 5])

produce the plot:

In order to understand this plot, search MATLAB documentation for the commands meshgrid,
peaks, meschc, and axis. While this chapter will get you started using MATLAB, effective use of
the MATLAB documentation will be the key to proceeding to more complicated programs.
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MATLAB’S ORIGINS

CLEVE MOLER — is chairman and chief scientist at The MathWorks. In
the mid to late 1970s, he was one of the authors of LINPACK and EIS-
PACK, Fortran libraries for numerical computing. To give easy access
to these libraries to his students at the University of New Mexico, Dr.
Moler invented MATLAB. In 1984, he co-founded The MathWorks with
Jack Little to commercialize the MATLAB program.

Cleve Moler received his bachelor’s degree from California Institute of
Technology, and a Ph.D. from Stanford University. Moler was a professor
of math and computer science for almost 20 years at the University of
Michigan, Stanford University and the University of New Mexico. Before
joining The MathWorks full-time in 1989, he also worked for the Intel
Hypercube Company and Ardent Computer.

Dr. Moler was elected to the National Academy of Engineering in 1997.
He also served as president of the Society for Industrial and Applied
Mathematics from 2007-2008.

Exercises

1. Run the examples in this chapter using MATLAB to be sure that you see the same results.

2. With the following matrices and vectors:

() o) =) =(0)

compute the following both by hand and in MATLAB. For the MATLAB computations, use
the diary command to record your session.

(a) vTw (f) B

(B) vt (6) A (= A4)

(c) Av

(d) ATv (h) The vector y for which By = w.
(e) AB (i) The vector z for which Az = v.

3. Use MATLAB to produce a single plot displaying the graphs of the functions sin(kz) across
[0,27], for k=1,...,5.

4. Use MATLARB to print a table of values x, sin(z), and cos(z), for z =0, %, Qg, ..,2m. Label
the columns of your table.
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5. Download the file plotfunctionl.m from the web page and execute it. This should produce
the two plots shown below. The top plot shows the function f(z) = 2cos(z) — e* for —6 <
z < 3, and from this plot it appears that f(z) has three roots in this interval. The bottom
plot is a zoomed view near one of these roots, showing that f(z) has a root near r = —1.454.
Note the different vertical scale on this plot. Note also that when we zoom in on this function
it looks nearly linear over this short interval. This will be important when we study numerical
methods for approximating roots.

(a)

plot of f(x) = 2cos(x) — exp(x)
20 T T T

zoomed view
0.02 T

0.01- -

o 4

-0.01 . : i

0.02 I I I I I I I I I
-1.46 -1.458 -1.456 -1.454 -1452 -145 -1448 -1.446 -1444 -1442 -144

Modify this script so that the bottom plot shows a zoomed view near the leftmost root.
Write an estimate of the value of this root to at least 3 decimal places. You may find it
useful to first use the zoom feature in MATLAB to see approximately where the root is
and then to choose your axis command for the second plot appropriately.

Edit the script from part (a) to plot the function

_ 4zsin(z) -3

fla) = =550

over the range 0 < z < 4 and also plot a zoomed view near the leftmost root. Write
an estimate of the value of the root from the plots that is accurate to 3 decimal places.
Note that once you have defined the vector x properly, you will need to use appropriate
componentwise multiplication and division to evaluate this expression:

y = (4*x.*sin(x) - 3) ./ (2 + x.72);

6. Plot each of the functions below over the range specified. Produce 4 plots on the same page
using the subplot command.

(a)
(b)
(c)

f(z)=|z —1| for =3 <z < 3. (Use abs in MATLAB)
f(z) = /|z| for —4 <z < 4. (Use sqrt in MATLAB)
f(z) = e = exp(—22?) for —4 < z < 4. (Use exp in MATLAB)
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B 1
T 1022 +1

(d) f(z) for —2<z <2
7. Use MATLAB to plot the circles

(€ =22+ (y—1)°>=2
(x —25)2+4y> =35

and zoom in on the plot to determine approximately where the circles intersect.

Hint: One way to plot the first circle is the following:

theta = linspace(0, 2*pi, 1000);

r = sqrt(2);
X = 2 + r*cos(theta);
y = 1 + rxsin(theta);

plot(x,y)
axis square % so the circles look circular!

Use the command hold on after this to keep this circle on the screen while you plot the
second circle in a similar manner.

8. In this exercise, you will plot initial stages of a process that creates a fractal known as Koch’s
Snowflake, which is depicted below.

Stage 0 Stage 1 Stage 2

This exercise uses the MATLAB M-file koch.m, which you will find on the web page. The
M-file contains all the necessary commands to create the fractal, except for the necessary
plotting commands. Edit this M-file so that each stage of the fractal is plotted. (Hint: This
can be accomplished by adding a plot command just before the completion of the outer for
loop.) Add the following commands to keep consistency between plots in the animation:

axis([-0.75 0.75 -sqrt(3)/6 11);
axis equal
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10.

11.

Note that the cla command clears the axes. Finally, add the command pause(0.5) in
appropriate places to slow the animation. (The £i11 command, as opposed to plot, produced
the filled fractals depicted above.) We will create fractals using Newton’s Method in Chapter
4.

. A magic square is an arrangement of the numbers from 1 to n? in an n x n matrix, where each

number occurs exactly once, and the sum of the entries of any row, any column, or any main
diagonal is the same. The MATLAB command magic(n) creates an n X n (where n > 2)
magic square. Create a 5 X 5 magic square and verify using the sum command in MATLAB
that the sum of the columns, rows and diagonals are equal. Create a log of your session that
records your work. (Hint: To find the sum of the diagonals, read documentation for the diag
and the flipud commands.)

More advanced plotting commands can be useful in MATLAB programming.

(a) In the MATLAB command window type:

[X,Y,Z] = peaks(30);
surf(X,Y,Z);

(b) Give this plot the title “3-D shaded surface plot”
(c) Type colormap hot and observe the change in the plot.
(d) Print the resulting plot with the given title.
Computer graphics make extensive use of matrix operations. For example, rotating an object

is a simple matrix vector operation. In two dimensions, a curve can be rotated counterclock-
wise through an angle € about the origin by multiplying every point that lies on the curve by

the rotation matrix:
R= cos@ —sinf
~ \ sinf cos@ |

As an example, let us rotate the rectangle with vertex coordinates [1,0],[0,1],[—1,0], and
[0, —1] through an angle # = 7/4. In MATLAB, type the following code to generate the
original and rotated squares plotted one on top of the other.

% create matrix whose columns contain the coordinates of each vertex.
U=[10-10; 010 -1];

theta = pi/4;
% Create a red unit square

% Note U(1,:) denotes the first row of U
£i11(U(1,:),U0(2,:),°r?)
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% Retain current plot and axis properties so that
% subsequent graphing commands add to the existing graph
hold on

% Set the axis
axis([-2 2 -2 21);

% Perform rotatiom.

R
v

[cos(theta) -sin(theta); sin(theta) cos(theta)]l;
RxU;

£i11(V(1,:), V(2,:),’b?);

axis equal tight, grid omn

Note that the fill command in MATLAB plots a filled polygon determined by two vectors
containing the x and y coordinates of the vertices.

(a)

(b)

Adapt this code to plot a triangle with vertices (5,0), (6,2) and (4, 1). Plot the triangles
resulting from rotating the original triangle by 7/2, 7, and 37 /2 radians about the origin.
Plot all four triangles on the same set of axes.

Rotating by 0 radians and then rotating by —# radians leaves the figure unchanged. This
corresponds to multiplying first by R(#) and then by R(—6). Using MATLAB, verify
that these matrices are inverses of each other (that is, their product is the identity) for
6 = /3 and for § = /4.

Using the trigonometric identities cos() = cos(—0) and — sin(#) = sin(—6), prove that
R(#) and R(—0) are inverses of each other for any 6.

Let R be the matrix that rotates counterclockwise through the angle 7/8, and let R=
0.9 % R. Then the matrix R simultaneously rotates and shrinks an object. Edit the code
above to repeatedly rotate and shrink (by the same amounts on each step) the square
(again originally with coordinates [1,0],[0,1],[—1, 0], and [0, —1]) for 50 iterations. The
plot should show all of the 51 squares on the same set of axes.

Apply R but now after each rotation translate the square by 1 unit in the z direction
and 2 units in the y direction. Note, you must apply the rotation and translation to all
the vertices of the square. The resulting squares should visually suggest the existence of
a fixed point. Such a point satisfies the equation

(5)-2(5)+(2)
Y Y 2
Solve this equation to find the numerical value of this fixed point.
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12. The previous exercise used rotation matrices in two dimensions. Now, we explore the speed
of matrix operations in a computer graphics model in three dimensions. In Figure 2.2, we
see a model of Yoda. The tessellation contains 33,862 vertices. Let V be a matrix with 3
columns and 33,862 rows, where row ¢ contains the z, ¢, and z coordinates of the ith vertex
in the model. The image can be translated by ¢ units in the y direction by using a translation
matrix T" where

0t 0

0t 0

T =
0t 0
If Vi =V + T, then V; contains the vertex information for the model after a translation of ¢
units in the y-direction.

L‘///%/ l\\lll

iy

Figure 2.2: A model of Yoda created with 33,862 vertices. Model created by Kecskemeti B. Zoltan.
(©Lucasfilm Ltd & TM. All Rights Reserved. Digital Work by Industrial Light & Magic.

Download the files yoda.m and yodapose_low.mat from the web page. Run the file yoda.m
in MATLAB. You will see an animation of the model being translated in space using matrix
addition.

(a) The image can be rotated by 0 radians about the y-axis by multiplying V on the right
by R, where
cosf 0 —siné
R, = 0 1 0
sinf 0 cosé

Edit the code to continuously rotate the image by /24 radians until the image has made
one full rotation about the y axis.

(b) How many multiplications are performed when you use matrix multiplication (with Ry)
to rotate the image once by 7/24 radians? (Remember that V is a 33862 x 3 matrix.)
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Keep this in mind as you watch how fast MATLAB performs the calculations and displays
the results.

13. You can see a picture of a mandrill by typing the following Matlab commands:

load mandrill, image(X), colormap(map), axis off, axis equal

Each row of the 220 by 3 matrix map corresponds to a color with the first, second, and third
elements specifying the intensity of red, green, and blue, respectively.

(a)

(b)

Write down a 3 by 3 matrix 7" which, when applied to map on the right, will reverse the
order of the columns. Use the Matlab commands map2 = map*T; colormap(map2) to
see the effect. Explain what happened and why.

Write down a 3 by 3 matrix S which, when applied to map on the right, leaves columns
one and two unchanged but replaces column three by a column of 0’s. Use the Matlab
commands map3=map#*S; colormap(map3) to see the effect of this change. Explain
what happened and why. You may need to type help colormap to find out exactly
what this new color map does.

14. In this exercise, we will create a fractal coastline. Fractals have many uses, and here we see
how they can be used to create qualitatively realistic-looking pictures.

We will use the following iterative algorithm to create 2D fractal landscapes:

0.

Begin with one straight line segment.

1. For each line segment in the current figure, find the midpoint, denoted by a solid diamond

in the picture below.

. Create a new point by moving a random amount in the z and y directions from that

midpoint as seen below. The size of the random displacement will be adjusted at each
iteration.

. Connect the endpoints of the original line with the new point.

If the picture looks good then stop, else adjust the random displacement size and go to
Step 1.
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You will need to determine a suitable range for the random displacement at each iteration to
obtain a realistic-looking picture. One such choice resulted in the figures below.

Iterate 0 Tterate 1
Iterate 2 Tterate 8

For the exercise, you need not color the land and water masses (although you may do so
by using the £ill command), but simply generate a realistic looking coastline. If your
implementation stores the x values and y values for points on the fractal coastline in the
vectors xValues and yValues, respectively, then the MATLAB commands:

plot(xValues,yValues)
axis equal

will plot the fractal coastline with a 1:1 aspect ratio for the axes.

Fractal Coastline

(a) Write a program to create fractal coastlines using the algorithm above.

(b) Describe how your implementation adjusts the range of the random numbers used for
displacements in Step 2 at each iteration.

(c) Create at least two fractal coastlines with your code.
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15. Type helpdesk and find documentation on the movie command or alternatively type doc movie.
At the bottom of the documentation on this command, you will find the following code:

Z = peaks;
surf (Z);
axis tight
set(gca,’nextplot’,’replacechildren’);
for j = 1:20

surf (sin(2*pi*j/20)*Z,Z)

F(j) = getframe;
end movie(F,5)

Cut and paste this code into the MATLAB command window and describe the results. Pro-
ficiency in MATLAB programming can increase dramatically through effective use of the
available documentation.
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Chapter 3

Monte Carlo Methods

Having completed a chapter on mathematical modeling, we now explore one of the simplest types
of models — simulating natural phenomena based on probabilities. Methods that do this make
extensive use of random numbers and are called Monte Carlo methods.

Monte Carlo methods are essentially carefully designed games of chance that enable predictions
of interesting phenomena. While no essential link exists between Monte Carlo methods and elec-
tronic computers, computer implementation enormously enhances the effectiveness of such methods.
While one might be able to perform an experiment tens or hundreds or maybe even a few thousand
times by hand, a computer code will likely be able to simulate the same experiment hundreds of
thousands or even millions of times in a matter of seconds. Because these computations use random
numbers, it may seem surprising that meaningful results about deterministic phenomena can be
obtained. Yet Monte Carlo methods are used effectively in a wide range of problems from physics,
mechanics, economics, and many other areas.

3.1 A Mathematical Game of Cards

While Monte Carlo methods have been used for centuries, important advances in their use as a
research tool occurred during World War II, with mathematicians including John von Neumann
and Stanislaw Ulam and the beginnings of the modern computer.

Ulam invented the Monte Carlo method in 1946 while pondering the probabilities of winning a
card game of solitaire. Assumptions must be made about the way the cards are shuffled and about
the decisions that a player makes during the course of the game, but even after such assumptions
are made, an analytic computation of the probability of winning would be extremely complex.
Instead, Ulam explored another route. He would play the game a large number of times and see
the percentage of times that he won. However, Ulam would play the game via an early mainframe
computer that he programmed to simulate solitaire. He ran hundreds of trials and computed the
proportion of times that he won.

Rather than explore the game of solitaire, we will turn our attention to a more modern card
game called Texas Holdem.
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3.1.1 The Odds in Texas Holdem

“Texas Holdem — It takes a minute to learn and a lifetime to master.”
— Mike Sexton, World Poker Tour

Or does it? Since a computer can simulate hundreds of thousands of games in a matter of
seconds, can we decrease the time to mastery? If mastering the game means learning to read
your opponents effectively while preventing them from reading you, then perhaps not. But if we
are interested simply in knowing the odds of winning, given the knowledge that we have, then a
computer can be used to determine those odds just by simulating thousands or millions of random
games and counting the fraction of wins, losses, and draws for each player. Such a simulation is
called a Monte Carlo simulation.

The rules of the game are as follows. Two cards are dealt face down to each player. Then five
community cards are revealed, face up. Each player takes his best five-card poker hand from his
two down cards and the five community cards, and the player with the best hand wins. During
the process of dealing, there are several rounds of betting, and much of the strategy in Texas
Holdem comes from betting. Even if one has a poor hand, one may bet a large amount in hopes
of convincing other players to fold (to give up and lose all of the money that they have bet so far,
fearing that they will lose more if they continue). This is called bluffing. While some attempts have
been made to develop computer programs that bet and bluff wisely, this is an extremely difficult
task and far beyond the scope of this book. Here we simply ask about the odds of winning from a
given two-card starting hand, assuming that no players fold. When the game is shown on television,
these odds are quickly posted on the screen. Are they correct? How are these odds determined?

Table 3.1 shows the odds of a win, loss, or draw in a 2-person game, given any two starting cards
and assuming that your opponent’s two cards and the five community cards are chosen randomly
from the remaining cards. Again, this assumes that both players stay in the hand until the end.
This data is plotted in Figure 3.1. The probability of winning or losing is plotted as a continuous
line, but points on the curve corresponding to the top 8 hands and the bottom 3 hands are marked
with o’s.

Figure 3.2 shows most of a MATLAB code used to generate the data for this table and figure.
The code uses function whowins (not shown), to compare the players’ hands and decide who wins.

The dealing of cards is simulated using the MATLAB random number generator rand. This
generates a random number from a uniform distribution between 0 and 1. But the cards are
numbered from 1 (2 of clubs) to 52 (ace of spades). To determine which card comes out next, we
use the expression fix(52*rand) + 1. If the output from rand is in the interval [k/52, (k +1)/52)
for some nonnegative integer k, then 52*rand lies in the interval [k, k+1). The MATLAB function
fix takes the integer part of its argument, and so fix(52*rand) generates the integer k. Since
k will be between 0 and 51, we add 1 to this to obtain the number of the card. Of course, cards
that have already been dealt cannot appear again, so we keep track of which cards have already
appeared using the vector taken. If a random card is generated but it is discovered that this card
has already been marked as taken, then we simply retry until we generate a random card that has
not yet appeared. Another approach would be to use the MATLAB command randperm, which
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Two w L| T Two w L| T Two w L| T Two w L

AA [ 8 | .15 | .01 | J,10(s) | .56 | 41 | .03 || K,2(u) | .48 | .47 | .04 || 9,5(u) | .40 | .55
KK | .82|.17 | .01| Ap5(u) | .55 | .41 | .04 || Q2(s) | .48 | .48 | .04 || 10,3(u) | .40 | .55
QQ |.79].20| .01 A2(s) | .56 | .41 | .04 || J5(s) | .48 | 48 | .04 || 9,2(s) | .40 | .55
JJ | 77| 23| .01 || Q10(u) | .56 | 41 | .03 || Q,5(u) | .48 | 48 | .04 || 7,6(u) | .39 | .55
10,10 | .75 | .24 | .01 4.4 56 | 42 | .02 || J7(u) | 48 | 48 | .04 || T.4(s) | .39 | .55
99 | .72].28 | .01 | Ad(u) | .55 | .41 | .04 || 10,8(u) | .48 | .48 | .04 || 8,5(u) | .39 | .56
8,8 | .69 |.30 | .01 | K,6(s) | .55 | .42 | .04 || Q4(u) | .47 | .49 | .04 || 10,2(u) | .39 | .56
AK(s) | 66 | .32 | .02 | Q8(s) | .54 | .42 | .03 | 9,7(s) | .47 | .49 | .04 || 6,4(s) | .38 | .56
AQ(s) | 65| .33 | .02 | K8u) | .54 | 42 | .03 || 10,6(s) | .47 | .49 | .04 || 54(s) | .38 | .56
77 | 65| 33| .01 | A3(u) | 54| 42| .04 || JA(s) | A7 | 49 | 04 || 83(s) | .39 | .56

) | 54| 42| 04| Q3(u) | 46 | .50 | .04 || 9,4(u) | .38 | 57

AK(u) | 64| 34| .02 | J9(s) | .54 | 43| .03 | 87(s) | .46 | .50 | .04 || 7,5(u) | .38 | .57
A10(s) | 64 | .34 | .02 || QO9(u) | 54| 43 | .03 || 9,8(u) | 46 | .50 | .04 || 82(s) | .38 | .57
AQ(u) | 63| .35 | .02 || J,10(u) | .54 | 43 | .03 || J,3(s) | .46 | .50 | .04 || 9,3(u) | .37 | .57
AJ(u) | 63| .35 .02 || K,7(u) | .53 | .43 | .04 || 10,7(u) | .46 | .50 | .04 || 7,3(s) | .37 | .57
K,Q(s) | 62| .36 | .02 | Kd(s) | .53 | 43 | .04 | J6(u) | .46 | .50 | .04 || 6,5(u) | .37 | .57
66 | 63| .36 .01 | A2(u) |.53| 43| .04 | J2(s) | .45 | .50 | .04 || 5,3(s)2 | .37 | .57
A9(s) | 61| .36 | .03 | K6(u) |.52| 44| .04 || Q2(u) | 45| .50 | .04 || 8,4(u) | .37 | .58
( 2
)

AJ(s) | .65 | .33 | .02 || K,5(s

A,10(u) | 62 | .36 | .02 || J8(s) | .52 | .44 | .03 || J5(u) | 45 | .50 | .05 || 6,3(s)2 | .37 | .58
(s) | 61].36 .02 K3(s) |.52| .44 | .04 | 96(s) | .45| .50 | .05 || 9,2(u) | .36 | .58
A8(s) | .60 | .37 | .03 || Q,7(s)

52| 44 | 04 || 10,5(s) | 45 | .51 | .05 || 4,3(s) | .36 | .59

K,10(s) | .60 | .37 | .02 || 10,9(s) | .52 | 44 | .03 || 10,6(u) | .44 | .51 | .04 || 7.4(u) | .36 | .59
K,Q(u) | .60 | .38 | .02 33 | 53] 45| .02 | 10,4(s) | 44 | 51 | .05 || 7.2(s) | .35 | .59
A7(s) | 59| .37 | 03| Q8(u) | .52 | .45 | .03 || J4(u) | 44 | 51| .05 || 5,4(u)3 | .35 | .59
K,J(u) | 60 | .38 | .02 || Q6(s) | .51 | 45 | .04 || 9,7(u) | .44 | .52 | .04 || 6,4(u)® | .35 | .59
A9(u) | 59 | .38 | .03 || K,5(u) | .51 | 45 | .04 || 8,6(s) | .44 | .52 | .05 || 6,2(s) | .35 | .59
55 | .60 | .39 .01 K2(s) |.51|.45].041 95(s) | 43| .52 | .05 | 52() |.35| .59
QJ(s) | 59| .39 | .02 J9u) | 52| 45| .03 J3(u) | 43| .52 | .05 | 83(u) | .35 | .60
K,9(s) | .59 | .39 | 03| Qp(s) | .51 | .45 | .04 || 10,3(s) | 43 | .52 | .05 || 4,2(s) | .34 | .60
AB5(s)t | .58 | .38 | .04 || K4(u) | .50 | 45 | .04 || 7.6(s) | 43 | .52 | .05 || 8,2(u) | .34 | .61
K,10(u) | .59 | .39 | .03 || J,7(s) | .51 | 46 | .04 || 10,2(s) | .43 | .53 | .05 || 7,3(u) | .33 | .61

(
1| 58 |.39 | .04 108(s) | .50 | 46 | .04 || 8,7(u) | 43 | .53 | .05 || 5,3(u)* | .33 | .61
A8(u) | 58| .39 | .03 || Q4(s) | .50 | 46 | .04 || 85(s) | .42 | .53 | .05 || 6,3(u)* | .33 | .61
Q,10(s) | .58 | .39 | .03 || Q,7(u) | .50 | .46 | .04 || 9,6(u) | .42 | .53 | .05 || 3,2(s) | .33 | .61
AA(s) | 57| .39 | .04 || 109(u) | 50 | 47 | .03 || J2(u) | 42| 53| 05 | 4,3(u) | .32 | .62
A7(u) | 57| 40 | .03 || J8(u) | .50 | 47 | .04 || 94(s) | 42 | 54 | 05| 7,2(u) | .32 | .63
A3(s) | 56| .40 | .04 || K,3(u) | 49 | 46 | .04 || 10,5(u) | 41 | .54 | .05 || 5,2(u) | .31 | .63
) | 56| .40 | 03| Q3(s) | 49 | 47 | .04 || 7.5(s) | 41| 54 | .05 | 6,2(u) | .31 | .63
QJ(u) | 57| 41 | .03 || Q6(u) | 49 | 47 | .04 || 10,4(u) | .41 | .54 | 05 || 4,2(u) | .30 | .64
) | 56 | 41 | .03 || J6(s) | 49 | 47 | .04 || 93(s) | .41 | .54 | .05 || 3,2(u) | 29 | .65
Q.9(s) | .56 | .41 | .03 | 9.8(s) | .49 | 47 | .04 || 8,6(u) | .41 | .54 | .05
(s) | .56 | .41 | .03 | 10,7(s) | .49 | 47 | .04 || 6,5(s) | .40 | .54 | .06
) | 56| 41| .04 22 | 50| 49| .02 | 84(s) | .40 | 55| .05

Table 3.1: Odds for 2-player game, assuming neither player folds. W=win, L=lose, T=tie; ’(s)’
means suited, ’(u)’ means unsuited.
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probabilty of winning or losing

L L L L L L L L
0 20 40 60 80 100 120 140 160 180
first two cards

Figure 3.1: Probability of winning (black) and losing (red) for each of the two-card starting hands
in Table 3.1. The horizontal axis is number of the hand from top (1=A,A) to bottom (169=3,2(u)).
The top 8 hands and the bottom 3 are marked on the curve with o’s.

uses rand to generate a random permutation of the entire deck of 52 cards. With this approach
one would not have to worry about duplicate cards, but it might take longer if only a moderate
number of cards from the deck are actually used. On the other hand, it would certainly be more
efficient if there were a large number of players and many duplicate cards were generated using the
code in Figure 3.2.

If you study Table 3.1 carefully, you will find a few apparent anomalies. The hands are sorted
from best to worst based on wins-losses, where each hand was played 100,000 times. Although
the probabilities are printed to only two decimal places, the numbers of wins, losses, and ties were
counted exactly and were used as the basis of this ordering.

It is sometimes claimed that 2,7(u) is the worst possible starting hand; the reason given is
that although 2,3(u),...,2,6(u) are lower cards, with each of these hands there is a possibility of a
straight if the right community cards are dealt, but there is no such possibility with 2,7. Yet Table
3.1 indicates that 2,3(u) is the worst starting hand; its probability of winning is just .29, compared
to .32 for 2,7(u). Is this difference real? Or are 100,000 simulations insufficient to determine which
starting hand is better when the difference is this small?

Note that A,5(s) is rated higher than A,6(s); perhaps this is because one might get a straight
(A,2,3,4,5) when one starts with A,5; but then why is A,6(u) rated higher than A ,5(u)? Perhaps
here the difference is so small that 100,000 simulations are not sufficient to determine which starting
hand is better. Similar possible anomalies occur with 5,3(s or u) being rated higher than 6,3(s or
u, correspondingly), with 5,4(u) being rated higher than 6,4(u), and with 5,2(u) being rated higher
than 6,2(u). Perhaps there is a subtle bug in the code. Monte Carlo codes can be notoriously
difficult to debug, since there is a certain amount of variation in the results from one run to the
next. Assuming that there is no bug in the code, how does one know if such results are real or if
they are within the expected statistical error?

We will not be able to answer this question definitively, but we will state some theorems about
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% User specifies his first two cards, the number of players, and the number of simulations
% to run. This routine runs the desired number of simulations of Texas Holdem and
% reports the number of wins, losses, and ties.

% Cards:
% rank: 2=2, ..., 10=10, J=11, Q=12, K=13, A=14. suit: C=1, D=2, H=3, S=4.
% cardno = (rank-2)*4 + suit (1--52)

taken = zeros(52,1); % Keep track of cards that have already been dealt.

% Get input from user.
no_players = input(’ Enter number of players: ’);
first_two = input(’ Enter first two cards: [cardnol; cardno2]’);
taken(first_two(1,1)) = 1; taken(first_two(2,1)) = 1; % Mark user’s cards as taken.
no_plays = input(’ Enter number of times to play this hand: ’);

% Loop over simulations, counting wins, losses, and ties.
wins = 0; ties = Q0; 1losses = 0; takeninit = taken;
for play=1:no_plays,

% Deal first two cards to other players.
for m=2:no_players,
for i=1:2,
first_two(i,m) = fix(52%rand) + 1; % Use uniform random distribution.
while taken(first_two(i,m))==1, % If card is already taken, try again.
first_two(i,m) = fix(52*rand) + 1;
end;
taken(first_two(i,m)) = 1; % Mark this card as taken.
end;
end;

% Deal the flop, the turn, and the river card.
show_cards = zeros(5,1);

for i=1:5,
show_cards(i) = fix(52%rand) + 1; % Use uniform random distribution.
while taken(show_cards(i))==1, % If card is already taken, try again.

show_cards (i) = fix(52*%rand) + 1;

end;
taken(show_cards(i)) = 1; % Mark this card as taken.

end;

% See if hand 1 wins, loses, or ties.

[winner, tiedhands] = whowins(no_players, first_two, show_cards);
if winner==1, wins = wins+1l; elseif tiedhands(1l)==1, ties = ties+1;
else losses = losses+1l; end;

taken = takeninit; % Prepare for new hand.
end;
wins, losses, ties % Print results.

Figure 3.2: MATLAB code to simulate Texas Holdem.

54



the expected distribution of results from a Monte Carlo code that give us an indication of how
much confidence to put in a computed result.

Before turning our attention to the basic statistics needed to understand the Monte Carlo
results, however, let us run the code and see what sorts of patterns emerge. Using the Matlab
files, holdem.m, whowins.m, and findhand.m, we simulated 50 games, each time starting with the
ace of spades and the ace of hearts, while the opponent was dealt two random cards. One such
experiment produced 44 wins, 6 losses, and 0 ties. This suggests an 88% chance of winning with
a starting hand of two aces. We then repeated the 50-game experiment and this time had 36 wins
and 14 losses, which suggests only a 72% chance of winning. Figure 3.3 shows a histogram of the
number of wins in each of 100 experiments, where each experiment simulated 50 games with the
starting hand of two aces vs. a random starting hand.

Histogram of Wins after 50 Simulations

Number of Occurrences

36 38 40 42 44 46 48
Number of Wins

Figure 3.3: Histogram of number of wins from 50 simulations of Texas Holdem with an initial hand
of two aces.

From the histogram, we see that computed probabilities of a win varied from 72% to 96%. This
is a rather large variation, and one might guess that this variation could be reduced by simulating
more games in each experiment.

Suppose we increase the number of games in each experiment to 10,000. Figure 3.4 shows a
histogram of the number of wins in each of 100 experiments, where one experiment consisted of
10,000 games. Note that the estimated probability of a win now varies only between about 84%
and 86%. In the next section we will state a quantitative result about the reduction in variation due
to increasing the number of games per experiment. Note also how most of the results fall towards
the center of the histogram, with the number of experiments yielding results significantly different
from this center value trailing off as we move away from the center. This observation also will be
quantified by the Central Limit Theorem.
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Histogram of Wins after 10,000 Simulations
T T T T T

Number of Occurrences

0
8400 8420 8440 8460 8480 8500 8520 8540 8560 8580 8600
Number of Wins

Figure 3.4: Histogram of number of wins from 10,000 simulations of Texas Holdem with an initial
hand of two aces.

3.2 Basic Statistics

3.2.1 Discrete Random Variables

A discrete random variable X takes on values z; with probability p;, i = 1,...,m, where > p; =
1.

Example 1: Roll a fair die and let X be the value that appears. Then X takes on the values 1
through 6, each with probability 1/6.

Example 2: Monty Hall Problem. You are told that there is a hundred dollar bill behind one
of three doors and that there is nothing behind the other two. Choose one of the doors and let
X be the amount of money that you find behind your door. Then X takes on the value 100 with
probability 1/3 and 0 with probability 2/3.

Now suppose that after choosing a door, but before opening it, you are told one of the other
doors that does not contain the money. That is, suppose the hundred dollars is behind door number
one. If you guessed one, then you are told either that it is not behind door number two or that it is
not behind door number three. If you guessed two, you are told that it is not behind door number
three, and if you guessed three then you are told that it is not behind door number two. You may
now change your guess to the remaining door — the one that you did not choose the first time and
that you were not told did not contain the hundred dollars. Let Y be the amount of money that
you find if you change your guess. Then Y takes on the value 100 with probability 2/3 and 0 with
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probability 1/3. Do you see why?

If your initial guess was correct and you change it then you will get nothing. This happens
with probability 1/3. But if your initial guess was wrong, which happens with probability 2/3, you
have now been told which other door does not contain the money, so that if you switch to the one
remaining door you will get the hundred dollars. If you still do not believe it, try playing the game
10 or 20 times with a friend. (But don’t play for money!) First try staying with your original guess
and then try changing doors when the additional information is revealed, and see which strategy
works better.

The exzpected value of a discrete random variable X is defined as
m
E(X)=(X)= szﬂfz
i=1

This is also sometimes called the mean of the random variable X and denoted as p.
In Example 1 above,

BX)=: 14224234244 541 6:;
In Example 2 above,
B(X) = 5100+ 5 -0 =333,
E(Y):%-lOO-l—% 0:662

If X is a discrete random variable and g is any function, then g(X) is a discrete random variable
and

E(g(X)) = pig(:)-
im1

Example: g(X) = aX + b, a and b constants.
m
E(g(X)) = ) pi(az; +1b)
i=1

m m

= aZpixi + b (since Zpi =1)
i=1 i=1

= a-E(X)+0b.
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Example: g(X) = X2, Then E(g(X)) = Y., piz?.
In Example 1 above,

1 1 1 1 1 1 91
E(X2)=2-.124-.92 4 -.32 3 - .424 - .52 4 _.62="2_.
()6 tg Pt ¥t e 6T =

Let 4 = E(X) denote the expected value of X. The expected value of the square of the difference
between X and p is

E(X —p)?) = ) pilzi—p)?
=1
= > i@} - 2uz; + p1°)
i=1

m m
= > il =2 pimi+
i=1 i=1

= B(X?) - p?
— B(X?) - (B,

The quantity E(X?) — (F(X))? is called the variance of the random variable X and is denoted
var(X). Note that the variance of a scalar ¢ times a random variable X is ¢?var(X), since E((cX)?)—
(E(cX))? = |E(X?) — (BE(X))?] = c?var(X). The square root of the variance, ¢ = \/var(X), is
called the standard deviation. In Example 1 above,

91 7\? 35
Va.I'(X):F—(§> :E

Let X and Y be two random variables. Then the expected value of the sum X + Y is the sum
of the expected values: E(X +Y) = E(X) + E(Y). To see this, suppose X takes on values x; with
probability p;, ¢ =1,...,m, while Y takes on values y; with probability ¢;, 7 = 1,...,n. Then

m n
E(X+Y) = > ) (zi+y;)-Prob(X = z; and Y = y;)
i=1 j=1
m n n m
= sz Z Prob(X =z; and Y =y;) + Zyj ZProb(X =z; and Y = y;)
i=1 j=1 j=1 =1

m n
= Y mipi+ Y yiq = B(X)+ E(Y).
im1 i1

The last line follows because Z?:l Prob(X = z; and Y = y;) is the probability that X = z; and
Y takes on one of the values yq,...,¥y,, which it does with probability 1. Hence this sum is just
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Prob(X = z;) = p;, and similarly, > 7" ; Prob(X = z; and Y = y;) is the probability that ¥ = y;,
which is g;.

The variance of the sum of two random variables is a bit more complicated. Again let X and
Y be two random variables and let ¢; and ¢y be constants. Then the variance of ¢; X + ¢2Y can be
expressed as follows, using the rules for expected values:

var(c1 X + oY) = E((c1 X +Y)?) — (B(aX + ¢Y))?
= E(AEX%+206XY + Y% — (aE(X) 4+ E(Y))?
= AE(X?) +2c10E(XY) +E(Y?) —
[ (B(X))? + 2016 E(X)E(Y) + ¢ (E(Y))?]
= civar(X) + cavar(Y) + 2c1c2(E(XY) — E(X)E(Y)).

The covariance of X and Y, denoted cov(X,Y), is the quantity E(XY) — E(X)E(Y).

Two random variables X and Y are said to be independent if the value of one does not depend
on that of the other; that is, if the probability that X = z; is the same regardless of the value
of Y and the probability that ¥ = y; is the same regardless of the value of X. Equivalently,
the probability that X = z; and Y = y; is the product of the probability that X = x; and the
probability that Y = y;.

Example: Toss two fair coins. There are four equally probable outcomes: HH, HT, TH, TT. Let
X equal 1 if first coin is heads, 0 if first coin is tails. Let Y equal 1 if second coin is heads, 0 if
second coin is tails. Then X and Y are independent because, for example,
1

Prob(X =1 and Y =0) =1=
and similarly, for all other possible values, Prob(X = z; and Y = y;) = Prob(X = z;) - Prob(Y =
yj)- In contrast, if we define Y to be 0 if the outcome is 7T and 1 otherwise, then X and Y are
not independent because, for example, Prob(X =1 and Y = 0) = 0, yet Prob(X = 1) = 1/2 and
Prob(Y =0) =1/4.

= Prob(X = 1) - Prob(Y = 0),

N | —
N | =

If X and Y are independent random variables, then cov(X,Y) = 0, and
var(c; X + oY) = civar(X) + cavar(Y).

3.2.2 Continuous Random Variables

If a random variable X can take on any of a continuum of values, say, any value between 0 and
1, then we cannot define it by listing values z; and giving the probability p; that X = x;; for any
single value z;, Prob(X = z;) is zero! Instead we can define the cumulative distribution function:

F(z) = Prob(X < x),
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or the probability density function (pdf):
p(z) dz = Prob(X € [z,z + dz]) = F(z + dz) — F(z).
Letting dz — 0, we find

oa) = Pla), F@) = [ pwya

The expected value of a continuous random variable X is then defined by

o
E(X) :/ zp(z) dz.
—00
Note that, by definition, [*° p(z) dz = 1. The expected value of X? is
o0
B = [ pla)da,
—00

and the variance is again defined as E(X?) — (E(X))2.

Example: Uniform Distribution in [0, 1].

0 ifz<0 0 ifz<0
Flz)y=¢ z f0<z<1, plz)=¢ 1 if0<z<1
1 ifz>1 0 ifz>1

E(X) :/00 xp(a:)dx:/olxdw: %,

1 N2 1 011
= 2 — — = - — - = —,
var(X) /0 xz*dz <2> 3 1-12

Example: Normal (Gaussian) Distribution, Mean u, Variance o?.

plz) = . exp<—M),

- oV2r 202

o= s Lo ()

In MATLAB,

rand generates random numbers from a uniform distribution between 0 and 1.
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Uniform Distribution Uniform Distribution
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Figure 3.5: Probability Density Function (rho(x)) and Cumulative Distribution Function (F(x))
for a Uniform Distribution in [0, 1] and a Normal Distribution with Mean 0, Variance 1

Suppose you need random numbers uniformly distributed between —1 and 3.
How can you use rand to obtain such a distribution?

Answer: 4xrand is a random number from a uniform distribution between
0 and 4, so 4*rand-1 gives a random number from a uniform distribution
between —1 and 3.

randn generates random numbers from a normal distribution with mean 0 and variance
1.

Suppose you need random numbers from a normal distribution with mean 6
and variance 4. How can you use randn to obtain such a distribution?

Answer: Since the variance of a scalar times a random variable is the square
of that scalar times the variance of the random variable, in order to get a
normal distribution with variance 4, we must take 2*randn. This generates a
random number from a normal distribution with mean 0 and variance 4. To
shift the mean to 6, we simply add 6: 2*randn+6 gives the desired result.

3.2.3 The Central Limit Theorem

Let Xi,...,Xn be independent identically distributed (iid) random variables, with mean p and
variance o2. Consider the average value, Ay = % E'fil X;. According to the Law of Large Numbers,
this average approaches the mean p as N — oo, with probability 1.
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Example: If you toss a fair coin many, many times, the fraction of heads will approach %

The Central Limit Theorem states that, for N sufficiently large, values of the random variable
Ay are normally distributed about p, with variance o2 /N. The expression for the variance follows
from the rules we derived for variance of sums and products:

N

g

N
1
VaT(AN) == W E Var(Xi) = W.
i=1

Theorem 3.2.1 (Central Limit Theorem:). Let X1, Xo,..., Xy be independent and identically
distributed random wvariables. Then the sample average Ay tends to a normal distribution as the
sample size tends to infinity. The mean of this distribution will be the mean u of each X;, and the
variance of this distribution will be the variance of each X; divided by the sample size N.

Take a moment and consider the power of this theorem. The theorem allows any iid random
variables X;. Two random variables X; and Y; may have widely differing distributions, such as a
uniform distribution and a highly skewed distribution. Yet, if multiple, independent experiments
occur for each, the resulting distribution of the sample average always tends toward a normal
distribution as the sample size increases.

As an example, suppose we toss a fair coin 1000 times and record the fraction of times that it
comes up heads. We can think of this fraction A1ggo as the average value of 1000 random variables
X; defined by

X, — 1 if 3th toss is heads
71 0 ifith toss is tails

Although the individual random variables X; take on just two discrete values 0 and 1, each with
probability .5, the Central Limit Theorem tells us that their average Aigg0 = ﬁ Zﬁ‘}o X; will be
normally distributed. That is, if we performed this 1000 coin toss experiment, say, 100 times, each
time recording the fraction of heads, and made a bar graph of the results, it would look much like
a normal distribution, with the majority of results landing close to the mean .5 and the number of
results landing in other regions trailing off as we move away from the mean. Of course, all values
of A1ppo will be between 0 and 1, so this is not exactly a normal distribution, but the Central Limit
Theorem guarantees that it is close to normal.

We can be even more specific about the normal distribution that the values Aiggg will follow. It
has mean .5 (the mean of the individual X;’s) and variance equal to var(X;)/1000. Since the random
variables X; take on only the values 0 and 1, it is easy to compute their variance. The random
variable X? also takes on only the values 0 and 1, and it is 1 if X; is 1 and 0 if X; is 0, so its expected
value is the same as that of X;, namely, .5. Hence var(X;) = BE(X2) — (E(X;))? = .5 — .52 = .25.
It follows that the variance of Aiggp is .00025 and its standard deviation is the square root of
this number, or, about .0158. A normally distributed random variable lands within one standard
deviation of its mean about 68% of the time, within two standard deviations about 95% of the
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time, and within three standard deviations about 99.7% of the time. This means that the value of
A1ggo will be between .4842 and .5158 about 68% of the time, between .4684 and .5316 about 95%
of the time, and between .4526 and .5474 about 99.7% of the time.

How can the Central Limit Theorem be used in practice? Suppose one runs an experiment a
large number of times NV, generating values of iid random variables X;, 7 =1,..., N. Let z; be the
value obtained in the ¢th experiment and let ay = % E’fil z; be the average value obtained. The
value of any can be taken as an approximation to the mean y of each individual random variable
X;. But how good an approximation is it? According to the Central Limit Theorem it is a sample
of a normally distributed random variable Ay with variance var(X;)/N.

If one knows var(X;), then this gives an indication of how much confidence can be placed in
the result ay. In most cases, however, one does not know the variance of the individual random
variables X;. Still, this variance can be estimated using experimental data:

N

var(Xy) = B((Xi — p)?) ~ ﬁ 2;(35 —an)?. (3.1)
The factor 1/(N — 1) instead of 1/N may seem surprising. This is known as Bessel’s correction,
after the mathematician Friedrich Bessel, and it is designed to correct the bias in the estimate of
variance, due to the use of an estimated mean u obtained from the same data. For further details,
consult any good statistics book or look up “Bessel’s correction” on Wikipedia. For large N it
makes little difference anyway. By keeping track of Zf\i 1 mf as well as ZZ]\; | Tj, one can estimate
the variance and hence the standard deviation of Ay and thus determine confidence intervals for
the result an. Note that since the standard deviation is the square root of the variance,

a(X;)
\/N 3

and so the width of these confidence intervals decreases only like 1/ /N as N increases. Monte Carlo
methods are slow to converge (i.e., to get to a point where the results do not change appreciably
with increasing N).

Let us consider again some of the questions raised in Section 3.1.1. Is 3,2(u) really a worse
starting hand than 7,2(u), as indicated in Table 3.1, or are the probabilities of winning or losing
with each hand so close that they cannot be distinguished with the 100,000 experiments run?
Suppose we start with 3,2(u). Let X; be a random variable that takes the value 1 if we win the
1th game, —1 if we lose the ith game, and 0 if we tie the ith game. Let Y; be defined analogously
when we start with 7,2(u). The precise numbers obtained in the experiments were:

3,2(u) 29039 wins 64854 losses 6107 ties wins-losses = -35815
7,2(u) 31618 wins 62662 losses 5720 ties wins-losses = -31044

We conclude that the expected value of X; is the sample average axiggggg = —-35815, while
that of Y; is ay1g0000 = —-31044. We do not know the variance of X; and Y;, but they can be
estimated using the experimental data. Using formula (3.1) with computed sample averages,

o(An) =

1
var(X;) & oo [20039(1 +.35815)° + 64854(~1 + .35815)° + 6107(0 + .35815)°] ~ .82
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1
var(Y;) & 9995 [31618(1 + .31044)* + 62662(—1 + .31044)* + 5720(0 + .31044)?]| ~ .85

From this we conclude that the variances in the sample averages ax 190000 and ay 100000 are about
.82 x 107° and .85 x 107°, respectively, giving standard deviations of about .0029 in each case.
The sample averages differ by about .048, or about 16 standard deviations. This is a significant
amount! It is highly unlikely that the expected value of X; is actually larger than that of Y;, that
is, that 3,2(u) is really a better starting hand than 7,2(u). Put another way, if we ran many many
sets of experiments, each time taking the average of the z;’s and y;’s over 100,000 games, the vast
majority of those sets of experiments would yield a sample average for X; that is smaller than that
for Y;.
Some of the other possible anomalies in Table 3.1 are more difficult to verify. Is A,5(s) really a

better starting hand that A,6(s)? Here the precise numbers obtained in the experiment were:

A5(s) 58226 wins 38147 losses 3627 ties wins-losses = 20079

A6(s) 57928 wins 38550 losses 3522 ties wins-losses = 19378
Again, we can let X; be a random variable that takes the value 1 if we win the ith game, —1 if
we lose the ith game, and 0 if we tie the ith game, with starting hand A,5(s), and we can let Y;
be defined analogously for the starting hand A,6(s). In this case, however, the sample average for
X; is .20079 while that for Y; is .19378. These differ by about .007, which is only about twice
their estimated standard deviations of .003. Probably the ordering is correct, but to gain more
confidence we would need to run a larger number of experiments. Increasing the number of games
by a factor of 10 to one million would lower the standard deviation by a factor of v/10 to about
.001, and this might be enough to make the determination.

Unfortunately, the results of one such experiment — in fact an experiment with 10 million games

— were inconclusive. With 10 million games the variance of sample averages should be only about
.0003. However, in this case the results were:

A5(s) 5806365 wins 3823200 losses 370435 ties wins-losses = 1983165

A,6(s) 5814945 wins 3839292 losses 345763 ties wins-losses = 1975653
The difference between sample averages is .1983165 — .1975653 = .0007512, a difference that is still
just slightly greater than two standard deviations. One can try averaging over still larger numbers
of games, but this may require large amounts of computer time. Another approach is to combine
computation with some analysis and simulate large numbers of games only in regimes where it is
likely to reveal a significant difference between the two starting hands. This is the basic idea of
importance sampling, which we will discuss further in connection with Monte Carlo integration.

3.3 Monte Carlo Integration

While the previous discussion of Monte Carlo methods centered around probabilities, the probability
of an event occurring can really be thought of as a ratio of volumes or integrals: the volume of the
set of outcomes that constitute a success divided by the volume of the set of all possible outcomes.
Thus the Monte Carlo method is really a technique for numerical integration. In Chapter 7?7, we will
discuss other techniques that are far more efficient for approximating integrals in a few dimensions
— say, one or two or three — but for integrals over, say, ten or more dimensions, Monte Carlo
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methods may be the only practical approach. The error in the approximation still decreases at the
rate 1/ V/N, where N is the number of points sampled, but this may be quite good compared to
deterministic methods that typically require at least a moderate number of points in each dimension:
10 integration points in each of 10 dimensions means a total of 10! points!

We start with a very early example of using the Monte Carlo method to estimate 7.

Y

Y L
L units . 3 sind
- D units /

(a) (b)

Figure 3.6: Buffon’s Needle experiment: (a) depicts the experiment where a needle of length L is
randomly dropped between two lines a distance D apart. In (b), y denotes the distance between
the needle’s midpoint and the closest line; 6 is the angle of the needle to the horizontal.

3.3.1 Buffon’s Needle

In 1777, Comte de Buffon described an experiment that relates the real number 7 to a random
event. Specifically, a straight needle of length L is dropped at random onto a plane ruled with
straight lines a distance D apart as depicted in Figure 3.6 (a). What is the probability p that
the needle will intersect one of the lines? Buffon manually repeated the experiment to determine
p. Such hand computation limited the feasibility of many mathematical experiments before the
advent of the digital computer.

Buffon also derived the value of p mathematically. Let y denote the distance between the
needle’s midpoint and the closest line, and let 6 be the angle of the needle to the horizontal. (Refer
to Figure 3.6 (b).) Here both y and € are random variables, assumed to be uniformly distributed
between 0 and D/2 and between 0 and 7, respectively. The needle crosses a line if

L
y < Esinﬁ.

For simplicity, take L = D = 1. Consider the plot of % sin @ shown in Figure 3.7. The probability
of the needle intersecting a line is the ratio of the area of the shaded region to the area of the
rectangle. The area of the rectangle is clearly 7/2. The area of the shaded region is

/0 %sin& do =1,
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)
Figure 3.7: Plot of %sin& aids in analysis of Buffon’s Needle.

which implies that the probability of a hit is

Hence, an estimate of 7 is

total number of drops
TR .
total number of hits

How many times must this experiment be performed to obtain a reasonable estimate of 77
Ignoring the difficulties of distinguishing short line crossings from near misses, the answer is that
the experiment must be performed many, many times before an accurate estimate of 7 emerges.
Table 3.2 shows that after 10 million drops of the needle (simulated on a computer now), the
estimate is 3.14028. The method displays the expected O(1/v/N) convergence, although many
jumps and dips in the error occur due to the random nature of the experiments.

H Total drops ‘ Estimate ‘ Error H

102 3.12500 | 1.7e-2
103 3.28407 | -1.4e-1
10* 3.16857 | -2.7e-2
10° 3.14936 | -7.8e-3
108 3.14112 | 4.7e-4
107 3.14028 | 1.3e-3

Table 3.2: Estimation of 7 in one simulation of Buffon’s Needle experiment from successively
dropping a needle of length L = 1 between lines a distance D = 1 apart.
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3.3.2 Estimating 7

Another simple way to estimate 7 using Monte Carlo methods on a computer — and one that
easily extends to give estimates of areas or volumes of complicated regions — is as follows.

Figure 3.8: Random points dropped in a square of area 4. The fraction that land inside the circle
of radius 1 is an estimate of 7/4.

Generate points randomly in the square [—1,1] x [—1,1], which has area 4. (See Figure 3.8.)
The area inside the circle of radius 1, which is enclosed by the square, is w. Therefore the fraction
of points that land inside the circle gives an estimate of /4, or, 4 times this fraction is an estimate
of . Following is a simple Matlab code to do this:

N = input(’Enter number of points: ’);

numberin = 0; % Count number inside circle.
for i=1:N, % Loop over points.
x = 2xrand - 1; % Random point in the square.
y = 2*rand - 1;
if x"2 +y"2< 1, % See if point is inside the circle.
numberin = numberin + 1; % If so, increment counter.
end;
end;
pio4 = numberin/N; % Approximation to pi/4.
piapprox = 4x*pio4 % Approximation to pi.

As always, while this code returns an estimate of 7, we would like to know how good an estimate
it is. Of course, since we actually know the value of 7, we could compare it to this value (which
can be generated in Matlab by simply typing pi), but this is cheating since the idea is to develop
a method for approximating areas that we do not already know!

The above code can be thought of as taking an average of the iid random variables:

1 if point ¢ is inside the circle
X, = .
0 otherwise
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The mean of X; is /4. Since X; takes on only the values 0 and 1, the random variable XZ-2 is equal
to X;. Hence the variance of X; is var(X;) = E(X?) — (E(X;))? = (7/4) — (7/4)%. But, once again,
we are assuming that we do not know 7, so how does this help? The answer is that we can use the
approximated value pio4 to estimate the variance of X;. Using formula (3.1), or, what is almost
the same (except with a factor 1/N in place of 1/(N —1) in (3.1)), the expression pio4 - pio4~2,
as an estimate of the variance of each X;, we can then use the Central Limit Theorem to determine
confidence intervals for our approximation pio4 to 7/4, and from this we can determine confidence
intervals for our approximation piapprox to m. Remember, however, that the variance of 4X; is
42 = 16 times the variance of X;. Thus, if we wish to add some Matlab code to estimate the
standard deviation in our approximation to 7, we might add the lines:

varpio4 = (pio4 - pio4~2)/N; ¥ Variance in approximation to pi/4.
varpi = 16*varpio4; % Variance in approximation to pi. Note factor of 16.
stdpi = sqrt(varpi) % Estimated standard deviation in approximation to pi.

3.3.3 Another Example of Monte Carlo Integration

In Figure 3.9, we see a three-dimensional region that is described by the following inequalities:
ryz < 1,

and
—-5<z<h —-5<y<h —-5<z<L5.

Suppose we wish to find the mass of this object,

/ / / p(z,y,z) dz dy dz,
volume

where p(z,y,z) is a given density. Such an integral would be difficult or impossible to compute
analytically, but it is easily approximated using Monte Carlo integration.

Suppose the density function is p(x,y, z) = €%%*. The Matlab code in Table 3.3 estimates the
volume and mass of the object, along with the standard deviation of the random variables that
approximate these quantities.

If you run this code, you will find that the standard deviation in the estimate of mass is
significantly higher than that in the estimate of volume — using 100,000 sample points, we obtained
an estimate of about 7.8 for the standard deviation in mass compared to 1.6 for volume. To see why,
look at Figure 3.10, which is colored according to the density function p(z,y, z) = €%-5%. The density
increases exponentially in the direction of positive z, so that most of the mass of the object comes
from points with high z values; those with low z values contribute little to the calculated mass and
so might be sampled less frequently without significantly affecting the computed result. Put another
way, one might make a change of variable, say, u = €%, so that u ranges between e~2° ~ .08
and et?% & 12.2 as z ranges between —5 and 5, and a uniform distribution in u gives points that
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N = input(’ Enter number of sample points: ’);

rho = inline(’exp(0.5%z)’); % Here rho is a function of z only.
volumeOfBox = 10%10%10; % Volume of surrounding box.
vol = 0; mass = 0; % Initialize volume and mass of object.

0; % Initialize the squares of these random variables
% (to be used in computing variance and standard deviation).

volsq = 0; masssq

for i=1:N, % Loop over sample points.
x = -5 + 10*rand; % Generate a point from surrounding box.
y = -5 + 10*rand;
z = -b + 10*rand;
if x*ky*z <= 1, % Check if point is inside object.
vol = vol + 1; % If so, add to vol and mass.
mass = mass + rho(z);
volsq = volsq + 1; % Also add to square of vol and square of mass.
masssq = masssq + rho(z)"2;
end;
end;

volumeOfObject = (vol/N)*volumeOfBox % Fraction of points inside times volume of box

volvar = (1/N)*((volsq/N) - (vol/N)"~2)*volumeOfBox"2; % Variance in volume of object:
% (Expected value of volsq - square of expected
% value of vol) divided by N and multiplied by
% square of factor volumeOfBox.

volstd = sqrt(volvar) % Standard deviation in volume of object.

mass0fObject = (mass/N)*volumeOfBox % Average mass (0 outside object) times volume of box
massvar = (1/N)*((masssq/N) - (mass/N)~2)*volume0fBox"2; % Variance in mass of object:

% (Expected value of masssq - square of expected

% value of mass) divided by N and multiplied by

% square of factor volumeOfBox.
massstd = sqrt(massvar) % Standard deviation in mass of object.

Table 3.3: MATLAB code to calculate the volume and mass of the object in Figure 3.9 using Monte
Carlo integration.
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Figure 3.9: A region whose volume and mass will be computed using Monte Carlo integration. The
limits of integration are not easily written in closed form.

mostly correspond to positive z values. With this change of variable, since du = 0.5¢%% dz, the
mass integral becomes

Srirsfo ifxyz > 1 RS S (g if 2zyIn(u) > 1
/_5/;5/;5{ P ifzyz <1 du dy dz = 2/6_2_5 /;5/_5{ 1 if2zyln(u) <1 dz dy du.

It is an exercise to modify the code in Table 3.3 to use this change of variable and again estimate
the mass of the object and the standard deviation of this estimate. Using 100,000 sample points, we
computed a standard deviation of about 3.8 using the new formulation, compared to 7.8 with the
previous method. Recall that halving the standard deviation in a Monte Carlo calculation normally
requires quadrupling the number of sample points (and hence quadrupling the computation time);
here a clever change of variable led to the same error reduction with no increase in computation
time.

While the Monte Carlo method is very well-suited to computing the volume or mass of a

complicated object such as that in Figure 3.9, it also can be used for more general multidimensional
integrals. For example, to estimate

[ ba bm
/ / flx1,29,. .., xm) dTp, ... dxodry,
al a a.

m

where the endpoints of integration of the inner integrals may depend on the values of the outer vari-
ables (e.g., ag = a2(x1) or by, = by (%1, ..., Tm—1)), one can generate random m-tuples (z1, z2, . . . , Tm)
uniformly distributed throughout a volume containing the region of integration. For example, if
Aj <ming, 5, aj(z1,...,7j-1) and Bj > maxg, . z;_, bj(z1,...,7;j_1), then the cross-product
region [A1,Bi] X ... X [Apm, Bp] contains the region of integration, so one might generate points
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Figure 3.10: The same region as in Figure 3.9 but colored by its density p = €%-5%.

uniformly distributed throughout this volume. If a point lands inside the region of integration
then it is assigned the value of f at that point, while if it lands outside then it is assigned the
value 0. The average of these values times the volume (B; — A;)--- (B, — Ap) is then an ap-
proximation to the desired integral, since the process can be thought of as approximating the
integral over the entire volume of a function g that is equal to f inside the region of integration
and 0 outside. To do this, it sums sample values of g and multiplies by the volume increment

(Bi — A1)+ (Byn — Am)/(# samples).

Example. Use the Monte Carlo method to estimate

/01 [/1 </wzcos(zcy ez)dz> dy] dz.

The following Matlab code generates random points in the region [0,1] x [0, 1] x [0,2], checks to
see if the point is within the region of integration and, if so, adds cos(zy e*) to the variable int.
It then divides by the number of points and multiplies by the volume of the region from which the
points were drawn ((1 — 0)(1 — 0)(2 — 0) = 2) to obtain an approximation to the integral.

f = inline(’cos(x*y*exp(z))’); % Define integrand.

N = input(’ Enter number of sample points: ’);

int = 0; % Initialize integral.
for i=1:N, % Loop over sample points.
x = rand; y = rand; z = 2*rand; % Generate a point from surrounding box.
if x <=y & xxy <= z, % Check if point is inside region of integration.
int = int + f(x,y,2z); % If so, add to int.
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end;
end;
int = (int/N)*2, % Approximation to integral.

Three runs with N = 10, 000 points yielded the estimates .5201, .5275, and .5212, while a run with
N = 1,000,000 points (for which the standard deviation is one tenth of that with N = 10,000
points) yielded an estimate of .5206.

CATCHING RAYS WITH MONTE CARLO
Raytracing, a method of producing photorealistic digital
images, uses Monte Carlo integration. For example, the
Monte Carlo method is used to compute the lighting at a
point from an area light source. As the number of sam-
ples at a particular pixel becomes large, the shadows in-
crease in smoothness. This image was rendered using the
POV-Ray freeware available at: http://www.povray.org
or http://mac.povray.org.

Picture courtesy of Taylor McLemore.

Exercises

1. Suppose you have a pseudorandom number generator (called rand) that generates random
numbers uniformly distributed between 0 and 1. How could you use it to generate a discrete
random variable that takes on the values 1 through 6, each with equal probability?

2. Write a MATLAB code to simulate rolling of a fair die; that is, it should generate a discrete
random variable that takes on the values 1 through 6, each with probability 1/6. Run the
code 1000 times and plot a bar graph showing the number of 1’s, 2’s, 3’s, etc. Your code
might look something like the following:

bins = zeros(6,1);

for count=1:1000,

%  Generate a random number k with value 1,2,3,4,5, or 6, each with prob. 1/6.
% (You fill in this sectiomn.)

bins (k) = bins(k) + 1; % Count the times each number is generated.
end;
bar(bins) % Plot the bins.
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Turn in your plot and a listing of your code. Determine the expected value and the variance
of the random variable k.

Now let Ajggo be the average value generated. Run the code 100 times, each time recording
the average value Aiggp. For example, you might modify the above code as follows:

A = zeros(100,1); % Initialize average values.
for n_tries=1:100, % Try the experiment 100 times.

for count=1:1000,
% Generate a random number k with value 1,2,3,4,5, or 6, each with prob. 1/6.
% (You fill in this section.)

A(n_tries) = A(n_tries) + k; % Add each value k.
end;
A(n_tries) = A(n_tries)/1000; % Divide by 1000 to get the average of k.

end;
hist (A) % This plots a histogram of average values.

Turn in your histogram and a listing of your code. How does the random variable Ajggo
appear to be distributed (uniform, normal, or some other distribution)? Approximately what
is its mean, its variance, and its standard deviation? (Hint: Use the Central Limit Theorem.)

. Consider the simplest form of the game of craps. In this game, we roll a pair of dice. If the
sum is 7 or 11 on the first throw, then we win right away, while if the sum is 2, 3, or 12, then
we lose right away. With any other total (that is, 4, 5, 6, 8, 9, or 10), we continue rolling the
dice until we get either a 7 (in which case we lose), or the same total rolled on the first throw
(in which case we win). Assuming that the dice are fair, write a Monte Carlo simulation to
determine the odds of winning.

. How many people do we need in a room so that the probability that two people share the
same birthday is at least 50%? While this probability can be computed analytically, write
a Monte Carlo simulation to answer the question. Ignore people with birthdays on Feb. 29,
and assume that birthdays are uniformly distributed over the 365 days in a year. Let the
number of people m be an input to your code, and for each value m that you try, run, say,
10,000 experiments in which you assign random birthdays to the people. Then determine the
fraction of these experiments in which two people have the same birthday. Vary m until this
fraction is just over 0.5.

. Suppose you have a pseudorandom number generator, such as rand in MATLAB, that gener-
ates random numbers uniformly distributed between 0 and 1. You wish to generate random
numbers from a distribution X, where

prob(X <a)=+va, 0<a<1.
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How could you use the uniform random number generator to obtain random numbers with
this distribution?

6. In Buffon’s Needle experiment, derive a formula that estimates m when you use a needle of
length L and parallel lines a distance D apart, where L < D. [Note: The approximation for
L > D is more complicated and involves arcsin’s.]

7. Estimate the area inside the ellipse
2

€z 2
halll -1
1Y

by generating random points uniformly distributed in the rectangle [—2,2] x [—1, 1], and seeing
what fraction lie inside the ellipse. The fraction that fall inside the ellipse times the area of
the rectangle gives an estimate of the area inside the ellipse.

(a) First use MATLAB to plot the ellipse. Type hold on afterwards to keep the ellipse on
the screen.

(b) Next generate 1000 random points (z;,y;), where z; comes from a uniform distribution
between —2 and 2 and y; comes from a uniform distribution between —1 and 1. Count
the number of points that land inside the ellipse. Plot each of these points on the same
graph with the ellipse.

(c) Determine the fraction of points that landed inside the ellipse and use this to estimate
the area inside the ellipse.

(d) Let X; be a random variable that is 1 if the ith point lies inside the ellipse and 0
otherwise. Based on your results, estimate the mean and variance of X;.

e) Let Aiggo = - 3190 X, Using the Central Limit Theorem, estimate the mean
1000 Z2wi=1 g ) )
variance, and standard deviation of Ajggg-

(f) Using the results of the previous part, estimate the mean, variance, and standard de-
viation of 8 A1pgg, which is the approximation to the area of the ellipse. Based on this
result, how much confidence do you have in your answer? (Is it likely to be off by, say,
.001, .01, .1, 1, 10, or some other amount?)

0.5z

8. Modify the code in Table 3.3 to use the change of variable u = €”°? and estimate the mass

of the object and its standard deviation.

9. The following 10-dimensional integral can be determined analytically:

2 p2 2
/ / / 12" T10 d$1 d.TQ d.’l?l().
0J0 0

(a) Determine the value of this integral analytically.

(b) Write a Monte Carlo code to estimate the value of the integral and the standard deviation
in your approximation.
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(c) Run the code with N = 10,000, N = 40,000, and N = 160,000 points and find the
number of standard deviations by which your computed result differs from the true
answer found in part (a).
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Chapter 4

Solution of a Single Nonlinear
Equation in One Unknown

The previous chapter dealt with Monte Carlo methods, a widely used class of methods for simulating
physical phenomena. Monte Carlo methods involve probabilistic modeling and the main tool for
their analysis is statistics. The remainder of this text deals with deterministic methods and more
traditionally falls under the heading of numerical analysis, although such a division is somewhat
artificial; both types of approaches are important in computational science. We start with a very
basic problem of solving a single nonlinear equation in one unknown. Even this most basic problem
requires consideration of a number of issues that have not yet been addressed: Does a solution exist?
If so, is it unique? If there is more than one solution, is one particular solution to be preferred
to others because it is physically correct or more desirable? The same questions of accuracy that
arise in Monte Carlo methods will arise in deterministic computations, although the element of
randomness is gone. What constitutes an acceptably good approximate solution to a nonlinear
equation? And given an algorithm for creating such an approximation, how does the computation
time grow with the level of accuracy achieved?

Following are a few sample applications that require the solution of a single nonlinear equation
in one unknown:

1. Projectile motion. An artillery officer wishes to fire his cannon on an enemy brigade camped
d meters away. At what angle 0 to the horizontal should he aim the cannon in order to strike
the target?
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He knows that the cannonball will leave the muzzle of the gun at an initial speed of vy meters
per second. Neglecting air resistance, the only force acting on the cannonball is then gravity,
which imparts a downward acceleration of g ~ 9.8 m/sec?>. Hence the height y(t) of the
cannonball at any time ¢ > 0 satisfies the differential equation

y'(t) = —g.

Assuming that the initial height is y(0) = 0 (an approximation, since the cannon barrel is
not exactly at ground level) and the initial velocity in the vertical direction is vy siné, this
equation uniquely determines the height at any time ¢ > 0.

One can solve this differential equation by integrating:
Y (t) = —gt +ci,

where ¢; = vg sin 6, since 3'(0) = vpsinf. Integrating again gives
]. 2 .
y(t) = —§gt + vgsinf t + co,

where ¢y = 0 since y(0) = 0.
Now that we have a formula for the height at time ¢ > 0, we can determine the amount of
time before the cannonball hits the ground:
1 2vg sin @
0= —Eth—l—'uosinHt = t=0or t= oSy
g

Finally, neglecting air resistance, the cannonball travels at a constant horizontal speed vg cos 8,
so that it hits the ground a distance

2v2 sin@ cosf
g
meters from where it was fired. The problem thus becomes one of solving the nonlinear

equation

21}3 sin@ cos 6 4 (4.1)
g
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for the angle 8 at which to aim the cannon.

While one could solve this problem numerically, perhaps using an available software package
for nonlinear equations, there are several things that one should take into account before
returning to the gunner with a definitive value for 6.

(a)

The model developed above is only an approximation. Consequently, even if one returns
with the exact solution @ to (4.1), the fired cannon may end up missing the target. A
strong tailwind might cause the shot to sail over the encamped enemy. Or the failure
to account for air resistance might make the shot fall short. Such factors may make
adjustments to the model necessary.

Equation (4.1) may not have a solution, and this is important to know. The maximum

2
value of sinf cos 6 occurs at § = 7/4, where sinf cos = % Ifd> %0, then the problem
has no solution, and the target is simply out of range.

If a solution does exist, it may not be unique. If § solves problem (4.1), then so does
0+2km, k =1,2,.... Also 5 —0 solves the problem. Either 6 or 5 —6 might be preferable
as a solution, depending on what lies in front of the cannon!

Actually this problem can be solved analytically. Using the trigonometric identity
2sinf cosf = sin(26), one finds

1

0 = — arcsin —g
Yo
In light of item (a) above, however, it may be prudent to go ahead and write a code to
handle the problem numerically, since more realistic models may require approximate
solution by numerical methods.
For example, one might model the effects of air resistance by replacing the above differ-
ential equation for y(¢) by the equation

y'(t) = —g — ky'(t), (4.2)

where we now assume that air resistance is proportional to the velocity of the object and
that the constant of proportionality is & > 0. Similarly, z(¢) would satisfy the equation
2" (t) = —ka'(t). The equation for y(¢) can again be solved analytically:

y'(t) = e Flygsind — %(1 — ek,

1 e . g L
t)=—= 0—2(t+ = : 4.3
y(t) € vosin ? +ke +c3 (4.3)
where c3 = (1/k)vg sin + g/k?, so that y(0) = 0. Now, however, one cannot write down
an analytical formula for the positive value of ¢ that satisfies y(¢) = 0. Hence one cannot
analytically determine the value of x at this time and use this to find the appropriate
angle 8. With even more realistic models it may be impossible to even write down a
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formula for y(t), let alone find ¢ such that y(t) = 0. Still, for a given angle 0, one should
be able to approximate y(¢) and z(¢) numerically, and vary 6 until the time at which
y = 0 coincides with that at which x = d.

(e) To solve a nonlinear equation numerically, we usually start by writing it in the form
f(8) = 0. Equation (4.1) can be written as

£(6) = 202 sinf cosf _d=0.
g
This function is simple enough that it can be differentiated analytically. We will see in the
following sections that the root(s) of such functions can be found using Newton’s method.
For the more complicated models where f(f) can only be approximated numerically,
more appropriate root finders include the bisection method, the secant method, and
quasi-Newton methods, to be described in this chapter.

2. Inverse problems. A frequent numerical problem is to solve a differential equation that models
some physical phenomenon, using a given set of parameters. For example, in the model (4.2),
one might solve for y(t) given k, as was done above, and look for the time 7" > 0 at which
y(T) = 0. Alternatively, if the parameter k is unknown, then one might run an experiment
to see how long it takes the cannonball to fall to the ground, when aimed at a given angle 6.
Using this value in (4.3) leads to a nonlinear equation for k:

1 1
0=y(T) = —Ee_kT'uo sinf — % (T + Eff”) + c3.

Problems such as this are sometimes called inverse problems. They arise frequently in medical
applications and imaging science, where doctors and researchers try to reconstruct an image of
something inside the human body from minimally invasive and non-destructive measurements.
Using X-ray tomography or magnetic resonance imaging, for example, a known source is
applied and measurements are made of what comes out in order to deduce properties of the
material inside.

3. Financial mathematics. Nonlinear equations frequently arise in problems involving loans,
interest rates, and savings. Often these can be solved analytically, but sometimes this is not
the case.

Suppose you borrow $100,000 at interest rate R% per year to buy a house. Each month you
make a payment of p dollars, and the loan is to be paid off in 30 years. Given the interest rate
R, one can determine the monthly payment p. Alternatively, you might have decided that
you are willing to pay a certain amount p each month and you might ask at what interest rate
you can afford the loan. Let r = R/1200 denote the fraction of interest accrued to the loan
monthly (so that if R = 6%, then r = .06/12 = .005, for example). To derive the equations
for this problem, note that after one month the amount you will owe is:

A1 =100,000(1 + r) — p,
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since interest has brought the amount owed up to 100,000(1 + r), but you have now paid p.
After two months, this becomes

Ay = Ai(14+7) —p=100,0001 +7)? — p[1 + (1 +7)].

Continuing in this way, we find that after 360 months (30 years), the amount owed is

Aszeo = 100,000(1 +7)*® —p[1+ 1 +7)+ 1 +7)2+...+ (1 +7)%]
1+ 360 _ 1
= 100,000(1 + 7)360 — p%.

Setting Asgp to 0, one can easily solve for p in terms of r:

(1 +r)360
(1+7r)%0 1’

but given p, one can only approximate the solution r to this equation.

p = 100,000 7

. Computer graphics. The problem of hidden lines and surfaces is important in rendering
computer graphics. These problems involve finding intersections of objects in two or three
dimensions and usually require solving systems of nonlinear equations. As a simple example,
suppose we wish to plot an object defined by the inequality

syt <1

in the plane, and we wish to show a straight line, say, y = = + 0.5, going behind the object,
as pictured below.

15

051

—0sF

TAs -1 -05 0 05 1 15

To determine what piece of the line to show, one must determine where it intersects the
object. The line hits the boundary of the object at points where z satisfies

* + (z +0.5)* = 1.

This quartic equation has four solutions, but only two of them are real and correspond to
actual intersection points. Once the x coordinates of the intersection points are known, the
y coordinates are easily computed as = + 0.5, but to determine the = values requires solving
the above polynomial equation. Actually the roots of a quartic (but not necessarily a quintic)
polynomial can be written down using radicals, but the formula is complicated. It is probably
easier to use a more general polynomial equation solver to find the relevant roots.
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4.1 Bisection

How would one solve some of the nonlinear equations of the previous section? Long before Galileo
explained projectile motion through the law of inertia, artillery men had learned through trial and
error how to aim their cannons. If a shot fell too short, they adjusted the angle; if the next shot
was too long, they moved to an angle somewhere in between the two previous ones, perhaps the
average of the two previous angles, to try and hone in on the target. Today, these adjustments are
done by computer, but the basic idea is the same. This simple procedure is the method of bisection,
and it can be used to solve any equation f(z) = 0, provided f is a continuous function of z and we
have starting values 1 and zo where f has different signs.
The basis for the bisection method is the Intermediate Value Theorem:

Theorem 4.1.1. If f is continuous on [a,b] and y lies between f(a) and f(b), then there is a point
x € [a,b] where f(z) = y.

f(a)

y:

f(b)
b

If one of f(a) and f(b) is positive and the other negative, then there is a solution to f(z) = 0
in [a,b]. In the bisection algorithm, we start with an interval [a, b] where sign(f(a)) # sign(f(b))-
We then compute the midpoint “TH’ and evaluate f (“TH’) We then replace the endpoint (a or b)
where f has the same sign as f (“T“Lb) by “T*'b, and repeat.

Following is a simple MATLAB code that implements the bisection algorithm:

% This routine uses bisection to find a zero of a user-supplied
% continuous function f. The user must supply two points a and b
% such that f(a) and f(b) have different signs. The user also

% supplies a convergence tolerance delta.

fa = f(a);
if fa==0, root = a; break; end; % Check to see if a is a root.
fb = £(b);

if fb==0, root b; break; end; Y% Check to see if b is a root.

if sign(fa)==sign(fb), % Check for an error in input.
display(’Error: f(a) and f(b) have same sign.’)
break
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BISECTING A PHONE BOOK

Have a friend choose a name at random from your local phone book. Bet your friend that in
less than thirty yes or no questions, you will be able to guess the name that was chosen.

This task is simple. Place about half of the pages in your left hand (or right if you prefer)
and ask your friend, “Is the name in this half of the phone book?” In one question, you have
eliminated approximately half of the names. Holding half of the non-eliminated pages in your
hand, ask the question again. Repeat this process until you have discovered the page which
contains the name. Continue to ask questions which halve the number of possible names until
you have discovered the name.

Like the Bisection Algorithm, you use the speed of exponential decay (halving the number of
remaining names with each question) to your advantage. Since (1/2)3 is about 9.3 x 10710
and the population of the United States is approximately 280 million, you can see that any
city phone book will suffice (and should leave you a comfortable margin for error).

end;

while abs(b-a) > 2x*delta, % Iterate until interval width <= 2xdelta.
c = (atb)/2; % Bisect interval.
fc = f£(c); % Evaluate f at midpoint.

if fc==0, root = c; break; end; % Check to see if ¢ is a root.

end;

if sign(fc)==sign(fa), % Replace a by c, fa by fc.
a = c;
fa = fc;

else % Replace b by c, fb by fc.
b =c;
fb = fc;

end;

root = (at+b)/2; % Take midpoint as approximation to root.

There are several things to notice about this code. First, it checks to see if the user has made

an error in the input and supplied two points where the sign of f is the same. When writing code
for others to use, it is always good to check for errors in input. Of course, typing in such things
is time-consuming for the programmer, so when we write codes for ourselves, we sometimes omit
these things. (And sometimes live to regret it!) Next, it checks to see if it has happened upon an

“exact” root, that is, a point where f evaluates to exactly zero. If this happens, it returns with
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that point as the computed root. This is not necessary; it could continue to bisect the interval
until the interval width reaches 2*delta. The MATLAB sign function returns 1 if the argument
is positive, -1 if it is negative, and 0 if it is 0, so if fc were 0, the code would end up replacing b by

C.

Example 1. Use bisection to find a root of f(z) = 23 — 2% — 1

and b= 2.

A graphical depiction of these

in the interval [a, b], where a = 0

f(x)

-0.51

-15
0

results is given below.

3

Bisection —- f(x)
T T

= -x-1

n| ap br, T flrn)
110 2 1 -1
211 2 1.5 0.125
3|1 1.5 1.25 -0.609
4| 1.25 1.5 1.375 -0.291
51 1.375 1.5 1.4375 -0.096
6 | 1.4375 1.5 1.46875 0.011
7 | 1.4375 1.46875 | 1.453125 -0.043
8 | 1.453125 | 1.46875 | 1.4609375 | -0.016

25

2L

15

s

05

o

-1

Rate of Convergence What can be said about the rate of convergence of the bisection algo-
rithm? Since the interval size is reduced by a factor of 2 at each step, the interval size after k steps
is |b — a|/2¥, which converges to zero as k — oo. To obtain an interval of size 2§ we need

& k> log, (|b;a|) -1

If the approximate root is taken to be the midpoint of this interval, then it differs from an actual

root by at most 4.

b —al
9k

<20 & 2k >

b —al
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Example 2. If a = 1 and b = 2 and we want to guarantee an error less than or equal to 10~%, how
many iterations do we need to take?

bod oy 04 o 2’“+12U & k>10g2<|b_a|>—1.

2%k = 104 104

Since b — a = 1, then k > 12.29 iterations are required to guarantee an error less than or equal to
10~%. After 13 iterations, your answer could have an error much less than 10~* but will not have
an error greater than 107%.

Since each step reduces the error (i.e., half the bracket size) by a constant factor (i.e., a factor
of 2), the bisection algorithm is said to converge linearly.

One might try more sophisticated strategies than simply bisecting the interval to choose a point
between the two current points ¢ and b at which one expects f to have a root. For example, if
|f(a)] >> |f(b)|, then it is reasonable to expect the root to lie closer to b than to a. In fact, one
might draw a line between the points (a, f(a)) and (b, f(b)) and choose the next point ¢ to be the
point where this line intersects the z-axis. This can be thought of as a combination of the secant
method (to be described in Section 4.4.3) and bisection, and it is known as the regula falsi algorithm
(method of false position). Note, however, that this method does not reduce the interval size by a
factor of 2 at each step and can, in fact, be slower than bisection. The following figure illustrates
the performance of regula falsi in finding a root of f(z) = 22% — 422 + 3z in the interval [—1,1].

I ———

T T
I
S

!
)
o
N

-8k

-9 L L L L L L I I I
-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1

This one-sided convergence behavior is typical of requla falsi, with one endpoint of the interval
always being replaced but the other remaining fixed. To avoid this problem, one can modify the
formula for choosing the next point (using, say, the midpoint of the interval instead of the inter-
section of the secant line with the z-axis) if one endpoint remains the same for several consecutive
steps.

The most difficult part of using the bisection algorithm or regula falsi or some combination of
the two may be in finding an initial interval where the sign of f is different at the endpoints. Once
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this is found the algorithms are guaranteed to converge. Note that these algorithms cannot be used
for a problem like 22 = 0, pictured below, since the sign of the function does not change.

1

0.8

o 0.6F
%

i
> 04

0.2

0 L L L T L T L L L
-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1
X

Methods described in the following sections, such as Newton’s method, may be used for such
problems, but before describing Newton’s method we review Taylor’s theorem.

4.2 Taylor’s Theorem

Probably the most-used theorem in numerical analysis is Taylor’s theorem, especially Taylor’s
theorem with remainder. It is worth reviewing this important result.

Theorem 4.2.1. [Taylor’s theorem with remainder:] Let f, f' , ..., f™ be continuous on [a, b]
and let {0 () exist for all z € (a,b). Then there is a number ¢ € (a,b) such that

ﬂ®=fw%+®—®fw%+ﬁéﬁﬁ w;P"

(b—a)"* i)
—_ . 4.4
EFEA (44)
When the two points a and b in (4.4) are close to each other, one often writes b in the form
b = a + h for some small number h, and since the interval over which f is smooth may be much
larger than the interval between the two points involved in (4.4), one often writes (4.4) for arbitrary
points z and = + h in this interval:

)+ ...+ ™ (a)

+

hn+1
(n+1)!

2 n
Pl 1) = F(@) + hJ'(@) 4 o f @) bt fOa) b ), (45)
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where ¢ € (z,z + h). To emphasize the fact that the expansion is about a fixed point a and that
it holds for any z in the interval where f is sufficiently smooth, one can also write

(z —a)’ (z —a)" ( —a)"*

i e, o

f(z) = f(a) +hf'(a) + @)+ + ™ (a) +
where £ is between x and a. Each of the forms (4.5) and (4.6) is equivalent to (4.4), just using
slightly different notation. Formula (4.4) (or (4.5) or (4.6)) can also be written using the summation

notation:

1 =3 E P 0 + Ll e,
=0

The remainder term in the Taylor series expansion (4.6) of f(x) about the point a,

(z —a)"*
(n+ 1)!

~ (z—a)f

= 7

f9a) = f<"+1 ©),

is sometimes written as O((z —a)™t!), since there is a finite constant C' (namely, f™+9(a)/(n+1)!)
such that
lim Tn(®)
z—a (z — a)"tl

=C.

Sometimes the O(-) notation is used to mean, in addition, that there is no higher power j > n + 1
such that limy_,q Ry (z)/(z — a)? is finite. This will be the case if the constant C above is nonzero.
If f is infinitely differentiable, then the Taylor series expansion of f(z) about the point a is

Z m—.a a).

Jj=0

Depending on the properties of f, the Taylor series may converge to f everywhere or throughout
some interval about a or only at the point a itself. For very well-behaved functions like e® (which
we will also denote as exp(x)), sin(z) and cos(z), the Taylor series converges everywhere. The
Taylor series about £ = 0 occurs often and is called a Maclaurin series.

The Taylor series contains an infinite number of terms. If we are interested only in the behavior
of the function in a neighborhood around z = a, then only the first few terms of the Taylor series
may be needed:

fo) ~ Paw) =32 @2

=

f9(a).

The Taylor polynomial P,(x) may serve as an approximation to the function. This can be useful
in situations where one can deal with polynomials but not with arbitrary functions f; for example,
it might not be possible to integrate f analytically, but one can always integrate a polynomial
approximation to f.
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Example 3. Find the Taylor series of ¢* = exp(z) about 1. First, find the value of the function
and its derivatives at £ = 1:

f(1) = exp(1)
exp(1)
= exp(l)

s
2
—~
—
. SN’ N’
Il

Next, construct the series using these values and a = 1:

(z—1)

expl) = f(1) +a—1) fo +E D ) T )
=exp(1) =exp(1) =exp(1) =exp(1)

= exp(l) [1 +(z—1)+

0 r— 1)k
= exp(1) Z( k!l)
k

=0

Example 4. Find the Maclaurin series for cos(z). First, find the value of the function f(z) = cos(z)
and its derivatives at z = 0:

f0) = cos(0) = 1 FA0) = sin(0) =
£1(0) = —sin(0) = 0 FO0) = cos(0) = 1
f"(0) = —cos(0) = -1 :

Next, construct the series using these values and a = 0:

2 3 4
cos(@) = {0 +a 10+ J1O0)+5 FOO) +5 700+
=1 =0 ’ =—1 ' =0 ' =1
B .’L‘2 .'L'4 B 0 (_1)k$2k
= 1_?+Z+..._ZW

k=0

Example 5. Find the fourth order Taylor polynomial Py(z) of cos(xz) about z = 0. Using the
work from the previous exercise, we find

In the following section, Taylor’s Theorem will be used to derive a numerical method. At the
end of the chapter, exercise 19 discusses how John Machin, a contemporary of Brook Taylor, used
Taylor’s Theorem to find 100 decimal places of 7.
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4.3 Newton’s Method

Isaac Newton, a founder of Calculus, described a method, which became known as Newton’s method
in his Method of Fluzions and Infinite Series [8, 36).

IsaAc NEWTON (1643-1727)

We start with a geometric derivation of Newton’s method. Suppose we wish to solve f(z) =0
and we are given an initial guess z¢ for the solution. We evaluate f(z() and then construct the
tangent line to f at 2y and determine where it hits the z-axis. If f were linear, this would be the root
of f. In general, it might give a better approximation to a root than zy does, as illustrated in Figures
4.1 (a) and (b). The slope of this tangent line is f'(zg), and it goes through the point (zq, f(z0)),
so its equation is y — f(zg) = f'(zo)(z — mo). It hits the z-axis (y = 0) at © = zg — f(z0)/ [ (z0),
assuming f'(z¢) # 0. Letting z; be the point where this tangent line hits the z-axis, this process
can be repeated by constructing the tangent line to f at z;, determining where it hits the z-axis
and calling that point 9, etc. This process is known as Newton’s method:

Newton’s Method: (For solving f(z) = 0)
Given an initial guess zg, for Kk =0,1,2,...,

f(zk)
f'(zx)

Set Tk+1 = Tk —

As a historical note, Newton explained his method in 1669 using numerical examples and did
not use the geometric motivation given here involving the approximation of a curve with its tangent
line. His work also did not develop the recurrence relation given above, which was developed by
the English mathematician Joseph Raphson in 1690. It is for this reason that the method is often
called the Newton-Raphson Method.

Unfortunately, Newton’s method does not always converge. Can you think of some situations
that might cause problems for Newton’s method? Figures 4.1 (c) and (d) illustrate cases in which
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(a) f(x) = X2 -2 (b.) f(x) =sin(x)

8 1
6
0.5
4
0
2 1 % %o
o -0.5
X2X1 XO
-2 -1
-2 0 2 -1 0 1
(c) f(x) = x3 d) f)=x>-x-1
4 30
20
2
10
0 X Xq , 0 X X X
/i/ -10
-2
-20
_a -30
-10 -5 0 5 10 -2 0 2

Figure 4.1: Newton’s Method

Newton’s method fails. In the example of (c), Newton’s method diverges, while in (d) it cycles
between points, never approaching the actual zero of the function.

One might combine Newton’s method with bisection, to obtain a more reliable algorithm. Once
an interval is determined where the function changes sign, we know by the Intermediate Value
Theorem that that interval contains a root. Hence if the next Newton step would land outside that
interval, then do not accept it but do a bisection step instead. With this modification, the method
is guaranteed to converge provided it finds an interval where the function has different signs at the
endpoints. This combination would solve example (c) in Figure 4.1 because once zy and x; were
determined, the next Newton iterate z2 would be rejected and replaced by (zo + z1)/2. Example
(d) in Figure 4.1 would still fail because the algorithm does not locate any pair of points where the
function has opposite signs.

Newton’s method can also be derived from Taylor’s theorem. According to that theorem,

(z — z)?

2oL (e,

f(x) = f(xo) + (z — z0) f'(zo) +
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for some ¢ between zy and z. If f(z,) = 0, then

0 = F(z0) + (2 — o) /(o) + 270 prey, (47)

and if z¢ is close to the root z,, then the last term involving (x, — z¢)? can be expected to be small
in comparison to the others. Neglecting this last term, and defining z1, instead of z,, to be the
point that satisfies the equation when this term is omitted, we have:

0= f(zo) + (z1 — 20) f'(z0),

or,
f(@o)
1 = Ty — .
f! (o)
Repeating this process for £k = 0,1, 2,... gives
f(zk)

ThEL TR T gy

This leads to the following theorem about the convergence of Newton’s method.

Theorem 4.3.1. If f € C?, if zo is sufficiently close to a root z. of f, and if f'(z«) # 0, then
Newton’s method converges to x., and ultimately the convergence rate is quadratic; that is, there
exists a constant Cy = |f"(z4)/(2f"(x4))| such that

|Zh+1 — |

lim E

k—oo |Tg — Ty

= C,. (4.9)

Before proving this theorem, we first make a few observations. The quadratic convergence rate
described in (4.9) means that for k£ large enough, convergence will be very rapid. If C is any
constant greater than Cj, it follows from (4.9) that there exists K such that for all £ > K,

|Tpi1 — o] < Clag — |2

If, say, C = 1 and |zx — x| = 0.1, then we will have |zx 11 — .| < 1072, |zx40 — x| < 1074,
|zx 13—x4] < 1078, etc. There are some important limitations, however. First, the theorem requires
that the initial guess zg be sufficiently close to the desired root z,, but it does not spell out exactly
what sufficiently close means nor does it provide a way to check whether a given initial guess is
sufficiently close to a desired root. The proof will make it clearer why it is difficult to say just how
close is close enough. Second, it shows that the wltimate rate of convergence is quadratic, but it
does not say how many steps of the iteration might be required before this quadratic convergence
rate is achieved. This too will depend on how close the initial guess is to the solution.
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Proof of Theorem. It follows from equation (4.7), with z( replaced by zy, that
flar)  (ze —2)® (&)

Ty = T — -

f' (k) 2 )’

for some &, between x, and x,. Subtracting this from equation (4.8) for zx,, gives

L2V (g, — )2 (4.10)

Now since f” is continuous and f'(z,) # 0, if Ci = |f"(x+)/(2f'(z+))|, then for any C > C,, there
is an interval about z, in which |f”(¢)/(2f'(z))| < C, for z and £ in this interval. If, for some K,
zx lies in this interval, and if also |zx — 2| < 1/C (which is sure to hold, even for K = 0, if z is
sufficiently close to ), then (4.10) implies that |z 11 — 24| < Clzgx — 74]? < |Tx — 24|, so that
ZTx+1 also lies in this interval and satisfies |zx 1 — z.| < 1/C. Proceeding by induction, we find
that all iterates z, k > K, lie in this interval and so, by (4.10), satisfy

|.’L‘k+1 - .’L'*| S C|$k - -'E*‘2
< (Clzg — z4) - |71 — 34
< (Clag — 2] )(Clag—1 — zal) - |2p—1 — 74|
< (Clzg —z4|) .- - (Clzrg — T4]) - |[zx — 24
< (Clox - 2 Kz — ]

Since Clzx — | < 1, it follows that (Clzx — z.|)**1"K — 0 as k — oo, and this implies that
Zp — T4 as k — oo. Finally, since z; and hence § in (4.10) converge to z,, it follows from (4.10)

that "
|Ter1 — x| | f7 (k)

= — C.
| — 2|2 2f"(zx)

O

As noted previously, the hypothesis of zy being “sufficiently close” to a root z, (where “suffi-
ciently close” can be taken to mean that z lies in a neighborhood of z, where |f”/(2f')| is less
than or equal to some constant C' and |zg —z,| < 1/C) is usually impossible to check since one does
not know the root z,. There are a number of other theorems giving different sufficient conditions
on the initial guess to guarantee convergence of Newton’s method, but as with this theorem, the
conditions are usually difficult or impossible to check, or they may be far more restrictive than
necessary, so we do not include these results here. Early mathematicians looking at conditions
under which Newton’s method converges include Mourraille in 1768 and later Lagrange. In 1818,
Fourier looked at the question of the rate of convergence and in 1821 and again in 1829 Cauchy
addressed this question. For more information about the historical development of the method, see

[8]-

Examples:
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1. Compute v/2 using Newton’s method; i.e., solve z2 — 2 = 0.

Since f(r) = 22 — 2, we have f'(r) = 2z, and Newton’s method becomes

2
:z;k—2

2.’L‘k

Tktl = Tk — k=0,1,....

Starting with zo = 2, and letting e denote the error z; — v/2, we find:

g — 2 €y = 0.59

Try = 1.5 €1 = 0.086

zo = 1.4167 es = .0025

x3 = 1.4142157 | e3 = 2.1e — 6 = .35¢3

The constant |f”(z.)/(2f(z.))| for this problem is 1/(2v/2) = 0.3536. Note that for this
problem Newton’s method fails if zo = 0. For zy > 0 it converges to v/2 and for =g < 0 it
converges to —/2.

2. Suppose f'(z.) = 0. Newton’s method may still converge, but only linearly. Consider the
problem f(z) = 22 = 0. Since f'(z) = 2z, Newton’s method becomes

2
Tk+1 = Tk — & = lzIc-
Q.Tk 2

Starting, for example, with £y = 1, we find that eg = 1, £1 = e; = %, To = ey = %, e
T =€, = 2% Instead of squaring the error in the previous step, each step reduces the error
by a factor of 2.
3. Consider the problem f(z) = 23 = 0. Since f'(z) = 322, Newton’s method becomes
a:z 2
Tpai1l =Tk — —5 = —Tk.
k+1 k 3$% 3 k

Clearly the error (the difference between zj;, and the true root z, = 0) is multiplied by the
factor % at each step.

4. Suppose f(z) = x/. What is the error reduction factor for Newton’s method?

To understand example 2, recall formula (4.10) from the proof of Theorem 4.3.1:

I" (&)
2f"(x)

Since f'(z,) = 0 in example 2, the term multiplying (z; — z,)? becomes larger and larger as zy
approaches ., so we cannot expect quadratic convergence. However, if we expand f'(zj) about z,
using a Taylor series, we find

f@e) = fl(@a) + (wp — 2) f () = (21 — 22) " (1),

(zg — x*)Q.

T+l — Tx =
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for some 7 between z, and zx. Substituting this expression for f’(zy) above gives

T4l — Tx = &(xk - 37*)
2" ()
If f"(z.) # 0, then this establishes linear convergence (under the assumption that zg is sufficiently
close to z,) with the convergence factor approaching % By retaining more terms in the Taylor
series expansion of f'(z) about z., this same approach can be used to explain examples 3 and 4.

Theorem 4.3.2. If f € CP*! for p > 1, if zy is sufficiently close to a root z, of f, and if
flzy) =...= f®P(z,) =0 but fPtD(zx,) # 0, then Newton’s method converges linearly to x., with
the error ultimately being reduced by about the factor p/(p + 1) at each step; that is,

koo |T — Ty p+1

Proof. Taking formula (4.8) and subtracting z, from each side gives

vt —an = op -, — L0 (4.11)
Now expanding f(zx) and f'(zx) about z,. gives
_ p+1
flzk) = %f(pﬂ)(fk),

Fla) = (x’e%mf‘“”(nk),

for some points & and n; between xj and x,, since the first p 4+ 1 terms in the first Taylor series
expansion and the first p terms in the second are zero. Making these substitutions in (4.11) gives

1o
Tp41 — Tx = ('Tk - -'17*) (1 - Pt f(p+1)(77]l:)> : (4'12)

Since f(p"'l)(:v*) #£ 0 and f®*tY is continuous, for any e > 0, there is an interval about z, in
which the factor 1 — (1/(p + 1)) f®+D(¢)/f®*+D(n) is within € of its value at £ = 5 = z, (namely,
1-1/(p+1) =p/(p+1)), whenever ¢ and 7 lie in this interval. In particular, for e sufficiently
small, this factor will be bounded above by a constant C < 1. It follows from (4.12) that if zj lies
in this interval, then |zgi1 — z.| < C|zg — 4|, s0 zk11 also lies in this interval, and, if z( lies in
this interval then, by induction, |z, 1 — z.| < C*¥l|zy — 2|, so zx — z, as k — oco. The limiting
value of the error reduction factor is p/(p + 1). O
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As another example, consider the functions f;(z) = sin(z) and fy(z) = sin?(z), both of which
have z, = m as a root. Note that f{(z) = cos(z) # 0 at z, = m, while f}(z) = 2sin(z) cos(z) = 0
at z, = m. Note, however, that fJ(m) # 0. Therefore, we expect quadratic and linear convergence
(with a convergence factor of about 1/2) for Newton’s method applied to fi(z) and fa(x), respec-
tively. This is seen graphically in Figure 4.2. For fi, the root z, = 7 is said to have multiplicity 1
or to be a simple root, while for f5 it is a root of multiplicity 2. Newton’s method converges only
linearly for a root of multiplicity greater than 1.

Convergence of Newtor's method for simple and muttiple roots

10

[ =
5, S,

Absolute error
[
S

S “~ fz(x):smz(x)

,_\
°,

fl(x) = sin(x)

H
S,

H
°

o
@

10 15 20 25 30
Iteration number

Figure 4.2: Convergence of Newton’s method for a function with root of multiplicity 1 versus a
function with root of multiplicity 2.

4.4 Quasi-Newton Methods

4.4.1 Avoiding Derivatives

Newton’s method has the very nice property of quadratic convergence, when sufficiently close to
a root. This means that one can hone in on a root from a nearby point very quickly, much faster
than with the bisection method, for example. The price is that one must evaluate both f and
its derivative at each step. For the simple examples presented here, this is not difficult. In many
problems, however, the function f is quite complicated. It might not be one that can be written
down analytically. Instead, one might have to run a program to evaluate f(z). In such cases,
differentiating f analytically is difficult or impossible, and, even if a formula can be found, it may
be very expensive to evaluate. For such problems, one would like to avoid computing derivatives
or, at least, compute as few of them as possible, while maintaining something close to quadratic
convergence. Iterations of the form:

f(zk)

Tt = mp = = where gi &~ f'(z), (4.13)

are sometimes called quasi- Newton methods.
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4.4.2 Constant Slope Method

One idea is to evaluate f' once at zp and then to set g, in (4.13) equal to f'(z¢) for all k. If the
slope of f does not change much as one iterates, then one might expect this method to mimic the
behavior of Newton’s method. This method is called the constant slope method:

Tyl = Tk — @, where g = f'(z). (4.14)

To analyze this iteration, we once again use Taylor’s theorem. Expanding f(z)) about the root
T4, we find

Flax) = (2 — 2.) f' (@) + O(zx — 2.)?),
using the O(-) notation, instead of writing out the remainder term explicitly. Subtracting z, from
each side of (4.14) and again letting ex = zx — x, denote the error in zj, we have

ekl = € — @ = ey (1 - —f,(;*)> +O(€d).

If |1 — f'(z.)/ f'(z0)| < 1, then for z sufficiently close to z, (close enough so that the O(e?) term
above is negligible), the method converges and convergence is linear. In general, we cannot expect
better than linear convergence from the constant slope method.

A variation on this idea is to update the derivative occasionally. Instead of taking g in (4.13)
to be f'(xg) for all k, one might monitor the convergence of the iteration and, when it seems to
be slowing down, compute a new derivative f’(zy). This requires more derivative evaluations than
the constant slope method, but it may converge in fewer iterations. Choosing between methods
for solving nonlinear equations usually involves a tradeoff between the cost of an iteration and the
number of iterations required to reach a desired level of accuracy.

4.4.3 Secant Method

The secant method is defined by taking g in (4.13) to be

o = flag) = flop-1) (4.15)
T — Tg-1

Note that in the limit as x| approaches zy, g approaches f’(zy), so that gy can be expected to
be a reasonable approximation to f'(zy) when zp_; is close to zx. It is actually the slope of the
line through the points (xx_1, f(zx—1)) and (z, f(z)), called a secant line to the curve f since it
intersects the curve at two points. The secant method is then defined by

Tl = T — fow) o - mk_l),
f(@r) = f(zp-1)

To begin the secant method, one needs two starting points 2y and x1. An illustration of the secant
method for finding a root of f(x) = 2® — 22 — 1 with 2y = 0.5 and z; = 2 is given in Figure 4.3.

E=1,2,.... (4.16)

Example: Consider again the problem f(z) = 2> — 2 = 0. Taking o = 1 and z; = 2, the
secant method generates the following approximations and errors:
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f(x):xa—xz—l

f(x)

0.5 1 15 2

3

Figure 4.3: Finding a root of f(z) = 23 —z? — 1 using zo = 0.5 and z1 = 2 with the secant method.

zo = 1.3333 ez = —0.0809
I3 = 1.4 €3 = —0.0142
Ty = 1.4146 €4 = 4.2e — 4
z5 = 1.4142114 | e5 = —2.1e — 6

From the table, it is difficult to determine exactly what the convergence rate of the secant method
might be. It seems faster than linear: the ratio |egx11/ex| is getting smaller with k. But it seems
slower than quadratic: |egy1/ ez| seems to be growing larger with k. Can you guess what the order
of convergence is?

It turns out that the order of convergence of the secant method is % ~ 1.62. I bet you didn’t
guess that! This result is obtained from the following lemma:

Lemma 4.4.1. If f € C?, if x¢ and z1 are sufficiently close to a root z, of f, and if f'(z) # 0,
then the error e in the secant method satisfies

lim 1 _ ¢, (4.17)
k—00 €p€p_1

where Cy = f"(z:) /(21 (z4)).

Statement (4.17) means that for k large enough
Ckt1 N C*ekek_l, (4.18)

where the approximate equality can be made as close as we like by choosing k large enough.
Before proving the lemma, let us demonstrate why the stated convergence rate follows from this
result. Assume that there exist constants ¢ and « such that, for all k sufficiently large,

lex+1| = alex|,
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where again we can make this as close as we like to an actual equality by choosing k large enough.
(In a formal proof, this assumption would need justification, but we will just make the assumption
in our argument.) Since also |eg| = alex—1|%, we can write

lex—1] = (lex|/a)"/*.
Now, assuming that (4.18) holds, substituting these expressions for e, 1 and eg41 into (4.18) gives
ale|* ~ Clex|(lexl/a)'/* = Cleg|" T/ *a"e
Moving the constant terms to one side, this becomes
a0t x g1 /e,

Since the left-hand side is constant independent of k, the right-hand side must be as well, which
means that the exponent of |ex| must be zero:

1+1/a—a=0.

Solving for a, we find
1+5
7
In order for the method to converge, o must be positive, so the order of convergence must be the
positive value a = (1 + v/5)/2.

Proof of Lemma. Subtracting z, from each side of (4.16) gives

Chr1 = €k — J(zp)(er —ex 1)
' f(xk) - f(.’L‘k_l) ’

where we have substituted e, — ex_1 = (zx — =) — (Tx—1 — z+) for zx — zx_1. Combining terms,
this becomes

flzr)ex—1 — f(zr—1)ex

o f(@r) — J (@)
_ fle)/er — flop—1)/ex—1 @k — 2k
= epeg—1 P Flon) = Fon) (4.19)

where the last factor inside the brackets in (4.19) converges to 1/f'(z,) as zj and zp_1 approach
z«. The first factor can be written in the form

fEn)—flzs)  flze_1)—f(zs)

Tp—Tx Tl—1—Tx
T —Tp—1
If we define F(a) - fl)
x) — f(xy
g(a:) =— - (4.20)
T — Ty
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then the first factor inside the brackets in (4.19) is (g(zg) — 9(zk—1))/(zx — 2k—1), which converges
to ¢'(z.) as z and z;_; approach z,. Differentiating expression (4.20), we find that

1oy @ =) f'(z) - (f(2) - f(z))
g (‘(I") - (J,' _ .'L'*)2 ’

and taking the limit as z — z,, using L'Hopital’s rule, gives

Jim o) = tim £l SO

Thus, assuming that e, and ex_; converge to 0 as k — oo, it follows from (4.19) that

lim L o 1@
k—o0 eger_1 2 f’(.’E*)

Finally, the assumption that zy and z; are sufficiently close to x, means that for any C >
1" (z+)/ f'(z+)|, we can assume that zg and z; lie in an interval about z, in which |es| < Clei |- |eq|
and that, say, |e;| < 1/(2C) and |eg| < 1/(2C). It follows that |es| < + min{e;|, |eo|} < 1/(4C), so
Zo also lies in this interval. By induction it follows that all iterates xj, lie in this interval and that
lex| < Slek—1] < ... < 2ik|eo|. Hence ey and ex_1 converge to 0 as k — oo. O

As noted earlier, the secant method, like Newton’s method, can be combined with bisection if
one finds a pair of points z; and z;_; at which f has opposite signs. In the secant method, this
means that instead of automatically working with the new pair of points zx,; and zx, one works
with zx,1 and either zy or zx_;, depending on whether f(zy) or f(zx_1) has the opposite sign
from f(xg41). In this way, one always maintains an interval that is known to contain a root of f.
This is called the regula falsi algorithm and while it is guaranteed to converge, as we saw earlier, it
may have only a slow linear rate of convergence. It is somewhat surprising that moving outside an
interval that is known to contain a root may actually lead to faster convergence to that root!

4.5 Analysis of Fixed Point Methods

Sometimes, instead of writing a nonlinear equation in the form f(z) = 0, one writes it in the form
of a fized point problem: x = (z); that is, the problem is to find a point z that remains fixed under
the mapping . A natural approach to solving such a problem is to start with an initial guess zg,
and then iterate according to:

Thi1 = (o). (4.21)

Since many problems are most naturally expressed as fixed point problems, it is desirable to un-
derstand general iterations of the form (4.21).

There are many ways that one can translate from an equation of the form f(z) = 0 to one
of the form z = ¢(z) and vice-versa. The equation f(x) = 0, for example, can be written as
o(z) = z + f(z) = z, or it can be written as ¢(z) = z — f(z) = z. In the opposite direction,
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the equation z = @(z) can be written as f(z) = =z — ¢(z) = 0, or it can be written as f(z) =
exp(z — ¢(z)) —1 = 0. In any of these cases, f(z) = 0 if and only if p(z) = z.

Both Newton’s method and the constant slope method can be thought of as fixed point it-
erations. Although we have already analyzed these methods, the analysis of this section will
apply as well, provided the function ¢(z) is defined appropriately. For Newton’s method, since
zp11 = g — f(zx)/ f'(zx), the function ¢ whose fixed point is being sought is p(z) = z— f(z)/f'(x)-
Note that p(z) = z if and only if f(z) = 0 (assuming that f'(z) # 0). For the constant
slope method, since zy1 = =z — f(zx)/g, we have p(z) = z — f(z)/g, where g = f(z9)-
Note that for this function as well, p(z) = z if and only if f(z) = 0. The secant method,
Tpr1 = 2k — f(zk) (xx—zk—1)/(f (k) — f(xk_1)) does not fit this general pattern since the right-hand
side is a function of both x; and zj_1.

Figure 4.4 illustrates cases where fixed point iteration converges and diverges. In particular,
the iteration can produce monotone convergence, oscillatory convergence, periodic behavior, or
chaotic/quasi-periodic behavior.

phi(x) = 1/2+tanh(x)/2 phi(x) = cos(x)

1 1
X,

X % >(0

0.8 0.8

0.6 0.6 Xex
3

(x)
f(x)
x

0.4 0.4

0.2 0.2

0 0
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
X X

phi(x) = ~1/2+3*tanh(x) phi(x) = (L+tanh((1/2-x)*4))/2
1

15 X 0.8

1 0.6

05 X 0.4
Xol

0 0.2 Xy

0.2 0.4 0.6 0.8 1 0 0.2 04 0.6 fo.S )(5 1

Figure 4.4: Fixed Point Iteration. The iteration may display monotonic convergence (upper left),
oscillatory convergence (upper right), monotonic divergence (lower left), or oscillatory divergence
(lower right).

Geometrically, fixed points lie at the intersection of the line y = z and the curve y = ¢p(z), as
seen in Figure 4.4. Mathematically, such points occur when the output of a function is equal to
its input: p(z) = z. Fixed points correspond to equilibria of dynamical systems; that is, to points
where the solution neither grows nor decays.

Example: Find the fixed points of ¢(z) = 2% — 6.
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First, plot ¥ = 22 — 6 and y = z on the same axes to get an idea of where the intersection points
are.

To determine the fixed points mathematically, solve the quadratic equation z? — 6 = z, or,
2?2 — 1z —6 = (z — 3)(z + 2) = 0. The solutions are z = 3 and z = —2.

What determines whether a fixed point iteration will converge? The following theorem gives a
sufficient condition for convergence.

Theorem 4.5.1. Assume that ¢ € C* and |¢'(z)] < 1 in some interval about a fived point z,. If
xo 18 in this interval then the fixed point iteration (4.21) converges to x.

Proof. Expanding ¢(z) in a Taylor series about z. gives

Try1 = () = @(@4) + (Th — )" (&) = 24 + (@1 — 24) ¢ (1),

for some &, between xj and x,. Subtracting z, from each side, this becomes

ep+1 = exy (&),

and taking absolute values on each side gives

lekt1] < 10" (&k)] lexl-

Thus if |¢'(z)| < 1 for all z in an interval about z., and if ¢ is in this interval, then future iterates
remain in this interval and |ex| decreases at each step. The error reduction factor approaches
| (24)]: oo
. Ck+1 !
lim —— = )|
b 00 |ek| |(P ( *)|

Example: As an example, let us consider three fixed point iteration schemes that can be
derived from the equation z3 + 6z° — 8 = 0, which has a unique solution in the interval [1,2]. The
functions whose fixed points we seek are:
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1. p1(z) = 23 + 622 + z — 8,

[ 8
2. =

2(2) z+6
/8 — 3
) - 6 *
Simple algebra shows that each of these functions has a fixed point in the interval [1,2] at the
point where f(z) = 2% + 622 — 8 has a root; for example, @3(x) = z if z is in the interval and

2?2 = 8/(z + 6), or, 3 + 622 — 8 = 0. [Exercise: Show that w3(z) = z if z € [1,2] and f(z) = 0.]
Table 4.1 shows the behavior of fixed point iteration applied to each of these functions with

initial guess £o = 1.5. Run the MATLAB code fixedpoint .m to replicate this table or experiment
with different initial guesses.

and

3. p3(z

n | pilz) ==z pa(z) =z | p3(z)=x

0 |15 1.5 1.5

1 |10.375 1.032795559 | 0.8779711461
2 | 1764.990234 | 1.066549452 | 1.104779810
3 | 5516973759 | 1.063999177 | 1.052898680
4 |1.679 x10%° | 1.064191225 | 1.067142690
5 | 4.734 x10%7 | 1.064176759 | 1.063386479
6 | 1.061 x10%% | 1.064177849 | 1.064388114
7 1.064177767 | 1.064121800
8 1.064177773 | 1.064192663
9 1.064177772 | 1.064173811
10 1.064178826
11 1.064177492
12 1.064177847
13 1.064177753
14 1.064177778
15 1.064177771
16 1.064177773
17 1.064177772

Table 4.1: Fixed point
z3 4+ 622 — 8 =0.

iteration applied to three different functions derived from the equation

These results are explained by Theorem 4.5.1:

1. First consider ¢1(z) = x3 + 622 + x — 8, a function for which fixed-point iteration quickly
diverged. Note that ¢ (z) = 322 + 12z + 1 > 1 for all z € [1,2], so that one must expect

divergence.
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8
2. Next consider @z(z) = 4/ o2 In this case, |@h(z)| = v2/(z + 6)%2 < 1 for all z € [1,2].

Since z¢ = 1.5 € [1,2], convergence is guaranteed.

3. Proving the convergence of fixed point iteration for ¢3(z) = z is left as an exercise for the
reader.

Actually, ¢'(z.) need not exist in order to have convergence. The iteration (4.21) will converge
to a fixed point z, if ¢ is a contraction; that is, if there exists a constant L < 1 such that for all z
and y

lp(z) — p(y)| < L|z —yl. (4.22)

Theorem 4.5.2. If ¢ is a contraction, then it has a unique fixed point x, and the iteration 11 =
o(zg) converges to . from any xy.

Proof. We will show that the sequence {z}}2, is a Cauchy sequence and hence converges. To see
this, let 7 and k be positive integers with £ > j and use the triangle inequality to write

|.’I¢k - :Ej| < |£Ek - :vk_1| + |.%‘k_1 - xk_2| + ...+ |wj+1 - xj|. (4.23)

Each difference |z, — z,,—1| can be written as |p(zy,—1) — @(Tm—2)|, which is bounded by L|z,,1 —
Zm—2|, where L < 1 is the constant in (4.22). Repeating this argument for |z,,—1 — z,,—2|, we find
that |z, —2Zm—1| < L?|Zm_2 — Tm_3|, and continuing in this way gives |z, — Zm_1] < L™ Y21 —z0)-
Making these substitutions in (4.23) we find

1— Lk
1-L

If k and j are both greater than or equal to some positive integer N, we will have

jap — aj| < (LP' L2 4 D) — zo| = I |z1 — zol.

|£Ek —CE]'| S LN

1
1-L |"I"1 - "I"O‘a
and this quantity goes to 0 as N — oo. This shows that the sequence z, £k = 0,1,... is a Cauchy
sequence and hence converges.
To show that z converges to a fixed point of ¢, we first note that the fact that ¢ is a contraction
implies that it is continuous. Hence p(limy_, oo zx) = limg_, o0 @(zg). Letting z, denote limg_, o z,
we have

o(z4) = o(lim zg) = lm @(zg) = Um 21 = 4,
k—00 k—o0 k—o0

so that the limit of the sequence zy is indeed a fixed point. Finally, if y, is also a fixed point, then
since ¢ is a contraction, we must have

|7+ = yu| = [0(@x) — 0(ys)| < Llzs — 1],
where L < 1. This can hold only if y, = z,, so the fixed point is unique. O
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JULIA OF THE JULIA SET

GASTON JULIA (1893-1978) — was only 25 years of age when he pub-
lished his 199 page, Mémoire sur litération des fonctions rationelles
[25]. The publication led to fame in the 1920’s but was virtually forgot-
ten until Benoit Mandelbrot’s study of fractals. The leather strap seen
covering a portion of Julia’s face was due to a severe injury in World
War I that led to the loss of his nose.

4.6 Fractals, Julia Sets and Mandelbrot Sets*

Fixed point iteration and Newton’s method can be used for problems defined in the complex plane
as well. Consider, for example, the problem of finding a fixed point of p(z) = z2. It is easy to predict
the behavior of the fixed point iteration zxi1 = zi. If |z| < 1, then the sequence zj converges
to the fixed point 0. If |zp| > 1, then the iterates grow in modulus and the method diverges. If
|zo| = 1, then |z| = 1 for all k. If zp = 1 or zp = —1, the sequence quickly settles down to the fixed
point 1. On the other hand, if, say, zg = €2™/3, then z; = e*™/3 and 2y, = 87/3 = £27/3 = ),
so the cycle repeats. It can be shown that if zg = €?™® where « is irrational then the sequence of
points zj never repeats but becomes dense on the unit circle. The sequence of points zg, 21 = ¢(20),
z2 = p(p(z0)), - .. is called the orbit of zy under .

If p(z) is a polynomial function, then the set of points zy for which the orbit remains bounded
is called the filled Julia set for ¢, and its boundary is called the Julia set. Thus the filled Julia
set for 22 is the closed unit disk, while the Julia set is the unit circle. These sets are named after
the French mathematician Gaston Julia. In 1918, he and Pierre Fatou investigated the behavior of
these sets, which can be far more interesting than the simple example presented above. Their work
received renewed attention in the 1980’s when the advent of computer graphics made numerical
experimentation and visualization of the results easy and fun.

Figure 4.5 displays the filled Julia set for the function ¢(z) = 2? — 1.25. The boundary of this
set is a fractal, meaning that it has dimension neither one nor two but some fraction in between.
The figure is also self-similar, meaning that if one repeatedly zooms in on a small subset of the
picture, the pattern still looks like the original.

The plot in Figure 4.5 was obtained by starting with many different points zy throughout a
rectangular region containing the two fixed points of ¢, and running the fixed point iteration until
one of three things occurred: Either |2;| > 2, in which case we conclude that the orbit is unbounded
and 7o is not in the set; or z, comes within 1075 of a fixed point and stays within that distance for
5 iterations, in which case we conclude that the iterates are converging to the fixed point and zj
is in the set; or the number of iterations k£ reaches 100 before either of the previous two conditions
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Figure 4.5: Filled Julia set for ¢(z) = 22 — 1.25.

occur, in which case we conclude that the sequence zj is not converging to a fixed point but does
remain bounded and hence zj is again in the set. Note that since |zg11| > |zx|2 — 1.25, if |2] > 2,
then |zpy1| > 4 — 1.25 = 2.75, |zp40| > 2.75% — 1.25 ~ 6.3, etc., so that the sequence really is
unbounded. The code to produce this plot is given in Figure 4.6.

While this small bit of analysis enables us to determine a sufficient condition for the orbit to be
unbounded, we really have only an educated guess as to the points for which the orbit is bounded.
It is possible that the iterates remain less than 2 in modulus for the first 100 steps but then grow
unboundedly, or that they appear to be converging to one of the fixed points but then start to
diverge. Without going through further analysis, one can gain confidence in the computation by
varying some of the parameters. Instead of assuming that the sequence is bounded if the iterates
remain less than 2 in absolute value for 100 iterations, one could try 200 iterations. To improve
the efficiency of the code, one might also try a lower value, say, 50 iterations. If reasonable choices
of parameters yield the same results, then that suggests that the computed sets may be correct,
while if different parameter choices yield different sets then one must conclude that the numerical
results are suspect. Other ways to test the computation include comparing with other results in
the literature and comparing the computed results with what is known analytically about these
sets. This comparison of numerical results and theory is often important in both pure and applied
mathematics. One uses the theory to check numerical results, and in cases where theory is lacking,
one uses numerical results to suggest what theory might be true.

If one investigates Julia sets for all functions of the form ¢(z) = 22 + ¢, where ¢ is a complex
constant, one finds that some of these sets are connected (one can move between any two points
in the set without leaving the set), while others are not. Julia and Fatou simultaneously found
a simple criterion for the Julia set associated with ¢(z) to be connected: It is connected if and
only if 0 is in the filled Julia set. In 1982, Benoit Mandelbrot used computer graphics to study the
question of which values of ¢ give rise to Julia sets that are connected, by testing different values
of ¢ throughout the complex plane and running fixed point iteration as above, with initial value
29 = 0. The astonishing answer was the Mandelbrot set, depicted in Figure 4.7. The black points
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phi =
fixptl = (1 + sqrt(6))/2;
fixpt2 = (1 - sqrt(6))/2;

colormap([1 0 0; 1 1 11);
M = 2%ones(141,361);

for j=1:141,
y = -.7+ (j-1)*.01;
for i=1:361,
-1.8 + (i-1)*.01;
x + lixy;

X =
z =
zk = z;

iflagl = 0O;
iflag2 = 0;
kount = O;

inline(’z~2 - 1.25°);

while kount < 100 & abs(zk)

kount = kount+1;
zk = phi(zk);
errl =
if errl < 1.e-6,

iflagl
else

iflagl
end;

0;

err2 = abs(zk-fixpt2);

if err2 < 1.e-6,

iflag2 = iflag2 + 1;

else
iflag2 = 0;
end;
end;

if iflagl >= 5 | iflag2 >= 5 | kount >= 100,

M(@,1) = 1;
end;
end;
end;

image([-1.8 1.8],[-.7 .71,M),

axis xy

abs (zk-fixptl);

iflagl + 1;

h
h

h

Define the function whose fixed points we seek.
These are the fixed points.

Points numbered 1 (inside) will be colored red;
those numbered 2 (outside) will be colored white.

Initialize array of point colors to 2 (white).

Try initial values with imaginary parts between
-0.7 and 0.7

and with real parts between
-1.8 and 1.8.

1i is the MATLAB symbol for sqrt(-1).

iflagl and iflag2 count the number of iterations
when a root is within 1.e-6 of a fixed point;

kount is the total number of iterations.

< 2 & iflagl < 5 & iflag2 < 5,

This is the fixed point iterationm.
Test for convergence to fixptl.

Test for convergence to fixpt2.

% If orbit is bounded, set this
% point color to 1 (red).

% This plots the results.
% If you don’t do this, vertical axis is inverted.

Figure 4.6: MATLAB code to computleoghe filled Julia set for (z) = 22 — 1.25



are the values ¢ for which the Julia set is connected, while the shading of the other points indicates
the rate at which the fixed point iteration applied to 22 + ¢ with zg = 0 diverges.

Figure 4.7: Mandelbrot Set

Newton’s method can also be applied to problems in the complex plane, and plots of points
from which it is or is not convergent are just as beautiful and interesting as the ones obtained
from fixed point iteration. Figure 4.8 shows the behavior of Newton’s method when applied to the
problem f(z) = z*® + 1 = 0. This equation has three roots: z = —1, z = ¢™/3, and z = e~ ™/3,
Initial points from which Newton’s method converges to the first root are colored green, those from
which it converges to the second root are colored red, and those from which it converges to the
third root are colored blue. The boundary of this image is also a fractal and one can zoom in on
different pieces of the figure to see a pattern like that of the original.

Figure 4.8: Convergence of Newton’s method for f(z) = 2% + 1. Green initial points converge to
—1, red initial points converge to e™/3, and blue initial points converge to e~™%/3

Once again, we should stress that one cannot determine numerically whether Newton’s method
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is or is not convergent. The above figure was obtained by trying many different initial guesses z,
iterating until 10 consecutive Newton iterates were within 1l.e — 6 of one of the roots and then
coloring that initial guess according to which root was approximated. It is possible that 10 Newton
iterates could be within 1.e — 6 of one root while later iterates would converge to a different root or
diverge. Further analysis can verify the figure, but that is beyond the scope of this book. For an
excellent elementary discussion of Julia sets and Newton’s method in the complex plane, see [33].
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Exercises

1. (a) Write the equation for the tangent line to y = f(z) at z = p.

(b) Solve for the z-intercept of the line in equation (a). What formula have you derived,
with what roles for p and z?

(c¢) Write the equation of the line that intersects the curve y = f(z) at z = p and z = q.

(d) Solve for the z-intercept of the line in equation (c¢). What formula have you derived,
with what roles for p, ¢, and z?

2. Use MATLAB to plot the function f(z) = (5 — z) exp(z) — 5, for  between 0 and 5. (This
function is associated with the Wien radiation law, which gives a method to estimate the
surface temperature of a star.)

(a) Write a bisection routine or use routine “bisect” available from:
http://www.math.washington.edu/~greenbau/Math_464/bisect.m

to find a root of f(z) in the interval [4, 5], accurate to six decimal places (that is, find
an interval of width at most 108 that contains the root, so that the midpoint of this
interval is within 5 x 10~7 of the root). At each step, print out the endpoints of the
smallest interval known to contain a root. Without running the code further, answer
the following: How many steps would be required to reduce the size of this interval to
10~'2? Explain your answer.

(b) Write a routine to use Newton’s method or use routine “newton” available from:
http://www.math.washington.edu/~greenbau/Math_464/newton.m

to find a root of f(z), using initial guess £y = 5. Print out your approximate solution
zy, and the value of f(z;) at each step and run until |f(zx)| < 1078. Without running
the code further, but perhaps using information from your code about the rate at which
|f(zg)| is reduced, can you estimate how many more steps would be required to make
|f(7x)] < 10716 (assuming that your machine carried enough decimal places to do this)?
Explain your answer.

(¢) Take your routine for doing Newton’s method and modify it to run the secant method.
Repeat the run of part (b), using, say, o = 4 and z; = 5, and again predict (without
running the code further) how many steps would be required to reduce |f(zg)| below
10716 (assuming that your machine carried enough decimal places to do this) using the
secant method. Explain your answer.

3. Newton’s method can be used to compute reciprocals, without division. To compute 1/R,
let f(z) = ! — R so that f(z) = 0 when z = 1/R. Write down the Newton iteration for
this problem and compute (by hand or with a calculator) the first few Newton iterates for
approximating 1/3, starting with zy = 0.5, and not using any division. What happens if you
start with £y = 1?7 For positive R, use the theory of fixed point iteration to determine an
interval about 1/R from which Newton’s method will converge to 1/R.
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10.

11.

12.

. Use Newton’s method to approximate v/2 to 6 decimal places.

. Write down the first few iterates of the secant method for solving 2% — 3 = 0, starting with

o =0 and z; = 1.

. Consider the function h(z) = z%/4 — 3z. In this problem, we will see how to use Newton’s

method to find the minimum of the function h(z).

(a) Derive a function f that has a root at the point where h achieves its minimum. Write
down the formula for Newton’s method applied to f.

(b) Take one step (by hand) with Newton’s method starting with a guess of zg = 1.

(c) Take two steps (by hand) towards the root of f (i.e., the minimum of h) using bisection
with a =0, b=4.

. In finding a root with Newton’s method, an initial guess of o = 4 with f(zo) = 1 leads to

1 = 3. What is the derivative of f at zy?

. In using the secant method to find a root, o = 2, z1 = —1 and zo = —2 with f(z1) =4 and

f(xzg) = 3. What is f(xg)?

. Can the bisection method be used to find the roots of the function f(z) = sin(z) + 1?7 Why

or why not? Can Newton’s method be used to find the roots (or a root) of this function? If
so, what will be its order of convergence and why?

The function
_ 2 -2z +1
==

f(z)

has exactly one zero in the interval [0, 3], at z = 1. Using a = 0 and b = 3, run the bisection
method on f(z) with a stopping tolerance of delta = le-3. Explain why it does not appear
to converge to the root.

Tt —x—2

Use MATLAB to plot this function over the interval in a way that makes it clear what is going
on. Hint: You may want to use the plot command over two different z-intervals separately
in order to show the behavior properly.

Write out the Newton iteration formula for each of the functions below. For each function
and given starting value, write a MATLAB script that takes 5 iterations of Newton’s method
and prints out the iterates with format %25.15e so you see all digits.

(a) f(z) =sin(z), z0=3
(b) f(z) =2 —2%2 -2z, z75=3

(¢) f(x) =140.992 —z, z¢= 1. In exact arithmetic, how many iterations does Newton’s
method need to find a root of this function?

Let function ¢(z) = (2% +4)/5.
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(a) Find the fixed point(s) of ¢(z)?

(b) Would the fixed point iteration, zx; = @(zg), converge to a fixed point in the interval
[0,2] for all initial guesses zg € [0,2] with 2o # z,?

13. Consider the equation a = y — esiny, where 0 < € < 1 is given and a € [0, 7] is given. Write
this in the form of a fixed point problem for the unknown solution y and show that it has a
unique solution.

14. If you enter a number into a handheld calculator and repeatedly press the cosine button, what
number (approximately) will eventually appear? Provide a proof. [Note: Set your calculator
to interpret numbers as radians rather than degrees; otherwise you will get a different answer.]

15. The function ¢(z) = 3 (—z% 4+ z + 2) has a fixed point at z = 1. Starting with zg = 0.5, we
use Zn4+1 = @(z,) to obtain the sequence {z,} = {0.5, 1.1250, 0.9297, 1.0327, 0.9831,...}.
Describe the behavior of the sequence. (If it converges, how does it converge? If it diverges,
how does it diverge?)

16. Steffensen’s method for solving f(z) = 0 is defined by

B f (k)
Tpi1 = Tp — ——>,
gk

where

_ flan+ fzr) — faw)
f(z) '

Show that this is quadratically convergent, under suitable hypotheses.

17. Returning to the problem facing an artillery officer during battle, he needs to determine the
angle 6 at which to aim the cannon. Again, the desired # is a solution to the nonlinear

equation:
208 si
vg sinf cos @ 4 (4.24)
[Y
(a) Show that

1 . ag
6 = _ arcsin —

2 v

solves equation (4.24), assuming that vy and d are fixed.

(b) Use Newton’s Method, to find 6 (to within two decimal places) when vy = 126 km/hour,
d = 1200 m and g = 9.8 m/s?. As an initial guess use 6 = /4.

18. Recall that the Taylor series approximation to a function f(z) expanded about a point zg is
1 1
f(@) = f(wo) + f'(z0)(z — o) + Ef"(wo)(w —z0)® + gf'"(iﬂo)(w —0)° +---
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From this we can define a sequence of polynomials of increasing degree that approximate the
function near the point zg3. The polynomial of degree n is

Pp(z) = f(370)+fl(560)(33—300)+%f”(wo)($—960)2+%f"'($o)($—$0)3+' : '+$f(") (zo)(T—20)",

where f(")(zy) means the nth derivative of f evaluated at (.

plot of Po(x) and f(x) plot of Pl(x) and f(x)
8 8
- - f(x) l
P 1
/ /
’ ’
4 + 4 Ve
’ /
’
2 S 2
of ——=== 0 of — ===
-3 -2 -1 0 1 2 -3 -2 -1 0 1 2

The figure shows the function f(z) = e and the first four Taylor series approximations
about the point £y = 0. Since all derivatives of f(z) = e® are again just e, the nth order
approximation about a general point z is

1 1 1
P,(z) =™ + " (z — zp) + 563;0(.’1) —z0)? + éemo(x —zo) 4+ ECIO(x — zp)".

For zy = 0, we find

Po(z) = 1,
Pl(z) = 1+$a
1
Py(z) = 1+m+§m2,
1 2 1 3
Pg(x) = 1+.’L‘+§JJ +6.’I),

and these are the functions plotted in the figure, along with f(z).

Produce a similar set of four plots for the Taylor series approximations to f(x) = el=%” about
the point o = 1. You can start with the m-file (plotTaylor.m) used to create the figure
above, which can be found on the web page for this class. Choose the x values and axis
parameters so that the plots are over a reasonable range of values to exhibit the functions
well. The polynomials should give good approximations to the function near the point 2y = 1.
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19. Finding the area of 96-sided polygons that inscribe and circumscribe a circle of diameter 1,
Greek mathematician Archimedes (287-212 BC) determined that 222 < 7 < 22, Almost two
thousand years later, John Machin (1680-1752) exploited a recent discovery of his contempo-
rary Brook Taylor, the Taylor series. He also employed the following trigonometric identity

that he discovered: ) )
m = 16 arctan (3) — 4arctan (%> . (4.25)

(a) Find the Maclaurin series for arctan(z).
(b) Write down P,(z), the n—th order Taylor polynomial of arctan(x) centered at z = 0.
(c) Approximate 7w by using P,(z) and (4.25). More specifically, use the approximation:

1 1
~T, =16P, | = | —4P, | — ] .
T 6"(5) "(239>

Using MATLAB, find 7T;, and the absolute error |T;, — | for n = 1,3,5,7, and 9. How
many decimal places of accuracy did you find for n = 97

For centuries, Machin’s formula served as a primary tool for m7—hunters. As late as 1973, one
million digits of # were computed on a computer by Guilloud and Bouyer using a version of
Machin’s formula.
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Chapter 5

Floating Point Arithmetic

Having studied and implemented a few computational algorithms, we now look at the effects of
computer arithmetic on these algorithms. In most cases, this effect is minimal and numerical
analysts are happy to program their procedures, run the programs on a computer, and trust the
answers that it returns, at least to the extent that they trust their models to be correct and their
codes to be bug-free. If a code returns clearly incorrect results, one immediately suspects an error
in the program or input data or a misunderstanding of the algorithm or physical model, and in the
vast majority of cases, this is indeed the source of the problem.

However, there is another possible source of error when algorithms are implemented on a com-
puter. Unless one uses a symbolic system, which quickly becomes impractical for large computa-
tions, the arithmetic that is performed is not exact. It is typically rounded to about 16 decimal
places. This seems negligible if one is interested in only a few decimal places of the answer, but
sometimes rounding errors can accumulate in a disastrous manner. While such occurrences are
rare, they can be extremely difficult to diagnose and understand. In order to do so, one must first
understand something about the way in which computers perform arithmetic operations.

Most computers store numbers in binary (base 2) format and since there is limited space in a
computer word, not all numbers can be represented exactly; they must be rounded to fit the word
size. This means that arithmetic operations are not performed exactly. Although the error made
in any one operation is usually negligible (of relative size about 10~ !¢ using double precision), a
poorly designed algorithm may magnify this error to the point that it destroys all accuracy in the
computed solution. For this reason it is important to understand the effects of rounding errors on
computed results.

To see the effects that roundoff can have, consider the following iteration:

2z, o € [0, %
-Tlc+1:{ k k [2]

2z, — 1z € (3,1]. (5.1)

Let o = 1/10. Then z; = 2/10, o = 4/10, z3 = 8/10, 4 = 6/10, and z5 = ;. The iteration
cycles periodically between these values. When implemented on a computer, however, using floating
point arithmetic, this is not the case. As seen in Table 5.1, computed results agree with exact results
to at least five decimal places until iteration 40, where accumulated error becomes visible in the
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fifth decimal digit. As the iterations continue, the error grows until, at iteration 55, the computed
result takes on the value 1 and remains there for all subsequent iterations. Later in the chapter,
we will see why such errors occur.

‘ True x, ‘ Computed z H

k

0 | 0.10000 | 0.10000
1| 0.20000 | 0.20000
2| 0.40000 | 0.40000
3
4
5

0.80000 | 0.80000
0.60000 | 0.60000
0.20000 | 0.20000
10 | 0.40000 | 0.40000
20 | 0.60000 | 0.60000
40 | 0.60000 | 0.60001
42 | 0.40000 | 0.40002
44 | 0.60000 | 0.60010
50 | 0.40000 | 0.40625
54 | 0.40000 | 0.50000
55 | 0.80000 | 1.00000

Table 5.1: Computed results from iteration (5.1). After 55 iterations, the computed value is 1 and
it remains there for all subsequent iterations.

We begin this chapter with two stories that demonstrate the potential cost of overlooking the
effects of rounding errors.

5.1 Costly Disasters Caused by Rounding Errors

The Intel Pentium Flaw [1, 16, 35]. In the summer of 1994, Intel anticipated the commercial
success of its new Pentium chip. The new chip was twice as fast at division as previous Intel
chips running at the same clock rate. Concurrently, Professor Thomas R. Nicely, a mathematician
at Lynchburg College in Virginia, was computing the sum of the reciprocals of prime numbers
using a computer with the new Pentium chip. The computational and theoretical results differed
significantly. However, results run on a computer using an older 486 CPU calculated correct
results. In time, Nicely tracked the error to the Intel chip. Having contacted Intel and received
little response to his initial queries, Nicely posted a general notice on the Internet asking for others
to confirm his findings. The posting (dated October 30, 1994) with subject line Bug in the Pentium
FPU [1] began:

It appears that there is a bug in the floating point unit (numeric coprocessor) of many,
and perhaps all, Pentium processors.
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This email began a furor of activity, so much so that only weeks later on December 13, IBM
halted shipment of their Pentium machines, and in late December, Intel agreed to replace all flawed
Pentium chips upon request. The company put aside a reserve of $420 million to cover costs, a
major investment for a flaw. With a flurry of internet activity between November 29 and December
11, Intel had become a laughingstock on the Internet joke circuit, but it wasn’t funny to Intel. On
Friday, December 16, Intel stock closed at $59.50, down $3.25 for the week.

intg
Pentiy

INTEL PENTIUM CHIP

What type of error could the chip make in its arithmetic? The New York Times printed the
following example of the Pentium bug: Let A = 4,195,835.0 and B = 3,145,727.0, and consider
the quantity

A—(A/B) x B.

In exact arithmetic, of course, this would be 0, but the Pentium computed 256, because the quotient
A/B was accurate to only about 5 decimal places. Is this close enough? For many applications it
probably is, but we will see in later sections that we need to be able to count on computers to do
better than this.

While such an example can make one wonder how Intel missed such an error, it should be
noted that subsequent analysis confirmed the subtlety of the mistake. Alan Edelman, professor
of Mathematics at Massachusetts Institute Technology, writes in his article of 1997 published in
SIAM Review [16]:

We also wish to emphasize that, despite the jokes, the bug is far more subtle than many
people realize....The bug in the Pentium was an easy mistake to make, and a difficult
one to catch.

Ariane 5 Disaster [2, 18]. The Ariane 5, a giant rocket capable of setting a pair of three-ton
satellites into orbit with each launch, took 10 years and 7 billion dollars for the European Space
Agency to build. It’s maiden launch was met with eager anticipation as the rocket was intended to
propel Europe far into the lead of the commercial space business.
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THE ARIANE-5 ROCKET (LEFT) LIFTING OFF AND (RIGHT) SELF DESTRUCTING AFTER A
NUMERICAL ERROR ON JUNE 4, 1996.

On June 4, 1996, the unmanned rocket took off cleanly but veered off course and exploded in
just under 40 seconds after liftoff. Why? To answer this question, we must step back into the
programming of the onboard computers.

During the design of an earlier rocket, programmers decided to implement an additional “fea-
ture” that would leave the horizontal positioning function (designed for positioning the rocket on
the ground) running after the countdown had started, anticipating the possibility of a delayed take-
off. Since the expected deviation while on the ground was minimal, only a small amount of memory
(16 bits) was allocated to the storage of this information. After the launch, however, the horizontal
deviation was large enough that the number could not be stored correctly with 16-bits, resulting
in an exception error. This error instructed the primary unit to shutdown. Then, all functions
were transferred to a backup unit, created for redundancy in case the primary unit shutdown. As
such, the backup system contained the same bug and shut itself down. Suddenly, the rocket was
veering off course causing damage between the solid rocket boosters and the main body of the
rocket. Detecting the mechanical failure, the master control systems triggered a self-destruct cycle,
as had been programmed in the event of serious mechanical failure in flight. Suddenly, the rocket
and its expensive payloads were scattered over about 12 square kilometers east of the launch pad.
Millions of dollars would have been saved if the data had simply been saved in a larger variable
rather than the 16-bit memory location allocated in the program.

As seen from these examples, it is important for numerical analysts to understand the impact
of rounding errors on their calculations. This chapter covers the basics of computer arithmetic and
the IEEE standard. Later we will see more about how to apply this knowledge to the analysis
of algorithms. For an excellent and very readable book on computer arithmetic and the IEEE
standard, see [37].
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5.2 Binary Representation and Base 2 Arithmetic

Most computers today use binary or base 2 arithmetic. This is natural since on/off gates can
represent a 1 (on) or a 0 (off), and these are the only two digits in base 2. In base 10, a natural
number is represented by a sequence of digits from 0 to 9, with the right-most digit representing
1I’s (or 10°’s), the next representing 10’s (or 10'’s), the next representing 100’s (or 102’s), etc. In
base 2, the digits are 0 and 1, and the right-most digit represents 1’s (or 2°’s), the next represents
2’s (or 2'’s), the next 4’s (or 22’s), etc. Thus, for example, the decimal number 10 is written in
base 2 as 1010,: one 23 = 8, zero 22, one 2! = 2, and zero 2°. The decimal number 27 is 110115:
one 2* = 16, one 2 = 8, zero 22, one 2! = 2, and one 2° = 1. The binary representation of a
positive integer is determined by first finding the highest power of 2 that is less than or equal to the
number; in the case of 27, this is 24, so a 1 goes in the fifth position from the right of the number:
1. One then subtracts 2* from 27 to find that the remainder is 11. Since 23 is less than 11, a 1
goes in the next position to the right: 11___. Subtracting 23 from 11 leaves 3, which is less than 22,
so a 0 goes in the next position: 110__. Since 2! is less than 3, a 1 goes in the next position, and
since 3 — 2! = 1, another 1 goes in the right-most position to give 27 = 110115.

Binary arithmetic is carried out in a similar way to decimal arithmetic, except that when adding
binary numbers one must remember that 141 is 102. To add the two numbers 10 and 27, we align
their binary digits and do the addition as below. The top row shows the digits that are carried
from one column to the next.

11 1
1010
+11011

100101

You can check that 1001015 is equal to 37. Subtraction is similar, with borrowing from the next
column being necessary when subtracting 1 from 0. Multiplication and division follow similar
patterns.

Just as we represent rational numbers using decimal expansions, we can also represent them
using binary expansions. The digits to the right of the decimal point in base 10 represent 10~!’s
(tenths), 10~2’s (hundredths), etc., while those to the right of the binary point in base 2 represent
2=Us (halves) 272’s (fourths), etc. For example, the fraction 11/2 is 5.5 in base 10, while it is
101.15 in base 2: one 22, one 2°, and one 2~!'. Not all rational numbers can be represented with
finite decimal expansions. The number 1/3, for example, is .333, with the bar over the 3 meaning
that this digit is repeated infinitely many times. The same is true for binary expansions, although
the numbers that require an infinite binary expansion may be different from the ones that require
an infinite decimal expansion. For example, the number 1/10 = 0.1 in base 10 has the repeating
binary expansion: 0.00011002. To see this, one can do binary long division in a similar way to base
10 long division:

.0001100

117



1010 /1.00000000
1010
1100
1010

10000

Irrational numbers such as m =~ 3.141592654 can only be approximated by decimal expansions,
and the same holds for binary expansions.

5.3 Floating Point Representation

A computer word consists of a certain number of bits, which can be either on (to represent 1) or
off (to represent 0). Some early computers used fized point representation, where one bit is used
to denote the sign of a number, a certain number of the remaining bits are used to store the part
of the binary number to the left of the binary point, and the remaining bits are used to store the
part to the right of the binary point. The difficulty with this system is that it can store numbers
only in a very limited range. If, say, 16 bits are used to store the part of the number to the left of
the binary point, then the left-most bit represents 2'°, and numbers greater than or equal to 2'6
cannot be stored. Similarly, if, say, 15 bits are used to store the part of the number to the right
of the binary point, then the right-most bit represents 2~ '® and no positive number smaller than
2715 can be stored.

A more flexible system is floating point representation, which is based on scientific notation.
Here a number is written in the form +m Xx 2E, where 1 < m < 2. Thus, the number 10 = 1010,
would be written as 1.0105 x 23, while % = 0.00011005 would be written as 1.10011005 x 2=%. The
computer word consists of three fields: one for the sign, one for the exponent E, and one for the
significand m. A single precision word consists of 32 bits: 1 bit for the sign (0 for +, 1 for —), 8
bits for the exponent, and 23 bits for the significand. Thus the number 10 = 1.0105 x 23 would be
stored in the form

[0 E=3[1.010...0 |

while 5.5 = 1.0115 x 22 would be stored in the form

[0 E=2]1.0110...0 |

[We will explain later how the exponent is actually stored.] A number that can be stored exactly
using this scheme is called a floating point number. The number 1/10 = 1.10011005 x 2~* is not a
floating point number since it must be rounded in order to be stored.

Before describing rounding, let us consider one slight improvement on this basic storage scheme.
Recall that when we write a binary number in the form m x 2¥, where 1 < m < 2, the first bit to
the left of the binary point is always 1. Hence there is no need to store it. If the significand is of
the form by.b; ... bag, then instead of storing by, by, ..., bao, we can keep one extra place by storing
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bi,...,bos, knowing that by is 1. This is called hidden bit representation. Using this scheme, the
number 10 = 1.0105 x 23 is stored as

| 0] E=3]010...0 |

23 bits
The number 1/10 = 1.'10011001100110011001100‘11002 x 274 s approximated by either

| 0 | E=-4 [ 10011001100110011001100 |

or

| 0 | E=-4 | 10011001100110011001101 |

depending on the rounding mode being used. (See Section 5.5.) There is one difficulty with
this scheme, and that is how to represent the number 0. Since 0 cannot be written in the form
1.biby ... x 28 we will need a special way to represent 0.

The gap between 1 and the next larger floating point number is called the machine precision
and is often denoted by €. (In MATLAB, this number is called eps.) [Note: Some sources define the
machine precision to be % times this number.] In single precision, the next floating point number
after 1 is 1 + 2723, which is stored as:

| 0 [ E=0 [ 00000000000000000000001 |

Thus, for single precision, we have € = 2723 ~ 1.2e — 07. The default precision in MATLAB is not
single but double precision, where a word consists of 64 bits: 1 for the sign, 11 for the exponent,
and 52 for the significand. Hence in double precision the next larger floating point number after 1
is 1 + 2752, so that the machine precision is 2752 ~ 2.2e — 16.

Since single and double precision words contain a large number of bits, it is difficult to get a feel
for what numbers can and cannot be represented. It is instructive instead to consider a toy system
in which only significands of the form 1.b1b5 can be represented and only exponents 0, 1, and —1
can be stored. This system is described in [37]. What are all the numbers that can be represented
in this system? Since 1.005 = 1, we can represent 1 x 20 =1, 1 x2' =2, and 1 x 27! = % Since
1.015 = %, we can store the numbers %, g, and 2. Since 1.105 = %, we can store the numbers %, 3,
and %. Finally, 1.115 = % gives us the numbers 7, %, and %. These numbers are plotted below.

|| | |
I
=712 -3 -5/2 -2 =32 -1 -12 0 12 1 312 2 5/2 3 712

There are several things to note about this toy system. First, the machine precision € is .25,
since the number just right of 1 is %. Second, in general, the gaps between representable numbers
become larger as we move away from the origin. This is acceptable since the relative gaps, the
difference between two consecutive numbers divided by, say, their average, remains of reasonable
size. Note, however, that the gap between 0 and the smallest positive number is much larger than
the gap between the smallest and next smallest positive number. This is the case with single and
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double precision floating point numbers as well. The smallest positive (normalized) floating point
number in any such system is 1.0 x 27¥, where —F is the smallest representable exponent; the
next smallest number is (1 4 €) x 27, where € is the machine precision, so the gap between these
two numbers is € times the gap between 0 and the first positive number. This gap can be filled in
using subnormal numbers. Subnormal numbers have less precision than normalized floating point
numbers and will be described in the next section.

5.4 IEEE Floating Point Arithmetic

In the 1960’s and 1970’s, each computer manufacturer developed its own floating point system,
resulting in inconsistent program behavior across machines. Most computers used binary arith-
metic, but the IBM 360/70 series used hexadecimal (base 16), and Hewlett-Packard calculators
used decimal arithmetic. In the early 1980’s, due largely to the efforts of W. Kahan, computer
manufacturers adopted a standard: the IEEE (Institute for Electrical and Electronics Engineers)
standard. This standard required:

e Consistent representation of floating point numbers across machines.
e Correctly rounded arithmetic.
e Consistent and sensible treatment of exceptional situations such as divide by 0.

In order to comply with the IEEE standard, computers represent numbers in the way described
in the previous section. A special representation is needed for 0 (since it cannot be represented
with the standard hidden bit format), and also for +oo (the result of dividing a nonzero number
by 0), and also for NaN (Not a Number; e.g. 0/0). This is done with special bits in the exponent
field, which slightly reduces the range of possible exponents. Special bits in the exponent field are
also used to signal subnormal numbers.

There are 3 standard precisions. As noted previously, a single precision word consists of 32
bits, with 1 bit for the sign, 8 for the exponent, and 23 for the significand. A double precision
word consists of 64 bits, with 1 bit for the sign, 11 for the exponent, and 52 for the significand. An
extended precision word consists of 80 bits, with 1 bit for the sign, 15 for the exponent, and 64
for the significand. (Note, however, that numbers stored in extended precision do not use hidden
bit storage.)

Table 5.2 shows the floating point numbers, subnormal numbers, and exceptional situations
that can be represented using IEEE single precision.

It can be seen from the table that the smallest positive normalized floating point number that
can be stored is 1.09 x 27126 & 1.2 x 10738, while the largest is 1.1...15 x 2127 x~ 3.4 x 1038, The
exponent field for normalized floating point numbers represents the actual exponent plus 127, so,
using the 8 available exponent bits (and setting aside two possible bit configurations for special
situations) we can represent exponents between —126 and +127. The two special exponent field bit
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If exponent field is: | Then number is: Type of number:

00000000 +(0.by ...bg3)o x 27126 0 or subnormal
00000001 =149 :|:(1b1 - b23)2 x 27126 Normalized numbers.

00000010 = 210 :I:(lbl . b23)2 X 27125 Exponent field is:

: : actual exponent + 127
01111111 = 12749 +(1.by ... bo3)e x 20

11111110 = 25419 | £(1.by ... bo3)a x 2177
11111111 oo if by = ... = bgg =0, | Exceptions
NaN otherwise

Table 5.2: IEEE Single Precision

patterns are all 0’s and all 1’s. An exponent field consisting of all 0’s signals either 0 or a subnormal
number. Note that subnormal numbers have a 0 in front of the binary point instead of a 1 and are
always multiplied by 2726, Thus the number 1.15 x 27128 = 0115 x 27126 would be represented
with an exponent field string of all 0’s and a significand field 0110...0. Subnormal numbers have
less precision than normalized floating point numbers since the significand is shifted right, causing
fewer of its bits to be stored. The smallest positive subnormal number that can be represented has
twenty two 0’s followed by a 1 in its significand field, and its value is 2723 x 27126 = 27149 The
number 0 is represented by an exponent field consisting of all 0’s and a significand field of all 0’s.
An exponent field consisting of all 1’s signals an exception. If all bits in the significand are 0, then
it is 00. Otherwise it represents NaN.

WiLriaM KAHAN —is an eminent mathematician, numerical analyst and

computer scientist who has made important contributions to the study
of accurate and efficient methods of solving numerical problems on a
computer with finite precision.

Among his many contributions, Kahan was the primary architect behind
the IEEE 754 standard for floating-point computation. Kahan has re-
ceived many recognitions including the Turing Award in 1989 and being
named an ACM Fellow in 1994.

Currently, Kahan is professor of mathematics, computer science, and
electrical engineering at the University of California, Berkeley, and he
continues his contributions to the ongoing revision of IEEE 754.
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5.5 Rounding

There are four rounding modes in the IEEE standard. If z is a real number that cannot be stored
exactly, then it is replaced by a nearby floating point number according to one of the following
rules:

e Round down. Round(z) is the largest floating point number that is less than or equal to z.
e Round up. Round(z) is the smallest floating point number that is greater than or equal to z.

e Round towards 0. Round(z) is either round-down(z) or round-up(z), whichever lies between
0 and z. Thus if z is positive then round(z) = round-down(z), while if z is negative then
round(z) = round-up(z).

e Round to nearest. Round(z) is either round-down(z) or round-up(z), whichever is closer. In
case of a tie, it is the one whose least significant (rightmost) bit is 0.

The default is round to nearest.
The number % = 1.1001100, x 2~* is replaced by

| 0 [ 01111011 | 10011001100110011001100

using round down or round towards 0, while it becomes

| 0] 01111011 | 10011001100110011001101

using round up or round to nearest. [Note also the exponent field which is the binary representation
of 123, or, 127 plus the exponent —4.]

The absolute rounding error associated with a number z is defined as |round(z) — z|. In single
precision, if z = 4+ (1.by ... bagbgs ...)2 X 2F, where E is within the range of representable exponents
(—126 to 127), then the absolute rounding error associated with z is less than 2723 x 2F for any

rounding mode; the worst rounding errors occur if, for example, byy = bos = ... = b, = 1 for some
large number n, and round towards 0 is used. For round to nearest, the absolute rounding error is
less than or equal to 2724 x 2, with the worst case being attained if, say, bos = 1 and bos = ... = 0;

in this case, if byg = 0, then = would be replaced by 1.b; ... bo3 x 2F, while if by3 = 1, then z would
be replaced by this number plus 272 x 2F. Note that 2723 is machine € for single precision. In
double and extended precision we have the analogous result that the absolute rounding error is less
than e x 27 for any rounding mode, and less than or equal to 5 X 2F for round to nearest.

Usually one is interested not in the absolute rounding error but in the relative rounding error,
defined as |[round(z) — z|/|z|. Since we have seen that [round(z) —z| < € x 2 when z is of the form
+m x 2P 1 < m < 2, it follows that the relative rounding error is less than € x 2€/(m x 2F) <e.
For round to nearest, the relative rounding error is less than or equal to §. This means that for
any real number z (in the range of numbers that can be represented by normalized floating point
numbers), we can write

round(z) = z(1 +J), where [§| <€ (or < § for round to nearest).
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The IEEE standard requires that the result of an operation (addition, subtraction, mul-
tiplication, or division) on two floating point numbers must be the correctly rounded
value of the exact result. For numerical analysts, this is the most important statement in this
chapter. It means that if @ and b are floating point numbers and @, ©, ®, and @ represent floating
point addition, subtraction, multiplication, and division, then we will have

a®b = round(a+b) = (a+b)(1+ )
a©b = round(a —b) = (a —b)(1 + d2)
a®b = round(ab) = (ab)(1 + J3)
a@b = round(a/b) = (a/b)(1 + ds),

where |0;] < € (or < €/2 for round to nearest), s = 1,...,4. This is important in the analysis of
many algorithms.

TAKING STOCK IN VANCOUVER [32, 40, 34]

On Friday, November 25, 1983, investors and brokers watched as an apparent bear market
continued to slowly deplete the Vancouver Stock Exchange (VSE). The following Monday,
almost magically, the VSE opened over 550 points higher than it had closed on Friday, even
though stock prices were unchanged from Friday’s closing, as no trading had occurred over the
weekend. What had transpired between Friday evening and Monday morning was a correction
of the index resulting from three weeks of work by consultants from Toronto and California.
From the inception of the VSE in January 1982 at a level of 1,000, an error had resulted in a
loss of about a point a day or 20 points a month.

Representing 1,500 stocks, the index was recalculated to four decimal places after each
recorded transaction and then summarily truncated to only three decimal places. Thus if the
index was calculated as 560.9349, it would be truncated to 560.934 instead of rounded to the
nearer number 560.935.

With an activity level often at the rate of 3,000 index changes per day, the errors accumulated,
until the VSE fell to 520 on November 25, 1983. That next Monday, it was recalculated
properly to be 1098.892, thus correcting truncation errors that had been compounding for 22
months.
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5.6 Correctly Rounded Floating Point Operations

While the idea of correctly rounded floating point operations sounds quite natural and reasonable
(Why would anyone implement incorrectly rounded floating point operations?!), it turns out that it
is not so easy to accomplish. Here we will give just a flavor of some of the implementation details.

First consider floating point addition and subtraction. Let a = m x 2¥, 1 < m < 2, and
b=px2F 1< p<2, betwo positive floating point numbers. If E = F, then a +b = (m +p) x 2F.
This result may need further normalization if m + p > 2. Following are two examples, where we
retain three digits after the binary point.

1.1005 x 2! 4 1.0005 x 2! =10.1005 x 2! — 1.010, x 22,

1.1015 x 2° +1.0005 x 2° = 10.1015 x 2° — 1.010, x 21.

The second example required rounding, and we used round to nearest.
Next suppose that £ # F. In order to add the numbers we must first shift one of the numbers
to align the significands, as below:

1.1005 x 21 +1.1005 x 271 =1.1005 x 2! + .0115 x 28 =1.1115 x 2!

As another example, consider adding the two single precision numbers 1 and 1.115 x 2723, This is
illustrated below, with the part of the number after the 23rd bit shown on the right of the vertical
line:

1.00000000000000000000000 x20
+.00000000000000000000001 | 11 x2°
1.00000000000000000000001 ‘ 11 x20

Using round to nearest, the result becomes 1.0...0102.
Now let us consider subtracting the single precision number 1.1...15 x 27! from 1:

—.11111111111111111111111 x 20

1.00000000000000000000000 ‘ x 20
1
0.00000000000000000000000 ‘ 1 x20

The result is 1.0 x 2724, a perfectly good floating point number, so the IEEE standard requires
that we compute this number exactly. In order to do this a guard bit is needed to keep track of the
1 to the right of the register after the second number is shifted. Cray computers used to get this
wrong because they had no guard bit.

It turns out that correctly rounded arithmetic can be achieved using 2 guard bits and a sticky
bit to flag some tricky cases. Following is an example of a tricky case. Suppose we wish to subtract
1.0...012 x 2725 from 1:

1.00000000000000000000000 x 20
—.00000000000000000000000 | 0100000000000000000000001  x2°
0.11111111111111111111111 ‘ 1011111111111111111111111 %29
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Renormalizing and using round to nearest, the result is 1.1... 1, x2~!. This is the correctly rounded
value of the true difference, 1 —272° — 2748, With only 2 guard bits, however, or with any number
of guard bits less than 25, the computed result is:

1.00000000000000000000000 x20
—.00000000000000000000000 | 01  x2°
0.111111171111111111111111 ‘ 11 x29

which, using round to nearest, gives the incorrect answer 1.05 x 2°. A sticky bit is needed to flag
problems of this sort. In practice, floating point operations are often carried out using the 80-bit
extended precision registers, in order to minimize the number of special cases that must be flagged.

Floating point multiplication is relatively easy compared to addition and subtraction. The
product (m x 2F) x (p x 2F') is (m x p) x 2F+F. This result may need to be renormalized, but no
shifting of the factors is required.

5.7 Exceptions

Usually when one divides by 0 in a code, it is due to a programming error, but there are occasions
when one would actually like to do this and to work with the result as if it were the appropriate
mathematical quantity, namely either oo if the numerator is nonzero or NaN (not a number) if
the numerator is 0. In the past, when a division by 0 occurred, computers would either stop with
an error message or continue by setting the result to the largest floating point number. The latter
had the unfortunate consequence that two mistakes could cancel each other out: 1/0 —2/0 = 0.
Now 1/0 would be set to oo, 2/0 would be set to oo, and the difference, oo — oo, would be NaN.
The quantities £00 and NaN obey the standard mathematical rules; for example, co x 0 = NaN,
0/0 = NaN, 0o+ a = 00 and a — 0o = —oc for a a floating point number.

Overflow is another type of exceptional situation. This occurs when the true result of an
operation is greater than the largest floating point number (1.1...1y x 2'27 ~ 10%® for single
precision). How this is handled depends on the rounding mode. Using round up or round to
nearest, the result is set to co; using round down or round towards 0, it is set to the largest
floating point number. Underflow occurs when the true result is less than the smallest floating
point number. The result is stored as a subnormal number if it is in the range of the subnormal
numbers, and otherwise it is set to 0.
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Exercises
1. Write down the IEEE single precision representation for the following decimal numbers:

(a) 1.5, using round up.

(b) 5.1, using round to nearest.

(¢) —5.1, using round towards zero.
(d) —5.1, using round down.

2. Write down the IEEE single precision representation for the decimal number 50.2, using round
to nearest.

3. What is the gap between 2 and the next larger single precision number?
4. What is the gap between 201 and the next larger single precision number?

5. How many different normalized single precision numbers are there? Express your answer
using powers of 2.

6. Describe an algorithm to compare two single precision floating point numbers a and b to
determine whether a < b, a = b, or @ > b, by comparing each of their bits from left to right,
stopping as soon as a differing bit is encountered.

7. What is the largest decimal number z that has the following IEEE single precision represen-
tation

| 0 [ 10000011 | 11100000000000000001000 |

using round to nearest. Explain your answer.

8. Consider a very limited system in which significands are only of the form 1.b;b2b3 and the
only exponents are 0,1, and —1. What is the machine precision ¢ for this system? Assuming
that subnormal numbers are not used, what is the smallest positive number that can be
represented in this system, and what is the largest number that can be represented? Express
your answers in decimal form.

9. Consider IEEE single precision floating point arithmetic, using round to nearest. Let a, b,
and ¢ be normalized single precision floating point numbers, and let @, ©, ®, and © denote
correctly rounded floating point addition, subtraction, multiplication, and division.

(a) Is it necessarily true that a®b = b@® a? Explain why or give an example where this does
not hold.

(b) Is it necessarily true that (a @ b) @ c = a ® (b @ ¢)? Explain why or give an example
where this does not hold.
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10.

11.

12.

13.

(¢) Determine the maximum possible relative error in the computation (a ® b) @ ¢, assuming
that ¢ # 0. [You may omit terms of order O(e?) and higher.] Suppose ¢ = 0. What are
the possible values that (a ® b) @ ¢ could be assigned?

Let a and b be two positive floating point numbers with the same exponent. Explain why the
computed difference a © b is always exact using IEEE arithmetic.

Explain the behavior seen in example (5.1) at the beginning of this chapter. First note that
as long as the exponent in the binary representation of zj is less than —1 (so that zj < %),
the new iterate zy,, is formed just by multiplying z; by 2. How is this done using IEEE
double precision arithmetic? Are there any rounding errors? Once the exponent of z; reaches
—1 (assuming that its mantissa has at least one nonzero bit), the new iterate zy1 is formed
by multiplying z, by 2 (i.e., increasing the exponent to 0) and then subtracting 1. What does
this do to the binary representation of the number when the number is renormalized to have
the form 1.b; ...bss x 2P? Based on these observations, can you explain why, starting with
any nonzero value g, the computed iterates eventually reach 1 and remain there?

The total resistance of an electrical circuit with two resistors connected in parallel, with
resistances R; and Ry respectively, is given by the formula

If Ri = Ry = R, then the total resistance is R/2 since half of the current flows through
each resistor. On the other hand, if Ry is much less than R;, then most of the current will
flow through R but a small amount will still low through R; so the total resistance will
be slightly less than Ry. What if Re = 07 Then T should be 0 since if R; # 0, then all of
the current will flow through Rs, and if R; = 0 then there is no resistance anywhere in the
circuit. If the above formula is implemented using IEEE arithmetic, will the correct answer
be obtained when Ry = 07 Explain your answer.

In the 7*" season episode Treehouse of Horror VI of The Simpsons, Homer has a nightmare
in which the following equation flies past him

178212 4 184112 = 192212, (5.2)

Note that this equation, if true, would contradict Fermat’s Last Theorem, which states: For
n > 3, there do not exist any natural numbers z,y and z that satisfy the equation z"+y" = 2".
Did Homer dream up a counterexample to Fermat’s Last Theorem?
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(a) Compute /178212 + 1841!2 by typing the following into Matlab:

format short
(1782712 + 1841°12)~(1/12)

What result does Matlab report? Now look at the answer using format long.

(b) Determine the absolute and relative error in the approximation 17822 +1841'2 ~ 19222,
[Such an example is called a Fermat near-miss because of the small relative error. This
example was created by The Simpsons writer David S. Cohen with the intent of catching
the eye of audience members with a mathematical interest.]

(c) Note that the right-hand side of equation (5.2) is even. Use this to prove that the
equation cannot be true.

(d) In a later episode entitled The Wizard of Evergreen Terrace, Homer writes the equation
3987'2 + 4365'2 = 4472'2. Can you debunk this equation?

14. In the 1999 movie Office Space, a character creates a program that takes fractions of cents
that are truncated in a bank’s transactions and deposits them to his own account. This is not
a new idea, and hackers who have actually attempted it have been arrested. In this exercise
we will simulate the program to determine how long it would take to become a millionaire
this way.

Assume that we have access to 50,000 bank accounts. Initially we can take the account
balances to be uniformly distributed between, say, $100 and $100,000. The annual interest
rate on the accounts is 5%, and interest is compounded daily and added to the accounts,
except that fractions of a cent are truncated. These will be deposited to an illegal account
that initially has balance $0.

Write a MATLAB program that simulates the Office Space scenario. You can set up the
initial accounts with the commands:

accounts = 100 + (100000-100)*rand(50000,1); % Sets up 50,000 accounts with balances
% between $100 and $100000.
accounts = floor(100*accounts)/100; % Deletes fractions of a cent from

% initial balances.

(a) Write a MATLAB program that increases the accounts by (5/365)% interest each day,
truncating each account to the nearest penny and placing the truncated amount into an
account, which we will call the illegal account. Assume that the illegal account can hold
fractional amounts (that is, do not truncate this account’s values) and let the illegal
account also accrue daily interest. Run your code to determine how many days it would
take to become a millionaire assuming the illegal account begins with a balance of zero.

(b) Without running your Matlab code, answer the following questions: On average about
how much money would you expect to be added to the illegal account each day due to
the embezzlement? Suppose you had access to 100,000 accounts, each initially with a
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15.

balance of, say $5000. About how much money would be added to the illegal account
each day in this case? Explain your answers.

Note that this type of rounding corresponds to fized point truncation rather than floating
point, since only two places are allowed to the right of the decimal point, regardless of how
many or few decimal digits appear to the left of the decimal point.

In the 1991 Gulf War, the Patriot missile defense system failed due to roundoff error. The
troubles stemmed from a computer that performed the tracking calculations with an internal
clock whose integer values in tenths of a second were converted to seconds by multiplying by
a 24-bit binary approximation to one tenth:

0.1y = 0.000110011001100110011004 (5.3)

(a) Convert the binary number in (5.3) to a fraction. Call it z.

(b) What is the absolute error in this number; i.e., what is the absolute value of the difference
between z and %?

(c) What is the time error in seconds after 100 hours of operation (i.e., |360,000—3, 600, 000z]|)?

(d) During the 1991 war, a Scud missile traveled at approximately MACH 5 (3750 miles
per hour). Find the distance that a Scud missile would travel during the time error
computed in (c).

On February 25, 1991, a Patriot battery system, which was to protect the Dhahran Air Base,
had been operating for over 100 consecutive hours. The round-off error caused the system not
to track an incoming Scud missile, which slipped through the defense system and detonated
on Army barracks, killing 28 American soldiers.
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Chapter 6

Conditioning of Problems; Stability of
Algorithms

6.1 Conditioning of Problems

The conditioning of a problem measures how sensitive the answer is to small changes in the input.
(Note that this is independent of the algorithm used to compute the answer; it is an intrinsic
property of the problem.)

Let f be a scalar-valued function of a scalar argument z, and suppose that 7 is close to z. (For
example, Z might be equal to round(z).) How close is y = f(z) to § = f(£)? We can ask this
question in an absolute sense: If

9 —yl = C(z)|2 — =],
then C(z) might be called the absolute condition number of the function f at the point . We also

can ask the question in a relative sense: If
g—y T—x
Y

then k(z) might be called the relative condition number of f at x.
To determine a possible expression for C(z), note that

/() - f(x)

I—x

~ r(z) :

Z

§g-y=1@) - flz) = (2 - ),

and for Z very close to z, (f(2) — f(z))/(Z — z) = f'(z). Therefore C(z) = |f'(z)| is defined to be
the absolute condition number. To define the relative condition number x(z), note that

J-y_[@)—flx) &-z =
y - z  f(z)

Again we use the approximation (f (%) — f(z))/(2 — z) = f'(z) to determine

af'@)
"= ) |
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Examples:

e Let f(xz) = 2z. Then f'(z) = 2, so that C(z) = 2 and k(z) = (2z)/(2z) = 1. This problem is
well-conditioned, in the sense that C(z) and k(z) are of moderate size. Exactly what counts
as being of “moderate size” depends on the context, but usually one hopes that if = is changed
by an anticipated amount (e.g., 1071 if the change is due to roundoff in double precision, or
perhaps a much larger relative amount if the change is due to measurement error), then the
change in f will be negligible for the application being considered.

o Let f(z) = /2. Then f'(z) = J37/2, so that C(z) = 172 and k(z) = 1/2. This problem
is well-conditioned in a relative sense. In an absolute sense, it is well-conditioned if z is not
too close to 0, but if, say, z = 10716, then C(z) = .5 x 108, so a small absolute change in z
(say, changing z from 107! to 0) results in an absolute change in 1/z of about 108 times the
change in z (i.e., from 1078 to 0).

e Let f(z) = sin(z). Then f'(z) = cos(z), so that C(z) = |cos(z)| < 1 and k(z) = |z cot(x)|-
The relative condition number for this function is large if x is near +=, +2m, etc., and it
also is large if |z| is very large and |cot(z)| is not extremely small. As z — 0, we find

K(z) — limg o |$s?r(:szw| = limg 0 |% =1.

In Chapter 7 we will consider vector-valued functions of a vector of arguments; e.g., finding the
solution to a linear system Ay = b. We will need to define norms in order to measure differences
in the input vector ||b — b||/||b|| and in the output vector |y — g|/||yl-

6.2 Stability of Algorithms

Suppose we have a well-conditioned problem and an algorithm for solving this problem. Will our
algorithm give the answer to the expected number of places when implemented in floating point
arithmetic? To answer this question one may do a rounding error analysis.

Example: Computing sums: If  and y are two real numbers and they are rounded to floating
point numbers and their sum is computed on a machine with unit roundoff ¢, then

fi(z + y) = round(z) @ round(y) = (z(1 + 01) + y(1 + 62))(1 + d3), |0;] <€ (6.1)

( €/2 for round to nearest),

where fl(-) denotes the floating point result.

Forward error analysis: Here one asks the question: How much does the computed value differ
from the exact solution? Multiplying the terms in (6.1), we find

Az +y) =z +y+x(61 + I3 + 6103) + y(d2 + 3 + F203)-
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Again one can ask about the absolute error:
iz +y) = (z +y)| < (2] + y])(2e + %),

or the relative error:

fi(z +y) — (@+y)| _ (el +1y)(2e+€)
T+y - |z + | '

Note that if y = —z, then the relative error can be large! The difficulty is due to the initial rounding
of the real numbers z and y, not the rounding of their sum. (In fact, their sum may be computed
exactly; see exercise 10 in Chapter 5.) In the case where y =~ —z, this would be considered an
ill-conditioned problem, however, since small changes in  and y can make a large relative change
in their sum; the algorithm for adding the two numbers does as well as one could hope. On the
other hand, the subtraction of two nearly equal numbers might be only one step in an algorithm
for solving a well-conditioned problem; in this case, the algorithm is likely to be unstable, and one
should look for an alternative algorithm that avoids this difficulty.

Backward error analysis: Here one tries to show that the computed value is the exact solution
to a nearby problem. If the given problem is ill-conditioned (i.e., if a small change in the input
data makes a large change in the solution), then probably the best one can hope for is to compute
the exact solution of a problem with slightly different input data. For the problem of summing the
two numbers z and y, we have from (6.1)

ﬂ(:E + y) = 37(1 + (51)(1 + (53) + y(l + (52)(1 + (53),

so the computed value is the exact sum of two numbers that differ from = and y by relative amounts
no greater than 2¢ 4 ¢2. The algorithm for adding two numbers is backward stable.

Example: Compute exp(z) using the Taylor series expansion
2 3
T _ T
e=14+z+ o1 + 3 + ...
The following MATLAB code can be used to compute exp(x):

oldsum = 0;
newsum = 1;

term = 1;

n = 0;

while newsum "= oldsum, 7% Iterate until next term is negligible
n=mn+1;
term = term * x/n; % x"n/n! = (x"{n-1}/(-1)!) * x/n

oldsum = newsum;
newsum = newsum + term;
end;
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This code adds terms in the Taylor series until the next term is so small that adding it to the
current sum makes no change in the floating point number that is stored. The code works fine
for x > 0. The computed result for x = —20, however, is 5.6219¢ — 9; the correct result is
2.0612e — 9. The size of the terms in the series increases to 4.3 x 107 (for n = 20) before starting
to decrease, as seen in Table 6.1. This results in double precision rounding errors of size about
4.3 x 107 x 10716 = 4.3 x 10~?, which lead to completely wrong results when the true answer is on

the order of 1072,

n | nth term of series n | nth term of series
1 -20 25 -2.16e+07
2 200 30 4.05e+-06
3 -1.33e+03 40 1.35e+-04
4 6.67e+03 50 3.70e+00
5 -2.67e+04 60 1.39e-04
10 2.82e+06 70 9.86e-10
15 -2.51e+07 80 1.69e-15
20 4.31e+07 90 8.33e-22

Table 6.1: Terms added in an unstable algorithm for computing e*.

Note that the problem of computing exp(z) for z = —20 is well-conditioned in both the ab-
solute and relative sense: C(z)|z=—20 = =t exp(z)|o=—20 = exp(—20) << 1 and K(z)|g=—20 =
|z exp(z)/ exp(z)|s=—20 = 20. Hence the difficulty here is with the algorithm; it is unstable.

Ezercise: How can you modify the above code to produce accurate results when x is negative?
Hint: Note that exp(—z) = 1/ exp(z).

Example: Numerical differentiation: Using Taylor’s theorem with remainder, one can approx-
imate the derivative of a function f(x):

2
flath) = f@) +hf'@) + e, eelnatn

f’(:l?) _ f(a:'i_h})L f(.’II) _ gf//(g)
The term —% (&) is referred to as the truncation error or discretization error when the approxi-
mation (f(z+h)— f(z))/h is used for f'(z). The truncation error in this case is of order h, denoted
O(h), and the approximation is said to be first order accurate.
Suppose one computes this finite difference quotient numerically. In the best possible case, one

may be able to store z and z + h exactly, and suppose that the only errors made in evaluating f(z)
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and f(z + h) come from rounding the results at the end. Then, ignoring any other rounding errors
in subtraction or division, one computes:

fla+h)(A+0) = f=)A+0) _ flzth) = flz) of@@+h)—dbflz)

h h h

Since |61 and |d2| are less than e, the absolute error due to roundoff is less than or equal to about
2¢|f(z)|/h, for small h. Note that the truncation error is proportional to h, while the rounding
error is proportional to 1/h. Decreasing h lowers the truncation error but increases the error due
to roundoft.

Suppose f(z) = sin(z) and z = w/4. Then f'(z) = cos(z) and f"(z) = —sin(z), so the
truncation error is about v/2h/4, while the rounding error is about v/2¢/h. The most accurate
approximation is obtained when the two errors are approximately equal:

van

\@6
= — = 2V/e.
1 A = h Ve

In this case, the error is on the order of the square root of the machine precision, far less than what
one might have hoped for!

Once again, the fault is with the algorithm, not the problem of determining % Sin(z)|p=r/a =
coS(Z)|p—r/a = v/2/2. This problem is well-conditioned since if the input argument z = 7/4 is
changed slightly then the answer, cos(z) changes only slightly; quantitatively, the absolute condition
number is C(z)|y=r/4 = | = SINT|g—r/s = v/2/2, and the relative condition number is K(Z)|p=r/a =
| — zsinx/cos x|;—r/4 = 7/4. When the problem of evaluating the derivative is replaced by one of
evaluating the finite difference quotient, then the conditioning becomes bad. Later we will see how
to use higher order accurate approximations to the derivative to obtain somewhat better results,
but we will not achieve the full machine precision using finite difference quotients.
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Exercises

1.

What are the absolute and relative condition numbers of the following functions? Where are
they large?

(a) (z—1)~ (¢) Inz (e) z7le®

(b) 1/(1 +z 1) (d) logoz (f) arcsinz

. Let f(z) = ¥/x.

(a) Find the absolute and relative condition numbers of f.
(b) Where is f well-conditioned in an absolute sense? In a relative sense?

(c) Suppose z = 10~7 is replaced by & = 107! (a small absolute change but a large relative
change). Using the absolute condition number of f, how much of a change is expected
in f due to this change in the argument?

. In evaluating the finite difference quotient (f(z + h) — f(x))/h, which is supposed to approx-

imate f’(x), suppose that z = 1 and h = 2724, What would be the computed result using
IEEE single precision? Explain your answer.

. Use MATLAB or your calculator to compute tan(z), for z = § + 27 x 107, 5 =0,1,2,...,20.

In MATLAB, use “format long e” to print out all of the digits in the answers. What is the
relative condition number of this problem (considering x as the input)? Suppose the only
error that you make in computing the argument z = 7 +(2) x 107 occurs because of rounding
7 to 16 decimal places; i.e., assume that the addition and multiplications and division are
done exactly. By what absolute amount will your computed argument differ from the exact
one? Use this to explain your results.

. Compound interest. Suppose ag dollars are deposited in a bank that pays 5% interest per

year, compounded quarterly. After one quarter the value of the account is
ag X (14 (.05)/4)

dollars. At the end of the second quarter, the bank pays interest not only on the original
amount ag, but also on the interest earned in the first quarter; thus the value of the investment
at the end of the second quarter is

[ag x (14 (.05)/4)] x (1 + (.05)/4) = ag x (1 + (.05)/4)?

dollars. At the end of the third quarter the bank pays interest on this amount, so that
the account is now worth ag x (1 + (.05)/4)3 dollars, and at the end of the whole year the
investment is finally worth

ap x (14 (.05)/4)*
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dollars. In general, if ag dollars are deposited at annual interest rate x, compounded n times
per year, then the account value after one year is

n
ag X In(z), where ZI,(z)= (1 + %) .

This is the compound interest formula. It is well-known that for fixed x, lim, ,o Z,(z) =
exp(z).

(a) Determine the relative condition number k7, (x) for the problem of evaluating Z,(z). For
z = .05, would you say that this problem is well-conditioned or ill-conditioned?

(b) Use MATLAB to compute Z, () for z = .05 and for n = 1, 10, 102, ..., 10'5. Use “format
long €” so that you can see if your results are converging to exp(z), as one might expect.
Turn in a table with your results and a listing of the MATLAB command(s) you used
to compute these results.

(c) Try to explain the results of part (b). In particular, for n = 10'5, you probably computed
1 as your answer. Explain why. To see what is happening for other values of n, consider
the problem of computing 2" when n is large. What is the relative condition number of
this problem? If you make an error of about 107!% in computing z = (1 + z/n), about
what size error would you expect in 2™7

(d) Can you think of a better way than the method you used in part (b) to accurately
compute Z,(z) for z = .05 and for large values of n? Demonstrate your new method in
MATLAB or explain why it should give more accurate results.
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Chapter 7

Direct Methods for Solving Linear
Systems and Least Squares Problems

This is one of the longest chapters in this book. That may be surprising considering the fact that
most people learn to solve linear systems Ax = b in a linear algebra class. How much more can be
said about it?!! The answer is quite a lot; this simple sounding problem really lies at the heart of
a great many problems in scientific computing, and it has been the focus of a great deal of effort
in the numerical analysis community. Whenever one deals with systems of nonlinear equations
or optimization problems, ordinary differential equations, or partial differential equations, (and
practically every physical phenomenon that can be modeled is modeled by some combination of
these), the algorithms that one uses, at their core, almost always solve systems of linear algebraic
equations. For this reason it is important that these solvers be accurate and efficient. This chapter
deals with questions of accuracy and efficiency.

At the beginning of the computer age mathematicians believed that linear systems of size greater
than about 40 by 40 would never be solvable by computers — not because it would take too long,
but because rounding errors would accumulate and destroy all accuracy. An early paper in 1943 by
Hotelling [23] arrived at the conclusion that errors in Gaussian elimination could grow exponentially
with the size of the matrix, making the algorithm all but useless for large linear systems. A later
analysis in 1947 by Goldstine and von Neumann [45] showed that the algorithm could solve positive
definite systems accurately, and so they suggested replacing a general linear system Ax = b by
ATAx = A"Tb; we will see in this chapter that this is not a good thing to do. Despite these
predictions of failure, by the early 1950’s engineers were successfully using computers to solve
linear systems of larger size, 100 by 100 and greater. It was not until 1961, when Wilkinson applied
the idea of backward error analysis to the solution of linear systems that the algorithm gained a
solid theoretical footing and the earlier pessimism was dispelled [47].

7.1 Review of Matrix Multiplication

In this section, we discuss different ways of looking at matrix-vector and matrix-matrix multipli-
cation that often prove useful. For a more comprehensive review of linear algebra in general, see

137



Appendix A.
Let A be an m by n matrix:

The transpose of A, denoted AT is the matrix whose (i,7)-entry is aj;. If the entries of A are
complex numbers, instead of real numbers, then one often uses the Hermitian transpose A*, whose
(4,7)-entry is the complex conjugate of aj;, denoted aj. The matrix A is said to be symmetric
(Hermitian) if A = AT (A = A*). Note that a matrix must be square (m = n) in order to be
symmetric or Hermitian and that a real symmetric matrix is also Hermitian.

Let b be an n-vector:

b1
b = :
bn

The matrix-vector product Ab is the m-vector defined by:
ai1by + ...+ ainby
Ab = :

amib1 + ...+ amnbn

There are other ways to think about the matrix-vector product that often prove useful. The
ith entry of Ab is the inner product of the ith row of A with the vector b; that is, if a;, (note the
pseudo-Matlab notation; in Matlab this would be A(i,:)) denotes the ith row of A, (a;1,.-.,a:n),
and if (-,-) denotes the inner product, then

<al,=, b)
Ab = :
(am,:, b)

The product Ab also can be thought of as a linear combination of the columns of A. If a. ; denotes
the jth column of A, (a1j,-..,am;)’, then

Ab = a:,lbl + ...+ a:’nbn.

Similar interpretations can be given for the product of an m-dimensional row vector ¢ =

(c1,--.,cm) with the m by n matrix A. The result is an n-dimensional row vector:
m m
cA = (Z Cii1, .. 7Zciain)'
i=1 i=1
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The jth entry of cA is the inner product of ¢ with the jth column of A. The vector cA also can
be thought of as a linear combination of the rows a; . of A:

m
cA = E cag ..
=1

Example: Find Ab and cA, where
-1

1 2 3
A—(4 5 6)’ b= (2) , ¢=(=3,1).

Using the standard rules of multiplication, we find

Ab = ( 2) cA=(1,-1,-3).

These results also can be written in the forms:

e (1) (2) o5 ()

cA=-3-(1,2,3) +1-(4,5,6).

If C is an n by p matrix, then the product AC is defined and has dimensions m by p. The
(¢,7)-entry of AC is: (AC)i; = > jp_; GikCkj- The jth column of AC is the product of A with the
jth column of C, namely, a.1c1; + ... + a. nc,5. The ith row of AC is the product of the ith row
of A with C, namely, a;1¢1,: + ... + ainCp:.

7.2 Gaussian Elimination

Suppose A is an n by n nonsingular matrix. Then for any n-vector b, the linear system Ax = b
has a unique solution x, which can be determined by Gaussian elimination. This type of algorithm
actually appeared in the Jiuzhang Suanshu written in approximately 200 BC in China. Gauss
developed the method systematically during his study of the orbit of the asteroid Pallas. Using
data collected between 1803 and 1809, Gauss derived a set of six linear equations in six unknowns,
which he solved using the method that would later bear his name.

Consider the following 3 by 3 linear system:

1 2 3 T1 1
4 5 6 I ==
7 8 0 I3 2
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ORIGINS OF MATRIX METHODS

JIUZHANG SUANSHU — is a Chinese manuscript dating from
approximately 200 BC and containing 246 problems intended

=] to illustrate methods of solution for everyday problems in
E g areas such as engineering, surveying, and trade. (To the left,
| b EM we see the opening of Chapter 1.) Chapter 8 of this ancient
) :—t_ g.};p&m document details the first known example of matrix methods
fﬁé%\gﬁ ;i with a method known as fangcheng. The method of solution,
Z;_"‘g i described in detail, is what would become known centuries
%%i %Ei] later as Gaussian elimination. The coefficients of the system
sﬁé % are written as a table on a “counting board.” The text also
i ﬁ;& & compares two different fangcheng methods by counting the
R number of counting board operations needed in each method.

[26, 5]

Recall that this is shorthand notation for the system of linear equations:

1+ 229 +3z3 = 1
4x1 4+ 5xo + 623 =
Tz1+8x9 = 2

To solve this linear system using Gaussian elimination, we can append the right-hand side vector
to the matrix and then add multiples of one row to another to try to eliminate entries below the
diagonal. For example, adding —4 times the first row to the second and —7 times the first row to
the third, we obtain:

123 |1 1 2 3| 1
456 |0]|—[0-3 —6] —4
78 0 | 2 0 —6 —21 | -5

To eliminate the (3, 2)-entry, add —2 times the second row to the third:

1 2 3] 1
0 -3 —6 | —4
0o 0 -9 | 3

The system is now upper triangular and can be solved easily by back substitution. Recalling that
the above is shorthand for the system of equations:

T1+229+ 323 = 1
—3.’1)2 - 6:(73 = —4
—9373 = 3,
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we solve the third equation to obtain z3 = —1/3; substituting this into the second gives —3zo — 6 -
(—1/3) = —4, so that zo = 2; substituting each of these into the first equation gives z1 +2-2+ 3 -
(—=1/3) =1, so that z; = —2.

Another way to think about the process of Gaussian elimination is as factoring the matrix A
into the product of a lower and an upper triangular matrix. When we added —4 times the first row
to the second and —7 times the first row to the third, what we actually did was to multiply the
original matrix on the left by a certain lower triangular matrix L;:

100 1 2 3 1 2 3
LWA=| -4 1 0 4 56 |=|0 -3 -6
-7 01 78 0 0 -6 -21

The matrix Ly is especially easy to invert: just negate the off-diagonal entries and keep everything
else the same:

L7t =

N e
O = O

0
0
1

Similarly, adding —2 times the second row to the third row in the resulting matrix is equivalent to
multiplying on the left by another lower triangular matrix Lo:

1 00 1 2 3 1 2 3
LoLiA=|1 0 10 0 -3 -6 ]=|0 -3 —6
0 -2 1 0 -6 -21 0 0 -9

The inverse of Lo is also obtained by just negating the off-diagonal entries, and the product
(LoLy)* = L7'Ly' is easy to compute as well: The diagonal entries are 1’s and the nonzero
off-diagonal entries are those of Lfl together with those of L, L. that is,

N = O
= o O

1
(LoLy) ' =L7'Ly = | 4
7

Letting U denote the upper triangular matrix obtained from A, we have Lo,I1 A = U, so that
A = LU, where L is the lower triangular matrix (LyL;)~!.

If one wishes to solve several linear systems with the same coefficient matrix but different right-
hand side vectors, then one can save the lower and upper triangular factors L and U. Then, to
solve Ax = LUx = b, one first solves the lower triangular system Ly = b (to obtain y = Ux) and
then the upper triangular system Ux =y.

Let us generalize the above to an arbitrary n by n matrix A, and see how a Gaussian elimination
routine might be written in MATLAB. The first step is to add multiples of row 1 to each of the
other rows in order to eliminate entries below the diagonal in the first column of the matrix. We
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will apply these same operations to the right-hand side vector b:

a1 a1 --- Gip | by a1 @12 -.. Qip ‘ by
an a b 0 ) ... al) | b{M
21 22 ... Q2n 2 22 -+ Yon 2
. . — . . . .
1 1 1
an1 Qp2 ... Qpp | bn, 0 a7(12) - a%,% ‘ bsl )

The MATLAB code for this step can be written as follows:

% Step 1 of Gaussian elimination.
for i=2:n % Loop over rows below the diagonal.
mult = A(i,1)/A(1,1); % Subtract this multiple of row 1 from
% row i to make A(i,1)=0.
A(i,:) = A(4d,:) - mult*A(1,:); % This is equivalent to the for loop:
% for k=1:n,
% A(i,k) = A(i,k) - mult*A(1,k);
% end;
b(i) = b(i) - mult*b(1);
end;

The next step is to add multiples of row 2 in the modified matrix to rows 3 through n in order
to eliminate entries below the diagonal in the second column of the matrix. Again these same
operations are applied to b. In general, the jth step will operate on rows j 4+ 1 through n, adding
multiples of row j to these rows in order to eliminate entries below the diagonal in column j:

(G-1) (G-1) (-1 (G-1)
0 ... 0 a@il) Zjijf)_l ag;'lq) | b{jq)
O e 0 a/j+1,j aj+1,]+1 a’j—|—1,’n, | b]+1
R RPC B RN DR RS

(-1 (G-1) (-1 (-1
0 ... 0 aj j),j+1 agr3 | bj(')
0 ... 0 0 ali;n - o, | b
0 ...0 0 ol ... ol | W

To accomplish this, the above MATLAB code (slightly modified) must be surrounded by an
outer loop over columns j =1,...,n — 1. The result is:

% Gaussian elimination without pivoting.

for j=1:n-1 % Loop over columns.
for i=j+1:n % Loop over rows below j.
mult = A(i,j)/A(j,3); % Subtract this multiple of row j from
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% row i to make A(i,j)=0.
A(i,:) = A(4d,:) - mult*A(j,:); % This does more work than necessary;
% do you see why?
b(i) = b(i) - mult*b(j);
end;
end;

Recall that at the jth stage of Gaussian elimination, the entries in columns 1 through j — 1 of
rows j through n are zero, so that subtracting mult times row j from row i (i > j) does not alter
these zero entries. Therefore the above code could be made more efficient by replacing the line
A(i,:) = A(d,:) - mult*A(j,:); by

A(i,j:n) = A(d,j:n) - mult*A(j,j:n);

This operates only on entries j through n of row 1.

The above Gaussian elimination code may fail! Can you see what difficulties might arise? One
problem is that, in order to use row j to eliminate entries in column j, it must be the case that
the (j, 7)-entry of the (now modified) matrix is nonzero; i.e., the denominator in the expression for
mult must be nonzero. To ensure this, we will use a procedure called partial pivoting that will be
described in Section 7.2.3.

7.2.1 Operation Counts

The timing of a computer code depends on many things, one of which is the amount of arithmetic
that the code does. This used to be the primary factor determining timing, but with faster arith-
metic operations available on today’s computers, other factors come into play such as the frequency
of memory references and the amount of work that can be done in parallel. These other factors will
be mentioned in Section 7.2.5, but, for now, let us count the number of floating point operations
(additions, subtractions, multiplications, and divisions) performed by our Gaussian elimination
code. It should be noted that historically, only multiplications and divisions were counted, because
these operations were significantly slower than additions and subtractions. Today, on most com-
puters, these operations take about the same amount of time, so we will be concerned with the
total number of operations.

In the above Gaussian elimination code, we loop over j going from 1 to n — 1. Therefore the
number of operations performed will be Z;‘:—ll (number of operations performed at stage j). At each
stage 7, we loop over i going from j+1 to n, so the amount of work becomes Z;‘;ll > iy (number
of operations performed on row i at stage j). Now for each row i, we compute mult, which requires
one division. We then subtract mult times row j from row %, which requires n multiplications and
n subtractions (using the above code, without the improvement for efficiency). Finally, we subtract
mult times b(j) from b(i), which requires one multiplication and one subtraction. Thus the total
number of operations on row ¢ at stage j is 1 + 2n 4+ 2 = 2n + 3. Summing over ¢ and j now, we
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find the total number of floating point operations performed by our Gaussian elimination code:

i Y (2n+3) = i(n—j)(2n+3)
j=1li=j+1 j=1
= (2n—|—3)z_:(n—j) = (2n—|—3)z_:k
j=1 k=1
= (2n+ 3)7"("2_ D _ 034 0(n?).

We are usually interested in the timing of the code when n is large, say n > 1000, since the code
runs very quickly for small n. Therefore, it is customary to determine the highest power of n in the
operation count and the constant multiplying that highest power of n and to write the remaining
lower order terms using the O(-) notation, since they will be insignificant for large n. Sometimes
the above operation count is written simply as O(n3), to indicate that it depends on the cube of
the matrix size, but it is also important to know the constant multiplying n3, which in this case is
1.

It was noted above that the efficiency of our Gaussian elimination code could be improved by
replacing the line A(i,:) = A(i,:) - mult*A(j,:) by one that operates only on entries j through
n of row 4. Since this requires only 2(n — j + 1) operations instead of 2n operations, the work count
becomes

_ n—1
Z Z (n—3)+5] = > [2(n—3)>+5(n—j)]
j=1

j=li=j+1
n—1 n—1
= 2) K +5) k. (7.1)
k=1 k=1

Now to compute the operation count, we must use the formula for the sum of the first n—1 integers,
as well as their squares. These formulas are:

- m(m + 1) m(m +1)(2m + 1)
D k= mmT Zk2 ; : (7.2)

2
k=1
Making these substitutions in (7.1) gives the total operation count:

2(n—1)n(2n—1)+5(n—1) 2n3+0( 2)

6 2 3

The work is still O(n?), but the constant multiplying n® has been reduced from 1 to 2/3.

The first formula in (7.2) is easy to remember: it says that the sum of the first m integers is
their average value, (m + 1)/2, times the number of terms, m. The second formula and formulas
for sums of higher powers are less easy to remember, but their highest order terms can be derived
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as follows. Using rectangles to approximate the area under the curve z?, for p a positive integer,
we find

m m+1
/ xpdx§1p+2p+...+mp§/ P dzx.
0 1

These inequalities are illustrated below:

5
] 05 1 15 2

Figure 7.1: Area of red rectangles is an upper bound on f(;l 2P dz, while area of green rectangles

(which is the same as that of the red rectangles) is a lower bound on f15 P dx.

Since [)" 2P dv = mP™!/(p + 1) and f1m+1 2Pdr = (m+ 1P —1)/(p+1) = mP*/(p+1) +
O(mP), and the highest order term in each of these expressions is m?*!/(p+ 1), it follows from the
above inequalities that

mPt1

kP = + O(mP).
kz::l P (mP)

7.2.2 LU Factorization

We previously interpreted Gaussian elimination as factoring the matrix in the form A = LU, where
L is lower triangular with 1’s on its diagonal (often called a unit lower triangular matrix) and U is
upper triangular. It is easy to modify our Gaussian elimination code to save the L and U factors so
that they can be used to solve linear systems with the same coefficient matrix but different right-
hand side vectors. In fact, this can be done without using any extra storage, because the entries
in the strict lower triangle of A (the part of the matrix below the main diagonal) are zeroed out
during Gaussian elimination. Therefore this space could be used to store the strict lower triangle of
L, and since the diagonal entries of L are always 1, there is no need to store these. The entries of L
are simply the multipliers (the variable called mult in the previous code) used to eliminate entries
in the lower triangle of A. Therefore the Gaussian elimination code can be modified as follows:

% LU factorization without pivoting.

for j=1:n-1 % Loop over columns.
for i=j+1:n % Loop over rows below j.
mult = A(i,j)/A(j,3); % Subtract this multiple of row j from
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% row i to make A(i,j)=0.
A(i,j+1:n) = A(di,j+1:n) - mult*A(j,j+1:n); % This works on columns j+1
% through n.
A(i,j) = mult; % Since A(i,j) becomes O, use the space
% to store L(i,j).
end;
end;

As noted previously, once A has been factored in the form LU, we can solve a linear system
Az = LUx = b by first solving Ly = b and then solving Ux = y. To solve Ly = b, we solve the
first equation for g1, then substitute this value into the second equation in order to find ys, etc., as
shown below:

211 0 e 0 mn b1
ly1 Lo 0 Y2 b2
. .. . . = . -
Enl eZn .. enn Yn bn
y1 = bi/ln

y2 = (b2 —La1y1)/la2

i1
yi = (bi— Y Lijy;) /b
=1

The procedure simplifies slightly when the diagonal entries of L are all 1’s. The following
MATLAB function solves Ly = b, when L has unit diagonal and the strict lower triangle of L is
stored:

function y = 1lsolve(L, b)

)

% Given a lower triangular matrix L with unit diagonal and a vector b,
% this routine solves Ly = b and returns the solution y.

h

n = length(b); % Determine size of problem.
for i=1:m, % Loop over equations.
y(@) = b(i); % Solve for y(i) using
for j=1:i-1, % previously computed y(j),j=1,...,i-1.
y(i) = y(1) - L{E,)*y();
end;
end;
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Since one subtraction and one multiplication are performed inside the innermost loop of this
routine, the total operation count is

ZihZ?(i—l) =22_:k:n(n—1) =n? 4+ O(n).
=1 j=1 =1 k=1

Thus, once the matrix has been factored, a triangular solve can be carried out with just O(n?)
operations instead of the O(n?) required for factorization. This means that if n is large and one
saves the LU factors of A, then one can solve with many different right-hand side vectors for almost
the same cost as solving with one.

It is left as an exercise to write a MATLAB routine to solve the upper triangular system Ux =y
and to count the number of operations performed.

7.2.3 Pivoting

As noted previously, the codes that we have given so far may fail. If, at the jth step of Gaussian
elimination, the (4, j)-entry of the modified matrix is zero, then that row cannot be used to eliminate
nonzero entries in the jth column. If the (7, j)-entry is zero, then we could use a different row, say
row k > 7, whose jth element is nonzero in order to eliminate other nonzeros in column j. For
convenience, we could interchange rows k and j (remembering also to interchange the right-hand
side entries by, and b;), so that we maintain the upper triangular form. This process of interchanging
rows is sometimes called pivoting, and the nonzero entry ay; is called the pivot element.

Suppose there are no nonzero entries on or below the main diagonal in column j. Then the
matrix must be singular. Do you see why? It would mean that after j — 1 steps of Gaussian
elimination, each of the first j columns of the matrix have nonzeros only in their top j — 1 positions.
Now any j vectors of length j — 1 must be linearly dependent. This implies that the first 7 columns
of the matrix are linearly dependent and so the matrix is singular. Recall that if A is singular then
the linear system Ax = b does not have a unique solution; it has either no solutions (if b is outside
the range of A) or infinitely many solutions (if b is in the range of A, in which case the solution set
consists of any specific solution plus anything from the null space of A). In this case, it would be
reasonable for our Gaussian elimination code to return an error message stating that the matrix is
singular.

One possible approach to fixing the Gaussian elimination code, then, would be to modify the
code to test if a pivot element (the denominator in mult) is zero. If it is, then search through
that column (below the main diagonal) to find a nonzero entry. When a nonzero entry is found,
interchange that row with the pivot row and then do the elimination. If no nonzero entry is found
in the column, then return with an error message.

In exact arithmetic, this strategy would be fine, but in finite precision arithmetic it is not a good
idea. Suppose a certain pivot element would be zero in exact arithmetic but because of rounding
errors, the computed value is some tiny number, say, the machine precision e. We would use this
tiny (and incorrect) number to eliminate entries in other rows by adding huge multiples of the pivot
row to these other rows. The results could be completely wrong. Even if there is no error in the
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pivot entry, adding huge multiples of the pivot row to other rows can result in significant errors, as
can be seen with the following linear system:

10720 1 ) _ (1
1 1 zo )] \ 2 )’
The exact solution is very nearly 1 = o = 1. (Precisely, it is x5 = 1 — 1/(10%° — 1), 2y =

1+1/(10%° —1).) Using our Gaussian elimination code with double precision arithmetic, the result
after the first stage would be:

10720 1 | 1 . 0= 1 ] 1
1 1] 2 0 -10% | —10% )’
since mult would be 10?°, and 1 — 10%* and 2 — 10?° would each be rounded to —10%°. Solving the
upper triangular system we would then obtain zo = 1 and 10720z, +1 =1 so z; = 0.

This wrong answer was easily avoidable! Had we simply interchanged the two rows and used
the second row as the pivot row, we would have obtained:

L1 2y ,(11]2
10720 1 | 1 01 ] 1)’

where mult is 1072° and the numbers 1 — 1072° and 1 — 2 x 1072° were each rounded to 1. The
solution to this upper triangular system is: xo = 1 and 1 + 1 = 2 so that z; = 1.

To avoid difficulties with tiny pivot elements, a strategy called partial pivoting is generally used.
Here one searches for the largest entry in the column in absolute value and uses that as the pivot
element. This ensures that the multipliers of the pivot row used to eliminate in other rows are all
less than or equal to 1 in absolute value. As an example, we consider the 3 by 3 problem given at
the beginning of this section:

1 2 3 1 1
4 5 6 z2 | =10
7 8 0 I3 2

Using partial pivoting, we would reduce this problem to “upper triangular” form as follows:

123 | 1)\ . 780 | 2 708 0| 2
4560|2456 0|—(0376]| —87
780 | 2 123 |1 0 6/7 3 | 5/7
. 8§ 0| 2 78 0 | 2
PVOC Lo 67 3 | 5/7 | — |0 6/7 3 | /7

0 3/7 6 | —8/7 0 0 9/2 | -3/2

Note that when solving this problem by hand, the arithmetic is easier if one does not pivot, since
all of the multipliers are integers. This is a very special case, however, and in general when solving
linear systems on a computer one should pivot (if necessary) so that the multipliers are less than or

148



equal to one (or possibly some other moderate size number) in magnitude. There is no additional
cost for pivoting in terms of arithmetic, but there is an O(n?) cost to find the largest entry in each
column, and there is the cost of additional data movement.

Our Gaussian elimination code can be modified to incorporate partial pivoting as follows:

% Gaussian elimination with partial pivoting.
for j=1:n-1 % Loop over columns.

[pivot,k] = max(abs(A(j:n,j))); % Find the pivot element in column j.
% pivot is the largest absolute
% value of an entry; k+j-1 is its

% index.
if pivot==0, % If all entries in the column are O,
disp(’ Matrix is singular.’) 7% return with an error message.
break;
end;
temp = A(j,:); % Otherwise,
A(j,:) = A(k+j-1,:); % Interchange rows j and k+j-1.
A(k+j-1,:) = temp;
tempb = b(j);
b(j) = b(k+j-1);
b(k+j-1) = tempb;
for i=j+1:n % Loop over rows below j.
mult = A(i,3)/A(5,3); % Subtract this multiple of row j from

% row i to make A(i,j)=0.
A(i,j:n) = A(i,j:n) - mult*A(j,j:n);
b(i) = b(i) - mult*b(j);
end;
end;

Partial pivoting can also be incorporated into the version of the code that saves the matrix
factors. Now, instead of factoring A in the form LU, we factor it in the form PLU, where P is a
permutation matrix. A permutation matrix is a matrix that has a 1 in each row and each column
and all other elements 0. Exchanging rows can be thought of as applying a permutation matrix on
the left. The following theorem guarantees that this factorization exists for any nonsingular matrix
A:

Theorem 7.2.1. Every n by n nonsingular matriz A can be factored in the form A = PLU, where
P is a permutation matriz, L is a unit lower triangular matriz, and U is an upper triangular

matrix.

We do not want to leave the reader with the impression that to solve a linear system Ax = b
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in MATLAB one must type in the above code! To solve Ax = b, you type A\b. The above is
(roughly) what MATLAB does when it solves linear systems or computes PLU factorizations.

7.2.4 Banded Matrices and Matrices for which Pivoting is Not Required

For certain matrices, pivoting in Gaussian elimination is not required. For example, it can be
shown that for symmetric positive definite matrices, Gaussian elimination can be performed stably
without pivoting. A matrix A is symmetric if A = AT, and a symmetric matrix is positive definite
if all of its eigenvalues are positive. An example of a symmetric positive definite matrix is

2 -1 0
-1 2 -1, (7.3)
0 -1 2

whose eigenvalues are 2, 2 4+ v/2, and 2 — /2.

Instead of factoring a symmetric positive definite matrix in the form LU, where L has unit
diagonal, one can factor it in such a way that L and U have the same diagonal elements. With
this scaling it turns out that U is just the transpose of L, and so we have factored A in the form
A = LL". This is called the Cholesky decomposition.

Gaussian elimination without pivoting is also known to be stable for strictly diagonally dominant
matrices. A matrix A is strictly diagonally dominant (or strictly row diagonally dominant) if

|lai| > Z la;j|, for all 4;
J#i

that is, the absolute value of each diagonal entry is greater than the sum of the absolute values of
all off-diagonal entries in its row.

A number of applications give rise to linear systems that are symmetric positive definite or,
occasionally, strictly diagonally dominant, and banded; that is, a;; = 0, if |¢ — j| > m, where
m << n is the half bandwidth. The matrix in (7.3) has half bandwidth m = 1. The full bandwidth
is 2m + 1 = 3 and so this matrix is called a tridiagonal matrix.

Symmetric positive definite and banded matrices often arise in the discretization of partial
differential equations, which will be covered later in the text. For example, when the Poisson
equation (Au = f) on a unit square is discretized using a 16 by 16 grid, the resulting matrix is
symmetric and positive definite and has the banded nonzero structure pictured in Figure 7.2.

We can save work and storage in the Gaussian elimination algorithm by taking advantage of
the band structure. Consider a matrix with half bandwidth m. To perform Gaussian elimination
without pivoting, we use the first row to eliminate entries in column 1 of rows 2 through n. But
the entries in column 1 of rows m + 2 through n are already zero, so we need only operate on the m
rows with nonzeros in column 1. Moreover, we need not operate on the entire row. Only columns
1 through m + 1 will be affected by adding a multiple of row 1. Thus, the work at the first stage
of Gaussian elimination is reduced from 2(n — 1)n to 2m(m + 1), and the bandwidth of the matrix

150



0 50 100 150 200
nz = 1065

Figure 7.2: Banded structure of a matrix formed from discretizing the Poisson equation on a unit
square. Although the matrix has 225 x 225 entries, only 1065 of these are nonzero.

has not increased. This is illustrated below for a matrix with half bandwidth 2:

1 a2 a3 O 0 0
22 a3 axu 0 O
0

a1 a2 a3 0 0 0 a1
0
a1 azz aszz azgs aszs O 0 asg2 ass a3y ass
0
0
0

a1 a2 a3 axu 0O O

—
0 a4 a43 aas as5 age 42 @43 Q44 Q45 Q46
0 0 as3 assa ass; ase 0 as3 ass ass ase
0 0 0 waes aes aes 0 0 aes aes aes

In general, at stage j of Gaussian elimination, we must eliminate the entry in column j from rows
j + 1 through n. But for a banded matrix, only rows j + 1 through min{j + m,n} have nonzero
entries in column j, and only the entries in columns j through min{j + m, n} of these rows will be
affected by adding a multiple of row j. The total work for banded Gaussian elimination without
pivoting therefore becomes

n—1

Z2min{m,n — 4} min{m + 1,n — j + 1} = 2m?n.

j=1

For m << n, this is a large savings over the O(n3) operations required for dense Gaussian
elimination. Note, however, that while we were able to take advantage of the band structure in
Gaussian elimination, we could not take advantage of any zeros within the band. Frequently,
matrices arising from partial differential equations are banded with half bandwidth m =~ \/n (for 2-
D problems), but most of the entries inside the band are also zero. During the process of Gaussian
elimination, these entries inside the band fill in with nonzeros and so they must be stored and
operated on.

To see an example with MATLAB, enter the following commands:
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n = 15;

A = gallery(’poisson’,n);

[L,U] = 1u(d);

subplot(1,3,1),spy(A), subplot(1,3,2),spy(L), subplot(1,3,3),spy(U)

The banded structure of L and U can be seen in Figure 7.3 (a) and (b), respectively. Note, the
number of nonzeros in L and U is 3389 as compared to 1065 in A, as seen in Figure 7.2. Clearly, a
large amount of fill in occurred in the decomposition.

0 0
50+ 9 501
100 1 100
150 1 150
200 9 200
0 50 100 150 200 0 50 100 150 200
nz = 3389 nz = 3389

(a) (b)

Figure 7.3: Banded structure L and U of a matrix formed from discretizing the Poisson equation
on a unit square.

Suppose we need to use partial pivoting. Can we take advantage of a band structure using
Gaussian elimination with partial pivoting? The answer is yes; the half bandwidth of the U factor
is at most doubled by using partial pivoting. To see this consider, for example, a tridiagonal matrix

S oo 8 8
SO 8 8 8
o8 8 8 ©
8 8 8 © O
8 8 © © O

where the z’s represent nonzeros. At the first stage, row 1 or 2 will be chosen as the pivot row. If
row 1 is chosen, the bandwidth does not increase, but if row 2 is chosen and moved to the top, the
half bandwidth increases from 1 to 2, and the zero entry in column 3 of the current row 1 fills in
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with a nonzero value. The matrix takes the form

z z x 0 0
0z z 0 O
0 z z =z O
0 0 z z =z
0 00 z =«

Now row 2 or 3 can be chosen as the pivot row. If row 2 is chosen then no fill-in occurs, but if row
3 is chosen then when it is moved up the half bandwidth in row 2 becomes 2 as well, and during
the second stage of elimination the zero in column 4 of the current row 2 will become nonzero:

z z xx 0 0
0 z z =z O
0 0z =z O
0 0 z z «
0 0 0 z =«

Continuing in this way, it is not difficult to see that each row interchange causes one additional
zero to fill in. If row interchanges are made at every step, then the final matrix U will have the
form

z z x 0 0
0 z z =z O
0 0 z z «
0 00 z =«
0 00 0 «x

It is left as an exercise to estimate the number of operations required for Gaussian elimination
with partial pivoting for a matrix with half bandwidth m.

7.2.5 Implementation Considerations for High Performance*

It was mentioned earlier that memory references may be costly on today’s supercomputers. Usually
there is a memory hierarchy, with larger storage devices such as the main memory or disk being
slower to access than smaller storage areas such as local cache and registers. When an arithmetic
operation is performed, the operands are fetched from storage, loaded into the registers where the
arithmetic is performed, and then the result is stored back into memory. The more work that can
be done on a word fetched from memory before storing the result, the better. Also, it is usually
more efficient to fetch and store large chunks of data at a time.

Consider the Gaussian elimination code of Subsection 7.2.3. To eliminate the (7, j) entry at stage
7, one fetches the pivot row 7 and the ¢th row, ¢ > j, from memory and then operates on row ¢ and
stores the result. This requires 3(n —j + 1) memory accesses and only about 2(n — j + 1) arithmetic
operations (multiplication of row j and subtraction from row 7). If the time for a memory access
is greater than that for an arithmetic operation, then most of the time will be spent in fetching
operands and storing results.

On the other hand, consider the following basic linear algebra operations:
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1. Matrix-vector multiplication: y < Ax + y, where A is an n by n matrix and x and y are
n-vectors. One must fetch the n? entries of A and the 2n entries of x and y and store the n
entries of the result, for a total of n? 4+ 3n memory accesses. The arithmetic to compute the
product of matrix A with vector x and add the result to y is about 2n?. Thus the ratio of
arithmetic operations to memory fetches is about 2.

2. Matrix-matrix multiplication: C' < AB + C, where A, B, and C are n by n matrices. Here
one must fetch the 3n? entries of A, B, and C, and one must store the n? entries of the result,
for a total of 4n? memory accesses. But the work to compute the product AB and add it to
C is about n times the work to perform the matrix-vector multiplication above, namely, 2n3.
Thus the ratio of arithmetic operations to memory fetches is about n/2.

If Gaussian elimination could be expressed in terms of matrix-vector or, better, matrix-matrix
multiplication, then the ratio of arithmetic operations to memory accesses would be increased, so
that more time would be spent in actually doing the work rather than in fetching the data and
storing the results. These basic linear algebra operations are implemented in a package called
the BLAS (Basic Linear Algebra Subroutines) [7]. Operations, such as the one performed in our
Gaussian elimination code, that act on two vectors (e.g., adding a scalar times one row to another),
are labeled BLAS1 and are the least efficient operations when memory references are costly. Matrix-
vector operations comprise the BLLAS2 routines, which are intermediate in their efficiency, and
matrix-matrix operations comprise the BLAS3 routines, which are the most efficient.

Block Algorithms

The Gaussian elimination algorithm can be arranged differently. Suppose we divide the matrix A
into a p by p array of m by m blocks A;;, where n = mp:

A1 A ... Alp
Aoy Agy ... A

A= 27 7 (7.4)
Ap Ay ... Ay

Assuming for the moment that pivoting is not required, one can eliminate entries below the diagonal
in the first block column by computing

Ay ... A2p A
: : — Al_ll(Alg,... aAlp)-

Ap1

App App
This matrix is called the Schur complement of A;; in A. Instead of explicitly computing Ail,
one factors it in the form A;; = L11U1; and then solves triangular linear systems with multiple
right-hand sides. This can be implemented as follows. First bring in the first block column and

perform Gaussian elimination on that rectangular matrix. This corresponds to a factorization of
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the form

A1 Ly

Az Lo
: = . Ur1- (7.5)

Apl Ly,
Here L1 and U1y are the unit lower triangular and upper triangular factors of A, while Loy, ..., Ly
are not lower triangular but contain the multipliers used in the elimination of blocks Ag,..., Ap1.

This step requires about 2nm memory accesses, while the work is about nm?. To update the rest
of the matrix, one then computes:

A22 . A2p L21
: - Lfll (Al?a s 7A1P)a (7'6)
Ay ... Ay Ly

where L1}'(A12, ..., A1p) is computed by solving the lower triangular multiple right-hand side sys-
tem L11(Uig,...,Uip) = (Ai2,...,A1p). This is a matrix-matrix (BLAS3) operation. It requires
about 2n? memory accesses (assuming that m << n) and about 2n?m arithmetic operations.
Elimination in successive block columns is handled similarly.

A software package that performs Gaussian elimination, as well as many other linear algebra
operations, using block algorithms is called LAPACK [4]. It is the software on which MATLAB is
based.

Parallelism

A parallel computer contains more than one processor, and different processors are capable of
working on the same problem simultaneously. Ideally, one might hope that with p processors, an
algorithm would run p times as fast. This ideal speedup is seldom achieved, however, even with
an algorithm that appears to be highly parallelizable, because of the overhead of communicating
between processors. This represents another kind of memory hierarchy. On a distributed memory
machine, a processor may access data stored in its own memory quickly, but if the data that it
needs is on another processor, the time to retrieve it can be much greater.

Gaussian elimination offers many opportunities for parallelism, since elimination in each row
(or block row) can be performed independently and in parallel. At a finer level, individual entries
in a row could be updated simultaneously. One important reason for using parallel machines,
besides improving execution time, is to have more memory. A matrix may be too large to fit in the
memory of a single processor, but if it is divided into blocks as in (7.4), then the different blocks
can be distributed among the processors. They should be distributed in such a way as to minimize
communication costs.

As an example, but not necessarily the most efficient example, of how Gaussian elimination
might be parallelized, suppose that we have p processors and each stores one of the block columns
in (7.4). Processor 1 works on its block column, performing the operation in (7.5). It then com-
municates the results, Lq1,...,Ly1, to the other processors, which update their block columns
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SUPERCOMPUTING AND LINEAR SYSTEMS

The U. S. national laboratories house many of the world’s fastest high performance comput-
ers. At Lawrence Livermore National Laboratory, these machines include the ASC White
(pictured above), Thunder, and BlueGene/L supercomputers. BlueGene/L, which is the
world’s fastest supercomputer, can perform over 280 trillion operations per second, or over
280 teraflops. This performance is approximately 20,000 times faster than personal comput-
ers. Such computers are commonly used to solve large linear systems (sometimes containing
billions of variables, and solved iteratively using techniques that will be discussed later in
this text), necessitating the use of large-scale parallel computing. These massive linear sys-
tems often result from differential equations that describe complex physical phenomena. To
see the current list of the 500 fastest computers in the world, visit http://www.top500.org.
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simultaneously according to (7.6). Note that with this arrangement of data, each processor needs
all of the blocks Ly, ..., Ly in order to update its block column. When processor 2 has completed
its update, it can begin the analogous process to (7.5) for block column 2. However, all processors
must wait until processor 2 completes this work, before starting to do the update analogous to (7.6)
for the second stage. In this way, many processors operate simultaneously, but they also must wait
for others in order to remain in step.

A library known as ScaLAPACK [6] (for Scalable LAPACK) implements Gaussian elimination
and other linear algebra algorithms for distributed memory parallel machines.

7.3 Other Methods for Solving Ax =Db

You might wonder why we have concentrated on Gaussian elimination for solving Ax = b. You
probably have learned some other ways. For example, one might compute A~! and set x = A~ 'b.
You also may have been taught Cramer’s rule for solving linear systems. This is a useful way to
solve small linear systems by hand, but, as we will see, it is completely inappropriate for large linear
systems.

We will concentrate here on operation counts. Recall that Gaussian elimination requires about
%n3 operations to factor a matrix A in the form A = PLU, where P is a permutation matrix, L
is a unit lower triangular matrix, and U is an upper triangular matrix. To solve a linear system
Ax = b requires an additional 2n? operations to solve the triangular systems Ly = b and Ux = y.

1. Compute A~! and set x = A~lb. Sometimes people are taught to solve linear systems
this way, but it is more work (and more prone to mistakes!) than Gaussian elimination, even
if you are solving a small problem by hand. Consider, for example, the linear system

1 2 3 1 1
4 5 6 T2 | =10
7 80 T3 2

A standard procedure for computing the inverse of A involves appending the identity matrix
to A, eliminating entries below the diagonal in A, scaling the diagonal elements to be 1, and
then eliminating entries above the diagonal in A. The same operations are performed on the
appended matrix, and when the procedure is finished, the appended matrix is A~!. Following
is the procedure applied to our matrix:

123|100 1 2 3] 100
456 ]010)]—>(0-3 -6 -410]|=
78 0] 001 0 -6 —21 | -7 0 1
1 2 3] 1 00 12 3 | 1 0 0
0 -3 =6 | -4 10|=>|012] 4/3 -1/3 0 |-
0 0 -9 | 1 -2 1 001 ] —-1/9 2/9 —1/9
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120 | 4/3 —-2/3 1/3 100 | —-16/9 8/9 —1/9
010 | 14/9 -7/9 2/9 | =010 | 14/9 -7/9 2/9
001 | —1/9 2/9 —1/9 001 | -1/9 2/9 —1/9

We now apply A~! to the right-hand side vector b to obtain:

T1 1 —16 8 -1 1 1 —18 -2
To | = 9 14 -7 2 0 )= ) 18 | = 2
T3 -1 2 -1 2 -3 -1/3

The procedure we have followed to compute A~! is very much like what one would do in
Gaussian elimination to solve n linear systems with coefficient matrix A and with right-hand
side vectors ey,...,en, where €; has a 1 in position ¢ and zeros elsewhere. Note that we
compute the multipliers necessary to reduce A to upper triangular form only once and then
we apply these multipliers to each column of the appended identity matrix, that is, to each
of the right-hand side vectors e, ..., e,. We then solve n upper triangular systems with the
modified right-hand side vectors. The total work involved is about:

2 3 2 _ 8 3

—n°4+nX2n°=_-n

3 37
which, for large n, is about 4 times as much work as Gaussian elimination. Additionally, we
must compute the product of A~! with b, but this requires only about 2n? operations, which

is of lower order than the operation count for computing A~!.

. Cramer’s Rule. This is a useful way to solve small linear systems by hand, but, as we will
see, it is completely inappropriate for large linear systems. To compute the jth component of
the solution, replace column j of A by the right-hand side vector b, and compute the ratio of
the determinant of this matrix to the determinant of A. For our example problem, expanding
determinants by the first row, we find

1 2 3
det(A)=det | 4 5 6 = 1-det 5 0 —2-det 46 + 3 - det 45
8 0 70 7 8
7 80
= —48-2-(—42) +3-(=3) =27,
1 2 3 5 6 0
det| 0 5 6 = 1-det — 2-det + 3 - det
8 0 20 2 8
2 80
= 1-(—48) —2-(=12) +3-(=10) = —54,
113 1 21
det | 4 0 6 | =54, det| 4 5 0 | =-9,
720 7 8 2
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so that

—54 9 54 9 -9 1

_ = — To = — = Lo = — —= ——.

27 ST S D A

To apply Cramer’s rule to an n by n linear system, we need to compute n determinants.
Let us estimate the work for evaluating just one determinant using the expansion procedure

outlined here. To evaluate a 2 by 2 determinant

a b
det( . d)—ad—bc

requires 3 operations: two multiplications and one subtraction. To evaluate a 3 by 3 deter-

minant
a b c
det | d e f |=a-det( ¢ )V pdet(? ) hcdes(? €
g h i h 1 g 1 g h

r1 =

requires evaluating three 2 by 2 determinants, multiplying the results by appropriate scalars
and adding, for a total of about 3 x (work for 2 by 2 determinant) + 5 = 14 operations. To
evaluate a 4 by 4 determinant one must evaluate four 3 by 3 determinants, multiply by
appropriate scalars and add the results, thus doing more than a factor of 4 times as much
work as for a 3 by 3 determinant. In general, if W, is the amount of work required to evaluate
an n by n determinant, then

Wp>n-Wpqa>n-(n—=1)-Wpo>...>n-(n—-1)-(n—2)---2-1=n!

For n as large as 20 or so, a computation of the determinant in this way is out of the
question, since 20! &~ 2.4 x 10'®. On a fast supercomputer that performs, say, 10° floating
point operations per second, this would require about 76 years!

There are faster ways than the one given here to compute determinants. In fact, one can
find the determinant from the LU factorization of a matrix, since det(LU) = det(L) - det(U),
and the determinant of a triangular matrix is just the product of its diagonal entries. To do
this with Cramer’s rule, however, would defeat the purpose, since we were considering it as
an alternative to computing an LU factorization of the matrix. For this reason, as well as
accuracy concerns, Cramer’s rule is not used for solving large linear systems on the computer.

The following table summarizes the operation counts for the three methods discussed for solving
linear systems:

Method Highest Order Term
in Operation Count
Gaussian Elimination (2/3)n3
Compute A1 (8/3)n?
Cramer’s Rule > n! if determinants are
computed by recursion
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7.4 Conditioning of Linear Systems

In Chapter 6, we discussed the absolute and relative condition numbers for the problem of evaluating
a scalar-valued function of a scalar argument. The problem of solving Ax = b involves, as input,
a matrix A and a right-hand side vector b, while the output is a vector x. To measure the change

in output due to a small change in input, we must discuss vector and matrix norms.
7.4.1 Norms

Definition. A norm for vectors is a function || - || satisfying, for all n-vectors v, w:
(i) ||v|| > 0, with equality if and only if v = 0;

(ii) |lav]| = |a] ||v]|, for any scalar «;

(iii) ||v +w| < ||v]| + ||w]| (triangle inequality).

The most commonly used vector norm on R" is the 2-norm or Euclidean norm:

n
> Juif2-
=1

Ivlle =

Other frequently used norms are the oco-norm:

IV|loo = max |vj],
=1 n

=1l,..q

and the I-norm: .
vl = fvil.
=1

More generally, it can be shown that for any p > 1, the p-norm, defined by

n 1/1’
vy = (Z \wl”) ;
=1

is a norm. We will usually work with the 1-norm, the 2-norm, or the cc-norm. Of these, only the

2-norm comes from an inner product; that is,

n
Ivll2 = (v,v)!/?,  where (x,y) = i
=1

Example. If v = (1,2, -3)7, then ||[v|2 = /12 + 22 + (=3)2 = V14, ||v|l0o = max{[1], |2|, | -
3]} =3, and ||v|]y = 1| +]2| +| - 3| =6. If w = (4,5,6), then (v,w)=1-4+2.5-3.-6= —4.
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Unit circles in the 2-norm (blue), 1-norm (red), and infinity-norm (green)
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Figure 7.4: Unit circles in the 1-norm, 2-norm, and co-norm

N

[You can compute these quantities with MATLAB by entering v and w and typing norm(v,1),
norm(v,’inf’), norm(v,2) (or simply norm(v)), and w’*v, respectively.]

Figure 7.4 shows the unit circles in R? for the 1-norm (green), the 2-norm (blue), and the
oo-norm (green); that is, it shows the set of points (z,y) or vectors v = (z,y)T € R? such that
|||y = 1, such that ||v||2 = 1, and such that ||v||oc = 1. The unit circle in the 2-norm is what we
normally think of as a circle. It is the set of points (x,y) for which \/z% 4+ y2 = 1. The unit circle
in the 1-norm is quite different. It is the set of points (z,y) for which ||(z,y)|1 = |z|+ |y| = 1.
It is a square whose corners are the points (1,0), (0,1), (-=1,0), and (0, —1). The unit circle in
the co-norm is again a square, only now aligned with the coordinate axes. It is the set of points
(z,y) for which ||(z,y)|lcc = max{|z|,|y|} = 1. It consists of the line segments where |y| = 1 and
—1 <z <1 (the top and bottom sides) and the line segments where |z| =1 and —1 <y <1 (the
left and right sides).

One also can define norms for matrices.

Definition. A matrix norm is a function || - || satisfying, for all m by n matrices A, B:

(i) ||A|| > 0, with equality if and only if A = 0;
(ii) ||cA|l = || ||A]|, for any scalar o;

(iii) ||A+ B|| < ||A|| + || B|| (triangle inequality).

Note that these three conditions are the same as the requirements for a vector norm. Some def-
initions require, in addition, that a matrix norm be submultiplicative; that is, if A is an m by n
matrix and C is an n by p matrix, then the product AC must satisfy:

@(iv) [[AC] < All-fIC]l
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We will always assume that a matrix norm is submultiplicative. There is a potential ambiguity
in notation when we talk about a norm of an n by 1 matrix C, since that “matrix” could also be
considered as an n-vector. If thinking of C' as a vector, however, we will denote it with a boldface
lower case letter ¢; thus ||C|| signifies a matrix norm (that satisfies (iv)) while ||c|| is a vector norm.

If || - || is a vector norm, the induced matrix norm is
A
4] = ma [1Av]] = max IAYI
M=t v70 ||v]|

It can be shown that the induced norm satisfies all four properties listed above. Note that if the

matrix norm || - || (which is denoted in the same way as a vector norm except that its argument is a
matrix) is induced by a vector norm || - ||, then for any m by n matrix A and any nonzero n-vector
v7
| Av]
Al = S5 or llAviE< 1Al vl (7.7)

Any vector norm for which inequality (7.7) holds is said to be compatible with or subordinate to the
matrix norm || - ||. Property (iv) of a matrix norm guarantees that there is some vector norm that
is compatible with it, and whenever we mix matrix and vector norms we will assume that they are
compatible (i.e., that inequality (7.7) holds).

The following theorems give expressions for the matrix norms induced by the 1-norm, the 2-
norm, and the oco-norm for vectors.

Theorem 7.4.1. Let A be an m by n matriz and let |A||; denote the matriz norm induced by the
1-norm for n-vectors. Then ||Al||1 is the mazimum absolute column sum:

m
IAl: = max ) ag].
ji=l,...,n i1

Proof. Let A = (d.1,...d.,), where @. ; = (ay;,--- ,amj)T denotes the jth column of A. If v is an
n-vector, then Av = Z?Zl d. jvj and so

n n
|Av]1 = || Zc‘i:,jvjﬂl < Z |vj| - |ld@. ;|| (by (iii) and (ii) for vector norms)
n
< max @l | Y lvsl | = max||@glls - i
J et J

This shows that [|A||; < max; ||d@. ;||;. On the other hand, if the index of a column with maximum
l-norm is J and if v; = 1 and all other entries of v are 0, then Av = @. ;, so that ||v|; = 1
and ||Av||; = max; ||@. ;||;. This implies that ||A||; > max; ||a@. ;||;. Combining the two results we
obtain equality. O
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Theorem 7.4.2. Let A be an m by n matriz and let | A||oo denote the matriz norm induced by the
oo-norm for n-vectors. Then ||Alls is the mazimum absolute row sum:

n
[Alloo = max Y ag]-
i=1,....m%
J=1

Proof. For any n-vector v, we have

n
IAv)w =  max |(Av)i|= max [) ajuj
i=1,....m i=1,....m £
j=1
n
< e Slesl-ln
> z:l{l,a’}fm lags] - |vj]
Jj=1
<

n n
max ((max |vj) Y layj| = ||Vl max Y al-
i=1,....,m j=1,...,n = i=1,....,m =

This shows that ||A|lec < max;—1 __m 2?21 la;j|. On the other hand, if I is the index of a row
with maximal absolute row sum and if |v;| = 1 and arjv; = |arjvj| = |ag| for all j (ie.,
vj = 1if ar; > 0 and v; = —1 if ar; < 0), then we will have equality above, since for each
iy | 5= aigvgl < 305 laigl < 370 larj|, and for ¢ = I this is an equality. This implies that
|A|loo > max;—1....m 2?21 la;j|, and combining the two results we obtain equality. O

Theorem 7.4.3. Let A be an m by n matriz and let |A||2 denote the matriz norm induced by the
2-norm for n-vectors. Then || A||z is the square root of the largest eigenvalue of AT A:

| All2 = \/largest eigenvalue of AT A.

[Note: Material needed for this proof is contained in Appendix A. If you are not already familiar
with the variational characterization of eigenvalues of a symmetric matrix, see Appendix A.]

Proof. Since | Av||2 = (Av, Av) = (v, AT Av), the result follows from the variational characteriza-
tion of eigenvalues of a symmetric matrix: the largest eigenvalue of the symmetric matrix AT A is
max||y||,=1(V, AT Av). O

Example. Let A be the 3 by 2 matrix

0 -1
A= -2 3
1 0



Then ||All; = max{0+2+1, 1+3+0} =4, ||Allco = max{0+1, 2+3, 1+0} = 5. Forming AT A,
we find

0 -1
0 -2 1 5 —6
-1 3 0 1 0 —6 10
and the eigenvalues of this matrix satisfy

det(5—_6)\ 10_—6/\ ) = (=210 -2) =36 =\ — 1A+ 14 = (A~ (A - 14) =0,

or, A1 = 1, Ay = 14. Therefore ||A||; = v/14 ~ 3.7417. [You can compute these quantities with
MATLAB by entering A and typing norm(A,1), norm(A, >inf’), and norm(A,2) (or just norm(A)),
respectively.]

7.4.2 Sensitivity of Solutions of Linear Systems

Consider the following linear system:

1 1
1 z il
2 n
1 1 1
2 3 n+1 x = b.
11 1
n n+l 7 2pn—1

v~

Hilbert matrix

This matrix is known as a Hilbert matriz, and it is known to be notoriously ill-conditioned. To
see what this means, we will set up a problem where we know the solution and then use Matlab
to solve the linear system; we can compare its computed answer to the one that we know to be
right. Letting x be the vector of all 1’s, we form the matrix-vector product Hx and set b equal
to this. (Of course, if we compute b using finite precision arithmetic, then it will not be the ezact
right-hand side vector corresponding to a solution of all 1’s, but it can be expected to differ from
this vector by just a moderate multiple of the machine precision.) We then type H\b to compute
the solution in Matlab. The table below shows results for n = 2,5, 8,11, 14, where we report the
2-norm of the difference between the computed vector x. and the true solution x = (1,...,1)%:
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n | |lxc — x|
2 | 8.95¢-16
5 | 6.35e-12
8 | 4.86e-07
11 | .0410"

14 | 41.22!

This would appear to justify the predictions of the early mathematicians, cited at the beginning
of this chapter, that as n increased roundoff errors would accumulate and destroy all accuracy in
the computed solution to a linear system. This is a very special linear system, however, and, as we
will see, the fact that computed answers differ drastically from true solutions, is not the fault of
the algorithm. (In fact, the true solution to Ax = b, for the computed b, differs drastically from
the vector os all 1’s.) For n of even moderate size, the solution to this linear system is extremely
sensitive to tiny changes in the matrix entries and entries of the right-hand side vector. Fortunately,
most linear systems that arise in practice are not of this extremely ill-conditioned sort. When one
does produce such a linear system through modeling some physical process, it is usually because
one has not formulated the problem in the best way; perhaps some units are in angstroms while
others are in miles, or the quantities that one is solving for are not really the relevant characteristics
of the system being modeled.

To illustrate the more usual case, we replaced the Hilbert matrix above with a random n by n
matrix and obtained the following results:

n_| % = x|
2 | 2.48¢-16
5 | 1.46e-15
8 | 9.49¢-16
11 | 2.15e-15
14 | 3.06e-15

Suppose we start with a nonsingular n by n linear system Ax = b and we change the right-
hand side vector b by a small amount. How much does the solution to the linear system change?
This question will be important when considering solving linear systems on a computer because,
as noted in Chapter 5, the entries of b may not be exactly representable as floating point numbers.
But the question can be asked in general, without reference to any particular computing system or
algorithm. This will tell us about the conditioning of the linear system, as described in Section 6.1.

Suppose, then, that b is a vector such that, in a certain norm, |Ib— B|| is small. Let x denote the
solution to the linear system Ax = b, and let % denote the solution to the linear system A% = b.
Subtracting these two equations, we find that A(x — %) =b — b, or, x — X = A~!(b — b). Taking
norms on each side gives the inequality

e = %|| < [|A7Y]] - b - bl. (7.8)

!Matlab issues the message: Warning: Matrix is close to singular or badly scaled. Results may be inaccurate.
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The factor ||A~!|| can be thought of as an absolute condition number for this problem, corresponding
to the absolute condition number described in Section 6.1 for scalar-valued functions of a scalar
argument.

As noted in Section 6.1, however, it is usually the relative error rather than the absolute error
that is of interest; in this case, we would like to relate | x — %|| /|| to ||b — b||/||b||. Dividing each
side of (7.8) by ||x||, we find

=% _\ yoxp =Bl _ oy Ib=BI b
e R e e
] ] Bl
Since [[bl}/|x|| = [|4x]l/|x|| < [[A]] it follows that
= %1 _ e Ib—bj
e o NPT (79)
] Bl

The number ||A| - ||A7!|| serves as a sort of relative condition number for the problem of solving
Az =b.

Definition. The number x(A) = ||A|| - [|[A™Y| is called the condition number of the nonsingular
matrix A.

Example 1. Consider the 2 by 2 matrix

whose inverse is

1( 21
_1__
4 _4<—2 1)'

The condition number of A in the 1-norm is x1(A) = ||Alj; - ||[A7Y|1 = 3-1 = 3. The condition
number of A in the oc-norm is ke (A) = [|Alloo * [|A 7 oo = 4+ (3/4) = 3. To find the condition
number in the 2-norm, we can compute A” A and A=7A~! and find their eigenvalues:

v, (5 3 141 1 (80
AA_(?, 5)’ A7 A4 16\ 0 2 )7

The eigenvalues of AT A satisfy (5—X)2—9 =0, s0o \; = 2 and Ay = 8. Thus || Az = v/8 = 2v/2. The
eigenvalues of A~TA~! are 1/2 and 1/8, so ||A7!|| = 1/v/2. Tt follows that k2(A) = ||Al|2-||A7 |2 =
2.

The 2-norm condition number of a matrix can be viewed geometrically. When an n by n matrix
A is applied to a unit vector (corresponding to a point on the unit sphere in R™), it rotates the
vector and stretches or shrinks it by a certain amount. It turns out that A maps the unit sphere
in R™ to a hyperellipse, which is just the n-dimensional analog of an ellipse in R?. For the 2 by 2
matrix in this example, the unit circle in R? is mapped to an ellipse, and the ratio of the major

166



axis to the minor axis of this ellipse is the condition number of A, since the unit vector whose
image is the major semiaxis is the one that is stretched the most and the unit vector whose image
is the minor semiaxis is the one that is stretched the least. It turns out that the unit vectors
that map to the major and minor semiaxes of the ellipse are just the eigenvectors of AT A (also
called right singular vectors of A), which in this case are (1/v/2, —1/v/2)7 and (1/v/2,1/v/2)7. The
images of these two vectors are (v/2,0)” and (0,2+v/2)7, respectively, and the ratio of their lengths
is 2 = k2(A). The mapping is pictured below:

Unit Circle Elliptical Image of Unit Circle under A

2

1
’ @
-1

-2

0 [
N P o kN

-2 0 2 -2 0 2
Suppose x is the solution to Ax = b and % is the solution to A%x = b, where b = b + (e, e2)7.
Then it can be seen using the expression for A~! that

fc—x—l—l 2¢1 + €2
B 4 —2€1 + €2 )

If, say, €1 = €2 = ¢ > 0, then

and if we consider the co-norm, then [|x — %X||oc = 3¢ = 2|b — b||oo- Recall that 3= |A Y is
the absolute condition number for this problem. Suppose b = (0,4), so that x = (1,1)7. Then
Ix||oc =1 and ||b||ec = 4 so that, again with €1 = €9 =,

I~ %o _3__ 5 b= bl
_— = _6 = . 7,
[xlo 4 [bllos

where 3 = koo (A) is the relative condition number in the co-norm.

Example 2. Use the Matlab command cond to compute the 2-norm condition number of the
n by n Hilbert matrix described at the beginning of this section, for n = 2,5,8, 11, 14.

"JZ(Hn)
19.28
4.77e+05
1.53e+10
5.23e+14
14 | 4.73e+17

=|oolo o S
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From this, one can see why the differences between true and computed solutions reported earlier
are to be expected.

While inequalities (7.8) and (7.9) give upper bounds on the change in x due to a small change
in b, these upper bounds are not always attained. The size of the individual components of the
perturbation vector, as well as its norm, may play an important role. For instance, suppose that
the well-conditioned matrix A in Example 1 above is multiplied on the left by a diagonal matrix
D with widely varying diagonal elements. This might correspond to changing the units in one of
the equations from, say, millimeters to kilometers. The scaled matrix A = DA may then be ill-
conditioned in all of the standard norms, but the ill-conditioning may be innocuous if we also deal
with right-hand side vectors that have been scaled by D and with perturbations whose individual
entries are small compared to those of the right-hand side vector.

To be specific, suppose D = diag(1,107%). Consider the linear system Ax = 3, where

o 1 -1 A
A_DA_(2><10—6 2><10—6) andﬂ_Db_(10—662>'

Suppose % is the solution of A% = 3, where B = 8 + (01,82)T, and (61,02)7 = D(e1,e2)? =
(€1,107%€2)T. Then x and % are the same as in the Example 1 and hence if, say, e; = € = ¢, as in

the example, then [x — %[/ = 3¢ = 3||8 — Bllco- Yet the absolute condition number, || A1, for

this problem is 250000.5, since
1 2 108
1_ —
AT=g ( -2 10° )

In this case, the upper bound ||x — X||ec < [ A [|ooll8 — Blleo is a large overestimate. For this
reason, componentwise error bounds are sometimes studied: How much can the solution x change
if each component b; is changed by a small relative amount to b;(1 + 8;)? See, for example, [15].
Here we will continue to work with normwise error bounds but one should keep in mind that in
certain special circumstances they may not be tight.

Suppose now that we make a small change not only to b but also to A. How can we relate
the change in the solution to the changes in both A and b? The following theorem shows that, as
long as the change in A is small enough so that the modified matrix is still nonsingular and has
an inverse whose norm is close to that of A~!, we again obtain an estimate based on the condition
number of A.

Theorem 7.4.4. Let A be a nonsingular n by n matriz, let b be a given n-vector, and let x satisfy
Ax = b. Let A+ FE be another nonsingular n by n matriz and b another n-vector, and let X satisfy
(A+ E)x =b. Then

I — %] B b—B] |2
— < A+ FE -||A + . 7.10
< my - pan (Bl (7.10)
If |E|| is small enough so that |A~Y| - ||E|| < 1, then
I — %] w(A) Ib—Bl |2
< . + . 7.11
WK < T=R@IEAT \~ el 4] (7-11)
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Proof. Subtracting the two equations (A + E)x = b and (A + E)x = b + Ex, we find that
(A+ E)(x—%)=b—-b+ Ex,or, x —% = (A+ E)~}(b — b + Ex). Taking norms on each side we
obtain the inequality

I = %I < I(A+ B)- (I = Bl + B x| ) -

Dividing each side by ||x|| gives

Ix — % o (Ib=Bl bl
<|(A+E . S+ [|E] | -
o <A+ ETA T gy T

Since ||bl|/||x|| = [|Ax||/||x|| < ||A]|, this inequality can be replaced by

smm+EYWWM*<W@FMWﬂD'

This establishes (7.10).

To establish (7.11) we will use a Neumann series expansion of (A+ F)~!, which will be discussed
in Chapter 12. Writing (A + E)~! in the form [A(I + A™'E)] ! = (I + A'E)"'A™!, it can be
shown that when ||A~1E|| < 1, then

(I+A'E)y =T-A'E+(A'E)?2 - ...,

just as the formula 1/(1 4+ a) =1 — a + a? — ... holds for scalars a with |a| < 1. Thus

(A+E)'=4""+ (i(—l)’“(A—lE)’“> AL

k=1
and
o
MA+m1uswﬂnG+§]m¥mﬂ.
k=1
Summing the geometric series this becomes

P |A1E) » 1A~ 1]
MA+E)WSHA1HO+———ff— <fay (1o A .
T [415] T 41| |E]

The right-hand side can be written as

. fAIEIIAL 1
14 ”O+1—KMNEWWW>_”A|H—HMWHMMW

and substituting this for ||(4 + E)~!|| in (7.10) gives the result (7.11). O
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Example. Let § > 0 be a small number and let
(1 1494
a= (155 1)

a1 1 -1-3
4 T2\ —1+496 1 :

The condition number of 4 in the co-norm is

Then

_ (2+6)?
"«'oo(A) = ||A||oo||A 1||oo = T
If § = .01, then Koo (A) = (201)% = 40401.
This means that if we start with a linear system Ax = b and perturb b and/or A by a tiny
amount, the solution may change by up to 40401 times as much. For instance, consider the linear

system
1 1.01 z\ (201
99 1 y )\ 199 )’

whose solution is x =y = 1. If we replace it by the linear system

1 101\ [ &) (2
99 1 g )=\ 2)
50 that ||b — b|os/||b||cc = -01/2.01, then the solution to the new system (determined by Gaussian

elimination or Cramer’s rule or any other algorithm) is z = —200, y = 200, a relative change in
oo-norm of 201.

7.5 Stability of Gaussian Elimination with Partial Pivoting

Suppose we use some algorithm to solve an ill-conditioned linear system on a computer. We cannot
necessarily expect to find anything close to the true solution since the matrix and right-hand
side vector may have been rounded as they were stored in the computer. Then, even if all other
arithmetic operations were performed exactly, we would be solving a slightly different linear system
from the one intended and so the solution might be quite different. At best, we could hope to
find the exact solution to a nearby problem. An algorithm that does this is called backward stable,
as mentioned in Section 6.2. Thus we can ask the question, “Is Gaussian elimination with partial
pivoting backward stable?” What about the other algorithms we discussed; i.e., computing A~!
and then forming A~'b or solving a linear system by Cramer’s rule?

Consider the following example, where we factor an ill-conditioned matrix in the form LU using
Gaussian elimination and retaining only two decimal places:

1 1.01 L, 1 1.01
99 1.01 0 .01 )°
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Here 1.01 — (.99 x 1.01) was computed to be .01, since .99 x 1.01 = .9999 was rounded to 1. Looking
at the product of the L and U factors we find

1 0 1 1.01 Y 1 1.01
99 1 0 .01 S\ .99 1.0099 /°

Thus we have computed the exact LU decomposition of a nearby matrix (one whose entries differ
from those of the original by only about the machine precision).

It turns out that for practically all problems, Gaussian elimination with partial pivot-
ing is backward stable: it finds the true solution to a nearby problem. There are exceptions, but
they are extremely rare. An open problem in numerical analysis is to further classify and quantify
the “unlikelihood” of these examples where Gaussian elimination with partial pivoting is unstable.
The classic example, due to Wilkinson [?, p. 212], to illustrate the possible instability has a matrix
A with 1’s on its main diagonal, —1’s throughout its strict lower triangle, 1’s in its last column,
and 0’s everywhere else:

1 1
-1 1 1
A=
-1 ... -1 1
Take a matrix of this form of size, say, n = 70, and try to solve a linear system with this

coefficient matrix in MATLAB. You might not see the instability because the entries are in-
tegers; in that case, try perturbing the last column with a small random perturbation, say,
A(C:,n) = A(:,n) + 1.e-6*randn(n,1). You should find that the matrix is well-conditioned (type
cond(A) to see its condition number) but that the computed solution to a linear system with this
coefficient matrix is far from correct. (You can set up a problem for which you know the true
solution by typing x=randn(n,1); b=A*x. Then look at norm(A\b - x).) Despite the existence
of such rare examples, Gaussian elimination with partial pivoting is the most-used algorithm for
solving linear systems. It is what MATLAB uses and it is the accepted procedure in numerical
analysis. Another option is full pivoting, where one searches for the largest entry in absolute value
in the entire matrix or the remaining submatrix and interchanges both rows and columns in order
to move this entry into the pivot position.

How can one tell if an algorithm is backward stable? Short of a detailed analysis, one can do
some numerical experiments. If an algorithm for solving Ax = b is backward stable, then it should
produce an approximate solution X for which the residual b — Ax is small, even if the problem is
ill-conditioned so that the error x — X is not small. To see why this is so, let x satisfy Ax = b
and suppose that the computed solution X satisfies the nearby linear system (A + E)x = b. Then
b-—Ax=b-Ax+b—-b=Ex+b—b. Taking norms on each side gives the inequality

b — A%[| < [|E[| - [|x]| + ||b — b]|.
Dividing each side by ||A] - [|x|| gives

[b—A%| _|E|  [b—b] _ bl
LAl = 1Al Aol 1AL - %]
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For ||E|| and ||b — b|| small, the factor ||b||/(]|A]| - |%]|) will be less than or equal to about 1 (since
IIbll/([|A]l - Ix||) < 1), and so for a backward stable algorithm, we should expect the quantity on
the left-hand side to be on the order of the machine precision ¢, independent of k(A). Frequently it
will be a moderate size constant or, perhaps, a power of the problem size n, times €, but these cases
are also judged to be backward stable. In the exercises, you will be asked to do some numerical
experiments to verify the backward stability of Gaussian elimination with partial pivoting and to
test whether solving a linear system by computing A~! or by Cramer’s rule is backward stable.

7.6 Least Squares Problems

We have discussed solving a nonsingular system Ax = b of n linear equations in n unknowns.
Such a system has a unique solution. Suppose, on the other hand, that there are more equations
than unknowns. Then the system probably has no solution. Instead we might wish to find an
approximate solution x satisfying Ax = b. This sort of problem arises, for example, in fitting
equations to data, which will be discussed in Subsection 7.6.3. If one expects, say, a linear relation
between two quantities such as pressure and temperature, then one can test this experimentally
by measuring the temperature corresponding to different pressures, plotting the data points and
seeing if they lie approximately along a straight line, as illustrated below.

24 T

Most likely, the measured data will not lie exactly on a straight line due to measurement errors,
but if the measurement errors are small and the conjecture of a linear relationship is correct,
then one would expect a “close” fit. Exactly what is meant by a “close” fit may depend on the
application, but often one looks at the sum of squares of the differences between the measured
values and their predicted values, based on the straight line approximation for which this sum of
squares is minimal. This is called a least squares problem, and it corresponds to minimizing the
square of the 2-norm of the residual, |b — Ax||3, in an over-determined linear system.

Let A be an m x n matrix with m > n and b a given m-vector. We seek an n-vector x such
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that Ax = b. For example:

1 1 2
1 -1 (‘”1 ) ~| 0. (7.12)
2 1 2 4
More precisely, we choose x to minimize the squared residual norm,
m n
Ib— axl = (b = 3 aiyay)* (7.13)
i=1 j=1

This is the least squares problem to be addressed in this section, and we will discuss two different
approaches.

7.6.1 The Normal Equations

One way to determine the value of x that achieves the minimum in (7.13) is to differentiate ||b— Ax||3
with respect to each component z; and set these derivatives to 0. Because this is a quadratic func-
tional the point where these partial derivatives are 0 will indeed be the minimum. Differentiating,
we find .

0

O1r (||b - Ax||2) = Z 2(b; — aij ;) (—ai),
k i—1 j=1
and setting these derivatives to 0 for £ = 1,...,n gives

m n m m
Z aik(z aija:j) = Z aik(A-T)z’ = Z a;kb;.
i=1 Jj=1 =1 i=1

Equivalently, we can write > i | (AT)i(Ax); = S (AT )gibi, k= 1,...,m, or,
AT Ax = ATb. (7.14)

The system (7.14) is called the normal equations.
A drawback of this approach is that the 2-norm condition number of AT A is the square of that
of A, since by Theorem 7.4.3,

AT Ao = \/largest eigenvalue of (AT A)2 = largest eigenvalue of (AT A) = || 4|2,

and similarly ||(AT A)~1||o = ||[A~!||3. As seen in Section 7.4, a large condition number can lead to
a loss of accuracy in the computed solution.
To solve example (7.12) using the normal equations, we write

(1 12) i_i (:vl)_(l 12) (2)
1 -1 1 5 1 o 1 -1 1 1
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which becomes
6 2 z1\ _( 10
2 3 Z9 o 6 )

Solving this square linear system by Gaussian elimination, we find
6 2 | 10 N 6 2 | 10
23] 6 0 7/3 | 8/3 )’

R
2_7, 1_ -

7

It is always a good idea to “check” your answer by computing the residual to make sure that it
looks reasonable:

resulting in

2 1 12 8/7 -3/
O )={1 -1 1 9/7 )~ LT
4 3/7
7.6.2 QR Decomposition

The least squares problem can be approached in a different way. We wish to find a vector x such
that Ax = by, where b, is the closest vector to b (in the 2-norm) in the range of A. This is
equivalent to minimizing ||b — Ax||y since, by definition of by, ||b — b.|j2 < ||b — Ay||2 for all y.

You may recall from linear algebra that the closest vector to a given vector, from a subspace,
is the orthogonal projection of that vector onto the subspace. This is pictured below.

08 b
06
04

0.2

-0.2

If q1,...,qx form an orthonormal basis for the subspace then the orthogonal projection of b
onto the subspace is Z§:1<b,qa)qa- Assume that the columns of A are linearly independent, so
that the range of A (which is the span of its columns) has dimension n. Then the closest vector to
b in range(A) is

n

b, = Z(ba qJ>an

=1
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where qi,...,q, form an orthonormal basis for range(A4). Let @ be the m by n matrix whose
columns are the orthonormal vectors qp,...,qn. Then Q7'Q = I,,,, and the formula for b, can be
written compactly as

b, = Q(Q"D),
since Q(QTb) = Y77 q(QTb); = Y7, qj(qs"b) = X7 qj(b, q5)-

You may also recall from linear algebra that, given a set of linearly independent vectors such
as the columns of A, one can construct an orthonormal set that spans the same space using the
Gram-Schmidt algorithm:

Given a linearly independent set vy, va,..., set q1 = v1/||v1]|, and for j =2,3,...,
Set §; = vj — X121 (vy ai)ai.
Set qj = 43/
Note that if vq,va,..., v, are the columns of A, then the Gram-Schmidt algorithm can be

thought of as factoring the m by n matrix A in the form A = QR, where @ = (q1,...,qn) iS an m
by n matrix with orthonormal columns and R is an n by n upper triangular matrix. To see this,
write the equations of the Gram-Schmidt algorithm in the form

vi=rudy, = |[|[val,
j-1
vi=riai+ Y _rigdi, i = &l i = (vidi), j=2...,m
i=1

These equations can be written using matrices as

11 T12 ... Tin
(Vi,---,vn) = (Q1,---,qn) T92 ... Top
Tnn
Thus if vy, ..., vy, are the columns of A, then we have written A in the form A = QR. Pictorially,

this matrix factorization looks like:

This is called the reduced QR factorization of A. [In the full QR factorization, one completes the

orthonormal set qi,...,Qn to an orthonormal basis for R™: q1,...,qn,Qn+1,---,dm so that A is
factored in the form A = @ ( k > -]
M~ 0
mXxn M X TN N’
mXxn
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Having factored A in the form QR, the least squares problem becomes QRx = b, = QQ"b.
We know that this set of equations has a solution since b, = QQ”b lies in the range of A. Hence if
we multiply each side by Q7, the resulting equation will have the same solution. Since Q7Q = I,
we are left with the upper triangular system Rx = Q”'b. Note that the assumption that A have
linearly independent columns ensures that the quantities in the Gram-Schmidt algorithm are well-
defined, so that the diagonal entries of R are nonzero. Hence the n by n linear system has a unique
solution. If the columns of A are not linearly independent then modifications to this algorithm
must be made. We will not discuss this special case here, but see, for example, [?].

Thus the procedure for solving the least squares problem consists of two steps:

1. Compute the reduced QR decomposition of A.
2. Solve the n by n upper triangular system Rx = Q7b.

This is the way MATLAB solves problems with more equations than unknowns, when you type
A\b. It does not use the Gram-Schmidt algorithm to compute the QR factorization, however.
Different methods are often used for the QR factorization, but these will not be discussed here.
See, for example, [?]. You can compute the reduced QR factorization with MATLAB by typing
[Q,R] = qr(A,0), while [Q,R] = qr(A) gives the full QR factorization.

To see how problem (7.12) can be solved using the QR decomposition, we first use the Gram-
Schmidt algorithm to construct a pair of orthonormal vectors that span the same space as the
columns of the coefficient matrix:

Q1=\/(—)_ )

=z 4], re=

@=| -1 |- — |1
1 \/6 \/é 2 3 1

bl

5

We then compute the product of Q7 and the right-hand side vector:

(1/\/6 1/v6 2/«/6) (2) :<10/«/6>_

2/V21 —4/v/21 1/4/21 A 8/v21

Finally we solve the triangular linear system,

(5 ) (m)=(m )
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to obtain

Vér, + —= 2 8_ 10 -z )
1 =— 1= 5.

V6 T V6 7
Although the QR decomposition is the preferred method for solving least squares problems on
the computer, the arithmetic can become messy when using this algorithm by hand. The normal
equations approach is usually easier when solving a small problem by hand.

‘1‘2:?7

7.6.3 Fitting Polynomials to Data

Given a set of measured data points (z;,y;), # = 1,...,m, one sometimes expects a linear rela-
tionship of the form y = ¢y + c1z. Because of errors in the measurements, the points will not fall
exactly on a straight line, but they should be close, and one would like to find the straight line
that most closely matches the data. That is, one might look for a least squares solution to the
overdetermined linear system

Q

co + c171 Y1

ctcire = Yo
Co+C1Tm R Ym,

by choosing ¢y and c¢; to minimize

> (i — (co + c1mi))’

=1

Writing the above equations with matrices, we have

1 = Y1
C1 - ’
1 zp Ym

which can be solved by solving the normal equations or by QR decomposition, as explained in the
previous two subsections.

Suppose we wish to fit a polynomial of degree n — 1 < m to the measured data points; that is
we wish to find coefficients c¢g, ¢1,...,c,_1 such that

2 1
Yi ® o+ 1T + e + ... ez, i=1,...,m,

or, more precisely, such that Y7 (y; — D27 o G z! 7)? is minimal. Again writing the system using
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matrices, we have

2 n—1
1 1 =27 ... oy \ Y1
1 2o x3 ... zp! Co Y2
C1
62 ~
. . . . cnfl .
2 -1 ——
1 zpm z;, ... z3, ~ Ym
N g , N ,
mXn mx1

The m by n system can again be solved using either the normal equations or the QR decomposition
of the coefficient matrix.

Example 1. Consider the following table of data:

W N

WD =] M

To find the straight line y = ¢y + c1z that best fits the data, we must solve, in a least squares sense,
the overdetermined system

(1 6)(2)-(2)

Solving this 2 by 2 system, we find ¢y = —1/3 and ¢; = 2, so the straight line of best fit has the
equation y = —1/3 + 2z. The data and this line are plotted below.
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Least squares fit to 3 data points
T T T

15 I I I I I
0.5 1 15 2 25 3 35

X

Suppose we fit a quadratic polynomial y = ¢y + c1z + coz? to the above data points. We will
see in the next section that there is a unique quadratic that ezactly fits the three data points. This
means that when we solve the least squares problem, the residual will be zero. The equations for
cg, €1, and co are

111 o 2
1 2 4 C1 == 3
139 c 6

There is no need to form the normal equations here; we can solve this square linear system directly
to obtain: ¢y = 3, ¢y = —2, ¢y = 1; i.e., y = 3 — 2z + x2. This quadratic is plotted along with the
data points below.

Quadratic interpolant of 3 data points
T T T

Example 2: Over 400 years ago, Galileo, attempting to find a mathematical description of falling
bodies, studied the paths of projectiles. One experiment consisted of rolling a ball down a grooved
ramp inclined at a fixed angle to the horizontal, starting the ball at a fixed height h above a
table of height 0.778 meters When the ball left the end of the ramp, it rolled for a short distance
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along the table and then descended to the floor. Galileo altered the release height h and measured
the horizontal distance d that the ball traveled before landing on the floor. A table of data from
Galileo’s notes (with measurements converted from puntos (1 punto ~ 0.94 millimeters) to meters)
is shown below.

Release | Horizontal
Height | Distance

0.282 0.752
0.564 1.102
0.752 1.248
0.940 1.410

We can create a least squares linear fit with the following MATLAB code:

%h’% Set up data
h = [0.282; 0.564; 0.752; 0.940]; d = [0.752; 1.102; 1.248; 1.410];

%%% Form the 4x2 matrix A and solve for the coefficient vector c.

A = [ones(size(h)), h];

c = A\d;

cc = flipud(c); % order the coefficients in descending order for polyval

%%% Plot the data points
plot(h,d,’b*’), title(’Least-Squares Linear Fit’), hold
xlabel(’release height’), ylabel(’horizontal distance’)

%%% Plot the line of best fit
hmin = min(h); hmax = max(h); hl = [hmin: (hmax - hmin)/100:hmax];
plot(hl,polyval(cc,hl),’r’), axis tight

This code produces the line y = 0.4982 + 0.9926x. This line is plotted along with the data points
below.

Least-Squares Linear Fit
T

horizontal distance
[N

06
release height
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A measure of the amount by which the line fails to hit the data points is the residual norm:

3 (di — y(hi))? = 0555

1=1:4

In the exercises to follow, you will try to derive a mathematical relation between h and d and then
do a least squares fit to see if the data obey the mathematical model.
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Exercises

1. Write the following matrix in the form LU, where L is a unit lower triangular matrix and U
is an upper triangular matrix:

4 -1 -1
-1 4 -1
-1 -1 4

Write the same matrix in the form LLT, where L is lower triangular.

2. Write a function usolve, analogous to function 1solve in Subsection 7.2.2; to solve an upper

triangular system Ux = y.
10716 1 2
A—( 1 1>andb—<3).

Here we will see the effect of using a tiny element as a pivot.

3. Let

(a) By hand, solve the linear system Ax = b.

(b) In Matlab, enter the matrix A and type cond(A) to determine the 2-norm condition
number of A. Would you say that this matrix is well-conditioned or ill-conditioned in
the 2-norm?

(c) Write a Matlab code (or use one from the text) that does not do partial pivoting to solve
the linear system Ax = b. Compare the answer returned by this code to the one that
you determined by hand and to the one that you get in Matlab by typing A\b (which
does do partial pivoting).

4. Assume that a matrix A satisfies PA = LU, where

0 0 1 1 00 2 3 1
leOO,Lz%lO,andU:OI2,
010 3 11 00 2

Use these factors, without forming the matrix A, to solve the system of equations Ax = b,
where b = (2,10, -12)7".

5. Add partial pivoting to the LU factorization code of Subsection 7.2.2. Use a vector, say, piv
to keep track of row interchanges. For example, you might initialize piv to be [1:n], and
then if row i is interchanged with row j, you would interchange piv(i) and piv(j). Now
use the vector piv along with the L and U factors to solve a linear system Az = b. To do
this, you will first need to perform the same interchanges of entries of b that were performed
on the rows of A. Then you can use function 1solve in Subsection 7.2.2 to solve Ly = b,
followed by function usolve from the previous exercise to solve Uz = y. You can check your
answer by computing norm(b-A*x) (which should be on the order of the machine precision).
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10.

11.

12.

. How many operations (additions, subtractions, multiplications, and divisions) are required

to:

(a) Compute the sum of two n-vectors?
b) Compute the product of an m by n matrix with an n-vector?
Yy

(c) Solve an n by n upper triangular linear system Uz = y?

. Estimate the number of operations required for Gaussian elimination with partial pivoting

on an n by n matrix with half bandwidth m. Use the fact that the half bandwidth of the U
factor is at most doubled by using partial pivoting.

. Compute the 2-norm, the 1-norm, and the co-norm of

. Compute the 1-norm and the co-norm of

5 6
a=(20)
Also compute the condition number x(A) = ||A] - ||A™}| in the 1-norm and the co-norm.

Show that for all n-vectors v:

(@) [[vlleo < lvlla < v/nllv]lco-
(b) [lollz < vl

(©) lvlly < nllv]lco-
For each of the above inequalities, identify a nonzero vector v for which equality holds.

Prove that for any nonsingular 2 by 2 matrix, the oco-norm condition number and the 1-norm
condition number are equal. [Hint: Use the fact that the inverse of a 2 by 2 matrix is one
over the determinant times the adjoint.]

It is shown in the text (inequality (7.9)) that if Az = b and A& = b, then

~

=

A

Go through the proof of this inequality and show that for certain nonzero vectors b and b
(with b # b), equality will hold.
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13.

14.

Write a routine to generate an n by n matrix with a given 2-norm condition number. You
can make your routine a function in Matlab that takes two input arguments — the matrix
size n and the desired condition number condno — and produces an n by n matrix A with the
given condition number as output:

function A = matgen(n, condno)

Form A by generating two random orthogonal matrices U and V' and a diagonal matrix X
with ¢j; = condno~(~D/("=1) "and setting A = USV7. (Note that the largest diagonal entry
of ¥ is 1 and the smallest is condno™!, so the ratio is condno.) You can generate a random
orthogonal matrix in MATLAB by first generating a random matrix, Mat = randn(n,n), and
then computing its QR decomposition, [Q,R] = qr(Mat). The matrix Q is then a random
orthogonal matrix. You can check the condition number of the matrix you generate by using
the function cond in MATLAB. Turn in a listing of your code.

For condno= (1, 10*, 10%, 10'2, 10'®), use your routine to generate a random matrix A with
condition number condno. Also generate a random vector xtrue of length n, and compute
the product b = A*xtrue.

Solve Ax = b using Gaussian elimination with partial pivoting. This can be done in MATLAB
by typing x = A\b. Determine the 2-norm of the relative error in your computed solution,
|lx —xtrue||/||xtrue||. Explain how this is related to the condition number of A. Compute the
2-norm of the relative residual, ||b — Az||/(||A]/||z]|). Does the algorithm for solving Az = b
appear to be backward stable; that is, is the computed solution the exact solution to a nearby
problem?

Solve Az = b by inverting A: Ainv = inv(A), and then multiplying b by A~ ': x = Ainv*b.
Again look at relative errors and residuals. Does this algorithm appear to be backward stable?
Finally, solve Az = b using Cramer’s rule. Use MATLAB function det to compute determi-

nants. (Don’t worry — it does not use the n! algorithm discussed in Section 7.3.) Again look
at relative errors and residuals and determine whether this algorithm is backward stable.

Turn in a table showing the relative errors and residuals for each of the three algorithms and
each of the condition numbers tested, along with a brief explanation of the results.

Find the polynomial of degree 10 that best fits the function b(t) = cos(4t) at 50 equally spaced
points t between 0 and 1. Set up the matrix A and right-hand side vector b, and determine
the polynomial coefficients in two different ways:

(a) By using the MATLAB command x = A\b (which uses a QR factorization).

(b) By solving the normal equations A7 Az = ATb. This can be done in MATLAB by typing
x = (A’*A)\(A’*b).

Print the results to 16 digits (using format long e) and comment on the differences you
see. (Note: You can compute the condition number of A or of AT A using MATLAB function
cond.)
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15. In the inclined plane experiment of Galileo, described in Example 2 at the end of this chapter,
if one knows the horizontal speed v of the ball when it leaves the table and enters free fall,
then one can determine the time 7" that it takes for the ball to fall to the ground due to
the force of gravity and therefore the horizontal distance vT" that it travels before hitting the
ground. Assume that the acceleration of the ball on the inclined plane is constant in the
direction of the incline: a(t) = C, where C' will depend on gravity and on the angle of the
inclined plane. Then the velocity v(t) will be proportional to t: v(t) = Ct, since v(0) = 0.
The distance s(¢) that the ball has moved along the inclined plane is therefore s(t) = $C2,
since s(0) = 0. The ball reaches the bottom of the inclined plane when s(t) = h/sin 8, where

0 is the angle of incline.

.

—

© o
O
O

(a) Write down an expression in terms of C, h, and 6 for the time ¢, at which the ball reaches
the bottom of the inclined plane and for its velocity v(¢,) at that time. Show that the
velocity is proportional to v/h.

(b) Upon hitting the table, the ball is deflected so that what was its velocity along the
incline now becomes its horizontal velocity as it flies off the table. From this observation
and part (a), one would expect Galileo’s measured distances to be proportional to Vh.
Modify the Matlab code in Example 2 to do a least squares fit of the given distances d
to a function of the form ¢y + ¢;vh. Determine the best coefficients ¢y and ¢; and the

residual norm \/Z?:l(di — (co + c1vhy))2.

16. Consider the following least squares approach for ranking sports teams. Suppose we have
four college football teams, called simply T1, T2, T3, and T4. These four teams play each
other with the following outcomes:

e T1 beats T2 by 4 points: 21 to 17.

T3 beats T1 by 9 points: 27 to 18.

T1 beats T4 by 6 points: 16 to 10.

T3 beats T4 by 3 points: 10 to 7.

T2 beats T4 by 7 points: 17 to 10.

To determine ranking points r1,...,74 for each team, we do a least squares fit to the overde-
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termined linear system:

ri—ry = 4
rg—ry = 9
rr—r4 = 6
rg—r4 = 3
ro—r4 = 1.
Use Matlab to determine the values r1,...,r4 that most closely satisfy these equations, and

based on your results, rank the four teams. [This method of ranking sports teams is a
simplification of one introduced by Ken Massey in 1998. It has evolved into a part of the
famous BCS (Bowl Championship Series) model for ranking college football teams and is one
factor in determining which teams play in bowl games.]

17. [Exercise on least squares for digit recognition or facial recognition.]
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Chapter 8

Polynomial and Piecewise Polynomial
Interpolation

8.1 The Vandermonde System

Given a set of n + 1 data points, (z1,%1), (Z2,%2),---, (Tn+1,Yn+1), one can find a polynomial of
degree at most n that exactly fits these points. One way to do this was demonstrated in the previous
section. Since we want

n
_ Jj :
Y = 5 cjz;, 1=1,...,n+1, (8.1)
J=0
the coefficients cy, ..., ¢, must satisfy
1 = 3 z Co Y1
1z s Ty c1 Y2
2
1 I3 -TS x? C2 = Y3 . (82)
2
1 ZTpy1 xpyy -0 Thyg Cn Yn+1

The matrix here is called a Vandermonde matrix. It is named after Alexandre-Théophile Van-
dermonde (1735-1796), who is generally associated with determinant theory. It can be shown to be
nonsingular, provided z1, . .., p41 are distinct, but, unfortunately, it can be very ill-conditioned. To
solve the linear system using Gaussian elimination (or QQ R-factorization) requires O(n?) operations.
Because of the ill-conditioning and the large amount of work required, polynomial interpolation
problems (unlike least squares problems, where the degree of the polynomial is less than the number
of data points minus one), usually are not solved in this way. In the next two sections we give two
alternatives.
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8.2 The Lagrange Form of the Interpolation Polynomial

One can simply write down the polynomial p of degree n that satisfies p(z;) = y;, i =1,...,n+ 1.
[Notation: When we refer to a polynomial of degree n, we will always mean one whose highest
power is less than or equal to n; to distinguish this from a polynomial whose highest power is
exactly n we will refer to the latter as a polynomial of ezact degree n.] To do this we will first write
down a polynomial ¢;(z) that is 1 at z; and 0 at all of the other nodes:

@i(z):HJ;_xj.

T

Note that if z = z;, then each factor in the product is 1, while if z = z; for some j # 4, then
one of the factors is 0. Note also that ¢;(x) is of the desired degree since the product involves n
factors: all but one of j =1,...,n+ 1. A polynomial of degree n that has value y; at z; and value
0 at all other nodes is y;p;(x). It follows that a polynomial of degree n that interpolates the points
(£1,91)5 -5 (Tnt1,Yn+1) 18

n+1 n+1 7 — iL'j
pla) = wgi@) = wi | [[—"] (83)
i=1 i=1 g#i " J

This is called the Lagrange form of the interpolation polynomial.

Example. Consider the example of Subsection 7.6.3, where we fit a quadratic to the three data
points (1,2), (2,3), and (3,6). The Lagrange form of the interpolation polynomial is:

(x—2)(:(;—3)+3.(m—l)(m—3)+6.(ac—1)(x—2)

r@)=2-Fa=3 ¥ eone-s T Goue-2"

You can check that this is equal to 2 —2z+3, the same polynomial computed from the Vandermonde
system in Subsection 7.6.3.

Since we simply wrote down the Lagrange form of the interpolation polynomial, there is no
computer time involved in determining it, but to evaluate formula (8.3) at a point requires O(n?)
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NEWTON, LAGRANGE AND INTERPOLATION [§]

Newton first touched on the topic of interpolation in a letter in 1675
in which he offered help in the construction of tables of square roots,
cube roots, and fourth roots of numbers from 1 to 10,000, calculated
to 8 decimal digits.

In a lecture in 1795, Lagrange referred to the question, studied by
Newton, of using a ‘parabolic curve’ to interpolate a curve, that
is, interpolating a function with a polynomial. Newton applied his
result to the trajectory of a comet. Lagrange approached the question
from a problem in surveying in which the position of the observer
of three objects must be determined. Lagrange’s solution used trial
and error which resulted in a curve of the errors that had to be
approximated by a polynomial. To solve this problem, Lagrange
proposed the interpolating polynomial in the form that now bears
his name. It is the same as Newton’s polynomial only expressed
differently.

operations since there are n+ 1 terms in the sum (requiring n additions) and each term is a product
of n+ 1 factors (requiring n multiplications). In contrast, if one knows p in the form (8.1), then the
value of p at a point z can be determined using Horner’s rule with just O(n) operations: Start by
setting y = ¢,. Then replace y by yx +c,—1 so that y = ¢,z + cp—1. Replace this value by yz + cp—2
so that y = ¢,2? + ¢p—1% + ¢p—o. Continuing for n steps, we obtain y = Z?:o cja;j, using about
2n operations. In the next section we will represent the interpolation polynomial in a form that
requires somewhat more work to determine than (8.3) but which requires less work to evaluate.

It was stated in the previous section that the Vandermonde matrix can be shown to be nonsin-
gular. In fact, the above derivation of the Lagrange interpolation polynomial can be used to show
this. Since the polynomial in (8.3) clearly goes through the points (z1,y1),..., (Znt1, Ynt1), we
have shown that the linear system (8.2) has a solution for any right-hand side vector (y1,...,yn41)".
This implies that the Vandermonde matrix is nonsingular and this, in turn, implies that the solu-
tion is unique. We have thus proved that as long as the nodes z1,...,xn4+1 are distinct, for any
values 41, . ..,Yn+1, there is a unique polynomial p of degree n such that p(z;) =y;,i=1,...,n+1.
Uniqueness also can be established by using the fact that if a polynomial of degree n vanishes at
n + 1 distinct points, then it must be identically zero. Thus, if there were two nth degree poly-
nomials p and ¢ such that p(z;) = q(z;) = v, i = 1,...,n + 1, then their difference p — ¢ would
be an nth degree polynomial satisfying (p — q)(z;) = 0,4 = 1,...,n + 1, and would therefore be
identically zero.
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8.3 The Newton Form of the Interpolation Polynomial

Consider the set of polynomials
n
]-7 T — T, (.’L‘ - $1)(1‘ - ',I"Q)a AR H(.’L‘ - .’I)])
j=1

These polynomials form a basis for the set of all polynomials of degree n; that is, they are linearly
independent and any polynomial of degree n can be written as a linear combination of these. The
Newton form of the interpolation polynomial is

n

p(z) =ao+ai(z —z1) t az(z —21)(z —22) + ... +an H(w - j), (8.4)
j=1
where ag,a1,...,a, are chosen so that p(z;) =y;, i =1,...,n+ 1.
Before seeing how to determine the coefficients, ag, ..., a,, let us estimate the work to evaluate

this polynomial at a point . We can use a procedure somewhat like Horner’s rule:
Start by setting y = a,,. For i =n,n —1,...,1, replace y by y(z — ;) + a;_1.

Note that after the first time through the for statement, y = a,(z — z,) + an—1, after the second
time y = ap(z — z5)(z — Tn—1) + an—1(z — Tp—1) + an—_2, etc., so that at the end y contains the
value of p(z). The work required is about 3n operations.

To determine the coefficients in (8.4), we simply apply the conditions p(z;) = y; one by one, in
order:

p(z1) = a=u
Y2 — ag
p(ze) = ag+ai(ry—1z1) =y =>a; = "——
T2 — IT1
p(:L‘3) = ao+a1(x3 —.’131) +(12(.’133 —:El)(:l?;), —LEQ) =qyY3 =

ay = Ys —ap — a1($3 —361)
(r3 — 1) (73 — T2)

What we are actually doing here is solving a lower triangular linear system for the coefficients
ag,-..,0ap:

1 ag Y1
1 xz9—1xq ai Y2
1 z3—x (z3 — z1)(z3 — 22) az [ =| ws
1 Zpp— 21 (Fng1 — 21)(@pg1 — 22) - - H?:l(xn-l—l - z;) an Yn+1

(8.5)
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We know that the work to solve a lower triangular system is O(n?). Thus the Newton form of
the interpolant requires less work to determine than the form (8.1) coming from the Vandermonde
system (8.2), and it requires less work to evaluate than the Lagrange form (8.3).

Another advantage of the Newton form over that of Vandermonde or Lagrange is that if you
add a new point (z,2, Yn+2), the previously computed coefficients do not change. This amounts to
adding one more row at the bottom of the lower triangular matrix, along with a new unknown a, 41
and a new right-hand side value y,42. The previously computed coefficients are then substituted
into the last equation to determine a,1.

Example. Considering the same example as in Section 8.2, with 1 = 1, 9 = 2, and z3 = 3, we
write the Newton form of the interpolation polynomial as

p(z) = ap +a1(z — 1) + as(z — 1)(z — 2).

Since y1 = 2, yo = 3, and y3 = 6, we determine the coefficients, ag, a1, and a2, by solving the lower
triangular system:

1 ap 2
11 al = 3 ;
1 2 2 ag 6

giving ag = 2, a1 = 1, and as = 1. You should check that this is the same polynomial, z? — 2z + 3,
computed in Section 8.2.

Suppose we add another data point (z4,y4) = (5,7). Then the polynomial that interpolates
these 4 points is of degree 3 and can be written in the form

g(x) =byg +b1(x — 1) + bo(x — 1)(z — 2) + b3(z — 1)(x — 2)(z — 3),

where by, b1, be, and by satisfy

1 bo 2
11 b | | 3
12 2 b | | 6|
1 4 12 24 b 7

Since the first three equations involving by, b1, and by are the same as those for ag, a1, and ag
above, it follows that b; = a;, 1 = 0,1,2. The equation for b3 becomes ag + 4a; + 12ao + 24b3 =7,
so that b3 = —11/24.

Returning to the quadratic interpolant, it should be noted that the form of the Newton poly-
nomial (though not the polynomial itself) depends on the ordering of the data points. Had we
labeled the data points as (z1,y1) = (3,6), (z2,y2) = (1,2), and (z3,y3) = (2,3), then we would
have written the interpolation polynomial in the form

p(z) =g+ a1(z — 3) + ae(z — 3)(z — 1),
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and we would have determined oy, a1, and ay from

p(3) = ap=6
p(l) = a—201=2=0a; =2
p(2) = aqp—a1—aww=3=>a=1.

Again you should check that this is the same polynomial z? — 2z + 3.

8.3.1 Divided Differences

A disadvantage of setting up the triangular system (8.5) is that some of the entries may overflow
or underflow. If the nodes z; are far apart, say, the distance between successive nodes is greater
than 1, then the product of distances from node n + 1 to each of the others is likely to be huge
and might result in an overflow. On the other hand, if the nodes are close together, say all are
contained in an interval of width less than 1, then the product of the distances from node n + 1 to
each of the others is likely to be tiny and might underflow. For these reasons a different algorithm,
which also requires O(n?) operations, is often used to determine the coefficients ag, ..., ay,.

At this point, it is convenient to change notation slightly. Assume that the ordinates y; are the
values of some function f at z;: y; = f(z;). We will sometimes abbreviate f(z;) as simply f;.

Given a collection of nodes z;,, iy, .., ,, from among the nodes z1,...,Tp11, define
fl®iy, @iy, .- ., @i, ) (called a kth order divided difference) to be the coefficient of z* in the
polynomial of degree k that interpolates (i, fi, ), (Ziy, fiz), - -+, (Tig 4y fixy,)- In the Newton form
of the interpolant,

ag+ o (z — z5,) + a2z — 4,) (2 — 4y) —|—akH - zi;),

this is the coefficient ay of H§:1($ — z;;). Note that for higher degree Newton interpolants,
interpolating (i, fi;), - - - (Tiyy1» fir1)s (Tigpas firss)s - - -» this is again the coefficient of the (k+1)st
term, H§:1($ — T ), since these coefficients do not change when more data points are added. Thus
flz1,...,zk+1] is the coefficient ay, in (8.4).

With this definition we find
since p;(x) = f; is the polynomial of degree 0 that interpolates (z;, f;). For any two nodes z; and
zj, j # 1, we have

bl

_ fi—fi _ flag] = fla]

Ty, T4 =
f[Z7 ]] j_xi %'—%'

since p; j(z) = fi+ fi—Ji ( —z;) is the polynomial of degree 1 that interpolates (z;, f;) and (z;, f;)-

SE —Z;
Proceeding in this way, one finds that

flzj, zk] = flzi, 2]
T — Ij

flzi,xj, 2] =
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and more generally:

Theorem 8.3.1. The kth order divided difference f[z1,x2,...,Tx+1] satisfies

Ty .-y T — flz1, ..z
flzr,z2, .. Tp11] = flz2 1] = Sl k]- (8.6)
Tp4+1 — 21

Before proving this result, let us see how it can be used to compute the coefficients of the Newton
interpolant recursively. We can form a table whose columns are divided differences of order 0, 1,
2, etc.

flzi] = f1

flzo) = fo  flz1, 2]

flzs] = f3  flwo,x3]  flz1, 32, 3]

flzal = 1 flzs,za]  flzo, 23, 24]  flT1, 22, 23, 24]

The diagonal entries of this table are the coefficients of the Newton interpolant (8.4). We know
the first column of the table. Using Theorem 8.3.1, we can compute the entries of each successive
column using the entry to the left and the one just above it. If d;; is the (4, j) entry of the table,
then

g — dij1—di_1,j-1
i = .
Ti — Ti—j41

Proof of Theorem. Let p be the polynomial of degree k interpolating (x1, f1), ..., (Tk+1, frr1). Let
q be the polynomial of degree k—1 that interpolates (z1, f1), ..., (zk, fx), and let r be the polynomial
of degree k— 1 that interpolates (z2, f2), ..., (Zx+1, fx+1)- Then p, g, and r have leading coefficients
flz1,- -, zg41], flz1,--.,xk], and flzo,...,Tk11], respectively.

We claim that:
r — I

(r(z) — q(x)). (8.7)

To prove this, we will show that this equation holds at each point z;, i = 1,...,k + 1. Since p(z)
is a polynomial of degree k and the right-hand side is a polynomial of degree k, showing that these
two polynomials agree at k + 1 points will imply that they are equal everywhere. For z = z1, we
have p(z1) = ¢(z1) = f1, and the second term on the right-hand side of (8.7) is zero, so we have
equality. For i = 2,...,k, p(z;) = q(x;) = r(z;) = fi, and so we again have equality in (8.7) for
x = z;. Finally, for x = xx1, we have p(zx11) = r(zk+1) = fr+1, and the right-hand side of (8.7)
is g(zgs1) + r(zke1) — ¢(xg+1) = fr+1, SO we again have equality. This establishes (8.7), and from

this it follows that the coefficient of z* in p(z) is 1/(zks1 — x1) times the coefficient of z*~1 in

r(z) — q(z); ie.,

p(w) = qla) + ————
Tp+1 — 21

f['q;?a"'amk-l-l] _f[xla"'axk]
Lr4+1 — L1

flz, .. zpa] =
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Example. Looking again at the example from the previous sections, with (z1,y1) = (1,2),
(z2,1y2) = (2,3), and (z3,y3) = (3,6), we compute the following table of divided differences:

flz1] =2
flwa] =3 flz, 2] =323 =1
fles) =6 flos,m3] = 53 =3 floy,ma,m3) = 4 = 1

Reading off the diagonal entries, we see that the coeflicients in the Newton form of the interpolation
polynomial are ag = 2, a1 = 1, and ag = 1.

8.4 The Error in Polynomial Interpolation

Suppose that we interpolate a smooth function f at n 4+ 1 points using a polynomial p of degree n.
How large is the difference between f(z) and p(z) at points x other than the interpolation points
(where the difference is 0)7 If we use higher and higher degree polynomials, interpolating f at more
and more points, will the polynomials eventually approximate f well at all points throughout some
interval? These questions will be addressed in this section. The answers may surprise you.

Theorem 8.4.1. Assume that f € C"[a,b] and that z1,...,T,+1 are in [a,b]. Let p(z) be the

polynomial of degree n that interpolates f at x1,...,Tpn+1. Then for any point x in [a,b)],
1 n+1
f(z) —p(z) = mf("“) (&) [[ (@ — =), (8.8)
! i

for some point &, in [a,b].

Proof. The result clearly holds if = is one of the nodes z1,...,Zp+1, so fix z € [a,b] to be some
point other than these. Let ¢ be the polynomial that interpolates f at z1,...,2,4+1 and . Then
+1
1 f(z) — p(z)

R (8.9)
H?; (z — ;)

Define ¢(t) = f(t) —q(t). Since ¢(t) vanishes at the n+2 points z1, ..., Zn41 and z, Rolle’s theorem
implies that ¢'(t) vanishes at n+1 points between successive pairs. Applying Rolle’s theorem again,

we find that ¢” vanishes at n points, and continuing, that ¢®*1) must vanish at at least one point
€z in the interval [a, b]' Hence 0 = ¢(n+1)(§w) = f(n—H)(gsc) - q(n+1) (gw) = f(n+1) (§:c) - A(n + 1)!> 80

q(t) =p(t) + A H (t—=zj), where \=

e () (@)
z) —p(z
[ = e (e D)L
Hj;l(x - z;)
and the result (8.8) follows. O
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The error in polynomial interpolation also can be expressed in terms of divided differences.
The divided difference formulas of the previous subsection may have reminded you somewhat of
derivatives. That is because divided differences are approximations to derivatives; the nth order
divided difference approximates (1/n!) times the nth derivative. Consider again the polynomial
q in (8.9) that interpolates f at the points z1,...,Z,+1 and z. The coefficient A in that formula
(the coefficient of the highest power of t) is, by definition, the divided difference f|z1,...,Tn+1,z].
Since q(z) = f(z), it follows that

n+1
f@) =p(@) + flz1,...,2nr1,3] - [[ (@ — ). (8.10)
j=1
Comparing this with (8.8), we see that
1
f[xla"'7$n+1ax] - mf(n+1)(§x) (811)

Example. Let f(z) = sinz, and let p; be the first degree polynomial that interpolates f at 0 and
/2. Then pi(z) = (2/m)z. The two functions are plotted below on the interval [0, 7/2].

Since |f"(z)| = |sinz| < 1, it follows from Theorem 8.4.1 that for any point z,
1
|f(z) = p1(2)] < 5l(z = 0)(z —7/2)|.
For z € [0,7/2], this is maximal when z = 7/4, and then

|f(z) = pr(2)] < 5(n/4)*.

~ N | =

The actual error is |sin(r/4) — (2/7)(7/4)| = (V2 —
approximation within the interval [0, 7/2].

Suppose, however, that we use p1(x) to extrapolate to the value of f at m. The error in this case
will be 2, since sin = 0 while p; (7) = 2. Theorem 8.4.1 guarantees only that

/2 = .207, and we obtain a reasonably good

7 = pr(m)| < 5l 0)(x — m/2)| = 7/,

Suppose we add more and more interpolation points between 0 and 7/2. Will we ever be able to
extrapolate to £ = 7 and obtain a reasonable approximation to f(m)? In this case, the answer
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is yes, since all derivatives of f(z) = sinz are bounded in absolute value by 1. As the num-
ber of interpolation points n + 1 increases, the factor 1/(n + 1)! in (8.8) decreases. The factor
| HJ";LII (z — z;)| increases if £ = 7 and each z; € [0,7/2], but it increases less rapidly than (n+1)!:
limy, oo 7"/ (n 4+ 1)! =

Runge Example. Consider the function f(z) = ﬁ on the interval I = [—5,5]. Suppose we
interpolate f at more and more equally spaced points throughout the interval 1. Will the sequence
of interpolants p,, converge to f uniformly in I? The answer is NO. The function f and its 10th
degree interpolant pig are plotted below.

As the degree n increases, the oscillations near the ends of the interval become larger and larger.
This does not contradict Theorem 8.4.1, because in this case the quantity |f(™+1)(&,) ;‘;Lll(x — ;)|
in (8.8) grows even faster with n than (n + 1)! near z = +5. This example is best understood by

considering the function ﬁ, which has poles at +¢, in the complex plane. This goes a bit beyond

the scope of this book, but is a topic addressed in complex analysis courses.

For examples like the Runge example, one can do somewhat better by clustering the interpola-
tion points near the endpoints of the interval rather than having them equally spaced. Sometimes
the Chebyshev interpolation points

2(n—1)+1 .
T; = COS <%-ﬂ'>, 1=0,1,...,n,

(or scaled and translated versions of these points) are used for interpolation. But for some contin-
uous functions the Chebyshev interpolant diverges as well. For this reason, high degree polynomial
interpolation is not recommended. It is usually better to use low degree piecewise polynomial
interpolation or a least squares fit.

8.5 Piecewise Polynomial Interpolation

Another way to approximate a function f on an interval [a,b] is to divide the interval into n
subintervals, each of length h = (b— a)/n, and to use a low degree polynomial to approximate f on
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CREATING MODELS WITH PIECEWISE LINEAR INTERPOLATION

Piecewise linear interpolation is used extensively to create
tessellations of objects. The model of the foot to the left
includes 17 bones and soft tissue. The Cavanagh lab at the
Cleveland Clinic Foundation uses the model for bioengineer-
ing and footwear design purposes. Such models are often used
in conjunction with numerical methods for partial differential
equations to model complex physical phenomena.

each subinterval. For example, if the endpoints of these subintervals are a = zg, z1,...,Zn_1,Zn = b,
and £(z) is the piecewise linear interpolant of f, then

T —x; T—T; 1

——— T f@) ——— in [z
Ti—1 — T4 Ti — Ti—1

U(z) = f(zi-1)

[Note that we have written down the Lagrange form of £(z).] A function and its piecewise linear
interpolant are pictured below.

There are many reasons why one might wish to approximate a function f with piecewise polyno-
mials. For example, suppose one wants to compute | ab f(z)dz. Tt might be impossible to integrate
f analytically, but it is easy to integrate polynomials. Using the piecewise linear interpolant of f,
one would obtain the approximation

/abf(:v)d:v

L

r — I; r — Tj—1

+ fi

i—1 — Ly Ti — Tj—1

|dx

Q

n
=1

“ h h
= ;[fz'—1§ + fza]

[fz>1x

Ti—1

= g[fo + 2f1 +... +2fn—1 + fn]a
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where we have again used the abbreviation f; = f(z;). You may recognize this as the trapezoid
rule. Numerical integration methods will be discussed in Chapter 10.

Another application is interpolation in a table (although this is becoming less and less prevalent
with the availability of calculators). For instance, suppose you know that sin(7/6) = 1/2 and
sin(m/4) = +/2/2. How can you estimate, say, sin(7/5)? One possibility would be to use the linear
interpolant of sin(z) on the interval [7/6, 7/4]. This is

é(x)—l x—7/4 ﬁ z—7/6
2 w/6—-7/4 2 w/A—T/6
Hence £(n/5) = (1/2) - (3/5) + (v/2/2) - (2/5) = (3 + 2v/2)/10 ~ .58.
What can be said about the error in the piecewise linear interpolant? We know from Theorem
8.4.1 that in the subinterval [z;_1, z;],

(o) — ta) = L&)

(x — zi1)(x — x4),

for some &, € [z;_1, ;). If |f"(z)| < M for all z € [z;_1,x;], then

M M (h\%2 MHK?
|f(z) — £(z)| < 5 xE[IaIcg)f,zi]Kx T 1)(T — 33)| 5 (2) g

and if | f"(z)| < M for all z € [a,b], then this same estimate will hold for each subinterval. Hence

2
f(z) — b)) < L0

Vz € [a,b].

To make the error less than some desired tolerance § one can choose h so that Mh%/8 < §; i.e.,
h < /86/M. Thus the piecewise linear interpolant always converges to the function f € C?[a, b]
as the subinterval size h goes to 0.

For convenience, we used a fixed mesh spacing h = (b—a)/n = z;—z;_1,7 = 1,...,n. To obtain
an accurate approximation with fewer subintervals, one might put more of the nodes z; in regions
where f is highly nonlinear and fewer nodes in regions where the function can be well-approximated
by a straight line. This can be done adaptively. One might start with fairly large subintervals, in
each subinterval [z;_1,z;] test the difference between f((z; + z;—1)/2) and £((z; + z;_1)/2), and if
this difference is greater than §, then replace that subinterval by two subintervals, each of width
(z; — z;—1)/2. This adaptive strategy is not foolproof; it may happen that f and £ are in close
agreement at the midpoint of the subinterval but not at other points, and then the subinterval will
not be divided as it should be. This strategy often works well, however, and gives a good piecewise
linear approximation to f at a lower cost than using many equally sized subintervals.

Another way to increase the accuracy of the interpolant is to use higher degree piecewise poly-
nomials; for example, quadratics that interpolate f at the midpoints as well as the endpoints of
the subintervals. A function and its piecewise quadratic interpolant are pictured below.
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We know from Theorem 8.4.1 that the error in the quadratic interpolant g(z) in interval [z;_1, ;]

is
(&) i+ o
f(z) —q(z) = 31 - %)(ﬂf — i),
for some point &, € [z;—1,z;]. If |f"'(z)/3!| is bounded by a constant M for all z € [a, b], then the
error in the quadratic interpolant decreases as O(h3), since the factor |(z—z;_1)(z— %)(m—xm
is less than h3 for any z € [1;_1,;]-

(z—mi1)(x—

This piecewise quadratic interpolant, like the piecewise linear interpolant, is continuous, but
its derivative, in general, is not continuous. Another idea might be to require: ¢(z;) = f(z;) and
qd(z;) = f'(z;), i = 0,1,...,n. But if we try to achieve this with a piecewise quadratic ¢, then
within each subinterval [z; 1, z;], ¢ must be the linear interpolant of f:

q(z) = fl(ilﬂi—1)aC

Tr—x T — Ti_1

! + f’(l‘i)i, T € [.’Ei_l,.’EZ'].

i1 — Tj Ti — Ti—1

Integrating ¢', we find that ¢(z) = fl‘i—l q'(t)dt + C, for some constant C. In order that ¢(z;_1)
be equal to f(x;—1), we must have C = f(z;_1). But now that C is fixed, there is no way to force
q(z;) = f(z;). Thus the goal of matching function values and first derivatives cannot be achieved
with piecewise quadratics.

x

8.5.1 Piecewise Cubic Hermite Interpolation

Suppose instead that we use piecewise cubics p and try to match f and f’ at the nodes. A quadratic
p’ that matches f' at z;_1 and z; can be written in the form

p'(x) = fl(zi1)

T — I ! T —Ti—1

—+ () ———talz —zi_1)(z —z;

Ti 1 — g f( Z)ﬂﬂi TN ( i—1)( i);

for € [z;_1,z;]. Here we have introduced an additional parameter « that can be varied in order
to match function values. Integrating, we find

p(x)z_M/f (t— z)dt + ) / (t—xi1)dt+a/m (t— 2 1)t —z3)di + C.

h h

Ti—1

The condition p(z;—1) = f(z;—1) implies that C = f(x;_1). Making this substitution and perform-
ing the necessary integrations then gives

f'(io1) (@ —2)® h_2] L @) (@ = @i1)”

[ r — T;—1 h
h 2 2 h 2

+ a(z — z;1)%( 5 T3

)+ f(zi1).
(8.12)

p(z) = —
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SPLINES AT BOEING

During World War II, the British aircraft industry constructed
templates for airplanes by passing thin wooden strips (called
“splines”) through key interpolation points in a design laid out
on the floor of a large design loft. In the 1960’s, work by Boeing
researchers allowed numerical splines to replace these “lofting”
techniques. Each day in 1996, Boeing airplanes made more than
42,000 flights, and within the company more than 10,000 design
applications and 20,000 engineering applications were run [14].
Thus the Boeing Company was responsible for roughly 500 mil-
lion spline evaluations each day, and this number was expected
to rise each year. [19]. Splines are used extensively at Boeing
and throughout the manufacturing and engineering sector.

The condition p(z;) = f(z;) then implies that

3
p(z;) = fl($i71)g + f'(:ci)g — a% + fziz1) = f(z) =
‘T %(f’(“:ifl) +f(@i) + %(f(wifl) — f(z). (8.13)

Example. Let f(z) = z* on [0,2]. Find the piecewise cubic Hermite interpolant of f using the
two subintervals [0, 1] and [1,2].

For this problem zy = 0, 1 = 1, 9 = 2, and h = 1. Substituting these values and the values
of f and its derivative into (8.12) and (8.13), we find that

(z) = 273 — z? in [0,1]
PAEI= 623 - 1322 + 120 — 4 in [1,2]

You should check that p and p’ match f and f’ at the nodes 0, 1, and 2.

8.5.2 Cubic Spline Interpolation

The piecewise cubic Hermite interpolant has one continuous derivative. If we give up the require-
ment that the derivative of our interpolant match that of f at the nodes, then we can obtain an
even smoother piecewise cubic interpolant. A cubic spline interpolant s is a piecewise cubic that
interpolates f at the nodes (also called knots) xy,...,z, and has two continuous derivatives.
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We will not be able to write down a formula for s(z) in [z;_1, z;] that involves only values of f and
its derivatives in this subinterval. Instead, we will have to solve a global linear system, involving
the values of f at all of the nodes, to determine the formula for s(z) in all of the subintervals
simultaneously. Before doing this, let us count the number of equations and unknowns (also called
degrees of freedom). A cubic polynomial is determined by 4 parameters; since s is cubic in each
subinterval and there are n subintervals, the number of unknowns is 4n. The conditions s(z;) = f;,
1=0,1,...,n provide 2n equations, since the cubic in each of the n subintervals must match f at
2 points. The conditions that s’ and s” be continuous at z1,...,z,_1 provide an additional 2n — 2
equations, for a total of 4n — 2 equations in 4n unknowns. This leaves 2 degrees of freedom. These
can be used to enforce various conditions on the endpoints of the spline, resulting in different types
of cubic splines.

To derive the equations of a cubic spline interpolant, let us start by setting z; = s"(z;), i =
1,...,n—1. Suppose now that the values z; were known. Since s” is linear within each subinterval,

it must satisfy
T — T T — Ti_1
" (2 K3
s"(z) = 21 + 2

in [z;_1, %]
Ti—1 — T4 Tj — Ti—1

We will simplify the notation somewhat by assuming a uniform mesh spacing, x; — ;1 = h for
all 4; this is not necessary but it does make the presentation simpler. With this assumption, then,
and letting s; denote the restriction of s to subinterval 7, we can write

si(z) = %Zi—l(wi —z)+ %Zz'(w — Ti—1). (8.14)
Integrating, we find
si(z) = —%Zz'—l (@ ; 2’ + illzz (z = ;61_1)2 + G, (8.15)
and
si(x) = %zi_l (=, ; 2)° + %%w + Ci(z — z;—1) + Dj, (8.16)

for some constants C; and D,;.
Now we begin applying the necessary conditions to s;. From (8.16), the condition s;(z;—1) = fi—1

implies that
h? h?
Ga1t D;=fi1, or Di=fi1— ¢ AL (8.17)

The condition s;(z;) = f; implies, with (8.16) and (8.17), that

h? h?
—2i+ Cih+ fio1 — —zi-1 = [i,
6 6
or,
1 h?
Ci=p fifit ¢ zia—a)| (8.18)

201



Making these substitutions in (8.16) gives

3 Y 2 2
si(T) = %Zzel (= 5 7) +%Zz‘ (@ gll) +% fi—fioat %(zifl — %) (-(L‘_-Tifl)‘l‘fifl_%zifl-
(8.19)
Once the parameters z1,.. ., 2,—1 are known, one can use this formula to evaluate s anywhere.
We will use the continuity of s’ to determine z1,...,2, 1. The condition sj(z;) = sj ;(zs),
together with (8.15) and (8.18), implies that
gzi + %(fz — fi-1) + %(zi,l —z) = —gzi + %(fi_q_l —fi)+ %(zz —2zit1), i=1,...,n—1.

Moving the unknown z;’s to the left-hand side and the known f;’s to the right-hand side, this
becomes

2h h h 2 1 1 .
i + g4t + gt = —Efz + Efifl + EfH—la i=1,...,n—L
This is a symmetric tridiagonal system of linear equations for the values z,...,2,-1:
ar B z1 by
oo =1 (8.20)
ﬂn—Q : :
Bn-2 op_1 Zn—1 bn—1
where oh B
;= ?, /Bz = E Vi,
1 :
bi = 5 (fir1 =2fit+fic1), 1=2...,n-2
1 h
by = —(fo—2 - —
1 h(f2 f1+ fo) 620
1 h
bn—l = E(fn - 2fn—1 + fn—2) - Ezn

We are free to choose zy and z,, and different choices give rise to different kinds of splines. The
choice zg = z, = 0 gives what is called the natural cubic spline. This can be shown to be the C?
piecewise cubic interpolant of f whose curvature is (approximately) minimal. The complete spline
is obtained by choosing 2y and z, so that the first derivative of the spline matches that of f at the
endpoints (or takes on some given values at the endpoints). The not-a-knot spline is obtained by
choosing 2y and z, to ensure third derivative continuity at both z1 and z,_1. This choice may be
appropriate if no endpoint derivative information is available.

Example. Let f(r) = z* on [0,2]. Find the natural cubic spline interpolant of f using the two
subintervals [0, 1] and [1, 2].
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Since this problem has only two subintervals (n = 2), the tridiagonal system (8.20) consists of
just one equation in one unknown. Thus oy = 2/3 and by = fo — 2f1 + fo = 14, so z; = 21. Using
this value, together with zy = 2o = 0, in (8.19) we can find s; and ss:

7 5
si(z) = 5:103 — 5T
7 47
so(x) = —5353 + 2122 — 5 +7.

You should check that all of the conditions:
51(0) = £(0), s1(1) = s2(1) = f(1), s2(2) = f(2),

s1(1) = s5(1),  s7(1) = s3(1),
and
s1(0) = s3(2) =0,

are satisfied.

Example. Use Matlab to find a cubic spline that goes through the points (0,0), (1,0), (3,2), and
(4,2).

Note that the spacing between nodes in this problem is not uniform. We will use the spline
function in Matlab which, by default, computes the not-a-knot spline. Letting X = [0 1 3 4] and
Y = [0 0 2 2], the not-a-knot spline can be computed and plotted with the following command:
plot(x,ppval(spline(X,Y),x)), where x is an array of values at which to evaluate and plot
the spline, such as x = linspace(0,4,200). For the not-a-knot spline, the vectors X and Y have
the same length. To specify slopes at the endpoints of the interval, and thus obtain a complete
cubic spline interpolant, append these values at the beginning and end of the vector Y. For example,
the command plot (x,ppval(spline(X,[0 Y 0]),x)) produces the complete spline plotted below
with f/(0) = f'(4) = 0. The plot below also shows the natural cubic spline interpolant, and to the
right is a closeup of the splines between z = 3 and x = 4 to highlight the difference in the end
conditions. It can be seen that the complete cubic spline has zero slope at = = 4; it is true but less
easy to see that the natural cubic spline has zero curvature at x = 4.

TS 2.25¢

— Natural Spline

[ |- - Complete Spline
-+ Not-a-knot Spline
o Data Points

— Natural Spline
- - Complete Spline
1.95F =+ Not-a-knot Spline

0 Data Points

L L s L L L L L L s s s s
3 35 4 3 3.1 3.2 3.3 34 35 3.6 3.7 3.8 3.9 4
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8.6 Some Applications

Numerical interpolation techniques, of the type discussed in this chapter, are widely used through-
out industry, government, and academia. In this section we show examples of such uses, without
going into detail on the exact algorithms applied.

NURBS - Non-Uniform Rational B-Splines (NURBS) are a set of mathematical functions that
can accurately model complex geometrical shapes in 2 or 3 dimensions. They are used in such
fields as computer graphics and manufacturing, where they are often combined with computer
aided design (CAD) software. In the picture below to the left, we see a NURBS model of a
car created in the CAD software, Rhinoceros, which is NURBS modeling software for Windows.
The company’s webpage http://www.rhino3d.com has a gallery of models that include jewelry,
architecture, automobiles and cartoon characters. In the picture on the right, we see the same car
after it is fully rendered.

Note that the reflections on the car are smooth curves. Acquiring smooth reflection lines is a goal
in automotive design. A dent in the car’s body, on the other hand, produces a discontinuity in the
reflection line through the deformity. In the early days of car design, prototype cars were molded
in clay and then painted to be reflective. Today, many aspects of automobile design occur within a
computer. For example, computers can simulate reflection lines as seen below in the picture to the
left. To the right, reflection lines are inspected as a quality assurance tool, something that many
high-end automakers do just before the car leaves the factory. [17]
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Subdivision - Unlike NURBS, surface subdivision is not based on spline surfaces. The algorithm
uses a sequence of two simple geometric operations: splitting and averaging. The idea is that a
smooth object can be approximated through successive subdivisions of a surface as seen below:

Qoo

While the technique has been known for some time, Pixar took the algorithm to new heights in
its animated short Geri’s Game, which won the 1998 Oscar for Best Short Animation. Pixar used
surface subdivision to approximate complicated surfaces such as Geri’s head and hands as seen
below:
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Exercises

1. Following is census data showing the population of the U.S. between 1900 and 2000:

years population
after 1900 in millions

0 76.0
20 105.7
40 131.7
60 179.3
80 226.5

100 281.4

(a) Plot population versus years after 1900 using MATLAB by entering the years after
1900 into a vector x and the populations into a vector y and giving the command
plot(x,y,’0’). Find the fifth degree polynomial that passes through each data point,
and determine its value in the year 2020. Plot this polynomial on the same graph as the
population data (but with the z-axis now extending from 0 through 120). Do you think
that this a reasonable way to estimate the population of the U.S. in future years? [To
see a demonstration of other methods of extrapolation, type census in MATLAB.]

Hand in: Your plot and the value that you estimated for the population in the year
2020 along with your explanation as to why this is or is not a good way to estimate the
population.

(b) Write down the Lagrange form of the second degree polynomial that interpolates the
population in the years 1900, 1920, and 1940.

(¢) Determine the coefficients of the Newton form of the interpolants of degrees 0, 1, and 2,
that interpolate the first one, two, and three data points, respectively. Verify that the
second degree polynomial that you construct here is identical to that in part (b).

2. The secant method for finding a root of a function f(x) fits a first degree polynomial (i.e.,
a straight line) through the points (zg_1, f(zx—1)) and (xg, f(zx)) and takes the root of
this polynomial as the next approximation zy;i. Another root finding algorithm, called
Muller’s method, fits a quadratic through the three points, (zx o, f(zr_2)), (x_1, f(zK_1)),
and (zg, f(zk)), and takes the root of this quadratic that is closest to zj as the next approx-
imation zj,;. Write down a formula for this quadratic. Suppose f(z) = z® — 2, 2o = 0,
z1 =1, and 3 = 2. Find z3.

3. Write down a divided difference table and the Newton form of the interpolating polynomial
for the following set of data:

z [[1]3/2]0] 2
F@) 2] 6 [0]14
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Show how this polynomial can be evaluated at a given point z by using four steps of a
“Horner’s rule”-like method.

4. Use MATLAB to fit a polynomial of degree 12 to the Runge function

fl@) = —

1422
interpolating the function at 13 equally spaced points between —5 and 5. (You can set the
points with the command x = [-5:5/6:5];.) You may use MATLAB routine polyfit to
do this computation or you may use your own routine. (To find out how to use polyfit type
help polyfit in MATLAB.) Plot the function and your 12th degree interpolant on the same
graph. Turn in your plot and a listing of your code.

5. Use Matlab to fit various piecewise polynomials to the Runge function, using the same nodes
as in the previous exercise.

(a) Find the piecewise linear interpolant of f(z). (You may use Matlab routine interpl or
write your own routine. Type help interpl in Matlab to find out how to use interpl.)

(b) Find the piecewise cubic Hermite interpolant of f(z). (Write your own routine for this,
using formulas (8.12) and (8.13).)

(c) Find a cubic spline interpolant of f(z). (You may use either the interpl command or
the spline command in Matlab.)

In each case above, plot f(z) and the interpolant on the same graph. If you wish, you can
put all of your graphs on the same page by using the subplot command.

6. Computer libraries often use tables of function values together with piecewise linear interpo-
lation to evaluate elementary functions such as sin(x), because table lookup and interpolation
can be faster than, say, using a Taylor series expansion.

(a) In Matlab, create a vector x of 1000 uniformly spaced values between 0 and 7. Then
create a vector y with the values of the sine function at each of these points.

(b) Next create a vector r of 100 randomly distributed values between 0 and 7. [This
can be done in Matlab by typing r = pi*rand(100,1);.] Estimate sin(r) as follows:
For each value r(j), find the two consecutive x entries, x(i) and x(i+1) that satisfy
z(i) < r(j) < z(i + 1). Having identified the subinterval that contains r(j), use linear
interpolation to estimate sin(r(j)). Compare your results with those returned by Matlab
when you type sin(r). Find the maximum absolute error and the maximum relative
error in your results.

7. Determine the piecewise polynomial function

[ Pi(z) if0<z<1
P(m)—{ Pyr) if1<z<2

that is determined by the conditions:
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10.

11.

12.

13.

— Py(z) is linear.
— Py(x) is quadratic.
— P(z) and P'(z) are continuous at z = 1.

~ P(0) =1, P(1) = —1, and P(2) = 0.

Plot this function.

. Let f be a given function satisfying f(0) = 1, f(1) = 2, and f(2) = 0. A quadratic spline

interpolant 7(z) is defined as a piecewise quadratic that interpolates f at the nodes (zo = 0,
z1 = 1, and z9 = 2) and whose first derivative is continuous throughout the interval. Find
the quadratic spline interpolant of f that also satisfies r/(0) = 0. [Hint: Start from the left
subinterval.]

. Let f(z) = %(z — 1)%(z — 2)%(z — 3)%. What is the piecewise cubic Hermite interpolant of f

on the grid 1o = 0, z; = 1, 29 = 2, 3 = 3?7 Let g(z) = az®+bx? + cx + d for some parameters
a, b, ¢, and d. Write down the piecewise cubic Hermite interpolant of g on the same grid.
[Note: You should not need to do any arithmetic for either of these problems.]

Show that the following function is a natural cubic spline through the points (0,1), (1,1),
(2,0), and (3,10):

l+z—2° 0<z<l
s(@)=4 1-2@z—-1) -3z —-1)24+4@x—-1)> 1<z<?2
4z —2)+9(z —2)? — 3(z — 2)3 2<z<3

Determine all the values of a, b, ¢, d, e, and f for which the following function is a cubic
spline:
ar? +b(x — 1) z€ (—o00,1]
s(z) =< cx’+d z € [1,2]
ex? + f(z —2)® € [2,00)

Use MATLAB’s spline function to find the not-a-knot cubic spline interpolant of f(z) =
e~ 2% s5in(107z), using n = 20 subintervals of equal size between zo = 0 and z21 = 1. [To learn
how to use the spline routine, type help spline in MATLAB.] Plot the function along with
its cubic spline interpolant, marking the knots on the curves.

A sampling of altitudes of a hillside is given below:
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Yy

T height(z, y)

6(0 0 01 0 0 O
5(0 0 0 2 0 0 O
410 0 2 4 2 0 0
311 2 4 8 4 2 2
210 0 2 4 2 0 0O
110 0 0 2 0 0 O
0/]0 0 01 0 0O

01 2 3 4 5 6|—x

In this exercise, we will fit a 2D cubic spline (bicubic spline) through this data and plot the
result.

(a) Using the spline command, fit a not-a-knot cubic spline to the data in each row,
evaluating the spline at the points ¢ = 0,0.1,0.2,...,5.9,6.0. This will produce a 7 x 61
array of values.

(b) Fit a not-a-knot cubic spline to the data in each column of this array, evaluating each of
these splines at y = 0.0,0.1,0.2,...,5.9,6.0. This will produce a 61 x 61 array of values.
Call this matrix M.

(c) Plot the values in M with the following command: mesh(0:.1:6,0:.1:6,M).
(d) Alternatively, plot the data in M with the following commands:

surfl1(0:.1:6,0:.1:6,M);
colormap(copper), shading interp

(e) Suppose the data above were samplings of the amount of light reflected off a shiny object.
To produce a plot for this type of effect, use the following commands:

imagesc(0:.1:6,0:.1:6,M);
colormap(hot), colorbar
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Chapter 9

Numerical Differentiation and
Richardson Extrapolation

Suppose a scientist collects a set of data relating two properties such as temperature and pressure,
or distance that an object has fallen and time since release, or amount that a plant has grown
and amount of water that it has received. He postulates that there is some smooth function that
describes this relationship, but he does not know exactly what that function is. He might wish
to determine one or more derivatives of the function, but without an analytic expression for the
function, the derivatives can only be approximated numerically. Sometimes a function is defined
by running a computer program. It might be the solution to a design problem that depends on
a parameter, and the scientist might wish to optimize some aspect of the design with respect to
this parameter. This requires determining the derivative of the function to be optimized. While an
analytic expression for this derivative might be determined by carefully going through every line of
the code, the resulting expression might be so complicated that it would be more efficient to simply
estimate the derivative numerically.

Another application of numerical differentiation is in approximating solutions of differential
equations, a topic that will be discussed in later chapters of this text. Using finite difference
methods, derivatives are approximated by linear combinations of function values, and the differential
equation is thereby replaced by a system of linear or nonlinear equations involving function values.
These systems of equations may involve millions or billions of unknowns. Some of the world’s
fastest supercomputers are commonly used to solve systems that result from discretizing differential
equations with numerical approximations to derivatives.

9.1 Numerical Differentiation

We have already seen (in Section 6.2) one way to approximate the derivative of a function f:
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for some small number h. To determine the accuracy of this approximation, we use Taylor’s
theorem, assuming that f € C?:

fa+ ) = F@) +hf @) + e, Eelmath) =

The term % (&) is called the truncation error, or, the discretization error, and the approximation
is said to be first-order accurate since the truncation error is O(h).

As noted in Section 6.2, however, roundoff also plays a role in the evaluation of the finite
difference quotient (9.1). For example, if h is so small that z + h is rounded to z, then the
computed difference quotient will be 0. More generally, even if the only error made is in rounding
the values f(z + h) and f(z), then the computed difference quotient will be

fla+h)(A+0) = f=)A+0) _ flzth) = flz) ofl@+h)—dbflz)

h h h

Since each |¢;| is less than the machine precision €, this implies that the rounding error is less than
or equal to

(If @]+ |f(z+n)])
h

Since the truncation error is proportional to h and the rounding error is proportional to 1/h, the
best accuracy is achieved when these two quantities are approximately equal. Ignoring the constants
f"(€)/2] and (|f(z)| + |f(z + h)]), this means that

and in this case the error (truncation error or rounding error) is about /e. Thus, with formula
(9.1), we can approximate a derivative to only about the square root of the machine precision.

Example. Let f(z) = sinz and use (9.1) to approximate f'(7/3) = .5.
Following is a table of results produced by MATLAB:
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h (sin(m/3 + h) — sin(w/3))/h Error
1.0e-01 4.559018854107610e-01 4.4e-02
1.0e-02 4.956615757736871e-01 4.3e-03
1.0e-03 4.995669040007700e-01 4.3e-04
1.0e-04 4.999566978958203e-01 4.3e-05
1.0e-05 4.999956698670261e-01 4.3e-06
1.0e-06 4.999995669718871e-01 4.3e-07
1.0e-07 4.999999569932356e-01 4.3e-08
1.0e-08 4.999999969612645e-01 3.0e-09
1.0e-09 5.000000413701855e-01 -4.1e-08
1.0e-10 5.000000413701855e-01 -4.1e-08
1.0e-11 5.000000413701855e-01 -4.1e-08
1.0e-12 5.000444502911705e-01 -4.4e-05
1.0e-13 4.996003610813204e-01 4.0e-04
1.0e-14 4.996003610813204e-01 4.0e-04
1.0e-15 5.551115123125783e-01 -9.5e-02
1.0e-16 0 5.0e-01

At first the error decreases linearly with h, but as we decrease h below /e ~ 1.0e — 8, this changes
and the error starts to grow due to roundoff.

Another way to approximate the derivative is to use a centered difference formula:

Ja+h) = fz—h)

7@~ =

(9.2)

We can again determine the truncation error by using Taylor’s theorem. [In this and other chapters
throughout this book, unless otherwise stated, we will always assume that functions expanded in
Taylor series are sufficiently smooth for the Taylor expansion to exist. The amount of smoothness
required will be clear from the expansion used. (See Theorem 4.2.1.) In this case, we need f € C3/]
Expanding f(z + h) and f(z — h) about the point z, we find:

2 3
fleth) = f@)+hf(@) + @)+ ), €€ lna

2 3
fle—h) = f(@) b)) = ), e o hoal

Subtracting the two equations and solving for f'(z) gives

z — flz — 2

Thus the truncation error is O(h?), and this difference formula is second order accurate.
To study the effects of roundoff, we again make the simplifying assumption that the only
roundoff that occurs is in rounding the values f(z+h) and f(z —h). Then the computed difference

212



quotient is

fle+h)A+6)— fl@a—h)A+6d) [flea+h)—fl@—h) &f(z+h)—bf(z—h)
= + )

2h 2h 2h
and the roundoff term (81 f(xz + h) — dof (x — h))/2h is bounded in absolute value by €(|f(z + h)| +
|f(z — h)|)/(2h). Once again ignoring constant terms involving f and its derivatives, the greatest

accuracy is now achieved when

hzziihzel/g‘,

and then the error (truncation error or rounding error) is €2/2. With this formula we can obtain
greater accuracy, to about the 2/3 power of the machine precision.

Example. Let f(z) = sinz and use (9.2) to approximate f'(7/3) = .5.
Following is a table of results produced by MATLAB:

h (sin(m/3 4+ h) — sin(n/3 — h))/(2h) Error
1.0e-01 4.991670832341411e-01 8.3e-04
1.0e-02 4.999916667083382e-01 8.3e-06
1.0e-03 4.999999166666047e-01 8.3e-08
1.0e-04 4.999999991661674e-01 8.3e-10
1.0e-05 4.999999999921734e-01 7.8e-12
1.0e-06 4.999999999588667e-01 4.1e-11
1.0e-07 5.000000002919336e-01 -2.9e-10
1.0e-08 4.999999969612645e-01 3.0e-09
1.0e-09 5.000000413701855e-01 -4.1e-08
1.0e-10 5.000000413701855e-01 -4.1e-08
1.0e-11 5.000000413701855e-01 -4.1e-08
1.0e-12 5.000444502911705e-01 -4.4e-05
1.0e-13 4.996003610813204e-01 4.0e-04
1.0e-14 4.996003610813204e-01 4.0e-04
1.0e-15 5.551115123125783e-01 -5.5e-02
1.0e-16 0 5.0e-01

At first the error decreases quadratically with k, but as we decrease h below €/3 ~ 1.0e — 5, this
changes and the error starts to grow due to roundoff. A graph of the error is shown in Figure
9.1. The best achievable accuracy is greater than that with the forward difference formula (9.1),
however.

One can approximate higher derivatives similarly. To derive a second order accurate approxi-
mation to the second derivative, we again use Taylor’s theorem:

h? h3 h*

flz+h) = f@)+hf' @)+ 5" @)+ @) + 57, &€lzz+h]
2 3 4

fl=h) = f(@) = ki) + @) = ) + ), € o= hoal,
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Figure 9.1: Log-log plot of the error in a centered difference approximation to the first derivative
of sin(z) at x = w/3.

Adding these two equations gives

h4
fla+h)+ fl@—h) =2f(z) + h*f"(2) + 5" W), vemE
Solving for f”(z), we obtain the formula

x — xz r — 2
ot ) =20(a) + o =0) 1

f(w) =

Using the approximation

fle+h)—2f(z) + f(z - h)
h? ’

(@) ~ (9-3)

the truncation error is O(h?). Note, however, that a similar rounding error analysis predicts
rounding errors of size about €/h?, so the smallest total error occurs when h is about €'/ and then
the truncation error and the rounding error are each about /e. With machine precision € ~ 10716,
this means that h should not be taken to be less than about 10~4. Evaluation of standard finite
difference quotients for higher derivatives is even more sensitive to the effects of roundoff.

Example. Let f(z) = sinz and use (9.3) to approximate f”(7/3) = —@. Create a plot of the
error versus h.
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log absolute error
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As expected, we see the smallest error of about 10~ when A ~ 107%.

Suppose the function f cannot be evaluated at arbitrary points but is known only at a fixed
set of measurement points zg,...,T,. Let the measured values of f at these points be yg, ..., Yn.
If the distance between the measurement points is small (but not so small that roundoff destroys
our results), then we might expect to obtain reasonable approximations to f'(z) or f”(z) by using
approximations that involve measured function values at points near x. For example, if x lies
between z; ; and =z;, then we can approximate f’(z) by using the values of f at z; ; and z;.
Expanding f(x;—1) and f(z;) in Taylor series about z, we find:

zio1 — x)? "
Fli) = fa)+ - 0@+ T e el
(zi — )

@) = f@)+ @-o)f@) + ST ), 0 € o)

Subtracting these two equations and dividing by z; — ;1 gives

oy J(@i) = fzio) _ (zi —x)* (zi-1 —x)*
play = L=ty G2 aF g, Bea o2 g

The approximation
flzi) = f(®i1)

Ti — Ti—1

(=) »

has truncation error less than or equal to (z; — z;_1) times the maximum absolute value of f” in
this interval. (If z happens to be the midpoint of the interval, then the truncation error is actually
proportional to (z; — z;_1)?, which can be seen by retaining one more term in the Taylor series
expansions.)

Suppose, however, that the measured function values y;_1 and y; have errors; errors in mea-
surements are usually much larger than computer rounding errors. The same analysis that was
used to see the effects of rounding errors can be used to see the effects of errors in the measured
data. If y; = f(z;)(1 4+ d1) and y;—1 = f(zi—1)(1 + d2), then the difference between the value
(yi —yi—1)/(zi — zi—1) and the intended derivative approximation (f(z;) — f(zi—1))/(zi — zi—1) is

01f(zi) — o f (zi—1)

Ty — Tij—1
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In order to obtain a reasonable approximation to f/(z), the distance between z; and z;_; must
be small enough so that the truncation error (z; — z;—1) times the maximum value of f” in the
interval is small, but large enough so that 0(|f(z;)| + |f(zi—1)])/(zi — zi—1) is still small, where
d is the largest error in the measurements. This combination can be difficult (or impossible!) to
achieve. For higher order derivatives the restrictions on the measurement points and the accuracy
of measurements are even more severe. If one has measured values of f at z, £+ h, and x — h, and
one uses these measured values in the difference formula (9.3) for the second derivative, then the
measurement errors § must be smaller than h? in order for the difference quotient using measured
values to be close to the intended difference quotient. For these reasons, approximating derivatives
of a function from measured data can be fraught with difficulties.

Another possible approach to computing derivatives is to interpolate f with a polynomial and
to differentiate the polynomial. Given the value of f at zg,z1,...,Z,, we can write down the nth
degree polynomial that interpolates f at these points, but considering some of the difficulties that
were pointed out with high degree polynomial interpolation, this approach is not recommended for
n very large. Still, note that if we write down the Lagrange form of the interpolant,

n n
T —x;
plx) = flx)eix), @ilz)=]] L,
— - i — :L‘j
1=0 i=0
JjFi
then
- - 1 L
') — Yo () — T
p'(z) = ; f(@)i(@),  i(x) 2o HO p—

9.2 Richardson Extrapolation

Another way to obtain higher order accuracy in approximation of derivatives is called Richardson
extrapolation. Tradition credits Huygens with proposing this idea, which he applied to Archimedes’
method for finding the circumference of a circle. In the 20th century, Lewis Fry Richardson formally
established the method which now bears his name.

Richardson extrapolation is a general procedure that can be applied to many types of prob-
lems, such as approximating integrals and solutions to differential equations, as well as derivatives.
Consider again the centered difference formula (9.2). That was derived from a Taylor series, and,
had we saved a few more terms in the Taylor series, we would have found:

h? h3 h*
flz+h) = f@)+hf' (@) + 5 (@) + (@) + 5 /" (2) + O(h?)

h3

h? Rt
fla=h) = f(@)=hf'(@) + - 1"(2) = = 1"(@) + ") + O(h),

so that subtracting and solving for f'(z) gives

Jath) = fla—h) W
2h 6

f'(z) = f"(z) + O(h*). (9-4)
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Lewis FrRY RICHARDSON’s numerous mathematical contributions in-
clude being one of the first to apply mathematics to predict weather.
This work (which occurred during the 1920’s) predated the computer
age. Richardson calculated that 60,000 people would be needed in order
to perform the hand calculations necessary to produce the prediction of
the next day’s weather before the weather arrived. Richardson, a paci-
fist, modeled the causes of war, set up equations governing arms build-up
by nations, and researched factors that would reduce the frequency of
wars. Richardson’s work produced a power law distribution relating the
size of a war to its frequency. Richardson’s study of the causes of war
led him to measure coastlines, which later influenced Benoit Mandelbrot
and his development of fractal theory.

Let @o(h) = W denote the centered difference approximation to f'(z), so that equation
(9.4) can be written in the form

h2
(@) = ¢o(h) = = f"(z) + O(h*). (9.5)
Then ¢o(h/2), the centered difference approximation to f'(z) using spacing h/2, satisfies
h/2)?
() = eo(n/2) ~ 2 () 1 o), (9.6

If we multiply equation (9.6) by 4 and subtract (9.5), then the terms involving h? will cancel.
Dividing the result by 3, we have

(@) = 30(h/2) — sp0(h) + O(?). (9.7)
Thus, we have derived a difference formula, ¢1(h) = %wo(h/ 2) — $po(h), whose error is O(h%). It
requires roughly twice as much work as the second order centered difference formula, since we must
evaluate ¢ at h and h/2, but the truncation error now decreases much faster with h. Moreover,
the rounding error can be expected to be on the order of €/h, as it was for the centered difference
formula, so the greatest accuracy will be achieved for h* = ¢/h, or, h ~ €!/5, and then the error
will be about €*/°.

This process can be repeated. Equation (9.7) can be written in the form
f'(z) = ¢1(h) + Ch* + O(K%), (9-8)

where we have written the O(h*) term as Ch* + O(h®). The analogous equation using spacing h/2
is

f(z) = p1(h/2) + C(h/2)* + O(K).
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If we take 2* times this equation and subtract (9.8), then the O(h*) terms will cancel. Dividing
the result by 2* — 1 = 15 will give a difference formula for f’(z) whose truncation error is at most
O(h%). (A more careful analysis shows that it is actually O(h®), since the O(h®) terms also cancel.)

16

/(@) = 1p1(h/2) - %m(h) +O(hY).

Example. Let f(z) = sinz. We will use centered differences and Richardson extrapolation to
approximate f'(7/3) = .5.

Let ¢g(h) denote the centered difference formula for f'(7/3): ¢o(h) = (sin(7/3+ h) —sin(n/3 —
h))/(2h). Using this formula with one step of Richardson extrapolation produced the following
results in Matlab:

h ¢1(h) = 300(h/2) — 3o(h) | Error
1.0e-01 4.999998958643311e-01 1.0e-07
1.0e-02 4.999999999895810e-01 1.0e-11
1.0e-03 4.999999999999449e-01 5.5e-14

We can see the fourth order convergence at first, but by the time we reach h = 1.0e — 3, we are
near machine precision and roundoff begins to play a role. Smaller values of h give less accurate
results for this reason. If we do a second step of Richardson extrapolation, defining ¢o(h) =
(16/15)p1(h/2) — (1/15)p1(h), then for h = 1.0e — 1 we obtain an approximation whose error is
1.6e — 12.

To apply this procedure generally, suppose that we wish to approximate a value L using an
approximation ¢g(h) that depends on a parameter h and whose error can be expressed in terms of
powers of h:

L= @o(h) + arh + ash® + ash®> + ...
If we use the same approximation procedure but with h replaced by h/2, then we have
a

L:(po(h/Q)+Cl2—1h+z2h2+(;—3h3+....

The approximation 2¢g(h/2) — @o(h) will have error O(h?), since twice the second equation minus
the first gives

1 3
L= 2(,00(]?,/2) - (p()(h,) — §a2h2 — Zagh?’ + ...

Defining ¢1(h) = 2¢¢(h/2) — ¢o(h), this can be written in the form
L= @i(h) +boh? +b3h® + ...,
for certain constants by, b3, etc. Analogously, approximating L by ¢1(h/2), we find

b b
Lz(pl(h/2)+z2h2+§3h3+....
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AIDING ARCHIMEDES WITH EXTRAPOLATION

Archimedes (287-212 BC) approximated 7 by determining the length of the perimeter of
a polygon inscribed within a circle. Assuming the circle has unit radius, the value of =
lies between half of the value of this perimeter and half of the length of the perimeter of a
polygon circumscribed about the circle. Let {C,} denote the circumference of an n-sided
polygon inscribed in the circle. Then, lim,_,,, C,, = 27. By using polygons with 96 sides,
Archimedes determined that 27%3 <7< %, which translates to 3.1408 < 7w < 3.1429 in our
modern decimal notation.

Let us consider using Richardson extrapolation. Half the perimeter of an inscribed square
is 2v/2 ~ 2.8284, and that of an inscribed hexagon is 3.0 exactly. The error in these
approximations can be shown to be of order (1/n)?, where n is the number of sides. Thus
the ratio of the errors in these two estimates is 9 : 4. Therefore, the extrapolated value is

9 4

—-3——-2.8284 =3.13728.

5 5
To obtain an estimate of this accuracy without using Richardson extrapolation would require
a polygon of 35 sides.

Multiplying this equation by 4, subtracting the previous one, and dividing by 3 gives

L= §<p1(h/2) _ %W(h) - %bgh?’ b
Continuing in this way, we can define an approximation @2(h) = 3¢1(h/2) — +¢1(h) whose error
is O(h?), etc. In general, each application of Richardson extrapolation increases the order of the
error by one, but the procedure works especially well when some powers are not present in the
error formula. For example, if the error involves only even powers of h, then each extrapolation
step increases the order of the error by two.
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Exercises

1. Use MATLAB to evaluate the second order accurate approximation (9.3) to f”(z) for f(z) =
sinz and z = 7/6. Try h = 1071,1072,...,107%, and make a table of values of h, the
computed finite difference quotient, and the error. Explain your results.

2. Use formula (9.3) with » = 0.2, h = 0.1, and h = 0.05 to approximate f(z), where f(z) =
sinz and z = 7/6. Use one step of Richardson extrapolation, combining the results from
h = 0.2 and h = 0.1, to obtain a higher order accurate approximation. Do the same with
the results from A = 0.1 and A = 0.05. Finally do a second step of Richardson extrapolation,
combining the two previously extrapolated values, to obtain a still higher order accurate
approximation. Make a table of the computed results and their errors. What do you think is
the order of accuracy after one step of Richardson extrapolation? How about after two?

3. Using Taylor series, derive the error term for the approximation
1
(@) = 5o [=3f (@) + 4f (z + h) = f(z + 2h)].
4. Consider a forward difference approximation for the second derivative of the form

f"(z) = Af(z) + Bf(z + h) + Cf(z + 2h).

Use Taylor’s theorem to determine the coefficients A, B, and C that give the maximal order
of accuracy and determine what this order is.

5. Suppose you are given the values of f and f’ at points zg + h and =g — h and you wish
to approximate f'(zp). Find coefficients a and 8 that make the following approximation
accurate to O(h%):

! h "(zg — h h) — —h

f’(xo)zaf(x0+ )+ f'(zo )+ﬁf($0+ ) — f(zo —h)

2 2h

Compute the coefficients by combining the Taylor series expansions of f(z) and f'(z) about

the point zq:

(z — zo)?

(z — 20)?

3' fIII(IO)

fx) = f(zo) + (z —z0)f'(20) + f" (o) +

(x — z0)*

Tf(4)($0) +

+

3

— 2 T —x r— 4
Fla) = o)+ @ —a0)fa) + I i) ¢ EI0 0 g 4 o o),y

Hint: Combine the Taylor expansions into (f(zo+h)— f(zo—h)) and (f'(zo+h)+ f'(zo—h))
and then combine these two to cancel the leading order error term (in this case O(h?)).

Note: This technique for computing derivatives is useful for interpolating between points
where a function and its derivative are known.
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Chapter 10

Numerical Integration

Many integrals of seemingly simple functions cannot be evaluated analytically, for example,

/e_;lc2 dzx.

This integral is so important in probability and statistics that it has been given a special name —

the error function or erf:
T

erf(z) = 2 et dt,
T Jo
and tables of values of the function have been compiled. While the indefinite integral cannot be
expressed in terms of elementary algebraic and transcendental functions, the definite integral can
certainly be approximated numerically. To handle such problems we need good numerical methods
for the approximation of definite integrals. The formulas for doing so are often called quadrature
formulas. The name comes from the fact that areas under curves can be approximated using
rectangles, a simple form of quadrilateral.

You probably learned some quadrature rules in a calculus course — the trapezoidal rule and
Simpson’s rule for example. These can be thought of as low-order Newton-Cotes formulas, which
will be described in Section 10.1. Usually, one approximates the area under a curve by the sum of
areas of trapezoids or other shapes that intersect the curve at certain points. These are examples
of composite rules, which will be described in Section 10.2.

10.1 Newton-Cotes Formulas

One way to approximate | ab f(z)dz is to replace f by its polynomial interpolant and integrate the
polynomial. Writing the polynomial interpolant in the Lagrange form, this becomes

b i b Bz —
dr ~ i J dz.
| 1@ gﬂx)/a =2 |
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ROGER _COTES — worked with Newton in the preparation of the second
edition of the Principia. His treatise on Newton’s Differential Method
was published posthumously. He comments that his theorems were de-
veloped prior to reading Newton’s text. While giving little more expla-
nation for the method, he provides formulas for numerically integrating
with 3 to 11 equally spaced points.

Formulas derived in this way, using equally spaced nodes, are called Newton-Cotes formulas, named
for Isaac Newton and Roger Cotes.

For n = 1, the Newton-Cotes formula is the trapezoid rule. Since the first degree polynomial
interpolating f at a and b is

when we integrate p;(z) we obtain

b b
[ t@inn [ e — HEES) L JBLD

This is the area of the trapezoid with height f(a) at a and f(b) at b, as pictured below:

To find the error in the Newton-Cotes formulas, we use equation (8.8) for the difference between
f(z) and p(z) and integrate over x:

b b 1 b " n
/a f(x) d:l?—/a p(z)dr = m/d f( +1)(£z) (H($_$£)> dz.

£=0

222



For the trapezoid rule (n = 1), this becomes

/abf(ac)d:z—/abpl(x)div - %/abf"(fw)(x—a)(x—b)d_r

b
= 30 [[@-a@-bds, nefd
= (- (). (10,1

Note that the second line is justified by the Mean Value Theorem for integrals, since (z —a)(z —b)
has the same sign (i.e., negative) throughout the interval [a, b].

Example. Using the trapezoid rule to approximate f02 e~ dx, we find

2
/ e dr~ e+ et~ 1.0183.
0
The error in this approximation is —2 f”(n), for some 7 € [0,2]. In this case, f"(z) = (422 — 2)e~"’,
and the absolute value of f” is maximal on the interval at z = 0, where |f”(0)| = 2. Therefore the
absolute error in this approximation is less than or equal to 4/3.

What is the Newton-Cotes formula for n = 27 Using the interpolation points zo = a, 1 =
(a +b)/2, and z2 = b, we can write the second degree interpolation polynomial in the form

(x — (a+b)/2)(z —b) f(a-i-b) (x —a)(z —b)
(a—(a+b)/2)(a — D) 2 ((a+0b)/2 —a)((a+b)/2 —b)

(z—a)(z—(a+1)/2)
(b—a)(b—(a+b)/2)’
and then the formula is determined by integrating each of these quadratic terms. This can be
messy.

Another way to determine the formula is called the method of undetermined coefficients. We
know that the formula must be exact for constants, linear functions, and quadratic functions.
Moreover, it is the only formula of the form

pa(x) = f(a)

+f(b)

[ 1wde = as@ + s (“50) + 2350

that is exact for all polynomials of degree 2 or less. This follows from the fact that the formula
must integrate each of the quadratic terms in the formula for po(x) correctly. Thus, for instance, if
we define p1(z) = (r — (a +b)/2)(z — b)/[(a — (a +b)/2)(a — b)], then

a+b

/ab p1(x) dr = A1p1(a) + Az¢p1 ( ) + Azp1(b) =
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b
Ay :/ v1(z) dz.
a

Similar formulas hold for A, and A3. To determine A;, As, and A3, without evaluating these
complicated integrals, however, note that

b
/1d:c:b—a = Ai1+Ay+A3=b—a
a

2 2 2

b 3 3 2 3 3
b° — b b° —
/zzdx: 3a = A1d®+ Ay (%) + Asb? = 3a.

b 2 2 2 2
b2 b b2 —
/1xdx: T Aa+ A 0 A= a
a

This gives a system of 3 linear equations for the 3 unknowns A;, Ay, and As. Solving these linear
equations, we find

b—a 4(b — a)
1 3 6 ) 2 6
This gives Simpson’s rule:
b b—a a+b
[ 1@z~ 6u@+g(2>+ﬂm. (10.2)
a

This is the area under the quadratic that interpolates f at a, b, and (a + b)/2, as pictured below:

From the way it was derived, it is clear that Simpson’s rule is exact for all polynomials of degree
2 or less. It turns out that it is also exact for polynomials of degree 3. To see this, note that

b
1 1
/1fdxzzw4—#)ziw—aﬂ§+a¥+a%+a%,
a

and

b— AN 1
Gam3+4(ﬁg—>-+§L=Zw—axﬁ+a§+a%+a%.
Instead of using (8.8) to analyze the error in Simpson’s rule, we will use a Taylor series expansion
of both the integral and its approximation about the point a, and see how many terms match.
Expanding f((a + b)/2) and f(b) about a, we find

(b—a)t

(4)
384 fHa)+...,

a —a —a)? —a)?
(550 =@+ 5@+ B+ O +
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—a 2 —a 3 —a 4
£6) = £(@) + (b - a) (@) + LS ) + Lo iy OOy
From this it follows that the right-hand side of (10.2) satisfies
—a a —a)? —a)? —a)t
@ ar (250) 100 = 0- 0@ + O + P+ PR )
5(b —a)d
R TSR (103)

Next define F(z) = [ f(t) dt, and note, by the Fundamental Theorem of Calculus, that F'(z) =
f(z). Expanding F'(b) in a Taylor series about a, and using the fact that F'(a) = 0, we find

(b—a)’ (b—a)’ (b—a)*

£ ) = - yf @) + CS L gy + Lo gy o Lo g
G 1_2;)5f(4)(a) Yo (10.4)

Comparing (10.3) and (10.4), we see that the error in Simpson’s rule is (1/2880)(
O((b — a)®). Tt can be shown that this error can be written as (1/2880)(b — a)®
€ € [a,b].

b—a)’f®(a) +
F®(€) for some

Example. Using Simpson’s rule to approximate f02 e dx, we find
2 2 1o 1 4
/ e ¥ dr= g[e +4e™ +e ] = 0.8299.
0

The error is (2°/2880)f® (¢), for some ¢ € [0,2]. A tedious calculation shows that that |f*)(z)| <
12 for z € [0,2], and so the error in this approximation is less than or equal to 0.1333.

One could obtain even higher order accuracy using higher degree interpolation polynomials, but
it is usually better to use piecewise polynomials instead.

10.2 Formulas Based on Piecewise Polynomial Interpolation

The composite trapezoid rule is obtained by dividing the interval [a, b] into subintervals and using
the trapezoid rule to approximate the integral over each subinterval, as pictured below.
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Here we use the approximation
b L "o
[t@a=3 [ @i [ p@a
a i=1 Y Ti-1 i=1 Y Ti-1

where p1 ;(z) is the linear interpolant of f over the subinterval [z;_1,z;], and

[ o) = ) [ e @) [ S e = (e AL,

zi_1 Ti-1 — Tj Ti — Ti—1 2

Thus we have the formula:

b - Iy Tj—
/ f(x)dIzZ(Iz—x,,l)f( i) +2f( 1).

=1

With a uniform mesh spacing, z; — z;_1 = h for all ¢, this becomes
b h h
/a fla)de~ 3 D (fl@) + flzia)) = glfo+2f1 4+ 2t + ful (10.5)
i=1
From (10.1) it follows that the error over each subinterval is O(h®) for the composite trapezoid
rule; more precisely, for the ith subinterval [z;_1,z;], the error is —%h?’ f"(&) for some point
& € [zi—1,z;]. Summing the errors over all of the (b — a)/h subintervals, we have a total error of

O(h?).

Example. Using the composite trapezoid rule to approximate f02 e~ dz, and letting T}, denote
the composite trapezoid rule approximation with spacing h, we obtain the following results:

h Ty | error
1.0000 | .877037 | 5.0e-3
0.5000 | .880619 | 1.5e-3
0.2500 | .881704 | 3.8e-4
0.1250 | .881986 | 9.5e-5
0.0625 | .882058 | 2.4e-5

Note that the error is reduced by about a factor of 4, each time A is cut in half. To determine
the error, we computed the integral using very small A values, until reducing A further made no
difference in the first twelve decimal places. We took the value computed with the smallest h value
to be the “exact” solution.

The composite Simpson’s rule is derived similarly. Using Simpson’s rule to approximate the
integral over each subinterval, where we interpolate the function f at the midpoint as well as the
endpoints of each subinterval, we obtain the formula

/ab f(z)dz = z”: %[f(mi_l) +4f (%) + f ()]

=1
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SIMPSON’S RULE

Simpson’s rule is named after the English mathematician Thomas Simpson
(pictured on the bottom). Simpson published textbooks on algebra, geom-
etry, and trigonometry, which went through ten, twelve and five editions,
respectively. Among his accomplishments was not the invention of Simp-
son’s rule, however. The method was already well-known and had been
published by James Gregory (pictured on the top), a Scottish mathemati-
cian who died 35 years prior to Simpson’s birth. Simpson, however, did
contribute a (geometric) proof of the convergence of the composite form of
the method.

For a uniform mesh spacing z; — ;1 = h, for all 1 = 1,2, ..., n, this becomes

b
/ f(z)dz ~ %[fo +A4fipt2fi+ .t 2 a1+ A 1o + ful- (10.6)

Since it was shown, using (10.3) and (10.4), that the error in Simpson’s rule for the interval
[a,b] is O((b — a)®), it follows that the error over each subinterval in the composite Simpson’s rule
is O(h®) and hence the total error is O(h*).

Example. Using the composite Simpson’s rule to approximate f02 e~ dz, and letting S;, denote
the composite Simpson’s rule approximation with spacing h, we obtain the following results:

h Sy | error
1.0000 | .88181243 | 2.7e-4
0.5000 | .88206551 | 1.6e-5
0.2500 | .88208040 | 9.9e-7
0.1250 | .88208133 | 6.2e-8
0.0625 | .88208139 | 3.9¢-9

Note that the error is reduced by about a factor of 16, each time h is cut in half.

The following table summarizes the formulas and error terms in the basic and composite trape-
zoid rule and Simpson’s rule, using a uniform mesh spacing h = (b — a)/n:
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Method Approximation to [ : f(z)dx ‘ Error

Trapezoid rule 22 (@) + f(0)] —13(0—a)?f"(n), 1 € [a,}]
Simpson’s rule b2 [f(a) +4f (%2) + F(B)] a5 (b — @) F(€), € € [a, b]
Composite trapezoid rule %[fo +2f1 4.+ 2fn1+ ] O(h?)
Composite Simpson’s rule %[fo +4f1p+2f1+ -+ 2fn1 +4fp_1y2 + ful O(h*)

10.3 Gaussian Quadrature

Suppose we wish to approximate f;’ f(z)dz by a sum of the form

> Aif ().
i=0

We have seen how, once the z;’s are fixed, we can choose the A;’s so that this formula integrates all
polynomials of degree n or less exactly. Suppose we are also free to choose the nodes z;. How can
one choose both the A4;’s and the x;’s to make this formula exact for as high degree polynomials as
possible? A formula in which the A;’s and z;’s are chosen in this way is called a Gauss quadrature
formula. These methods were developed by Gauss in a communication to the Gottingen Society of
1816 in which Gauss began by re-proving the Cotes formulas.

Let us start by considering the case n = 0. Here we use the approximation

b
[ #)dz ~ Af (o).
a
In order that this formula be exact for constants, it must be the case that
b
/ lde =b—a=A4y=> Ag=b—a.
a
In order that the formula be exact for polynomials of degree 1 as well, it must be the case that

b 2 _ 2
/:vd:vzb a :(b—a)x0=>:v0:a+b.
. 2 2

Choosing Ay and zg in this way, the formula will not be exact for polynomials of degree 2, since

b 3 3 2
/dexszayé(b—a)(a;_b) .

Thus the 1-point Gauss quadrature formula,

[ rwa=o-ar (5.

is exact for polynomials of degree 1 or less, but not for higher degree polynomials.
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If we try the same approach for n = 1, we quickly become stuck. For n = 1, we use an
approximation of the form

b
/ f(z)dz = Ao f(zo0) + A1f(71)-

The requirements are:

b
/lda::b—a = Ay+Ai=b—-a

b b2 2 b2 2
/ rdxr = a4 = Apzg+ Az = a
a 2 2

b 3 3 3 3
b — b° —

/xdez a4 = on%—I—Alez a4

a 3 3

It is difficult to know whether this system of nonlinear equations has a solution, or how many, if
any, additional equations can be added.

We will see that an (n + 1)-point Gauss quadrature formula is exact for polynomials of degree
2n + 1 or less. The approach that we take is quite different from that above, however.

10.3.1 Orthogonal Polynomials

Definition. Two polynomials p and ¢ are said to be orthogonal on the interval [a, b] if

b
(p,q) = / p(z)q(x) dz = 0.

They are said to be orthonormal if, in addition, (p,p) = (¢g,q) = 1.

From the linearly independent polynomials 1, =, 2%, ..., one can construct an orthonormal set
q0, 91, 92, ---, using the Gram-Schmidt algorithm (just as was done for vectors in Section 7.6.2):

Set go = 1/[f’12dz]'> = 1/vb—a. For j = 1,2,...,
Set §;(z) = vg;j—1(2)~ 10 (2gj-1(2), ¢i(2))gi(z), where (zgj_1(z), ¢;(z)) = [0 2¢j_1(z)qi(z) da.
Set g;(z) = G;(z)/1g;(z)|l, where ||G;(z)]| = [[7(g;(2))? dz]'/2.

Note that since g;_1 is orthogonal to all polynomials of degree j — 2 or less, (zg;—1(x), gi(z)) =
(gj—1(z),zqi(z)) =0, if i < j — 3. Thus the formula for §; can be replaced by

gj(z) = 2gj-1(2) — (zqj-1(2), ¢j-1(2))gj-1(z) — (zqj-1(2), gj—2(z))gj—2(2),
and the orthonormal polynomials satisfy a three-term recurrence; i.e., g; is obtained from g; 1 and

qj—2-
The following theorem shows the relation between orthogonal polynomials and Gauss quadra-
ture formulas.
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Theorem 10.3.1. If zg,z1,...,z, are the zeros of q,11(x), the (n + 1)st orthogonal polynomial
on [a,b], then the formula

b n
JECEED e (10.7)
a i=0

where
b n
_ . ) — T —Zj
A; = /a vi(z)dz, ¢i(z) = jli[o 5 —a;’ (10.8)
J#i

1s exact for polynomials of degree 2n + 1 or less.

Proof. Suppose f is a polynomial of degree 2n + 1 or less. If we divide f by ¢n+1, using ordinary
long division for polynomials, then the result will be a polynomial p,, of degree n and a remainder
term 7, of degree n; that is, we can write f in the form f = qny1pn + rn for certain nth degree
polynomials p, and r,. Then f(z;) = r(z;), i =0,1,...,n, since g,+1(x;) = 0. Integrating f, we
find

/abf(w) dz = /ab Gn+1(2)pn(z) dz + /ab Tn(7) dz = /ab T () dz,

since ¢p+1 is orthogonal to polynomials of degree n or less.
By the choice of the A;’s, it follows that formula (10.7) is exact for polynomials of degree n or

less. Hence , , . .
/ f(z)dx = / rn(x) dz = ZAirn(avi) = ZA,f(x,)
a a i=0 i=0

Example. Let [a,b] = [—1,1], and find the Gauss quadrature formula for n = 1.
We are looking for a formula of the form

1
/ @) o dof (o) + Arf (2),

which, according to the theorem, must be exact for polynomials of degree 3 or less.

We start by constructing orthogonal polynomials gy, ¢1, g2 on [—1,1]. (These polynomials are
called Legendre polynomials.) The roots of ¢o will be the nodes zy and z;. Note that we do not
need to normalize these polynomials; their roots will be the same regardless of normalization. We
need only use the correct formulas for orthogonalizing, when the polynomials are not normalized.
When doing things by hand, the algebra is often easier without normalization. Thus, let gy = 1.

Then
filxdx
1 l=z-"7—0-
<a ) filld!L‘
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and

Go(z) = 2°— w1 -1 - .2) -z
9 f_lledx fi1m3dx
= 1" —— 1= ‘T
[, 1ldz [ 2%da
1
— 2 _ -
= -3

The roots of ¢, are :t%.
Thus our formula will have the form

[ () a1(5)

We can use the method of undetermined coefficients to find Ay and Ay:

1 1 1 1
ldx =2 = Ag + Ay, / zdr=0=A (——)—i—A (—)@
/_1 0 ' -1 0 V3 ' V3
Ag= A =1.

Although the coefficients Ay and A; were determined by forcing the formula to be exact only for
polynomials of degree 0 and 1, we know, because of the way the nodes were chosen, that the formula
will actually be exact for polynomials of degree 3 or less. To check this, we note that:

[e=5 = () + ()
1 3 3
[#e=0 = (5) ()

[ o () ()

One can also discuss weighted orthogonal polynomsials. Given a nonnegative weight function w
on an interval [a, b], one can define the weighted inner product of two polynomials p and g to be

b
(P, Qw E/ p(z)q(z)w(z) dz.

The polynomials p and ¢ are said to be orthogonal with respect to the weight function w, or
w-orthogonal, if (p, q), = 0.

Suppose one wishes to approximate [ ; f(z)w(z) dz. Then the roots of the (n+1)st w-orthogonal
polynomial can be used as nodes in an (n+ 1)-point weighted Gauss quadrature formula that will be
exact for polynomials of degree 2n + 1 or less, just as was shown previously for the case w(z) = 1:
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Theorem 10.3.2. If w is a nonnegative weight function on [a,b] and if zg,z1,...,z, are the zeros
of the (n + 1)st w-orthogonal polynomial on [a,b], then the formula

b n
[ 1@ s~y Az, (10.9)
a 1=0
where , "
a= [Com@dn, g =T[ =2, (10.10)
o

is exact for polynomials of degree 2n + 1 or less.

Example. Let [a,b] = [—1,1], and find the weighted Gauss quadrature formula for n = 1, with
weight function w(z) = (1 — z2)~1/2,
We are looking for a formula of the form

/ F(@w(z) de ~ Aof (v0) + A1 f(21),

which, according to the theorem, must be exact for polynomials of degree 3 or less.
We start by constructing w-orthogonal polynomials ¢y, i1, o on [—1,1]. (These polynomials
are called Chebyshev polynomials.) The roots of §o will be the nodes zy and z1. Let §o = 1. Then

1 _ 2y—1/2
. (z,1)y S z(1—2?) dz
T)=1x— l=z— -1l =1z,
&) (T, 1) Q=) d
and
2 2
~ _ 2_(.’13,1),1,. _<-’Eax)w_
B@(z) = @ (1, 1) ! <x ) *
9 f 1T I/de . f 1T I/de
= €T .
f_ll(l ) 1/2d:v f 1:32 1—£E2) V2 dg
2 /2,0 ]
B s /2 T T

The roots of g, are :ti2
Thus our formula will have the form

[ sirens () 1)

We can use the method of undetermined coefficients to find Ay and A1:

1 1 1 1
1—2?) Y2de =7 = A+ A, / 1-2%)Y2de=0=A (——)+A <—>:>
[ 0=t Pl nmtgr s, [ a(-a e =0 = do () + 4 (5

232



™
A():Al:E.

Although the coefficients Ay and A; were determined by forcing the formula to be exact only for
polynomials of degree 0 and 1, we know, because of the way the nodes were chosen, that the formula
will actually be exact for polynomials of degree 3 or less. To check this, we note that:

[oramarmat = 5(5) <3 (%)
[z = 5(15) +5 ()
4 4

() w2 () =i

IR TR

1
/ 11,'4(1 o 1_2)—1/2 dr = ?’?”T 7&

-1

10.4 Romberg Integration

The idea of Richardson extrapolation described in the previous chapter can be applied to the
approximation of integrals, as well as derivatives. Consider again the composite trapezoid rule
(10.5). The error in this approximation is O(h?); that is, it is of the form Ch? plus higher powers
of h. We will show later that if f € C'°°, then the error term consists only of even powers of h, and

thus

b
/ f(x) dr = g[fo +2fi+...+2fn +fn] +Ch2 +O(h4)'

Define Ty, = &[fo+2f1+...42fu_1+ fn], and consider the two approximations 7}, and T} /2- Since
the error term for T}/, is C(h/2)? + O(h*), that is,

b
/ f(z)dz = %[fo +2fip+2fi+ .+ 2fn1+2fp 12+ fal + %hZ +0(n%),

we can eliminate the O(h?) error term by forming the combination T,S)Q = (4/3)Th/2 — (1/3)Th.
Thus

/abf(:v) dr = 3Ty~ 3T+ O
= g[fo+2f1/2+2f1+...+2fn,1+2fn,1/2+fn]—
Blfo+2fu o+ 2f 1+ Sl + O(RY
= %[fo+4f1/2+2f1+...+2fn,1+4fn_1/2+fn]+0(h4).

Note that this is the composite Simpson’s rule (10.6). Thus the composite trapezoid rule, with one
step of Richardson extrapolation, gives the composite Simpson’s rule.
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As noted in Chapter 9, this process can be repeated to obtain even higher order accuracy.
Since the error in the composite trapezoid rule consists of only even powers of h, each step of
Richardson extrapolation increases the order of the error by 2. Using the trapezoid rule with
repeated application of Richardson extrapolation is called Romberg integration. Figure 10.1 shows
a MATLAB routine for Romberg integration. It estimates the error and adjusts the number of
subintervals to achieve a desired error tolerance.

This code requires fewer function evaluations to achieve a high level of accuracy for a very
smooth function f than the standard composite trapezoid or Simpson’s rule algorithms. Because it
forms approximations with different values of h and different levels of extrapolation, the difference
between these approximations provides a reasonable estimate of the error.

Example. Using the Romberg integration routine of Figure 10.1 to approximate f02 e~*" dz, and
setting tol=1.e-9, we obtain the approximation .88208139076230, for which the error is about
1.2e — 13. Because the error estimate is somewhat pessimistic, the routine often obtains more
accuracy than is requested. The routine used 65 function evaluations. This is about the same
number of function evaluations required by composite Simpson’s rule with A = .0625, where the
error was 3.9e — 9.

10.5 Periodic Functions and the Euler-Maclaurin Formula

It turns out that for certain functions the composite trapezoid rule is far more accurate than
the O(h?) error estimate derived in Section 10.2 would suggest. This is established by the Euler-
Maclaurin formula, proved independently by Leonhard Euler and Colin Maclaurin in 1735. Despite
the fact that this result is quite old, many a numerical analyst today has been amazed to observe
the level of accuracy achieved when using the composite trapezoid rule with equally spaced nodes
for integrating periodic functions.

Let us further examine the error in the composite trapezoid rule:

b i - T Ti_1
/ f(x)da::Z f(m)dsz(xi—xi_l)f( i +2f( : )

n
i=1 Y Ti-1 i=1

Expanding f(x) in Taylor series about z;_; and z;, we find

T —zi_1)? z—zi_1)% ,,
F@) = S+ @ a) ) + E g ) EB
r — T;— 4
: n D 40 ) 4.
_ ) NI (:L‘—:Ei)Q my ($_$i)3 my, . ($_$i)4 4.,
f(z) = f(@i)+ (@ —z)f'(z:) + (i) + (i) + 1 [P () + ...

2! 3!

Add one half times the first equation and one half times the second equation and integrate from
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function [q,cnt] = romberg(a, b, tol)

% Approximates the integral from a to b of f(x)dx to absolute tolerance
% tol by using the trapezoid rule with repeated Richardson extrapolation.
% Returns number of function evaluations in cnt.

% Make first estimate using one interval.

n=1; h = b-a;

fv = [f(a); f(b)];

est(1,1) = .5xh*x(fv(1)+fv(2));

cnt = 2; % Count no. of function evaluations.

% Keep doubling the number of subintervals until desired tolerance is
% achieved or max no. of subintervals (2710 = 1024) is reached.

err = 100*abs(tol); k = 0; % Initialize err to something > tol.
while err > tol & k < 10,
k =k+1; n = 2%n; h = h/2;

fvnew = zeros(n+1,1); % Store computed values of f to reuse

fvnew(1:2:n+1) = fv(1:n/2+1); % when h is cut in half.

for i=2:2:n, % Compute f at midpoints of previous intervals
fvnew(i) = f(a+(i-1)*h);

end;

==

cnt = cnt + (n/2);
fv = fvnew;

s Update no. of function evaluations.

trap = .5*x(fv(1)+fv(n+l)); % Use trapezoidal rule with new h value
for i=2:m, % to estimate integral.
trap = trap + fv(i);
end;
est(k+1,1) = h*trap; % Store new estimate in first column of tableau.
% Perform Richardson extrapolations.
for j=2:k+1,

est(k+1,j) = ((47(j-1))*est(k+1,j-1) - est(k,j-1))/(4"(j-1)-1);
end;
q = est(k+1,k+1);

% Estimate error.
err = max([abs(q - est(k,k)); abs(g-est(k+1,k))]1);
end;

Figure 10.1: MATLAB code for Romberg integration
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T;_1 to z; to obtain

%i f(.’L') dr = (-’Ez _ -'Ez—l)f(wi) +2f($z—1) + (xZ _4'IL‘Z1) (fl(wz—l) _ f (xz)) +
(zi -771'—1)3 (F"(zie1) + f"(2)) + (zi — -771'—1)4 (F"( ) — f"(z)) +
712 Ti—1 Z; 748 Ti—1 Z;

(z; — zi1)®

240 (F P (@iz1) + (@) + ...

Now assume that h = x; — z;_1 1s constant and sum from 7 = 1 to n:
b h h2
/ flz)dz = —[fo +2f1 4o 2+ fa] + [ (0) - F1O)] +
a

[ H2f] e 2f ] [f'”( )= "]+
h5

Slfe” + 2! +...+2fn,1+f7$4]+---- (10.11)

Note that the error term (h%/12)[f) +2f]'+...+2f"_,+ /] is the composite trapezoid rule approx-
imation to (h?/6) fa f"(z)dz = (h?/6)[f'(b) — f'(a)] and similarly, the error term (h5/240)[f(§4)
2f1(4) +...+ 2f,(L4,)1 + f'r(),4)] is the composite trapezoid rule approximation to (h*/120) fab fO(z)de =
(h*/120)[f"(b) — f"(a)]- Using (10.11) with f replaced by f”, we find

b h h2
[ r@de = SR 2 B @ - )+
h3
Sl 2 o 2f 4 0+ o).

Thus the error term (h3/12)[fY + 2 + ...+ 2f" | + f¥] can be written as

3 2 4
MU sl v ol g = h—[f’(b)—f’(a)]—;‘—4

[f"(a) = f"(b)] -
[f(‘*) +of® 2t 4 9+ o).
Making this substitution in (10.11) gives

b h h2
[ @ - —[fo+2f1+---+2fnf1+fn]—ﬁ[f'(b)—f’(a)]+

D) 1@~ Tl 2 e 2f, g0+

Continuing in this way, we obtain the Fuler-Maclaurin summation formula given in the following
theorem:
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Theorem 10.5.1 (Euler-Maclaurin Theorem). If f € C?*[a,b] and T}, is the composite trape-
zoid rule approzimation (10.5) to fabf(x) dx, then

b 2 4 6
T [ 1@ = L0 - F@)- gy oS [FO0) — O a)] .

+(_1)n—2 bon—2 h2n—2[f(2n—1)(b)_f(2n—1)(a)]+

[F®®) - £ () +

(2n — 2)!
(—1)"—1%#"#2") ©), ¢&¢€la,b. (10.12)

The numbers (—1)7"'by; in this formula are called Bernoulli numbers.

This formula shows that the error terms in the trapezoid rule are all even powers of h, as stated
in the previous section. But it shows even more. Suppose that the function f is periodic with
period b — a or (b — a)/m for some positive integer m. Then f(b) = f(a), f'(b) = f'(a), etc.
Thus all of the terms in (10.12) except the last are zero. Moreover, if f is infinitely differentiable,
then n in (10.12) can be taken to be arbitrarily large. This means that the error in the trapezoid
rule, using equally spaced nodes, decreases faster than any power of h. Such a convergence rate is
said to be superalgebraic. Hence for periodic functions, when the integral is taken over an integer
multiple of the period, the trapezoid rule is eztremely accurate. When implemented on a computer
or calculator using finite precision arithmetic, it usually attains the machine precision with just a
moderate number of nodes.

Example. Compute f027r exp(sinz) dz using the composite trapezoid rule with equally spaced
nodes.

Since this function is periodic with period 27, we expect extremely good answers using only
a small number of subintervals. The following table shows the results. With 16 subintervals
(h = 7/8), essentially the machine precision has been reached. In exact arithmetic, the addition of
more nodes would continue to reduce the error dramatically, but we have reached the limits of the
computer’s arithmetic.

h Th error

s 6.28318530717959 | 1.7e+400
w/2 | 7.98932343982204 | 3.4e-02
w/4 | 7.95492777270178 | 1.3e-06
m/8 | 7.95492652101285 | 5.3e-15
/16 | 7.95492652101284
/32 | 7.95492652101284
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Example. Compute f11+47r exp(sinz) dz using the composite trapezoid rule with equally spaced
nodes.

Note that it does not matter where the integral starts, as long as it extends over a region whose
length is an integer multiple of the period. Thus we again expect extremely accurate answers using
a modest number of subintervals. The following table shows the results. With 32 subintervals
(h = m/8), the machine precision has been reached.

h Ty error
T 17.28411774036522 | 1.4e+00
m/2 | 15.86488766100667 | 4.5e-02
/4 | 15.90985267778412 | 3.6e-07
m/8 | 15.90985304202569
/16 | 15.90985304202569

For comparison purposes, using the composite trapezoid rule with subinterval sizes distributed
randomly between 7 /16 and 7 /8, the error was about 3.5e — 3. The Euler-Maclaurin formula holds
only for equal size subintervals; when they are unequal the error is again O(h?), where h is the
largest subinterval width.

10.6 Singularities

We have discussed some very powerful integration formulas for smooth functions. Suppose that the
integrand f is not so smooth; perhaps it approaches +o0o0 at one of the endpoints of the interval,
while the integral remains finite. Or perhaps the integral that we wish to compute has one or both
endpoints equal to +oo.

In the simple case where f has a finite jump discontinuity inside the interval of integration,
most of the error estimates presented previously will fail because they assumed that f and some of
its derivatives were continuous. If we know the point of discontinuity, say c, however, then we can
break the integral into two pieces:

/abf(x)dac:/acf(w)d:v-l—/cbf(x)dw. (10.13)

Provided f is smooth in each piece, we can apply the analysis of the previous sections to quadrature
rules used for each piece separately.

Suppose f becomes infinite as £ — a, the lower limit of integration. The upper limit can be
treated similarly, and if f has a singularity within the interval of integration, it can be treated as an
endpoint by dividing the interval into pieces, as in (10.13). Specifically, suppose that the integral
has the form

/b%d@ 0<6<1, (10.14)

where ¢ has sufficiently many continuous derivatives on [a, b] in order for the previous analysis to
be applicable to g. It can be shown that for fairly general functions g (i.e., ones with g(a) # 0), the
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integral in (10.14) is finite even though the integrand may approach oo at = a. There are several
approaches that one might take to approximate such an integral. One is to divide the integral into

two pieces:
a+90 b
) gy [0 2t
——dx + ————d.
/a @=af " s @—a? ™

The second integral can be approximated using any of the standard techniques, since the integrand
is smooth and its derivatives bounded on this interval. To approximate the first integral, one might
first expand g in a Taylor series about a:

(z —a)?

5 g'(a)+....

g(z) = g(a) + (z — a)g'(a) +

Then the first integral becomes

/aa+6 [% +g(a)(o — a)1_9 n g"(a) (z — a)2—0 4., ] dx =

r—a 2
— 4 _g0+0 _pa+o
(z-a) 0", (z—a)*’ g"(a) (z—a)®
g(a) =6 |, +4'(a) 20 |, + 5 5= |, +...=
51—0 5270 g"(a) 53_0

g(a)1_9+g'(a)2_9+ 5 3_0—I—....

This sum can be terminated at an appropriate point and used as an approximation to the first
integral.

Suppose that the integrand f is smooth but the upper endpoint of integration is infinite. One
can again break the integral into two pieces:

[Ciwa= [ s@as [T wa

for some large number R. If R is sufficiently large, it may be possible, by analytical means, to show
that the second integral is negligible. Another possible approach is to make a change of variable
¢ = 1/z in the second integral, so that it becomes

/R
/0 F(L/€)E 2 de.

If £(1/€)¢~2 approaches a finite limit as £ — 0, then this limit can be used in standard quadrature
formulas to approximate this integral. If f(1/£)¢~2 becomes infinite as & — 0, then the integral
might be handled as above, by finding a value 6 € (0,1) such that f(1/£)¢~2 behaves like g(¢)/&?
as £ — 0, where g is smooth.

Devising quadrature formulas for functions with singularities remains a topic of current research.
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Exercises

1. Derive the Newton-Cotes formula for fol f(z) dz using the nodes 0, %, %, and 1.

2. Find the formula of the form

1
/0 f(z)dz =~ Apf(0) + ALf(1)

that is exact for all functions of the form f(z) = ae®+bcos(mz/2), where a and b are constants.

3. Consider the integration formula,

1
/_ fa)da ~ (@) + f(-a).

(a) For what value(s) of «, if any, will this formula be exact for all polynomials of degree 1
or less?

(b) For what value(s) of «, if any, will this formula be exact for all polynomials of degree 3
or less?

(¢) For what value(s) of a, if any, will this formula be exact for all polynomials of the form
a + bz + ca® + dz*, where a, b, ¢, and d are constants?

4. Find a formula of the form

1
/0 zf(z)dr = Ao f(zo) + A1f(z1),

that is exact for all polynomials of degree 3 or less.

5. Consider the composite midpoint rule for approximating an integral:

b n L
/a f(x)dzx zh;f (%)

where h = (b—a)/n and z; =a +ih, i1 =0,1,...,n.

(a) Draw a graph to show geometrically what area is being computed by this formula.
(b) Show that this formula is exact if f is either constant or linear in each subinterval.

(c) Assuming that f € C?[a,b], show that the midpoint rule is second order accurate; that
is, the error is less than or equal to a constant times h2. To do this, you will first need to
show that the error in each subinterval is of order k3. To see this, expand f in a Taylor
series about the midpoint ;g = (z; + z;—1)/2 of the subinterval:

2
T — Tmid
f(@) = f(@mia) + (& — Tmia) ' (Tmia) + %Jc"(f)a £ € [zi—1,zi],
By integrating each term, show that the difference between the true value fﬂil—l f(z)dz

and the approximation Af(z,,4) is of order h%. Finally, combine the results from all
subintervals to show that the total error is of order h2.
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6. Write a MATLAB code to approximate

1
/ cos(z?) dz
0

using the composite trapezoidal rule and one to approximate the integral using the composite
Simpson’s rule, with equally spaced nodes. The number of intervals n = 1/h should be an
input to each code. Turn in listings of your codes.

Do a convergence study to verify the second order accuracy of the composite trapezoidal rule
and the fourth order accuracy of the composite Simpson’s rule. You can determine the error
in your computed integral by comparing your results with those of MATLAB routine quad.
To learn about routine quad, type help quad in MATLAB. When you run quad, ask for a
high level of accuracy, say,

q = quad(’cos(x.72)’,0,1,[1.e-12 1.e-12]),

where the last argument [1.e-12 1.e-12] indicates that you want an answer that is accurate
to 1072 in both a relative and an absolute sense. (Note that when you use routine quad you
must define a function, either inline or in a separate file, that evaluates the integrand cos(z?)
at a vector of values of z; hence you need to write cos(x.~2), instead of cos(x~2).)

7. Download routine romberg.m from my website:

http://www.math.washington.edu/ greenbau/Math_465/page.html

and use it to compute fol cos(x?) dz, using an error tolerance of 10712, (To use romberg
you will need to call your function f and have it defined in a separate file f.m or as an
inline function.) Have it return the number of function evaluations required by typing
[q,cnt] = romberg(0,1,1.e-12). The output argument cnt will contain the number of
function evaluations required. Based on the results obtained in the previous exercise, esti-
mate how many function evaluations would be required by the composite trapezoidal rule to

reach an error of 107!2. Explain why the difference is so large.
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Chapter 11

Numerical Solution of the Initial
Value Problem for Ordinary
Differential Equations

In this chapter we study problems of the form

y'(t) = ft,y(t), t>to,

y(to) = Yo, (11.1)

where the independent variable ¢ usually represents time, y = y(¢) is the unknown function that we
seek, and g is a given initial value. This is called an initial value problem (IVP) for the ordinary
differential equation (ODE) ¢/ = f(t,y). (Sometimes the differential equation holds for ¢ < #; or for
t in some interval about #y. Such problems are still referred to as initial value problems.) For now,
we will assume that y is a scalar-valued function of £. We will later consider systems of ODE’s. We
start with some examples.

Example 1. The rate of growth of a population with no external limits is proportional to the
size of the population. If y(¢) represents the population at time ¢, then 3y’ = ky for some positive
constant k. We can solve this equation analytically: y(t) = Ce** for some constant C. Knowing
the initial size of the population, say, y(0) = 100, we can determine C; in this case C = 100. Thus
a population with no external limits grows exponentially (but such populations do not exist for
long before food, space, etc. begin to impose limits).
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Example 2. Hooke’s law says that the acceleration of an object on a spring is proportional to
the distance of the object from equilibrium. If y(t) represents the distance from equilibrium at
time ¢, this can be written as y” = —ky, where k > 0 is the spring constant and the negative sign
means that the acceleration is back toward the equilibrium point. This equation has solutions of
the form y(t) = Cy sin(vkt) + Co cos(v/kt) for certain constants C; and Cs. Tt is easy to check by
differentiating that these are indeed solutions. To specify a unique solution, however, we will need
more than one initial value.

This second order differential equation (involving a second derivative) can be written as a system
of two first order equations. Letting z = 3/, we have the system:

!
y =z Yy B 0 1 y
L (1) =(Sa) ()

We need initial values for both y and z (i.e., we need to know the initial displacement and speed
of the object) in order to determine a unique solution.

Note that if, instead of being given nitial values, we were given some sort of boundary values
for this problem, questions of existence and uniqueness of solutions would become more difficult.
For example, suppose we were given y(0) = 0 and y(7). Solutions with y(0) = 0 are of the form
(4 sin(t), and hence have value 0 at ¢ = w. Thus the boundary value problem has infinitely many
solutions if the given value is y(m) = 0 and it has no solutions if y(7) # 0.

Example 3. In general, it is difficult to find a formula for the solution of a differential equation,
and often analytic formulas do not exist. Consider, for example, the Lotka- Volterra predator-prey
equations. Letting F'(t) denote the number of foxes (predator) at time ¢ and R(¢) the number of
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rabbits (prey) at time ¢, these equations have the form

R = (a«-BF)R
FI = (fYR_(S)Fa

where a, (3, v, and § are positive constants. The reasoning behind these equations is that the
rate of growth of the rabbit population increases with the number of rabbits but decreases with the
number of foxes who eat rabbits; the rate of growth of the fox population decreases with the number
of foxes because food becomes scarce, but it increases with increasing food supply in the form of
rabbits. These equations cannot be solved analytically, but given initial values for F' and R, their
solution can be approximated numerically. For a demonstration, type lotkademo in MATLAB.
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11.1 Existence and Uniqueness of Solutions

Before we attempt to solve an initial value problem numerically, we must consider the question of
whether or not a solution exists and, if so, whether it is the only solution. Sometimes solutions of
an initial value problem exist only locally, as the following example illustrates.

y' =y - tan(t)
y(0) = 1.

The solution is y(t) = sec(t), but the secant becomes infinite when ¢ = +7/2, so the solution is
valid only for —7/2 <t < /2. As another example, consider the initial value problem

Y =12
y(0) =1.

You can check that the solution is y(t) = 1/(1 —t), t € [0,1), but this becomes infinite at ¢t = 1, so
no solution exists beyond that point.

The following theorem gives sufficient conditions for an initial value problem to have a solution
locally:
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Theorem 11.1.1. If f is continuous in a rectangle R centered at (ty,yo):

R= {(tay) : |t - t0| < «, |y - y0| < ﬁ}’ (112)

then the IVP (11.1) has a solution y(t) for |t — to| < min(a, B/M), where M = maxg |f(t,y)|.

Even when a solution exists, it may not be unique, as the following example shows:

y =y?
y(0) =0.

One solution is y(¢) = 0 and another is y(t) = 5t3.

The following theorem gives sufficient conditions for local existence and uniqueness:

Theorem 11.1.2. If f and 0f /0y are continuous in the rectangle R in (11.2), then the IVP (11.1)
has a unique solution y(t) for |t —to| < min(a, /M), where M = maxpg |f(t,y)|.

Note that in the example of nonuniqueness, f(t,y) = y*/3, so that 8f/dy = (2/3)y~"/3, which is
not continuous in any interval about y = 0.
Finally, we state a theorem guaranteeing global existence and uniqueness of solutions:

Theorem 11.1.3. Assume that to lies in the interval [a,b]. If f is continuous in the strip a <t < b,
—o0 < y < 00, and uniformly Lipschitz continuous in y — i.e., there exists a number L such that
for all y1, ya, and t € [a,b],

|t y2) — f(,y1)| < Llyz — v (11.3)
— then the IVP (11.1) has a unique solution in [a,b].

Note that if f is differentiable with respect to y, then f satisfies the Lipschitz condition in the
theorem if and only if there exists a constant L such that for all y and t € [a,b], |0f/0y(t,y)| < L.
This follows from Taylor’s theorem since

F(ty2) = £ty 92) + (v — y1>g—£(t,f),

for some ¢ between y; and y». Hence

|f(t,y2) — f(t,y1)| < max

AP
Ay Y2 — Y-

This theorem is stated for a single ordinary differential equation, but it holds for systems as
well. Just take y in the theorem to be a vector and replace the absolute value signs | - | by any

vector norm, e.g., the Euclidean norm |[|vls = /3=, [v;]? or the co-norm [|v|| = max; |v;].

245



In addition to existence and uniqueness of solutions, we need to know that the problem is
well-posed, meaning that the solution depends continuously on the initial data. More specifically,
if we expect to compute a good approximate solution numerically, then it should be the case that
“small” changes in the initial data lead to correspondingly “small” changes in the solution, since
initial values will, inevitably, be rounded. [Compare this to the conditioning of a system of linear
algebraic equations.]

Theorem 11.1.4. Suppose y(t) and z(t) satisfy

y,:f(tay) Z,:f(taz)
y(to) =90  z(to) =20 =90+ do ,

where f satisfies the hypotheses of Theorem 11.1.3, and ty € [a,b]. Then for any t € [a, ],
|2(t) — y(t)] < e(10) - |5 (11.4)

Proof. Integrating the differential equations, we find

t

y(t) = yo+ t f(s,y(s))ds

t
z(t) = z+ t f(s,z(s))ds.

Subtracting these two equations gives
t

2(t) — y(t) = 6o + / (F(s,2()) — £(s,9(s))) ds.

to
Now take absolute values on each side and use the Lipschitz condition to find

t

|2(t) — y(t)] < [do] + L t |2(s) — y(s)| ds.

Define ®(t) = fti |z(s) — y(s)|ds. Then ®'(t) = |z(t) — y(t)|, and the above inequality becomes
®'(t) < LO(t) + |do|, ®(to) = 0. (11.5)

If the differential inequality in (11.5) were an equality, the solution to this initial value problem
would be |
0l L(t—to)
— (e —1).
2 )
Because it is an inequality, it can be shown that ®(¢) is less than or equal to this expression

(Gronwall’s inequality). Hence using (11.5) we have

(1) = |2(t) — y(t)] < LB(t) + |do| < |g|ePF10),
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11.2 Omne-Step Methods

Assuming that the initial value problem (11.1) is well-posed, we will approximate its solution at
time T by dividing the interval [tg, T"] into small subintervals and replacing the time derivative over
each subinterval by a finite difference quotient, of the sort discussed in Chapter 9. This will result
in a system of algebraic equations involving the values of the approximate solution at the endpoints
of the subintervals.

Let the endpoints of the subintervals (called nodes or mesh points) be denoted tg,t1,...,,tN,
where ¢y = T', and let the approximate solution at time ¢; be denoted as y;. A one-step method is
one in which the approximate solution at time ¢;,; is determined from that at time ¢;. Multistep
methods, which will be discussed in the next section, use approximate solution values at earlier
time steps tx_1,%x_2, ..., as well, in the calculation of y;;. We will assume for simplicity that the
subinterval width h = tg1 — t is uniform for all k. We will also assume that the solution y(t¢) has
as many continuous derivatives as are needed in order to analyze the accuracy of the method using
Taylor’s theorem.

11.2.1 Euler’s Method

Starting with yo = y(to), Euler’s method sets

Yk+1 :yk+hf(tkayk)7 k :071a"" (116)

According to Taylor’s theorem, the true solution satisfies

W) = 0(t) + /(8 + /(60 = (0 + A (B (8) + /(). & € bl (117)

so Euler’s method is obtained by dropping the O(h?) term in this formula.

If one plots the solutions to the ODE y' = f(¢,y) corresponding to different initial values
y(to), then Euler’s method can be thought of as moving from one solution curve to another, along
the tangent line to the curve, at each time step, as pictured below. Hence the accuracy of the
approximation will certainly be tied to the well-posedness of the initial value problem.

8 T

7k

6

and Euler approximation

curves

Solution
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Example. Consider the initial value problem

whose solution is y(¢) = e!. This problem is well-posed, since f(t,) =y and 0f /0y = 1. Starting
with yo = 1, Euler’s method sets

Yke1 =Yk +hyr = L+ h)yg, k=0,1,....

If h=t/n, then y, = (1+h)" = (1 +t/n)" — €', as n — oco.

Example. If Euler’s method is applied to the Lotka-Volterra predator-prey system in Example 3
at the beginning of this chapter, then

Riy1 = R+ h(a— BF;)Ry
Fyy1 = Fp+h(yRy — 0)Fy.

If we define the vector y = (R, F)T and the vector-valued function f(¢,y) = ((« — BF)R, (YR —
§)F)T | then Euler’s method again has the form

Yit+1 = Yk + hE(tr, yi).

To analyze the accuracy of a method, we will discuss local and global errors. The local truncation
error is defined roughly as the amount by which the true solution fails to satisfy the difference
equations. But with this definition, one must be careful about the form in which the difference
equations are written. The approximation to y'(tx) in Euler’s method is (yxt+1 — yx)/h, and the
difference equations could be written in the form

Ye+1 — Yk

h = f(tk, yk)-

Substituting the true solution y(¢;) for y; everywhere in this formula, we find, using (11.7), that

W) ~ylts) _

; (b, (14)) + 59" (),

2

so the local truncation error in Euler’s method is O(h), and the method is said to be first-order.
[Unfortunately, the definition of local truncation error is inconsistent in the literature. Some sources
describe the local error in Euler’s method as O(h?) since the first neglected term in the Taylor series
is O(h?). We will always use the definition that the local truncation error is the amount by which
the true solution fails to satisfy the difference equations, when these equations are written in a form
where the left-hand side approzimates the derivative y'; this is 1/h times the first neglected term in
a Taylor series expansion for y(tx11) about t.]
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For a reasonable method, one expects that the local truncation error will approach 0 as A — 0.
This holds for Fuler’s method since

tim YD Z V) i) — oy yt)).
h—0 h
A method is called consistent if the local truncation error approaches 0 as h — 0.

We will also be concerned with the global error for a method, that is, the difference between the
true solution y(t) at some mesh point ¢ and the approximate solution yg, where ¢t = ¢y + kh. The
following theorem shows that Euler’s method, applied to a well-posed problem, is convergent: As
h — 0, the maximum difference between y; and y(t;) for t; a mesh point in a fixed interval [tg, T']
approaches 0.

Theorem 11.2.1. Let y(t) be the solution to y' = f(t,y) with initial condition y(ty) = Gy, where
f(t,y) satisfies the hypotheses of Theorem 9.1.3. Let T € [a,b] be fized and let h = (T — to)/N.
Define

Yk+1 :yk‘l_h‘f(tkayk): k:O,la"'aN_]-' (118)

Assume that yo — 9o as h — 0. Then for all k such that ty, € [to, T, yx — y(tx) as h — 0 and the
convergence is uniform; i.e., maxy |y(tg) — yr| — 0.

Proof. Subtracting (11.8) from (11.7) and letting d; denote the difference y(t;) — y; gives:
h2 "
di+1 = di + h[f (b, y(t)) — (e )] + 597 (Ek)s &k € [trs thra]-
Taking absolute values on each side and using the Lipschitz condition (11.3), we can write
2 2

h h
|d41| < |dg| + hL|dg| + T M= (1+RL)|de| + =M, (11.9)

where M = maxep, 77 |y" (1)]-
At this point in the proof, we need the following lemma:

Lemma. Suppose
Ve+1 < (1+a)7k+ﬁ7 k:O’la"'a (1110)
where a > 0 and 8 > 0. Then

et —1

Yo < ena'YO + 6

Proof: Repeatedly applying inequality (11.10), we can write

n—1

m<(A+a)ma+B<(I+a) me+[(l+a)+1B<...<(1+a) "0+ [ Y (1+a)|B.
§=0
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The sum of the geometric series is

-1
RZ(Ha)J _{yof-]
i=0 “
and so we have
I+a)"-1

B.

Since (14 @)™ < e"@ for all @ > 0 (because 1 + @ < e® =1+ a + (a?/2)ef, € between 0 and «), it
follows that

Yo < (14 )"y +

et —1

Yn < ena'YO + pg. O

Continuing with the proof of the theorem and using the lemma, with @ = hL and 8 = (h?/2) M,
to bound |dg1| in (11.9) gives

elk+1AL _ 1 p

< S(k+ 1AL eFTM -1 h
ldri1| < e |do| + T 5 M,
and L)
—to) _ 1
di| < M=) gg| + "2
s Xy ] < € dol + =3 M

since kh < T — tg. Since both terms on the right-hand side approach 0 as h — 0, the theorem is
proved. O

We have proved not only that Euler’s method converges but that its global error is of the
same order, O(h), as its local truncation error. We will later give a general theorem about the
convergence and order of accuracy of one-step methods, whose proof is almost identical to that for
Euler’s method.

Before proceeding to other one-step methods, let us consider the effect of rounding errors on
Euler’s method. It was noted in Chapter 9 that roundoff can make it difficult to approximate
derivatives using finite difference quotients. Yet this is what we do in solving differential equations,
so one would expect the same sorts of difficulties here. Suppose the computed solution to the
difference equations (11.6) satisfies

Uk+1 =Gk + hf (te, J) + O, (11.11)

where d; accounts for the roundoff in computing f(#,9x), multiplying it by h, and adding the
result to Jx. Assume that maxy |0k < 6. If Jj = 9, — y; denotes the difference between the
computed approximation and the approximation that would be obtained with exact arithmetic,
then subtracting (11.6) from (11.11) gives

di+1 = di + h[f (tk Tk) — f(tks yk)] + Ok
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Taking absolute values on each side and assuming that f satisfies the Lipschitz condition (11.3),
we find . B
|dg+1| < (1 + hL)|dg| + 0.

Applying the Lemma, with o« = hL and 8 = §, we find
e(k—|—1)h,L -1
hL

L(T—to) _ 1

< L(T—t0) 7 e
6<e |do| + 57

1| < eFFIPE|dg| + g,

where dj represents the roundoff (if any) in evaluating the initial value yp. As in the discussion
in Chapter 9, we see that if h is too small then rounding errors, being proportional to 1/h will
dominate. To obtain the most accurate approximate solution, one should choose h small enough
so that the global error in Euler’s method (which is O(h)) is small, but not so small that the error

due to roundoff (which is O(1/h)) is too large.

11.2.2 Higher Order Methods Based on Taylor Series

Euler’s method was derived by dropping the O(h?) term in the Taylor series expansion (11.7). One
can derive methods with higher order local truncation error by retaining more terms in the Taylor
series.

Since y satisfies

2
y(t+h) = y(t)+hy' () + (1) + O

2
("’—f v ﬂf) (t.y(1)) + O(h%),

- y(t)+hf(tay(t))+h_2 ot dy

2

dropping the O(h3) term gives the approximate formula

R (8f O
Y+t = Y + RS (e, yp) + 5 (8—{ - 8—5 ) (tk, Yk)- (11.12)

Note that we have used the fact that since y/(t) = f(¢,y(¢)), the second derivative is
,_0r | 0fdy_0f 0f

Y "% Toyar ot oy’

Formula (11.12) is called the second order Taylor method, and the local truncation error is O(h?),
since writing the difference equations in the form

Yk+1 — Yk _ h (0f  of
— = e, yx) + 5 (6t + By (tk, ),

and substituting y(t;) for y; everywhere we find

e 2V o, ytee) + 5 (% + 5L ) ) + 00,
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While the local truncation error in this method is of higher order than that in Euler’s method,
this method requires computing partial derivatives of the right-hand side function f. Such deriva-
tives are usually difficult or costly to compute. One could use even higher order Taylor methods,
requiring even more partial derivatives of f, but because of the difficulty of evaluating these deriva-
tives, such methods are seldom used.

11.2.3 Midpoint Method

The midpoint method is defined by first taking a half-step with Euler’s method to approximate the
solution at time ¢y /o = (tk + tk41)/2, and then taking a full step using the value of f at #;, 1/
and the approximate solution y1/s:

h
Ye+1/2 = Ykt Ef(tkayk) (11.13)
Ykt1 = Yk +hf(ri1/2, Ykt1/2) (11.14)

Note that this method requires two function evaluations per step instead of one as in Euler’s
method. Hence each step will be more expensive, but the extra expense may be worth it if we are
able to use a significantly larger timestep.

To determine the local truncation error for this method, expand the true solution in a Taylor
series about ty1/9 =t + h/2:

2
M2 1 112) + O(R?)

2
(h/22) y" (teg1/2) + O(R®).

Y(thr1) = Y(rgr2) + (B/2) f(try1/2, Y(tkrrs2)) +

y(te) = yltrrie) — (R/2)f(ter1y2, Y(try1y2)) +

Subtracting these two equations gives
Y(tes1) — y(te) = hf (ber /2, Y(tpa/2)) + O(RP).
Now expanding y(ty.1/2) about t gives
Y(ter12) = y(te) + (B/2) f (b, y(tr)) + O(R?),
and making this substitution we have
Y(ter1) = y(te) = hf(tipryes y(te) + (B/2)f (te, y(te)) + O(R%) ) + O(h?)
= hf(teraje, y(te) + (h/2)f (b, y(tr)) ) + O(R?). (11.15)

Since, from (11.13) and (11.14), the approximate solution satisfies

Yer1 = Yk + B (tey1j2, Yk + (R/2) f (ks yk) ),

or, equivalently,

w = f(trr1/2, ke + (R/2)f (ks yk) ),
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and, from (11.15), the true solution satisfies

M = f(tryryzs y(te) + (/2)f(trsy(tr)) ) + O(R?),

the local truncation error in the midpoint method is O(h?); that is, the method is second order
accurate.

11.2.4 Methods Based on Quadrature Formulas

Integrating the differential equation (11.1) from ¢ to t + h gives

t+h

y(t+h) =y(t) + t f(s,y(s))ds. (11.16)

The integral on the right-hand side of this equation can be approximated with any of the quadrature
rules described in Chapter 10 to obtain an approximate solution method.
For example, using the trapezoid rule to approximate the integral,

t+h

t f(s,y(s)) ds = g[f(t, y(®) + f(t + byt + )] + O(RY),

leads to the trapezoidal method for solving the IVP (11.1),

Yk+1 = Yk + g[f(tkayk) + f ka1, Yrr1))- (11.17)

This is called an implicit method, since the new value yx11 appears on both the left and right-hand
sides of the equation. To determine yiy1, one must solve a nonlinear equation. The previous
methods that we have discussed have been explicit, meaning that the value of y at the new time
step can be computed explicitly from its value at the previous step. Since the error in the trapezoid
rule approximation to the integral is O(h?), the local truncation error for this method is O(h?).

To avoid solving the nonlinear equation in the trapezoidal method, one can use Heun’s method,
which first estimates yx41 using Euler’s method and then uses that estimate in the right-hand side
of (11.17):

Uk+1 = Yk +hf(te, yr)
Yk+1 = Ye + (B/2)[f (ko k) + f(kr 1, Tera)]-

11.2.5 Classical Fourth-Order Runge-Kutta and Runge-Kutta-Fehlberg Meth-
ods.

Heun’s method is also known as a second-order Runge-Kutta method. It can be derived as follows.
Introduce an intermediate value gk, which will serve as an approximation to y(tx + ah), for a
certain parameter a. Set

Tkta = Yk + ahf(te,yx)
Yk+1 = Yk + Bhf(tr, yx) +Yhf(te + b, Gkta), (11.18)
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where the parameters «, 8, and «y will be chosen to match as many terms as possible in the Taylor
series expansion of y(tx41) about tg.

To see how this can be done, we will need to use a multivariate Taylor series expansion. [Mul-
tivariate Taylor series expansions are derived in Appendix B, but for readers who have not seen
this material before, the following paragraph can be skipped and the statements about order of
accuracy simply taken as facts.] To determine «, 8, and -, first expand f(tx + ah,Jk+q) about

(tk> yr):

[tk +ah,Grra) = [tk + ah,y, +ahf(ty, ye))
212

= Flowow) + bl + S5+ O

[fee + 2f fry + foyy] + O(hS)a

where, unless otherwise stated, f and its derivatives (denoted here as f;, fy, etc.) are evaluated at
(tk,yx).- Making this substitution in (11.18) gives

a2'yh3

Y1 = Yk + (B + 7)hf + vl [fe + ff] + T[ftt +2f fuy + £ fyy] + O(RY). (11.19)

Now, the Taylor expansion for the true solution y(¢x11) about #j is:

2 3

Wtks) =yt + by ) + o () + oy (0) + O(hY)

2 3
= y(ty) +hf+ %[ft + ffy] + %[ftt +2f foy + fify + [P fyy + £+ O(R*)11.20)

Comparing (11.19) and (11.20), we see that by choosing «, 3, and 7 properly, we can match the
O(h) term and the O(h?) term, but not the O(h3) term. In order to do this, we need
1
B+vy=1, ay =3 (11.21)
Methods of the form (11.18) that satisfy (11.21) are called second-order Runge-Kutta methods, and
their local truncation error is O(h?). Heun’s method is of this form with @ = 1, 8 = v = 3.
One can take this idea further and introduce two intermediate values and additional parameters,
and it can be shown that by choosing the parameters properly one can achieve fourth order accuracy.
The algebra quickly becomes complicated, so we will omit the derivation.
The most common fourth order Runge-Kutta method, called the classical fourth-order Runge-

Kutta method, can be written in the following form:

a = f(teyk)
h h

@ = f(tk+§ayk+§CI1)
h h

@3 = f(te+ o Uk + EQQ)

g = [f(te+ h,yx + hq3)

h
Yet1 = Ykt E[% + 292 + 2q3 + qal.
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Note that if f does not depend on y, then this corresponds to Simpson’s rule for quadrature:

t+h

vt —y(®) = [ F6)dsm G+ 47+ )+ T+ )

Recall that the error in Simpson’s rule is O(h®), and from this the fourth order accuracy of the
classical Runge-Kutta method follows, assuming that f is independent of y.

In implementing methods for solving initial value problems, it is important to be able to estimate
the error in the computed solution and adjust the stepsize accordingly. In an effort to devise such
a procedure, Fehlberg in 1969 looked at fourth order Runge-Kutta methods with five function
evaluations (unlike the classical fourth order method which requires only four function evaluations),
and fifth order Runge-Kutta methods with six function evaluations. Since function evaluations are
usually the most expensive part of the solution procedure, one wants to minimize the number
of function evaluations required to achieve a desired level of accuracy. Fehlberg found that by
carefully choosing the parameters, he could derive methods of fourth and fifth order that used
the same evaluation points; that is, the fourth order method required function evaluations at five
points, and the fifth order method required function evaluations at the same five points plus one
more. Thus, in total, only six function evaluations were required for a fifth order accurate method,
with an associated fourth order method used to estimate the error and vary the stepsize if necessary.
This is called the Runge-Kutta-Fehlberg method, and it is among the most powerful one-step explicit
methods. The MATLAB ODE solver, ode45, is based on this idea, using a pair of Runge-Kutta
methods devised by Dormand and Prince.

11.2.6 Analysis of One-Step Methods

A general, explicit one-step method can be written in the form

Yk+1 = Yk + b (L, Yk, h). (11.22)

e Euler’s method:
Ye+1 = Yk + hf(tkayk) = ’(p(taya h’) = f(tay)

e Heun’s method:

Yk+1 = Yk + g[f(tkayk) + f(test,uk + hf (tkye))] =

Pty h) = S1F() + £+ Ry + hF ()]
e Midpoint method:
Yer1 = Yk + hf (teg1j2, v + (h/2) f (e, yr)) =

P(t,y,h) = f(E+h/2,y + (h/2) f(¢,y))-
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We will now formalize several of the definitions given in Section 9.2.1.
Definition. The one-step method (11.22) is consistent if limy_,q 9% (t,y,h) = f(t,y).

This is equivalent to the definition stated earlier that

tim [ 29 40, )] <0,

h—0 h
since limp, o(y(tg+1) —y(tk))/h = f(tg, y(tg)). All of the one-step methods listed above are consis-
tent.

Definition. The one-step method (11.22) is stable if there is a constant K and a stepsize hy > 0
such that the difference between two solutions y, and ¥, with initial values yg and ¢, respectively,
satisfies

[Yn — Tnl < Klyo — Tol,
whenever h < hy and nh < T — t,.

Fact. If 9(t,y, h) is Lipschitz continuous in y; i.e., if there exists a constant L such that for all y
and § (and for all ¢ in an interval about %),

|¢(t7 Y, h) - f(p(t, ga h)' < L|y - g|7
then (11.22) is stable.

The one-step methods listed above are stable, assuming that f(¢,y) is uniformly Lipschitz in y. In
fact, it would be difficult to construct a consistent one-step method that is not stable when f(¢,y)
is Lipschitz in y, since limy,_,o 9% (t,y, h) = f(t,y). In the next section, we will see that this is not the
case for multistep methods. Very reasonable looking consistent multistep methods are sometimes
highly unstable.

Definition. The local truncation error is

y(t+h) —y(@)

T(t,h) = 3

— (L, y(t), h).

We have seen that for Euler’s method the local truncation error is O(h) and for Heun’s method
and the midpoint method the local truncation error is O(h?).

With these definitions, we can now prove a general theorem about one-step methods that is
analogous to Theorem 9.2.1 for Euler’s method.

Theorem 11.2.2. If a one-step method is stable and consistent and if |7(t,h)] < ChP, then the

global error is bounded by:
el(T—to) _
— t < Chpi L(T*to) _ 0
{k: tIOT—lI—%c}}(LST} [ve = y(te)l < L te o — y(0)],

where L is the Lipschitz constant for 1.
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Proof. The proof is similar to that for Euler’s method. The approximate solution satisfies:

Yk+1 = Yk + h’lp(tkayka h)a

while the true solution satisfies:

Y(tkt1) = y(te) + hip(te, y(te), h) + hr(te, h).

Subtracting these two equations and letting d; = y(¢;) — v;, gives

diy1 = dg + h[Y(tg, y(te), ) — Y (tk, Yk, h)] + h1(te, h).

Taking absolute values on each side and using the Lipschitz condition on ¢ and the bound on

|7(t,h)| we find
|dgs1| < (14 RL)|dy| + ChPTL.

Substituting the analogous inequality for |d|, then |di_1], etc., gives the inequality

k
k1] < (14 RL)**do| + | Y (14 ALY | CHPH.
7=0

Summing the geometric series, this becomes

(14 AL)*1 -1

di. 1| < (1 + hL)F1d
|dk1| < (14 AL)*T|do| + WL

ChPT! = (1+ hL)*|do| +

(1 + hL)lc-H _

Now using the fact that (1 + L)kt < e(btDRL (gince, for any z, 1+ z < e® = 1+ + (22/2)ef, ¢

between 0 and z), the above inequality can be replaced by:

(k-l—l)h,L -1
|dg1] < e®TDRLIG| 4 eTChp.
Since kh < T —t if ty, € [to, T], it follows that
L(T—t0) _
ax |di| < XTI do| + S —ChP.
(ke oy Al < € ol L

O

We have shown that a stable one-step method whose local truncation error is O(hP) also has
global error of order hP. This is a very powerful result. It is easy to determine the local truncation
error just by comparing terms in a Taylor series expansion. To directly analyze global error can be

much more difficult.

We give one more definition, in order to state an important result that holds in an even more

general setting.
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Definition. The one-step method (11.22) is convergent if, for all well-posed IVP’s, max . ¢, (10,17} [¥(tx) —
yr| = 0 as yo — y(0) and h — 0.

The Lax-Richtmyer Equivalence Theorem states that a method is convergent if and only if
it is stable and consistent. Using this result, we need only establish consistency and stability of a
method in order to show that it converges to the true solution as h — 0. On the other hand, if a
method is either unstable or inconsistent, then there is some well-posed IVP for which the method
will not give the correct answer (or an arbitrarily close approximation to it), no matter how small
we make the timestep h.

11.2.7 Practical Implementation Considerations

As noted previously, packages designed to solve initial value problems almost always use a variable
step size and/or variable order methods for different parts of the problem. This requires an estimate
of the error at each step and corresponding adjustment of the stepsize or order so as to meet the
user’s requested error tolerance, but not to greatly exceed it since this would require extra work.

One simple way to estimate the error in a step of size h is to replace that step by two steps,
each of size h/2, and compare the results. Using Euler’s method, for example, one might set

Yk+1 = Yk T+ hf(tk,yk)a

and

Ukt12 = Ykt (B/2)f(tk, yk)
Gk+1 = Gryij2 + (h/2)f(try1/2, Grr1/2)-
The difference between yx11 and 9x4+1 might be used as an estimate of the error in this step.

Moreover, if y(tx11;yx) denotes the exact solution to the ODE, with initial value y(t;) = y, then
a Taylor series expansion of y(tx+1;yx) shows that

h? h?
Y(te+1596) = i + hf (e, k) + ?y”(tk) + O(h%) = ypt1 + 73/"(7%) + O(h?), (11.23)

and expanding y(tx41/2; yx) about tx and y(tx41;yx) about t41/o gives

Yltermio) = e+ (/2 F ) + P2 0w + o)

2
. h/2)?
= Ykt1/2 T ( /2 ) y"(tr) + O(h®)

(h/2)*

Y(ter1396) = Y(rrrosvk) + (B/2) f (rgry2: Y(hiry2s Uk)) + 5 Y (tey1/2) + O(h®)
. h/2)? . h/2)?
= Ygt1/2t+ ( /2 ) y" (te) + (h/2) f (tks1/2: Dkg1/2) + 5 ) y" (tx) + O(R®)
h2
= Jrs1+ Z'y”(tk) + O(h?). (11.24)
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The next to last line was obtained by noting that
Y(tht1/25Yk) = Ukg1/2 + ((h/2)%/2)y" (tx) + O(K®),

(h/2) f (trs1/2, Y(trs1y2Uk)) = (B/2)f (bksrj2s Grr1y2) + O(RP),
((R/2)2/2)y" (te11/2) = ((h/2)%/2)y" (tx) + O(R?).
It follows that one can improve the local error in the approximation by using a step of Richardson
extrapolation. From (11.23) and (11.24), it follows that the approximation 2gg41 — yx41 differs
from y(tg41;yx) by O(h?) instead of O(h?). Thus, for the price of doing two additional half-steps,
one can obtain a (locally) more accurate approximation, 2¢x 1 — yx+1, as well as an error estimate,
|(20k+1 = Yk+1) — Ge+1] = [Tk+1 — Yt ]-

As noted earlier, another way to estimate errors is to use a higher order method with the same
stepsize. For example, Runge-Kutta methods of orders 2 and 3 are sometimes used, as are the
Runge-Kutta-Fehlberg pairs of orders 4 and 5. Which method works best is, of course, problem
dependent, and it often depends more on how good the error estimator and the stepsize adjustment
than on which underlying method is actually used.

11.2.8 Systems of Equations

Everything that we have done so far, and most of what we will do throughout this chapter, applies
equally well to systems of ODE’s. Let y(¢) denote a vector of values y () = (y1(t),...,yn(t))7, and
let f(t,y(t)) denote a vector-valued function of its arguments: f(t,y(t)) = (f1(t,y(t)),---, fn(t,y(#®))T.
The initial value problem

y, = f(taY)a y(tO) = y(O)a

represents the system of equations

yll = fl(tayla"'ayn)
yQI = fQ(tayla"'ayn)

y’rbl = fn(t,yl,' - ayn)

with initial conditions

(0)

yi(to) =3 (©)

, yalto) =55 oo s yn(to) =y
Here we denote the timestep with a superscript, since subscripts are used to denote entries of a
vector.
All of the methods discussed so far can be applied to systems. For example, Euler’s method
becomes:
gD = o) g,y ®), i=1,... 0.

All of the theorems proved so far apply to systems when | - | is replaced by || - ||, where || - || can be
any vector norm, such as the 2-norm or the co-norm. The proofs are virtually identical as well.
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11.3 Multistep Methods

By the time we reach time step £ + 1 in an IVP solver, we have computed approximations to the
solution at time steps k, k—1,k—2,.... It seems a shame to “throw away” the values yx_1, yx—2, .-,
and compute yiy; using only yi. On the other hand, if one knows the solution at time step &,
then this uniquely determines the solution at all future times (Theorem 9.1.3), so one might think
of it as overkill to use computed values at two or more time steps to determine the approximation
at the next time step. Nevertheless, this is what is sometimes done, and such methods are called
multistep methods.

11.3.1 Adams-Bashforth and Adams-Moulton Methods
Integrating the ODE in (11.1) from ¢ to tx41, we find

tet1
W) =y(e)+ [ fls,(s)) ds. (11.25)
ty
Using the computed values yg, Yk-1, ---5 Yk—m+1, 1€t Pm—1(8) be the (m — 1)st degree polyno-
mial that interpolates the values f(tx,vx), f(tk—1,Yk—1)s ---5 f(tk—mi1>Yk—m+1) at the points
tky tk—1, ---, tk—m+1. The Lagrange form of the interpolant p,,_; is:

m—1 [ m—1

pm-1(s) =D | I1 ik = f(e—e, Yr—0)-

o | i et~ tk—j
b,
Suppose we replace f(s,y(s)) in the integral on the right-hand side of (11.25) by pp,—1(s). The
result is

thy1 m—1
Yk+1 = Yk + / Pm-1(s)ds = ye + b bef (bt Yk—0),
b =0
where
1t [P s gy
by =— / H Z k=i ] gs.
h Jy, g th—t =tk
L
This is known as the m-step Adams-Bashforth method. Note that in order to start the method we
need, in addition to the initial value yg, the m — 1 values y1,...,ymnm—_1. These are often computed

using a one-step method.
For m = 1, this is Euler’s method: yxi1 = yx + hf(tx,yx). For m = 2, we have

Yk+1 = Yk + h[bo f (tk, yk) + b1 f (te—1,Yk—1)],

. 1/tk+1 s—tha 3 . 1/tk+1 s—ty 1
0 = T 73:—’ 1= 7 —_—— a8 = ——.
hJy, —te—tk1 2 4 k-1t 2

where



Thus the 2-step Adams-Bashforth method is

3 1
Ykt1 =Yk + h |:§f(tk>yk) - if(tk—layk—l) . (11.26)

The Adams-Bashforth methods are explicit. Since the error in approximating the integral is
O(h™*1), the local truncation error, defined as

1
'!/(tlc-l—l y(te)
> bef (b6 y(tk0),
(=0

is O(h™).

The Adams-Moulton methods are implicit methods. They are obtained by using the polyno-
mial ¢,,, that interpolates the values f(tx+1,yx+1), f(tksYk)s ---s f(tk—ms1,Yk—m+1) at the points
tka1s thy ---5 tk—ms1, in place of f(s,y(s)) in the integral on the right-hand side of (11.25). Thus,

m m s—1
tpaq
= Z 11 - fet1- Yrt1-0),
o | i thr1—0 — tha1—j
=
=,
and
m
Yer1 = Uk +h Y cof (teri—e Yrs1—0),
=0
where
1 [te+ —tpaq s
Ce = — 5 k+1 J dS.
h Jy, o th1—0 — tet1—j
=,
For m = 0, this becomes
Yet1 = Yk + f (bt 15 Yt1)- (11.27)

This is called the Backward Euler method. For m = 1, we have

Yk+1 = Yk + hlcof (tkg1, yrg1) + e f (T, ur)],

where
1 [T+t g —ty 1
o=+ ———ds = —,
by, ke — Uk 2
1 [T 5 —¢ 1
Cl prnd —/ w d — —
by, tk—trr T2
Thus the Adams-Moulton method corresponding to m =1 is
h
Yk+1 = Yk + §[f(tk+1ayk+1) + f (ks yr)]- (11.28)

We have seen this method before. It is the trapezoidal method. The local truncation error for an
Adams-Moulton method using an mth degree polynomial interpolant is O(h™*1).
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11.3.2 General m-Step Methods

A general m-step method can be written in the form
m m
D awrre =0 bef (bt Yrre), (11.29)
=0 £=0

where a,, = 1 and the other a;’s and the by’s are constants. If b,, = 0 the method is explicit;
otherwise it is implicit.

Examples:

e The 2-step Adams-Bashforth method (11.26) can be written in the form (11.29) by using the
formula for yjyo:

3 1
Yk+2 — Ykt1 = h |:§f(tk+1>yk+1) - §f(tk,y1c)] .

For this method, ag = 1, a] = —1, apy = 0, b2 = 0, b1 = 3/2, and b() = —1/2.

e The 1-step Adams-Moulton (or trapezoidal) method (11.28) can be written in the form (11.29)
as:

1 1
Yk+1 — Yk = h |:§f(tk+1ayk+1) + Ef(tkayk)] .

Here a; = 1, apg = —1, b1 = 1/2, and b() = 1/2

The local truncation error is:

T(t,y,h) = f:agy(t + ¢h) — in: bef (t + Lh,y(t + £h)). (11.30)
=0

£=0

S =

Theorem 11.3.1. The local truncation error of the multistep method (11.29) is of order p > 1 if
and only if

m m ) m )
Zag:O and Zéjag:jZW*lbg, ji=1,...,p. (11.31)
=0 =0 =0

Proof. Expand 7(t,y, h) in a Taylor series. [We assume, as always, that y is sufficiently differentiable
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for the Taylor series expansion to exist. In this case, y must be p times differentiable.]

1 m m
T(t,y,h) = 5 Z agy(t + £h) — Z bey' (t + £h)
£=0 £=0

i i
/=0 j=0 J: /=0 =0 J:
1 (& N S
= 7 Dae|yt)+ Y —— [ D Har |y (t) -
=0 j=1 =0

Thus the conditions in (11.30) are necessary and sufficient for 7 to be O(h?). O

Examples.

e The 2-step Adams-Bashforth method is second order, since

ao+a1+a2:O—|—(—1)—I—1:O,

O-ap+1-a1+2-a9=1 = by+b+bya=-1/24+3/2+0,
02-ap+1%-a14+2%-a9=3 = 2-(0-bg+1-by+2-by)) =2-(3/2), but
0¥ ap+1%-a14+22 ap=7 # 3-(0% by+1%-by+2% by) =9/2.

e The 1-step Adams-Moulton method is second order, since
ag+a;=—-14+1=0,
O-ap4+1-a1=1 = bo—}—bl:1/2—|—1/2,
02-ap+1%2-a;=1 = 2-(0-bg+1-b;)=2-(1/2), but
03-ap+13-a;=1 # 3-(0%-by+1%-b;) =3/2.

For one-step methods, high order local truncation error generally meant high order global
error. We had only to establish that 4 in (11.22) was uniformly Lipschitz in y in order to prove
convergence. This is not the case for multistep methods. There are many reasonable looking
multistep methods that are unstable! Consider the following simple example:

13 5 5
Yk+2 — 3Yk+1 + 2y = h Ef(tk+2ayk+2) - gf(tk—f-layk-l-l) - Ef(tlc,ylc) . (11.32)
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It is left as an exercise to show that the local truncation error is O(h?). Suppose, however, that
this method is applied to the trivial problem y' = 0, y(0) = 1, whose solution is y(¢) = 1. In
order to start the method, we must first compute 1, perhaps using a one-step method. Suppose
we compute y; = 1 4+ §, with some tiny error §. Then

Y2 = 3y1—2yo=1+30
Yy = 3y2—2y1:1+75
ya = 3ys—2yo=1+156

Ye = 3yp1— 2y o=1+ (2" —1)d.

If § is about 2%, like the roundoff error in double precision, then after 53 steps the error has
grown to about size 1, and after 100 steps it has grown to 247!

In order to understand this instability and how to avoid it, we need to study linear difference
equations.

11.3.3 Linear Difference Equations

Linear multistep methods take the form of linear difference equations:

m
Zafyk-i-fzﬁk‘a k=0,1,..., (1133)
=0

where a,, = 1. Given values for vy, ..., ym—1, this equation determines y,, Ym+1,- - --

Consider the corresponding homogeneous linear difference equation

m

D ampi=0, k=0,1,.... (11.34)

=0
If a sequence ¥, y1,. .. satisfies (11.33) and if the sequence zg,z1,... satisfies (11.34), then the
sequence Yo + o, y1 + Z1,. .. also satisfies (11.33). Moreover, if o, 91, ... is any particular solution
to (11.33), then all solutions are of the form gy + o, §1 + z1,. .., for some sequence zy,z1,... that

solves (11.34).
Let us look for solutions of (11.34) in the form z; = AJ. This will be a solution provided

m m
Z ap\Ftt = \k (Z ae,\2> = 0.
=0 =0

Define .
xX(A) =) o), (11.35)
=0

to be the characteristic polynomial of (11.34).
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If the roots A1,..., A\, of x(A) are distinct, then the general solution of (11.34) is
m .
.’L‘jZZCZ'/\g, jZO,l,....
=1

The constants ¢y, ..., ¢, are determined by imposing initial conditions 1 = Z1,...,Tm-1 = Tm-_1-

Example. The Fibonacci numbers are defined by the difference equation
Fk—|—2_Fk+1_Fk:0a k=0,1,...,

with initial conditions

The characteristic polynomial is y(\) = A2 — XA — 1, and its roots are A\; = (1 + /5)/2 and
A2 = (1 —+/5)/2. Therefore the general solution to the difference equation is

J J
1 5 1—+/5
Fj =c +f + c2 f , 7=0,1,....
2 2
The initial conditions imply that

1 5 1—-4/5
Fy=c1+c=0, Flzcl( +\/_>+02< \/_>=1,

2

from which it follows that ¢; = 1/4/5 and ¢z = —1//5.

Example. The unstable method (11.32) applied to the problem 3’ = 0 gave rise to the difference
equation:
Yk+2 — 3Yk+1 + 2y, = 0,

with initial conditions
Yo = 1, Y1 = 1+6.

The characteristic polynomial for this equation is x(A) = A — 3\ + 2, and its roots are A\; = 1 and
A9 = 2. Therefore the general solution to the difference equation is

Yj :Cl-lj+62-2j :Cl+2j62.
The initial conditions imply that

Yyo=c1+cp=1, y1=C1—I—262=1—|-(5,
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from which it follows that ¢; =1 — § and ¢o = 4. If § were 0, this would give the desired solution,
y; = 1. But because J is nonzero, the result contains a small multiple of the other solution, 27,
which quickly overshadows the desired solution as j increases.

If some of the roots of the characteristic polynomial have multiplicity greater than one, — say,
A1, ..., A are the distinct roots with multiplicities g1, ..., gs — then the general solution of (11.34)
is a linear combination of

{wj=7N: £=0,...,¢—1, i=1,...,s}.

To illustrate this, suppose, for example, that A; is a double root of x in (11.35). This means that
m m
W) =3 e =0, YO =3 alr =0
£=0 =1

Setting z; = j)\g in the left-hand side of (11.34), we find

m m m
S ek + O = kAE ST adf + A ST 0t = kB () + AT () = 0.
=0 =0 =1

Thus z; = j)\g, is a solution of (11.34), just as z; = /\g is, when ); is a double root of x.
This leads to a result known as the root condition:

Root Condition. If all roots of x are less than or equal to 1 in absolute value and any root with
absolute value 1 is a simple root, then solutions of (11.34) remain bounded as j — oc.

This follows because if |A\;] < 1, then )\g is bounded by 1 for all j. If |A\;| < 1 and £ is a fixed
positive integer, then while jz)\g may grow for j in a certain range, it approaches 0 as j — oo, since
)\g decreases at a faster rate than j¢ grows.

Another way to look at linear difference equations is as follows. Define a vector

Tk+1
(k1) = $k'+2
Tk+m
Then the difference equation (11.34) can be written in the form
0 1
xk+1) = Ax(®) where A= . (11.36)

—Qy ... —OQp-92 —0Oyp1
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The matrix A in (11.36) is called a companion matriz, and it can be shown that the charac-
teristic polynomial x in (11.35) is the characteristic polynomial of this matrix; i.e. x(A) =
(—1)™det(A — XI). Tt follows from (11.36) that x*) = A¥x(®) where x(9) is the vector of ini-
tial values (o, - - -, Zm_1)" . The root condition says that the eigenvalues of A are less than or equal
to 1 in absolute value and that any eigenvalue with absolute value 1 is a simple eigenvalue. Under
these assumptions it can be shown that the norms of powers of A remain bounded: supsg || A*|| is
finite, for any matrix norm || - || -

Having analyzed solutions to the linear homogeneous difference equation (11.34), we must now
relate these to solutions of the linear inhomogeneous equation (11.33). If we define

Yk+1 0

g = | YL pm o |
: 0
Yk+m ,81c

then the inhomogeneous system can be written in the form y*t1) = Ay®) 4 b*) Tt follows by
induction that

k
y(k:—|—1) — Ak—Hy(O) +ZAUb(k_V)-
v=0

Taking the infinity norm of the vectors on each side gives the inequality

k
Y * oo < NA*  loolly @ lloo + Y 14 [loolB* oo
v=0

As noted previously, if x satisfies the root condition, then M = max> || A* || is finite. Using this
with the above inequality we have

k
sl < Iy* oo < M <||y<°>||oo +3 m_,,\) -

v=0
Thus, when Y satisfies the root condition, not only do solutions of the homogeneous difference
equation (11.34) remain bounded, but so do solutions of the inhomogeneous equation (11.33),
provided that 3%_,|8,| remains bounded as k — oco. If B, = h Y 0" bef (tu16: Yvre), as in the
linear multistep method (11.29), then this will be the case if h = (T —tp)/N for some fixed time T
and k£ < N — oo. This is the basis of the Dahlquist Equivalence Theorem.

11.3.4 The Dahlquist Equivalence Theorem

Definition. The linear multistep method (11.29) is convergent if for every initial value problem
y' = f(t,y), y(to) = Jo, where f satisfies the hypotheses of Theorem 9.1.3, and any choice of initial
values yo(h), ..., Yym—1(h) such that limp_,q |y(to +ih) — y;(h)| =0,7=0,1,...,m — 1, we have

li to + kh) — = 0.
hl—lz%) {k: to—II—II:%}E([to,T]} |y( o+t ) yk|
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Theorem 11.3.2 (Dahlquist Equivalence Theorem). The multistep method (11.29) is con-
vergent if and only if the local truncation error is of order p > 1 and x(\) in (11.85) satisfies the
root condition.

A linear multistep method whose associated characteristic polynomial satisfies the root condition
is called zero-stable. The Dahlquist equivalence theorem can be restated using this terminology as:
A linear multistep method is convergent if and only if it is consistent (7(t,y,h) = O(h) or higher
order) and zero-stable. It can also be shown that if the method is zero-stable and if the local
truncation error is O(h?), p > 1, then the global error is O(h?).

11.4 Stiff Equations

Up to now we have been concerned with what happens in the limit as h — 0. In order for a method
to be useful, it certainly should converge to the true solution as h — 0. But in practice, we use a
fixed nonzero stepsize h, or at least, there is a lower bound on h based on allowable time for the
computation and also perhaps on the machine precision, since below a certain point roundoff will
begin to cause inaccuracy. Therefore we would like to understand how different methods behave
with a fixed timestep h. This, of course, will be problem dependent but we would like to use
methods that give reasonable results with a fixed timestep h for as wide a class of problems as
possible.
Consider the following system of two ODE’s in two unknowns:

Yy = —100y; + v
Yy, = —(1/10)ys. (11.37)

If y = (y1,2)7, then this system also can be written in the form:
, (=100 1
y =Ay, A= ( 0 —1/10 ) (11.38)

We can solve this system analytically. From the second equation it follows that yo(t) = e~*/10yy(0).
Substituting this expression into the first equation and solving for y;(t), we find

10 10
_ ,—100t B —t/10 _
yi(t) =e <y1(0) —999y2(0)>+e —gggyz(O)

The first term decays to 0 very rapidly. The other term in the expression for y; (¢) and the expression
for y,(t) behave very benignly, decaying to 0 over time, but at a fairly slow pace. Hence, while a
very small timestep might be required for the initial transient, one would expect to be able to use
a much larger timestep once the e~1%% term has decayed to near 0.

Suppose Euler’s method is used to solve this problem. The equations are

yHD = (1= h/10)y) = ) = (1 - h/10)kys(0),
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and

o= (1= 1008)y " + g

= (1 —100n)yF + h(1 — h/10)Fy,(0)

= (1 -100R)2y¥ D 4 B[(1 — 100R)(1 — h/10)%~1 + (1 — h/10)*]y2(0)

' k Y4
= (1 —100R) 1y (0) + (1 — h/10)* [Z (%) ] 42(0).
=0

Summing the geometric series and doing some algebra, we find

yi T = (1 - 100m)4 [11(0)

" 99972 999

(0)] (1 - m10) 2 0).

If h > 1/50, then |1 — 100h| > 1, and the first term grows geometrically, in contrast to the true
solution. Even if the initial values are such that y;(0) — (10/999)y2(0) = 0, roundoff will cause the
approximation in Euler’s method to grow unless A < 1/50. The local truncation error for Euler’s
method is fairly small even for A > 1/50, but the algorithm will fail because of instability. Below
is a plot of results from Euler’s method applied to this problem, using h = .03.

800
600

00

200 /\

Y400 (olue) and y,(0) (rec)

The appearance of wild oscillations, as above, is typical of the behavior of unstable algorithms.
Often one sees only one large jump in the plot because the last jump is so much larger than the
others that it completely overshadows them; upon changing the scaling of the axes, one begins to
see that the oscillations begin much earlier.

Equations like the system (11.37) are called stiff equations, and they are characterized by having
components evolving on very different time scales. They are very common in practice — arising
in areas such as chemical kinetics, control theory, reactor kinetics, weather prediction, electronics,
mathematical biology, cosmology, etc.

11.4.1 Absolute Stability

To analyze the behavior of a method with a particular timestep h, one might consider a very simple
test equation:

v =y, (11.39)
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where ) is a complex constant. The solution is y(t) = e*y(0). Sample solutions are plotted below
for the real part of A greater than 0, equal to 0, and less than 0. Note that y(t) — 0 as t — oo if
and only if R(\) < 0.

Re(lambda) > 0 Re(lambda) = 0 Re(lambda) < 0
10 3 3
% & 25 %&
° ° - 2
Qo Qo Qo
E 5 E 2 E \
§ F—— &1 T
0 1 0
0 0.5 1 0 0.5 1 0 0.5 1

t t t

Equation (11.39) is really much simpler than the problems one is likely to want to solve numeri-
cally, but certainly if a method performs poorly on this test equation then it cannot be expected to
do well in practice. The idea behind this test equation is the following. First, suppose one wishes
to solve a system of the form

y' = Ay, (11.40)

where A is an n by n matrix. Assume that A is diagonalizable, meaning that A can be written
in the form A = VAV ™!, where A is a diagonal matrix of eigenvalues and the columns of V are
eigenvectors of A. Multiplying equation (11.40) by V! on the left, we find

(V=ly) = AV ly),
so that the equations for the components of V 'y separate:

(V71Y);' = )\j(Vfly)j, ji=1...,n.

Thus, once we look at the equation in a basis where A is diagonal (i.e., we look at V 'y instead of
y), then it looks like a system of independent equations, each of the form (11.39). Now, a drawback
of this approach is that it does not take into account how different the vector V~'y may be from y,
and for some problems this difference can be quite significant. Nevertheless, if we understand the
behavior of a method applied to the test equation (11.39) for different values of A, then that gives
us some information about how it behaves for a system of linear ODE’s like (11.40). A system of
nonlinear ODE’s behaves locally like a linear system, and so we also will gain some information
about the behavior of the method when applied to a nonlinear system of ODE’s.
With this in mind, we make the following definition:

Definition. The region of absolute stability of a method is the set of all numbers hA € C such that
yr — 0 as k — oo, when the method is applied to the test equation (11.39) using step size h.

Example. When Euler’s method is applied to the test equation (11.39), the resulting formula for
Yk+1 1s:
Y1 =Yk + Ry = (1 +h )y, =...= (1 + h/\)k+1y0_

It follows that the region of absolute stability is
{hX: 14+ hA| <1}
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This is the interior of a disk in the complex plane centered at —1 and of radius 1, as pictured below.

Region of Absolute Stabilty for Euler Method

Note that in the region of absolute stability, differences at one step become smaller at later
steps; that is, suppose zyy1 also satisfies zx11 = (1 + h\)zg, but 2z # yg. Then the difference
between zx11 and ygy1 18 2k+1 — Yr+1 = (1+hA)(2x — yk), and hence |zg+1 — yr+1| < |2k — k|, since
|1+ h)A| < 1.

Ideally, one would like the region of absolute stability to consist of the entire left half-plane. This
would mean that for any complex number A with R(\) < 0, the approximate solution generated
by the method for the test problem (11.39), using any stepsize h > 0, would decay over time, as
the true solution does. A method with this property is called A-stable.

Definition. A method is A-stable if its region of absolute stability contains the entire left half-
plane.

Example. When the backward Euler method is applied to the test equation (11.39), the resulting
formula for yj; is

1 1
= hA = =...= ——— Y0-
Yk+1 = Yk + DAYk+1 = Ykt1 T Yk NG Yo

It follows that the region of absolute stability is
{hX: |1 = hA| > 1}

Since h is real and X is complex, the absolute value of 1 — A\ is

V(1= RO + (RZ(V)>.

If R(\) < 0, this is always greater than 1, since 1 — AR(\) > 1. Therefore the region of absolute
stability of the backward Euler method contains the entire left half-plane, and the method is A-
stable.

Following are some more examples of difference methods and their regions of absolute stability:
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Example. When the classical fourth order Runge-Kutta method is applied to the test equation
(11.39), the resulting formulas are:

Q= Ay
@ = Myr+ §Q1) =+ ghA Yk
@B = Myr+50) = A+ hX 4+ A" X))y

2 2 4
1 1
@ = Mm+h%y:Q+hV+§#ﬁ+Z#vwk
h
Y+l = Ykt E[QI + 2q2 + 2q3 + q4]
h 1
= m+aw+wﬂ+#ﬁ+zﬁw%

1 1

— 1 2
= |1+ + () + 2 o0

(RA)? + — (AN ys.

It follows that the region of absolute stability is
2 3 4
z z z
C: 14+z+—+—+— 1}.
{z € 1+ 2z 5t % 13 4:| <1}

This region is pictured below.

Example. When the trapezoidal method is applied to the test equation (11.39), the resulting
formula for yg; is:

h 1+ h)/2

= —(A A == = —— .

Yk+1 = Yk + 2( Yk + AYk+1) Yk+1 (1 — h/\/2) k
It follows that y; — 0 as k — oo if and only if

‘14—hA/2

—_— 1 1 2 1- 2 .
1—h>\/2‘< < |14+ hA/2| < |1 =hA/2| <= R(hA) <0
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Thus the region of absolute stability is precisely the open left half-plane: {z € C: R(z) < 0}.
Therefore the trapezoidal method is A-stable.

You may have noticed in the examples that the only methods that were A-stable were implicit
methods. This is not an accident. It can be shown that there are no explicit A-stable methods of
the form (11.29). Tt can be shown further that:

Theorem 11.4.1 (Dahlquist). The highest order of an A-stable multistep method (11.29) is two.

Despite this negative result, one can look for high order methods with large regions of absolute
stability, even if the region of absolute stability does not contain the entire left half-plane. The
backward differentiation formulae, or, BDF methods are a class of implicit methods designed to
have large regions of absolute stability and hence to be effective for stiff equations.

11.4.2 Backward Differentiation Formulae (BDF Methods)

Definition. An m-th order m-step method of the form

m
> aire = b f (tesm, Yram), (11.41)
=0

is a backward differentiation formula or BDF method.

Note that all BDF methods are implicit.

We can use Theorem 9.3.1 to derive the BDF methods for different values of m. For m = 1,
the requirement that the method be first order means that ag+a; =0 and 0-ag+1-a; = b;. By
convention we take a; = 1, so that ap = —1 and b; = 1, giving the method

Yk+1 = Yk + hf (tks1, Yr41)-

This is the backward Euler method, which we have seen before.
For m = 2, the requirements in (11.31) for second order accuracy become

ag+a+ay=0, 0-ap+1-a1+2-a3=">by, 0%-ag+1%-a;+2% a3 =2(2-by).
Setting as = 1, these equations become ag+ a1 = —1, a; = by — 2, and a; = 4by — 4, and solving for
ag, a1, and be, we find be = 2/3, a1 = —4/3, and ap = 1/3. Thus the second order BDF method is
4 1 2
Yk+2 — Ukl F gUk = ghf(tk+25ylc+2)-

Note that the characteristic polynomial of this multistep method is

4 1 1
X(#) =2 = Sot g = (=D - 5),
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which has roots z = 1 and z = 1/3. The method is zero-stable since the roots are both less than or
equal to 1 in absolute value and the root z = 1 is simple. Therefore by the Dahlquist Equivalence
Theorem (Theorem 9.3.2) the method is convergent and the global error is of the same order as
the local error, O(h?).

One can continue in this way to derive higher order BDF methods. By looking at their char-
acteristic polynomials it can be shown that the BDF methods are zero-stable only for 1 < m < 6,
but this is high enough order for practical purposes.

The BDF method for m = 3 is:

Yk+3 — %ykﬂ + %yk+1 - 1_21yk = f_lhf(tk—I—?nyk—i—:%)- (11.42)
According to Theorem 9.4.1, its region of absolute stability cannot contain the entire open left
half-plane, but it contains most of this area, as illustrated below:

|

11.4.3 Implicit Runge-Kutta (IRK) Methods

Another class of methods that are useful for stiff equations are the implicit Runge-Kutta (IRK)
methods. These have the form

&=y +hY ajif(ty+ch&), j=1,...,v, (11.43)
=1
Yks1 =Yk +h Y bif(tk + ¢jh, &) (11.44)
j=1

The values a;;, bj, and ¢; can be chosen arbitrarily, but for consistency it is required that:

14
E aj;=cj, j=1,...,v
i=1

It can be shown that for every v > 1, there is a unique IRK method of order 2v, and it is A-
stable. The IRK method of order 2v is obtained by taking the values c1, ..., c, to be the zeros of the
vth orthogonal polynomial on [0, 1]. The IRK method then corresponds to a Gaussian quadrature
formula of the type discussed in Section 8.3.

The v = 1 IRK method of order 2 is the trapezoidal method (11.17). The v = 2 IRK method
of order 4 has ¢; = 1/2 —1/3/6 and ¢y = 1/2 +/3/6, and the other parameters are then derived
to enforce fourth order accuracy.
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11.5 Solving Systems of Nonlinear Equations in Implicit Methods

We have seen the importance of implicit methods in solving stiff systems of ODE’s. But we have
not discussed how to solve the nonlinear equations that must be solved at each time step in order
to implement such a method. Chapter 4 describes methods for solving a single nonlinear equation
in one unknown, and some of these easily generalize to systems of n nonlinear equations in n
unknowns.

The nonlinear equations that arise from solving systems of ODE’s have a special form. Suppose,
for example, that we use a multistep method (11.29) with b, # 0. The system of equations that
we must solve for the vector yg4m, can be written in the form

Yi+m = hbmf(tlc—f—ma Yk—{—m) +7 (11'45)
where
m—1 m—1
Y=h> bef(tere:Yere) = Y @Yt
=0 £=0
is known.
The IRK method (11.43-11.44) can be written in the form:
& > i1 anf (te + cih, &) Yk
2 S : ] . (11.46)
v > im1 aif (B + cih, &) Yk
Yk+1 > i=1 bif (e +cjh, &) Yk
Both types of methods (11.45) and (11.46) are of the general form:
w = hg(w) + 1, (11.47)

where v is a vector of known values and w is the vector of values that we seek.

11.5.1 Fixed Point Iteration

The fized point iteration methods described in Section 2.6 can be applied to systems of equations
of the form (11.47): _ _
wlit) = pg(wl?)) 4 4, (11.48)

where w(¥) is the initial guess. The following theorem gives a sufficient condition for convergence.
Theorem 11.5.1. Let w, be a solution of (11.47) and suppose that there exists a neighborhood

Sr(wy) ={v: |[v—w,|| <r} on which hg is contractive; i.e., there exists a < 1 such that for all
u,v € S, (w,),

hllg(u) —g(v)|| < afju —v|. (11.49)
Then if w9 € S.(w,) then w'9) € S.(w,) for all j and
W) —w,| < oWl —w,| <... < W —w,|. (11.50)

Thus w9 converges to w, at least linearly, with convergence factor c.

275



Proof. The result follows immediately from the contractivity of hg:

(W@ =l = [hg(wV™0) 4+ - (hg(w.) +7)]

= Hllg(wiY) — g(w.)]
< alwl) —w,]l

From this it follows by induction that each w() € S, (w,) if w(®) € S.(w,) and that (11.50)
holds. O

Now, assuming that (11.47) is a stable method for solving the initial value problem, the function
g will satisfy a Lipschitz condition; that is, there will exist a constant L such that for all vectors u
and v:

lg(uw) — g(v)Il < Liju - v]l.

Hence (11.49) will be satisfied if h < 1/L. But this is similar to the restriction on A that is necessary
for an ezplicit method to be absolutely stable. For example, when Euler’s method was applied to
the test problem 3’ = Ay, we found that a necessary condition to avoid growth in the approximate
solution when it should be decaying was |1+ hA| < 1; for A = —L, this means that we need h < 2/L.
Thus, if the simple iteration (11.48) is used to solve the nonlinear system in an implicit method,
it is not clear that we have gained anything over an explicit method. Therefore a standard rule of
thumb is that while the fixed point iteration (11.48) may be acceptable for nonstiff problems, it is
not appropriate for stiff systems.

Example. Consider the trapezoidal method with fixed point iteration for the test equation 3’ = \y.
The trapezoidal method is:

h
Yk+1 = Yk + 5/\[?/1: + Yrt1),

and it is A-stable. To solve for yi,1, however, we use the iteration:

yl(cj:—ll) =Yk + 5)\[% + yl?lﬂ-

Subtracting these two equations, we find

i1 h .
y;(cjfl ) — Ykl = 5)\(11;(621 — Yk+1)s

and this difference converges to 0 as j — oo if and only if |hA| < 2. Thus we lose the benefits of
A-stability!
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11.5.2 Newton’s Method

Suppose we wish to solve a system of n nonlinear equations in n unknowns:

g1(wy, ..., wy) 0
G(w) =0, or, : =
gn(wi,. .., wy) 0
Given an initial guess w(®) = (wgo), ... ,w%o))T, we can expand G(w) in a Taylor series about w(®):
g1(wi, ., wn) g (... w) Sy S (w®) (w; — wi”) O(|lw — w|?)
: = : + : + :
gn(wy,. .. wp) an@®, ... w®) S 9 (wl0) (w; - w(?) O(flw — w(@|1?)
or, equivalently,
G(w) = G(w) + Jg(wO)(w — w®) + O(|w — w(O?), (11.51)

where Jg(w(®) is the Jacobian of G evaluated at w(®:

991 991

owy """ Own
Ja(w) = : :

99n Ogn

dw; """ Owp w(0)

Dropping the O(||lw — w(?||?) term in (11.51) and setting the resulting expression to 0, we
obtain Newton’s method for n equations in n unknowns:

-1
0= GW) + Jow®)wh —w®) — Wb = w© _ [ JG(W«J))] G(w®),
and, in general, for j =0,1,...,
. . . -1 .
Wit — wl) _ [JG(W(J))] G(w). (11.52)

Note that although we have written [Jg(w?))]~! in formula (11.52), it is not necessary to actu-
ally compute the inverse; to compute [Jg(w?))]7'G(w(7)), one simply solves the linear system
[Jo(w9))]v = G(w()) for v, which is then subtracted from w(/) to obtain w(+b,

As in the one-dimensional case, it can be shown that Newton’s method in n dimensions converges
quadratically to a root w, of G, provided Jg(w,) is nonsingular and the initial guess w(® is
sufficiently close to w,.

Suppose Newton’s method is applied to the system (11.47), where this equation is written in
the form:

G(w) =w — hg(w) —y=0.

277



The resulting equations are:
. . 11 . .
Wit — W) _ [ I—h Jg(w(a))] (wm — hg(wl) — 7) :

where Jg(w(j)) is the Jacobian of g evaluated at w(¥). Now, for h sufficiently small, the matrix
I — hJy(w,) is close to the identity and hence nonsingular. If the initial guess w(® is obtained by
an explicit method (called a predictor step), then it should differ from w, by at most O(h). Thus,
for h sufficiently small the conditions for convergence of Newton’s method can be guaranteed to
hold.

The restrictions on h in order for Newton’s method to converge usually turn out to be much
less restrictive than those needed for fixed point iteration to converge. Therefore, Newton’s method
is usually the method of choice for solving the nonlinear systems arising from implicit methods for
stiff ODE’s. The drawbacks are the need to compute the Jacobian at every step and the need to
solve a linear system with the Jacobian as coefficient matrix at every step. Each of these can be
quite expensive. For this reason, quasi-Newton methods are sometimes used. The analog of the
constant slope method described in Chapter 4 is to compute the Jacobian at the initial guess w(®,
factor it in the form LU, and then use this same Jacobian matrix at every iteration. Recall that
the time to backsolve with the L and U factors is only O(n?) as opposed to the O(n?) operations
needed to compute L and U. Other methods have been developed using approximate Jacobians,
but they usually require somewhat more iterations than Newton’s method to converge and they
may require a smaller time step A in order to converge at all.
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Exercises

1.

Solve the following initial value problems analytically:

(a) y' =1 y(0) =0.

(b) ¥ =2y, y(1) =3.

(¢) v = ay+0b, where a and b are given scalars, y(0) = yo. [Hint: Multiply by the integrating
factor e~ and integrate from 0 to 7T'.]

Use Theorem 9.1.3 to prove that each of the initial value problems in the previous exercise
has a unique solution for all ¢.

. Verify that the function y(t) = #2/4 solves the initial value problem

v =vy, y0)=0.

Apply Euler’s method to this problem and explain why the numerical approximation differs
from the solution #2/4.

. Write down the result of applying one step of Euler’'s method to the initial value problem

y' = (t+1)e Y, y(0) = 0, using step size h = 0.1. Do the same for the midpoint method and
for Heun’s method.

. Write down the result of applying one step of Euler’s method to the predator-prey equations
g

R = (2-F)R
F' = (R-2)F

starting with Ry = 2 and Fy = 1 and using stepsize h = 0.1. Do the same for the midpoint
method and for Heun’s method.

Show that when the classical fourth order Runge-Kutta method is applied to the problem
y' = Ay, the formula for advancing the solution is

1 1 1
=14+ h\+ =h2X2 + =h3X%3 + —piXt

and the local truncation error is O(h*).

. Show that the classical fourth order Runge-Kutta method is stable by showing that when it

is written in the form (11.22), the function 1) satisfies a Lipschitz condition.

. Show that the local truncation error in the multistep method (11.32) is O(h?).

. Show that the characteristic polynomial det(A — AI) of the matrix A in (11.36) is

m—1
X() = (D)™™ + Y X,
=0
[Hint: Expand the determinant using the last row.]
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10.

11.

12.

13.

Which of the following multistep methods are convergent? Justify your answers.

(a) vk — yr—2 = h(fx — 3fx—1 +4fr—2)
(b) vk —2yx—1 +yr—2 = h(fx — fr—1)
(©) Yk — yk—1 — Yr—2 = h(fx — fr—1)

Use Theorem 9.3.1 to show that the local truncation error in the m = 3 BDF method (11.42)
is O(h3). Show that the method is zero-stable and hence convergent.

Write down the system of nonlinear equations that must be solved in order to apply the
trapezoidal method to the predator-prey equations:

R = (2-F)R
F' = (R-2)F

starting with Ry = 2 and Fy = 1 and using stepsize h = 0.1. Using Euler’s method to obtain
an initial guess Rgo) and Fl(o) for R; and Fi, write down the first Newton step that would be
taken to solve for Ry and Fj.

This question concerns the motion of a satellite around the sun: the satellite could be a planet,
a comet or an unpowered spacecraft, whose mass is assumed to be negligible compared with
the mass of the sun. The motion of such a satellite takes place in a plane, so we can describe
its coordinates by just two space dimensions z and y. Assume that the sun is at the origin
(0,0). The system of differential equations describing the satellite’s motion is Newton’s law
of gravitation, discovered by Newton in the late 17th century, namely

—z —y
n n
r = — =

N N Vo

(a.) This system of two second-order differential equations can be simplified to a system of
four first-order differential equations by introducing two new variables z = z/(t) (the
speed of the satellite in the z space direction) and w = y'(¢) (the speed of the satellite
in the y space direction). Write down this system of equations.

(b.) Solve the system you wrote down in (a.) using first Euler’s method and then the fourth
order Runge-Kutta method. Start with z(0) = 4, y(0) = 0, 2(0) = 0, and w(0) = .5.
Take h = .25 and run out to tmax = 50. Plot the position of the satellite at each time
step. You should see an almost circular orbit. If you do not, then there is a bug in your
code. [Note: If you plot things in MATLAB, be sure to say axis(’equal’), or the axes
will be different lengths and your circle will look like an ellipse!]

Keeping z(0), y(0), and z(0) fixed, try varying w(0), now using only the Runge-Kutta
code. You will have to adjust h for accuracy and tmax so that you see a complete orbit.
Some recommended values are as follows:
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(c.)

w(0) h tmaz
. .25 50
.6 ) 150
.8 R3] 200
A4 .25 35
2 .25 30
2 .05 30

For initial velocities slightly larger than .5, you should see an elliptical orbit. The fact
that planets and comets have elliptical orbits was observed by Kepler in the early 17th
century, but it was not explained until Newton developed his law of gravitation 60 years
later. The eccentricity of the ellipse depends on the size of the initial velocity w(0). The
orbits of planets, such as the Earth, are typically not very eccentric. They look almost
like circles. But the orbits of comets, such as Halley’s comet and Hale-Bopp, can be
very eccentric. That is why Halley’s comet can be seen from Earth only once every 76
years and Hale-Bopp about once every 10000 years: the rest of the time they are very
far from the sun traveling around their highly eccentric orbits.

If you make the initial velocity large enough, the orbit becomes a hyperbola, with the
satellite approaching the direction of a straight line heading right out of the solar system;
in this case the satellite escapes the gravitational attraction of the sun. Many comets
pass through the solar system on hyperbolic orbits: they enter the solar system, pass by
the sun once and then leave the solar system again. Only one spacecraft launched from
Earth has ever left the solar system on a hyperbolic orbit; that is Voyager I, which was
launched in the late 1970’s, flew by Uranus in 1986, and is now on its way out of the solar
system, never to return. The borderline case between elliptical and hyperbolic orbits is
when w(0) is exactly equal to the escape velocity: the value just large enough for the
satellite to escape from the solar system. In this case the orbit is actually a parabola,
which is the borderline case between an ellipse and a hyperbola.

For initial velocities less than .5 but greater than 0, the orbit is again an ellipse. However,
if you make w(0) too small, you may find that your plots show the satellite spiraling into
the sun and then swinging off out of the solar system. This is a numerical effect; it is
not physical. With a sufficiently small step size, you should be able to see the elliptical
orbit for any w(0) > 0, but the computation might take too long.

Turn in plots showing the types of orbits described, labeled with the value of w(0) which
gives rise to that path.

Try using MATLAB routine 0DE45 and see if it can obtain accurate solutions for small
values of w(0) in a reasonable amount of time. Comment on advantages or disadvantages
of this routine over your own Runge-Kutta code.

14. Consider the system of equations

—1000 1

)I:( 0 -1/10
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15.

whose exact solution is:
z(t) = e 190%(9979/9999) + ¢ /10(20/9999), y(t) = 2¢ /1.

Use the fourth-order Runge-Kutta method to solve this system of equations, integrating out
to t = 1. What size time step is necessary to achieve a reasonably accurate approximate
solution? Turn in a plot of z(¢) and y(¢) that shows what happens if you choose the time step
too large, and also turn in a plot of z(¢) and y(t) once you have found a good size time step.

Now try solving this system of ODE’s using MATLAB’s ODE23S routine (which uses a second
order implicit method). How many time steps does it require? Explain why a second order
implicit method can solve this problem accurately using fewer time steps than the fourth-order
Runge-Kutta method.

The following simple model describes the switching behavior for a muscle that controls a
valve in the heart. Let z(t) denote the position of the muscle at time ¢ and let «a(t) denote
the concentration at time ¢ of a chemical stimulus. Suppose that the dynamics of z and «
are controlled by the following system of differential equations:

de _ab
a3 rT¢e

da

o
Here € > 0 is a parameter; its inverse estimates roughly the time that x spends near one of
its rest positions.

(a) Taking e = 1/100, z(0) = 2, and «(0) = 2/3, solve this system of differential equations
using an explicit method of your choice. Integrate out to, say, ¢ = 400, and turn in plots
of z(t) and «(t). Explain why you chose the method that you used and approximately
how accurate you think your computed solution is and why. Comment on whether you
seemed to need restrictions on the step size for stability or whether accuracy was the
only consideration in choosing your stepsize.

(b) Solve the same problem using the backward Euler method:

Yk+1 = Yk + hf (tr1, Ykt1)

and solving the nonlinear equations at each step via Newton’s method. Write down the
Jacobian matrix for the system and explain what initial guess you will use. Were you
able to take a larger time step using the backward FEuler method than you were with the
explicit method used in part (a)?
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Chapter 12

More Numerical Linear Algebra:
Eigenvalues and Iterative Methods for
Solving Linear Systems

12.1 Eigenvalue Problems

Let A be an n by n matrix. We wish to find a real or complex number A, called an eigenvalue,
and a nonzero vector v, called an eigenvector, such that Av = Av. Eigenvalue problems arise in
many areas, such as the study of resonance of musical instruments, or the stability of fluid flows.
We saw in the previous chapter how eigenvalue analysis can be used to study the behavior of a
system of linear ODE’s, y' = Ay. If X is an eigenvalue of A with corresponding eigenvector v,
then if y(0) = v, then y(t) = e*v. More generally, if \i,...,\, are the eigenvalues of A with
corresponding eigenvectors v, ..., vy, then if y(0) = Z?Zl ¢jvj, then y(t) = Z?:l cjelitv;.

The eigenvalues of A are the roots of its characteristic polynomial:

det(A — \I) = 0.

a=(43)

det(A— X)) =(1—-X)(3 - —-8=X—4X-5=0,

To find the eigenvalues of

we can write

and solve the quadratic equation to find
A=—-1 or A=5.

Even real matrices can have complex eigenvalues, as the following example shows:

Az(_i g) det(A— M) = (1-X)(B—X) +8=X—4r+11,
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Throughout this section, unless otherwise stated, we will assume that the matrix A is real, but
complex numbers will come into play when we consider eigenvalues and eigenvectors.

In most cases, there is no analytic formula for the eigenvalues of a matrix, since the eigenvalues
are the roots of the characteristic polynomial, and Abel proved in 1824 that there can be no formula
(involving rational numbers, addition, subtraction, multiplication, division, and kth roots) for the
roots of a general polynomial of degree 5 or higher. Hence the best one can hope to do is to approx-
imate the eigenvalues numerically. One possible approach would be to determine the coefficients
of the characteristic polynomial and then use a root finding routine, as described in Chapter 4,
to approximate its roots. Unfortunately, this strategy is a bad one because the polynomial root
finding problem may be ill-conditioned, even when the underlying eigenvalue problem is not. A
tiny change in the coefficients of the polynomial can make a large change in its roots. We will find
other methods for approximating eigenvalues.

Associated with each eigenvalue A is a collection of nonzero vectors v, called eigenvectors,
satisfying Av = Av. The eigenvectors v associated with an eigenvalue A, together with the zero
vector, form a vector space, sometimes called the eigenspace of A\. In many cases, this space is
one-dimensional and v is determined up to nonzero scalar multiples; clearly if v is an eigenvector
with eigenvalue A, then so is cv for any nonzero scalar ¢, since Av = Av = A(cv) = A(ev).
Sometimes there are two or more linearly independent eigenvectors, say vi,...,Vvm, associated
with an eigenvalue A, and in this case, for any scalars c1, ..., ¢, not all zero, the vector E;nzl CjVj
is also an eigenvector for A since A(3°7L; ¢jvy) = D70, ¢jAvy = 37T ciAvy = MDT7L; ¢jvj). The
dimension of the eigenspace is called the geometric multiplicity of A. The eigenspace of A is the
same as the null space of A — AI, and to find the eigenvectors associated with A we can look for
nonzero vectors v that satisfy (A — AI)v = 0.

In the first example above, for instance, to find the eigenvector(s) associated with the eigenvalue
A = —1, we look for nonzero vectors v = (vy,v2)? satisfying

(3)(n)=-(%)
(33)(5)=()

If we begin to solve this set of equations by Gaussian elimination, subtracting 2 times the first row
from the second, then we find:

22 ]0) (2210

4 4]0 00| 0)°
and the solution set consists of all vectors v such that 2v; + 2v9 = 0; i.e., such that v = —v1. We
can take v to have any nonzero value, say, v1 = 1, and then the eigenvector is (1, —1)%.

or, equivalently,
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Following is a 3 by 3 example:
1 2 3
A=| 4 5 6
789
To find the eigenvalues of A, we form the characteristic polynomial, det(A — AI):
1-Xx 2 3

det(A — M) = det 4 5-X 6 =
7 8 9—-2A

5—A 6 4 6 4 5—-)
(1—/\)det( 8 9_)\)—2det(7 9_/\>+3det(7 8 )—

(I=N[B=A)(O—-X)—6-8—2[409—X)—6-7]+3[4-8—(5—N)-7] = —A(X\2 — 15X + 18).

The roots of this polynomial are:

_ 15+3V17

A=0 and A\ 5

Let us find the eigenvector(s) associated with the eigenvalue 0. To do this we must find all nonzero
vectors v = (v1,v9,v3)" satisfying

1 2 3 U1 0
4 5 6 (W) == 0
7 8 9 U3 0
Proceeding by Gaussian elimination we find
12310 1 2 3]0 1 2 3]0
456 | 0|]—>|0 -3 —-6|0]—]0-3-6120
78 9 |0 0 -6 —-12 | 0 0 0 0] O

The last equation (0-v; +0-v9 4+ 0-v3 = 0) holds for any v, the second equation (—3ve — 6v3 = 0)
holds provided vy = —2wv3, and the first equation (v; + 2vy + 3vs = 0) holds as well provided
vy = —2v9 — 3v3 = v3. Setting vs arbitrarily to 1 gives the eigenvector v = (1, —2,1)7. You should
check that Av is indeed equal to 0 - v.

An n by n matrix A that has n linearly independent eigenvectors is said to be diagonalizable. If
vi,...,Vn are a set of linearly independent eigenvectors with corresponding eigenvalues A1, ..., A,
then we can write

A1
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IfV = (v1,...,vn) is the matrix whose columns are the eigenvectors vi,..., vy, and A is the
diagonal matrix of eigenvalues, then this becomes

AV =VA, or A=VAV™L (12.1)

The rows of V! (or their complex conjugate transposes; i.e., the column vectors whose entries
are the complex conjugates of those of each row of V1) are known as left eigenvectors of A. If
we multiply equation (12.1) by V~! on the left, then we see that V~!A = AV~! so that if y*
denotes the ith row of V!, then y*A = \;y*. Taking complex conjugate transposes, we see that
A*y = )y, so that y is a right eigenvector of A* corresponding to the eigenvalue );. Taking
ordinary transposes gives ATy = \;¥, so that ¥ is a right eigenvector of A7 corresponding to the
eigenvalue \;. Unless otherwise stated, the term eigenvector will refer to a right eigenvector.

A similarity transformation A — W 1AW, where W is any nonsingular matrix, preserves
eigenvalues since if Av = \v, then W AW (W ~lv) = W~ 1Av = A\(W~!v), but the eigenvectors
of W™TAW are W~! times the eigenvectors of A. A similarity transformation corresponds to
a change of variables. For example, consider the linear system Ax = b, where A = VAV ™!,
Making the change of variables y = V~!x and ¢ = V~!b, this becomes the diagonal system
V1AVy = Ay = c. Following are two important theorems about classes of matrices that are
diagonalizable:

Theorem 12.1.1. If A is an n by n matriz with n distinct eigenvalues then A is diagonalizable.

Proof. Let Aq,..., A, be the distinct eigenvalues of A, and let vyq,..., v, be corresponding eigen-
vectors. If vi,...,vnh were not linearly independent, then there would be a linear combination of
them with nonzero coefficients that was equal to the zero vector. Let Z;nzl ¢;vj be the shortest
such linear combination (i.e., the one involving the fewest v;’s). Then we have the two equations
dojeicivi=0and AT, cjvi =377 ¢jAjv; = 0. Subtracting A; times the first equation from
the second gives > 7", cj(A; — A1)v; = 0, but this is a contradiction since this is a shorter lin-

ear combination with nonzero coefficients (since ¢; # 0 and A\; — Ay # 0, j = 2,...,m) that is
equal to 0. Therefore there must be no such linear combination and vy,..., v, must be linearly
independent. O

Theorem 12.1.2. If A is real and symmetric (A = AT) then the eigenvalues of A are real and A
is diagonalizable via an orthogonal similarity transformation; that is A = QAQT, where QT = Q!
and A is the diagonal matriz of eigenvalues.

Not all n by n matrices have n linearly independent eigenvectors. Consider, for example, the
following 2 by 2 matrix:
11
A= ( ol ) |
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The characteristic polynomial is det(A — AI) = (1 — A)2, which has a double root at A = 1. The
eigenspace associated with A =1 is the set of solutions to

wom= (3 3)(2)-(4)

which consists of vectors v for which vo = 0; i.e., the one-dimensional space of scalar multiples of
(1,07

While not all square matrices are diagonalizable, it can be shown that every square matrix is
similar to a matrix in Jordan canonical form:

Theorem 12.1.3. [Jordan Canonical Form] Every n by n matriz A is similar to one of the form

J1
J = ;

where each block J; has the form

1
i

The number of linearly independent eigenvectors is the number of blocks m. The matriz is diag-
onalizable if and only if m = n. The geometric multiplicity of an eigenvalue \; is the number of
Jordan blocks with eigenvalue \;. The algebraic multiplicity of \; (i.e., its degree as a root of the
characteristic polynomial) is the sum of the orders of all Jordan blocks with eigenvalue ;.

While the Jordan form is an important theoretical tool, it is less useful in computations. A tiny
change in a matrix can make a huge change in its Jordan form. For example, suppose we have a
single n by n Jordan block with eigenvalue 1. Changing the diagonal entries by arbitrarily small
but distinct amounts ¢;, we obtain a matrix with distinct eigenvalues 1+¢;, ¢ = 1,...,n, which, by
Theorem 12.1.1, is diagonalizable; i.e., has a Jordan form consisting of n one by one blocks instead
of one n by n block.

Often the most useful similarity transformations are those that can be carried out with orthog-
onal or, more generally, unitary matrices. Recall that an orthogonal matrix is a real matrix @) such
that QT = Q~!. The complex analog is a unitary matriz: a complex matrix for which the complex
conjugate transpose (the matrix Q* whose 7,j entry is equal to the complex conjugate of Q;;) is
equal to Q~!. We state one more important theorem, called Schur’s theorem, saying that every
square matrix is unitarily similar to an upper triangular matrix.

Theorem 12.1.4. [Schur Form] Every square matriz A can be written in the form A = QTQ*
where Q is a unitary matriz and T is upper triangular.
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For certain types of matrices, the eigenvalues and eigenvectors are easy to find. For example,
the eigenvalues of a diagonal matrix

dy
A=
dn
are just the diagonal entries di,...,d,, and the corresponding eigenvectors are the unit vectors,
e1,...,en, where e; has a 1 in position j and 0’s everywhere else; for we have Ae; = d;e;. If A

is triangular, either upper or lower triangular, then its eigenvalues are again equal to its diagonal
entries, and the eigenvectors can be determined by back substitution. For example, if

1
A=1 0
0

S =~ N
S Ot W

then its eigenvalues are 1, 4, and 6. The eigenvector associated with 1 is e; = (1,0,0)7. The
eigenvector associated with 4 satisfies

-3 2 3 1 0
005 vo | =10 |,
00 2 Vs 0

and so must have v3 = 0 and —3v; + 2ve = 0, say, v = (2/3,1,0)7. The eigenvector associated
with 6 satisfies

-5 2 3 V1 0
0 -2 5 ve | =10 ],
0 00 V3 0

and so v3 can be any nonzero number, while vo = (5/2)vs and v1 = (2/5)vy + (3/5)vs = (8/5)vs,
giving, for example, v = (8/5,5/2,1)%.

A very useful theorem for obtaining bounds on eigenvalues, without actually doing much com-
putation, is Gerschgorin’s theorem. We will prove the first part of this theorem.

Theorem 12.1.5. [Gerschgorin] Let A be an n by n matriz with entries a;; and let r; denote the
sum of the absolute values of the off-diagonal entries in row i: r; = Y i—, |aj|. Let D; denote the
G

disk in the complex plane centered at a;; and of radius r;:
Di={z€C: |z—aj| <r}.

Then all eigenvalues of A lie in the union U}_,D; of the Gerschgorin disks. If m of these disks
are connected and disjoint from the others, then exactly m eigenvalues of A lie in this connected
component.
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Proof of first part. Let A be an eigenvalue of A with corresponding eigenvector v. Then for each
i =1,...,n, we have 2?21 aijv; = Av;, or equivalently, (XA — a;)v; = > 71—, aijv;. Let vy be the

j#i
component of v of largest absolute value. Then using this formula with ¢+ = k£ and dividing each
side by v we find

n
A= ap =Y aij(vi/vg),
=1
7k
and hence, taking absolute values on each side,

n n
N —apk| < laggl - vifve] < lai].
j=1 i=1
ik ik
]

The theorem is stated using the Gerschgorin row disks. Since the eigenvalues of AT are the same
as those of A, however, (because if A = SJS~! where J is in Jordan form then AT = (S7)~1JT ST
and the eigenvalues of J” are the same as those of J), one can state a similar result using the
Gerschgorin column disks:

Let ¢; denote the sum of the absolute values of the off-diagonal entries in column j: ¢; = >, |aij]-
i#]

Let F; denote the disk in the complex plane centered at a;j; and of radius c;:
Ej:{ZEC: |z—ajj| SC]'}.
Then all eigenvalues of A lie in the union U?_, E; of the Gerschgorin column disks. If m of these disks

are connected and disjoint from the others, then exactly m eigenvalues of A lie in this connected
component.

Example. Consider the matrix

3 1 1
A=12 2 0
1 -1 -4

The Gerschgorin row disks, D; = {z € C: |2 —3] <2}, Dy = {2 € C: |z —2| <2}, and
D3 ={z € C: |z+4| <2}, are pictured below. According to the theorem, one eigenvalue lies in
the disk centered at —4, while two eigenvalues lie in the union of the disks centered at 2 and 3.

e
NN
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The Gerschgorin column disks, B} = {z € C: |z —3| <3}, By ={z € C: |z —2| <2}, and
E;s ={z€ C: |z+4| <1}, are pictured below.

'
N

Combining information from each of the two figures, we obtain the stronger result that one eigen-
value lies in E3 while two lie in D7 U Ds.

Sometimes a simple similarity transformation can produce a matrix, say, D~ 'AD, whose Ger-
schgorin disks tell us even more about all or some of the eigenvalues of A. In the above example,
suppose we take D = diag(1,2,4). Then

3 2 4
D7 'AD = 1 2 0
1/4 —-1/2 —4

Looking at the Gerschgorin row disks for D™'AD — D; ={z € C: |z -3/ <6}, Dy ={2z€ C:
|z —2| <1}, and D3 = {z € C: |z + 4| < 3/4} — we see that while D; U Dy covers a larger region
than the corresponding disks associated with A and thus gives less information about the location
of the two eigenvalues in that region, the disk D3 about z = —4 is smaller than that in the original
matrix and thus tells us more: there is an eigenvalue within 3/4 of —4.

) /A
- N

12.1.1 The Power Method for Computing the Largest Eigenpair

Suppose one starts with a vector w and applies the matrix A to it many, many times, obtain-
ing A¥w, k = 1,2,.... Let us assume that A is diagonalizable, meaning that it has n linearly
independent eigenvectors vi,...,v, forming a basis for C”. The vector w can be expressed as
a linear combination of these eigenvectors: w = Z?Zl ¢;jvj, for some scalars ci,...,c,. Then
Aw = 2?21 cjAv; = Z?Zl cjAjvj, where ); is the eigenvalue corresponding to vj. Multiplying by
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A again, we find that A?w = Z?Zl cjAjAvy = Z cj)\ -vj, and continuing in this way we see that
for each £k =1,2,...,

n
Abw = ZCj/\;?Vj. (12.2)
j=1
Now suppose that |[A;| > |Aa] > ... > |A,|. Then, assuming that ¢; # 0, the term in the
sum (12.2) that dominates the others when k is very large is the first term: ¢;A\¥v;. Hence as k
increases, A*w looks more and more like a multiple of the first eigenvector vi. Put another way,
if we divide each side of (12.2) by A%, then we can write

n
AkakW =c1vy + Z Cj()\j//\l)ij, (12.3)
j=2
and each of the terms ¢;(Aj/A1)*v;, j = 2,...,n, approaches 0 as k — oo, since |A;/A1| < 1. Hence

limy oo )\kakw =c1Vy.
The power method for computing the eigenvector of A corresponding to the eigenvalue of largest
absolute value is usually implemented as follows:

Given a nonzero vector w, set y(®) = w/||w||, and for k = 1,2,.
Set y) = Ayl /|| Ayt .

By normalizing the vector y), one avoids possible problems with overflow or underflow, without
affecting the convergence of the method. Since y) converges to the eigenvector ¥; = +vy/|v1],
the corresponding eigenvalue \; can be approximated in several different ways. If y(k) were the
true eigenvector, then the ratio of any component of Ay®) to the corresponding component of y(k)
would be equal to \;. Hence one way to approximate A\; would be to take the ratio (Ay®);/y®

for any nonzero component ¢ = 1,...,n. Another way is to take the inner product (Ay( ),y(k)) =
y®7 Ay which would be equal to (A1¥1, ¥1) = A1 (¥1,¥1) = A1, if y® were the true normalized
eigenvector V1. The latter method is usually preferred, and the power method becomes:

Power Method for computing the eigenvalue of largest absolute value
and the corresponding normalized eigenvector.

Given a nonzero vector w set y(© = w/||w|. Form §) = Ay(® and
compute A\(0) = ( (1), y(0)). [Note that \(?) = (Ay(®) y(0))]
For k£ =1,2,.

Set y(9 = 509 /]|700]|

Form y&+1) = Ay(®).

Compute AF) = (FE&+1) v [Note that A(K) = (4y®) yk) ]

Note that each iteration requires one matrix-vector multiplication plus some additional work with
vectors only.
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We have argued that the power method converges to the eigenvector corresponding to the
eigenvalue of largest absolute value, provided the absolute value of this eigenvalue is strictly greater
than that of the others. It can be seen from (12.3) that the rate of convergence depends on the
ratio |[A2/A]; ie.,

INTFARW — crvall = O(1ha/M[P).

If one could decrease the ratio |A2/A1], then one could achieve faster convergence.

Suppose, for example, that A has eigenvalues 10, 9, 8, 7, 6, 5. Then the power method applied
to A will converge to the eigenvector corresponding to 10, with a convergence factor of .9. Consider
the shifted matrix A — 7I, whose eigenvectors are the same as those of A and whose eigenvalues
are 3, 2, 1, 0, —1, — 2, as pictured below.

| I —
| ——
5678916 -2 -10 1 2 3

If the power method is applied to this shifted matrix, then it will converge to the same eigenvector
(now corresponding to eigenvalue 3 in the shifted matrix), but the rate of convergence will be
governed by the ratio 2/3 ~ .667. We can recover the eigenvalues of the original matrix from those
of the shifted matrix just by adding 7.

This leads to the idea of the power method with a shift.

Power Method with shift s for computing the eigenvalue farthest from s
and the corresponding normalized eigenvector.

Given a shift s and a nonzero vector w, set y(®) = w/||w]||. Form §1) = (4 — sI)y(®
and compute A0 = (3 y(©) 1 5. [Note that A\(O) = (Ay(®), y(@) ]
For k =1,2,...,

Set y = 3®)/[|5®)].

Form §&+1) = (A4 — sI)y(®).

Compute \¥) = (k1) y(K)) 1 5. [Note that \#) = (Ay®) y®)) ]

This iteration converges to the eigenvector corresponding to the eigenvalue of A— sl with largest
absolute value. Note that in the previous example, if we shift by more than 7.5, say, we shift by
8 giving eigenvalues 2, 1, 0, — 1, — 2, — 3, then the eigenvalue of largest absolute value is now
the algebraically smallest eigenvalue, —3. In this case, the shifted power method converges to the
smallest eigenvalue, 5, and corresponding eigenvector of the original matrix. Thus, by appropriately
choosing shifts, the power method can be made to converge to the largest or smallest eigenvalue of
a matrix with real eigenvalues. It cannot find the other eigenvalues, however, because the shift can
never make one of the interior eigenvalues lie farthest from the origin. To find these eigenvalues one
can use a method called inverse iteration. Another way to accomplish this when A is symmetric is
through deflation.
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Deflation

Assume that A is symmetric with eigenvalues i, ..., A, satisfying |A1| > |A2| > [A3] > ... > |\,
and suppose that we have used the power method to compute the eigenvalue \; of largest absolute
value and the corresponding normalized eigenvector vi. Suppose we have used an initial vector
w = 2?21 ¢;v;. Knowing v, we can construct an initial vector W that is a linear combination of

only va,...,vp:
n

wW=w— (w,v1)vy = ZCjVj.
=2

This works because the eigenvectors of the symmetric matrix A are orthogonal; orthogonalizing any
vector w against one set of eigenvectors produces a vector that is a linear combination of only the
other eigenvectors. This process of modifying the initial vector or other vectors generated by the
algorithm so that they are orthogonal to the already computed eigenvector(s) is called deflation.

If the power method is run with initial vector W, then instead of converging to vy, it will
converge to vo (assuming cy # 0), since

n n n
Aky = Z CjAij = chA?vj = )\129[62‘/'2 + Z Cj(/\j/Ag)ij],
j=2 Jj=2 Jj=3

and each of the coefficients (\;j/A2)¥, j > 3, converges to 0 as k — oo.

Now, in practice, we do not know v; exactly, so the vector W constructed above will likely
have at least a small component in the direction of vi. Even if it did not, rounding errors in the
computation of powers of A times w would perturb subsequent vectors so that they had components
in the direction of vy, and the method would likely end up converging to vy again. To prevent this,
it is necessary to periodically orthogonalize the vectors in the power method against v;. That is,
if §®) is the vector produced at the kth step of the power method, then we replace ¥ by

% — (78 vi)vy.

This need not be done at every step, but only occasionally to prevent the reappearance of the
eigenvector vj.

12.1.2 Inverse Iteration

Suppose the power method is applied to the matrix A~! or, more generally, to (A — sI) !, where
s is a given shift. Again let A1,..., )\, denote the eigenvalues of A and vy, ..., v, corresponding
eigenvectors. Then the eigenvectors of (A —sI) ! are the same as those of A, and the corresponding
eigenvalues are (A —s)7 %, ..., (A, — s)71, since

Avi = jv; = (A—-sl)vj= () —s)v; < vi = (A —sI)"lv;j.

j— S

The eigenvalue of (A — sI)~! that is farthest from the origin is the one for which |\; — s| is
smallest. Thus if A has eigenvalues 1,2,...,10, then A~! has eigenvalues 1,1/2,...,1/10, and the
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power method applied to A~! will converge to 1. Moreover, its rate of convergence is governed by
the ratio of the second largest eigenvalue of A~! to the largest, which is 1/2. Note that this is
a faster rate of convergence than we would have obtained by using the power method on A with
a shift; had we shifted by, say, 6 so that A — 6/ had eigenvalues —5,—4,...,4, then the power
method applied to the shifted matrix would have converged to the eigenpair corresponding to 1 in
the original matrix, but the rate would have been governed by the ratio 4/5. Thus the method of
inverse iteration may provide faster convergence to the smallest eigenvalue of A.

Moreover, with a properly chosen shift, the inverse iteration method can be made to converge
to any of the eigenvalues of A. For instance, suppose we choose s = 3.2. Then the eigenvalues
of A — sI are —2.2,-1.2,-0.2,0.8,...,6.8, so the eigenvalues of (4 — sI)"! are approximately
—.45,—.83,—-5,1.25,...,.15. The one that is farthest from the origin is —5, and this corresponds
to the interior eigenvalue 3 of A. Thus the inverse iteration method can be made to converge to
interior eigenpairs of A. Additionally, if we already have a fairly good estimate of the eigenvalue
that we are looking for, then the rate of convergence of the inverse iteration method can be greatly
enhanced. Since the shift s = 3.2 is already fairly close to the eigenvalue 3, when we shift A by s,
the shifted eigenvalue —0.2 will be much closer to the origin than the next closest one, and when
we take the inverse of A — sI, the inverse of the shifted eigenvalue 1/(—0.2) will be much farther
from the origin than the next farthest one. In this case, the next farthest eigenvalue of (A — sI)~!
from the origin is 1.25, and so the rate of convergence of inverse iteration is governed by the ratio
1.25/5 = .15. Had we chosen an even closer shift, say, s = 3.01, then convergence would have been
even faster. The eigenvalues of (4 — 3.011)~! are —1/2.01, —-1/1.01,-100,1/.99,...,1/6.99, so the
convergence rate of the power method applied to this matrix is given by the ratio (1/.99)/100 ~ .01.

The inverse iteration algorithm can be written as follows:

Inverse Iteration with shift s for computing the eigenvalue of A that is
closest to s and the corresponding normalized eigenvector.

Given a shift s and a nonzero vector w, set y(®) = w/||w]||. Solve (4 — sI)§1) = y(®
for ) and compute A() = 1/(F1),y©®) + 5. [Note that 1/(A() — 5) = (A — sI)"'y(©),y©®) ]
For k=1,2,...,

Set y(®) = 5049504 |.

Solve (A — Sl)y(k+1) = y(k) for y(k—}-l).

Compute \®) = 1/(3*+1) y(®)) 4 5. [Note that 1/(A*) —s) = (4 — sI)~1y®), y®)) ]

Note that we do not actually compute the inverse of A — sI but we solve the linear system (A4 —
syt = y(&) to obtain §&*D) = (4 — sI) 'y(®. Recall from Chapter 7 that this requires less
work and is more stable than computing the inverse.

Note also the eigenvalue approximation that is used: A*) = 1/(F&+D y®) 4 5 Since y®)
is an approximate normalized eigenvector of (A — sI)~!, the quantity (( —sl)~ly () ,y®) s
an approximate eigenvalue of (A — sI)~™!. The eigenvalues of (A — sI)~! are the inverses of the
eigenvalues of A — sI; that is, they are of the form 1/(\ — s), where A is an eigenvalue of A. Hence
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A is of the form 1/(eigenvalue of (A — sI)~!) + s. Now, since the eigenvectors of (A — sI)~! are
the same as those of A, the vector y(®) is also an approximate eigenvector of A, and one might
approximate the corresponding eigenvalue with the inner product: (Ay(k),y(k)), as was done in
the power method. The disadvantage of using this approximation here is that it requires an extra
matrix-vector multiplication. Nevertheless, this approximation is often used in Rayleigh quotient
iteration, which will be described shortly.

Computing Eigenvectors with Inverse Iteration

Often inverse iteration is used to compute eigenvectors, once the eigenvalues have been computed
by other means, such as the QR algorithm to be described later. If the shift s is a very good
approximation to an eigenvalue, then inverse iteration will converge to the corresponding eigenvector
very quickly, as explained above. Note, however, that if s were an exact eigenvalue, then the matrix
A—sI would be singular, and if s is very close to an eigenvalue then one might expect rounding errors
to prevent one from obtaining an accurate solution to the linear system: (A — sI)y*+1t) =y 1t
turns out that although this is indeed the case, the error in solving this linear system lies mostly in
the direction of the eigenvector that we are approximating. Hence this error does not detract from
the performance of inverse iteration.

12.1.3 Rayleigh Quotient Iteration

Suppose one wishes to use inverse iteration to approximate an eigenpair, but one does not know a
good shift s that is close to the desired eigenvalue. Since the inverse iteration method generates
vectors that approximate an eigenvector of A, one can approximate the corresponding eigenvalue
in the same way that this is done in the power method: A*) = (Ay® y®)  These values can
then be used as successive shifts in the inverse iteration algorithm. This is called Rayleigh quotient
iteration:

Rayleigh Quotient Iteration for computing an eigenvalue and corresponding
eigenvector of A.

Given a nonzero vector w, set y(© = w/||w|| and A = (4y©® y(©@) Fork =1,2,...,
Solve (A — \k=D1)§k) = y(k=1) for §),
Set y(®) = 3®)/||5()]].
Compute AF) = (Ay®) y),

Note that each iteration in Rayleigh quotient iteration requires one linear system solution ((A —
AE=D 1§ = y(k=1)) and one matrix-vector multiplication (Ay®).

How good an approximation to an eigenvalue is the Rayleigh quotient (Av,v)/(v,v)? Suppose
v = vj + u, where vj is a normalized eigenvector of A corresponding to eigenvalue \; and u is
orthogonal to v;. Then

(Av,v)  (yAjv;+ Au,yvi+u) 72)\]- + ¥(Au, v;) + (Au, u)
(viv) — {yvjtuyvit+u) 7%+ (u,u) '

295



If A is symmetric, then (Au, v;) = (u, Avj) = (u, \;v;) = 0, and so this becomes

(Av,v)  ¥’Xj+ (Au,u) s+
viv) P +{wu)

(Au,u) — Aj(u, u)
[vll? ’

and the difference between the Rayleigh quotient and the eigenvalue \; satisfies

< (A1 + XD Alall/IvID? < 20l All(al/lviD?-

{v,v)

The error in the Rayleigh quotient approximation to A; is proportional to the square of the norm
of the portion of v orthogonal to v;. Thus if v is a fairly good approximation to the eigenvector v;,
say, ||[v]| = 1 and ||u|| = .1, then the Rayleigh quotient gives a much better approximation to \;,
with error about 2||A|| times .01. For a general nonsymmetric matrix, the term (Au,v;) does not
vanish and the error in the Rayleigh quotient approximation to A; is on the same order, |jul|/||v/|,
as the error in the eigenvector approximation. For this reason, Rayleigh quotient iteration is used
mainly for symmetric eigenproblems.

12.1.4 The QR Algorithm

We have thus far looked at methods for approximating selected eigenvalues and corresponding
eigenvectors. Can one find all of the eigenvalues/vectors at once? The QR algorithm applies a
sequence of orthogonal similarity transformations to A until it approaches an upper triangular
matrix. Then the approximate eigenvalues are taken to be the diagonal entries of this (nearly)
upper triangular matrix.

Recall the QR decomposition of a matrix, described in Section 7.6.2: Every n by n matrix A
can be written in the form A = QR, where Q is an orthogonal matriz (its columns are orthonormal)
and R is upper triangular. This decomposition was carried out using the Gram-Schmidt algorithm.
In practice, it is usually carried using Householder reflections, which will not be described here
but see, for example, [?]. Consider now the following procedure: First factor A = Ay in the form
Ao = QR; then form the matrix A; = RQ. Note that 41 = (QTQ)RQ = QT (QR)Q = Q1 4yQ, so
that A; is similar to Ay since Q7 = Q~'. We can repeat this process of doing a QR factorization
and then multiplying the factors in reverse order to obtain a sequence of matrices that are all
orthogonally similar to A. This is called the QR algorithm:

Let Ag = A. For k=0,1,...,
Compute the QR factorization of Ay: Ap = QrRy.
Form the product: Agy1 = RiQy-

The following theorem, which we state without proof, gives the basic convergence result for the
QR algorithm:
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Theorem 12.1.6. Suppose the eigenvalues Ay, ..., A, of A satisfy |A1| > |Xe| > ... > |Au|. Then
the matrices Ay produced by the QR algorithm converge to an upper triangular matriz whose diago-
nal entries are the eigenvalues of A. If, in addition, A = VAV ™', where V has an LU decomposition
(i.e., pivoting is not required for Gaussian elimination on a matriz V of eigenvectors), then the

(%)

i 1> 7, in the strict lower triangle is given by

k
|a§§“>|=o( )

The technical condition that V have an LU decomposition ensures that the eigenvalues appear
on the diagonal in descending order of magnitude. This is the usual case. The proof of this theorem
is based on a comparison of the QR algorithm with a block version of the power method described
previously.

rate of convergence to 0 of the elements a

Ai

Aj

Hessenberg Form

The QR algorithm described so far is too expensive to be practical for a general matrix A. The first
problem is that each step requires O(n3) operations. To reduce the number of operations per step,
one can first apply a similarity transformation to put A into a form where the QR factorization is
not so expensive. A general matrix A can first be reduced to upper Hessenberg form:

*

* *

which has only one nonzero diagonal below the main diagonal. For a description of the details of this
transformation using Householder reflections, see, for example, [?]. If the matrix A is symmetric,
then this symmetry is maintained and hence the upper Hessenberg form is actually tridiagonal;
that is, only the three center diagonals have nonzero entries.

A single step of the QR algorithm applied to an upper Hessenberg matrix can be carried out
using only O(n?) operations, although the details of how to do so are subtle. See, for example,
[?]. The idea is to avoid a direct computation of the QR factorization of the upper Hessenberg
matrix and simply compute Ag11 = R Q) = QfAk Q. without explicitly forming Q). Moreover, the
orthogonal matrix ( is still upper Hessenberg and the product RQ) maintains this upper Hessenberg
form. You can convince yourself of this by considering the Gram-Schmidt algorithm applied to the
columns of an upper Hessenberg matrix and noting that orthogonalizing column j against each
of the previous columns does not introduce nonzeros below row j + 1 because all of the previous
columns have zeros there. It is easy to see then that the the product of an upper triangular matrix
and an upper Hessenberg maftrix is still upper Hessenberg.

In the symmetric case, the savings are even greater since the upper Hessenberg form is actu-
ally tridiagonal. The QR factorization of a tridiagonal matrix can be computed using only O(n)
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operations. To see this, note that when the Gram-Schmidt algorithm is applied to the columns of
a tridiagonal matrix, each column need only be orthogonalized against the previous two (since it is
already orthogonal to earlier ones), and the work to do this orthogonalization is O(1). Moreover,
as was already noted, the orthogonal matrix () and the product R(Q are both upper Hessenberg.
But since RQ = Q7 (QR)Q and QR is symmetric, RQ is also symmetric and therefore tridiagonal.
Thus the tridiagonal form is maintained throughout the QR algorithm and each step requires only
O(n) operations when the matrix A is symmetric.

Shifts

An initial transformation of the matrix A to upper Hessenberg form reduces the work per iteration
of the QR algorithm from O(n?) to O(n?) in the general case and to O(n) in the symmetric case.
But the number of iterations required for the algorithm described so far is still too large; it is slow to
converge. To improve convergence, one typically uses approximate eigenvalues as shifts, as was done
in the power method, inverse iteration, and Rayleigh quotient iteration. That is, instead of factoring
Ay, as Qg Ry, one chooses a shift s; and factors Ay — sl = QR and then sets Ag 1 = RpQx+ skl
Note that Ay is still similar to Ag: Ax1 = Qka (RkQr+skI) = Q{(QkRk+skI)Qk = Q{Aka.
Thus all matrices A have the same eigenvalues as A.

There are many strategies for choosing shifts, one of the most widely used being the Wilkinson
shift [?]. Here sy is taken to be an eigenvalue of the bottom right 2 by 2 block of Ag; the one that
is closer to the (n,n) element of A is chosen, or, in case of a tie, either eigenvalue can be used as
shift.

Deflation

One final strategy is important in making the QR algorithm efficient. That is deflation. If a
subdiagonal entry of the upper Hessenberg (or tridiagonal) matrix Ay is 0, then the problem can
be split into two separate problems. This is because the eigenvalues of a matrix of the form

( z z z | T T =z
T z z | T T =
0 z z | =z z =z
0 00 | =z z z
0 00 | z z =z
0 0 0 | 0 z =z

are the same as those of its two diagonal blocks.

If a subdiagonal entry of Ay is zero or sufficiently close to zero (say, on the order of the machine
precision), then it can be set to zero and the QR algorithm continued on the two diagonal blocks
of Aj separately. Note that if the work per iteration for the QR algorithm is Cn? for some
constant C, then if the n by n matrix Ay can be split into two blocks, say, each of size n/2,
then the work per iteration to apply the QR algorithm to each of these blocks separately is just
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C(n/2)* + C(n/2)? = Cn?. Moreover, one would expect to find better shifts to use with each
block separately and so to improve the convergence rate of the algorithm.

Practical QR Algorithm

A version of the QR algorithm incorporating all of the suggested improvements is given below:

Let Ag=A. For k=0,1,...,

Choose a shift s; by finding the eigenvalues of the lower right 2 by 2 block of A; and
taking the one that is closer to the bottom right element of Ay.

Compute the QR factorization of Ay — spl: Ay — spl = Qi Ry.
Form the product: Agy1 = RxQx + sxl.

If any subdiagonal entry of Ak—tl is sufficiently close to zero, set it to zero to obtain
a block upper triangular matrix Ag,q, with diagonal blocks B and C. Apply the QR
algorithm to B and C separately.

This is essentially the algorithm used by MATLAB, when you type eig(A).

12.1.5 Google’s PageRank

We now look at an important application involving eigenvectors and the power method for comput-
ing the eigenvector corresponding to the eigenvalue of largest magnitude. This is the PageRank™ computation
in Google.
A popular and often effective form of information acquisition is submitting queries to Google.com.
In fact, in the past second an average! of just over 1,200 searches were conducted on Google which
supplies results to AOL, Yahoo, Netscape and Earthlink [3].
Suppose that we submit the query mathematics to Google. In the summer of 2006, Google
returned the following pages (plus thousands more) in order:

e Mathematics in the Yahoo! Directory, dir.yahoo.com/Science/Mathematics/

e Eric Weisstein’s World of Mathematics, mathworld.wolfram.com/

e Mathematics WWW Virtual Library, http://www.math.fsu.edu/Virtual/index.php
o Mathematics Archives, archives.math.utk.edu/

The mathematics category in the Yahoo! directory is deemed the “best” page related to the query.
Being at the top of the list is an enviable position, since being listed 40th or 50th can essentially
bury a page into obscurity, as it relates to the query.

Google searches billions of pages and solves a huge linear algebra problem that yields an “im-
portance” ranking of pages. We will see that eigenvectors are deeply integrated into Google and
the results that are returned from a query.

lusing data from January 2003
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Lining Up the Web by Rank

A component of Google’s success is the PageRank™ algorithm developed by Google’s founders,
Larry Page and Sergey Brin, who were graduate students at Stanford University when they devel-
oped the foundational ideas of Google [38]. The results of the algorithm are determined by the link
structure of the WWW and involve no content of any page. As a historical note, Jon Kleinberg first
suggested link analysis and spectral graph theory [27] as a means to improve web search, although
the development and analysis differed from what Page and Brin would later develop.?

How does the PageRank™ algorithm work? A page A is considered more “important” if more
pages link to it. However, Google also considers the importance of the pages that link to page
A; links from “important” pages are given more weight. In the end, pages with high weight sums
are given a high PageRank, which Google uses to order results of a query. PageRank is combined
with text-matching algorithms to find pages that are both “important” and relevant to the query.
Keeping the rankings updated presents its own issues since the structure of the Web changes
continually as links are altered and pages are added and deleted.

How does the PageRank™ algorithm determine the weights of links? Try the following exercise:

Start at one of your favorite pages. Randomly select a link and click it. On the next
page, randomly select a link. Continue this process of following random links.

There are two possible outcomes:

e You visit a page with no outgoing links—a dangling node, a dead end.

e Otherwise, you form a cycle by revisiting a page. You cannot visit new pages indefinitely,
since there are finitely many pages.

Surfing with Markov

Your random walk in the exercise above can be modeled mathematically with a Markov chain. A
Markov chain modeling a discrete system requires determining the states of the system, and for
each ordered pair of states 7 and j, the probability m;; of moving from state ¢ to state j. The
Markov transition matrix is M = (m;;).

For surfing the Web, the states are the indexed pages. Markov processes model the behavior of
a random system whose probability distribution of possible next states depends only on the current
state. The random walk (“surf”’) that we performed had this attribute. The pages that we visit
depend in part on the links available at the current page. For Google’s purposes, it is undesirable for
the Markov chain to get stuck at a dangling node, so we also include the possibility that the surfer
jumps to another page, not linked from the current one, choosing such a page uniformly at random.
Once we specify the probability of this random jump, we have a complete conceptual description
of the Markov chain used by Google. But determining the transition matrix—the Google matriz3,
with all the probabilities of moving from page i to page j, seems a monumental undertaking!

2Note, the citation for the reference to Kleinberg’s work is later than that of Brin and Page’s seminal paper. Brin
and Page, however, cite Kleinberg’s work as it appeared in 1998 in the Proceedings of the ACM-SIAM Symposium
on Discrete Algorithms.

3Enter "Google matrix" as a query in Google and see what you find!
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A Googled Matrix

Let W be the set of web pages contained in Google’s index. Let n be the cardinality of W (the
number of web pages in W). Notice that n varies with time. As of September 2005, n was about 8
billion and growing fast. Google’s indexing of billions of web pages is a non-trivial task. We assume
that such a set W has been constructed.

Consider a directed graph of the WWW where a vertex represents a web page, and an edge
from vertex 7 to vertex j corresponds to a link from page ¢ to page j. Let G be the n x n adjacency
matrix of this graph; that is, g;; = 1 if there is a hyperlink from page ¢ to page j and 0 otherwise.
The number of nonzeros in row ¢ is the number of hyperlinks on page %, out of the very large
number 7 of elements in the column. Hence, most entries in every row are zeros, and the matrix is
sparse. Recall the size of n. The sparsity of G will be an asset in manipulating it on a computer. In
particular, only the nonzero entries, along with column and row information, are stored. Because
the average out-degree of pages on the web is about seven [28], this saves a factor on the order of a
billion in storage space and since n is growing over time while the average number of links on each
page appears to remain about constant, the savings will only increase over time.

The information captured in G leads to the transition matrix. Let ¢; and r; be the column and
row sums of G, respectively. That is,

G= 3 giji Ti= Y. Gij- (12.4)

1<i<n 1<j<n

Then ¢, and 7, are the indegree and outdegree of the state (page) k.

Let p be the fraction of time that a random walk follows a link available on a page, so that
(1—p) is the fraction of time that a surfer jumps to a random web page chosen uniformly at random
from W. Google typically sets p = 0.85.

The transition matrix M has elements

. 1—
mij = p (&) +-—2 (12.5)

T n

where m;; is the probability that we visit page j in the next step, given that we are currently at
page 1.

Google’s Eigenvectors

A non-negative left eigenvector that satisfies vM = v (right-multiplication by the transition matrix
is common notation for Markov processes) is called a steady-state vector of the Markov process
(where v is normalized so that ) v; = 1, which results in a vector of probabilities). The theory of
Markov chains shows that such a vector exists and, from any starting state, the limiting probability
of visiting page ¢ at time ¢ as t — oo is v;.

Google defines the PageRank of page i to be v;. Therefore, the largest element of v corresponds
to the page with the highest PageRank, the second largest to the page with the second highest
PageRank, and so on. The limiting frequency at which an infinitely dedicated random surfer visits
any particular page is that page’s PageRank.
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Figure 12.1: A small network of web pages.

The following theorem guarantees the uniqueness of the steady-state vector and that it will
have positive entries:

Theorem 12.1.1 (Perron). Every real square matriz P whose entries are all positive has a unique
eigenvector with all positive entries. Its corresponding eigenvalue has multiplicity one, and it is the
dominant eigenvalue, in that every other eigenvalue has strictly smaller magnitude.

Recall that the rows of M sum to 1. Therefore, M1 = 1, where 1 is the column vector of all
ones. That is, 1 is a right eigenvector of M associated with the eigenvalue 1, most notably for
our purposes having all positive entries. Since 1 — p > 0, the entries of M are all positive, and
Perron’s Theorem ensures that 1 is the unique right eigenvector with all positive entries, and hence
its eigenvalue must be the dominant one. The right and left eigenvalues of a matrix are the same,
therefore 1 is the dominant left eigenvalue as well. So, there exists a unique steady-state vector v
that satisfies v = v. Normalizing this eigenvector so that > v; = 1 gives a steady-state vector.

With the theory behind the PageRank™ algorithm in place, we apply it to the small network
in Figure 12.1.

The adjacency matrix G of this network is

00010
10000
G=|1 0000
01101
0 0100

Recall that 7y is the outdegree of page k. Therefore, we see from G that page 1 has one link that
points to page 4.

From G, we form the transition matrix M. Note from (12.5) that if g;; = 0, then m;; =
(1 —p)/n = .15/5 = .03. Let us consider mi4 since g14 = 1 # 0. From (12.5), we have my4 =

302



(0.85) (1) +0.03 = 0.88. Similarly, 4o = (0.85) (%) + 0.03 ~ 0.3133. Therefore,

.0300 .0300 .0300 .8800 .0300
.8800 .0300 .0300 .0300 .0300
M = | .8800 .0300 .0300 .0300 .0300
.0300 .3133 .3133 .0300 .3133
.0300 .0300 .8800 .0300 .0300

Each row of M sums to 1; (12.5) guarantees this. Since m1; is the probability of moving from page
1 to page j, if a surfer is currently on page 1, there is an 88% chance that the surfer will visit page
4 next. What about the 3% probabilities that appear in M? There is a 3% chance that a surfer
will jump to page 2 without following a link on page 1.

Solving vM = v yields

v = (.2959,.1098, .2031, .2815, .1098).

Therefore, a random surfer will visit page 1 approximately 30% of the time and page 2 11% of the
time. The PageRanks (the elements of v) for this small Web are given in 12.1.

‘ Page ‘ PageRank ‘

1 .2959
4 .2815
3 2031
2 .1098
5 .1098

Table 12.1: PageRanks for the pages in the Web of Figure 12.1.

Compare these PageRanks to the network in Figure 12.1. Pages 1 and 3 have the same indegree
and outdegree, yet page 1 is linked from pages that in the end have higher PageRank. Page 4
receives a high PageRank because it is linked from page 1. If a surfer lands on page 1 (which occurs
about 29% of the time), then 85% of the time the surfer will follow a link. Page 1 links only to
page 4. Therefore, the high PageRank of page 1 boosts the probability that page 4 is visited.

Getting Practical

This subsection has simplified many of the issues of information retrieval. As such, we now introduce
some of the complexities inherent to a problem of this magnitude.

Note, the PageRank™ algorithm requires finding only the dominant eigenvector; a fact that
will serve as a huge asset computationally. In particular, the power method can be used to find
this vector.

Will the power method converge? The answer is yes, since the dominant eigenvalue, 1, is larger
in magnitude than the others. This would not necessarily be the case if p = 1 were allowed since
then the entries of M would be nonnegative but could be 0, so the Perron theorem would not apply.
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In this case, a generalization of the Perron theorem to nonnegative matrices, known as the Perron-
Frobenius theorem, would be relevant, but it requires an additional assumption, namely, that the
matrix be irreducible. This occurs if and only if every web page is reachable from every other page
via a path of hyperlinks. This is not the case if there are dangling nodes. With this additional
assumption, it can be shown that 1 is a simple eigenvalue of the nonnegative matrix M and that all
other eigenvalues have magnitude less than or equal to 1. But still another assumption is needed
to show that all other eigenvalues have magnitude strictly less than 1, namely, the assumption that
M is primitive. This property has to do with the lengths of possible paths starting and ending
at a given page P;, and it could not be expected to hold in general. Hence allowing the surfer a
small probability of jumping to a random page, not only results in a more realistic model, but also
simplifies the mathematics considerably!

Assume, then, that |[A\i| > [A2] > ... > |Ay|. Then, from (??), we know that the rate of
convergence of the power method is |A2|/|A1]- From Perron’s theorem, we know that A\; = 1 and
that |A\;| < 1 for ¢ > 1. In [20], it is shown that |A2| is bounded above by p = 0.85. This means that
the power method will converge at the same rate (require about the same number of iterations)
even as the size of the problem increases.

Even more powerful is the fact that the entire matrix M need not be stored for the power
method. In fact, it is enough to know p, n, the nonzeros of G, and the out-degree of each page.
For more information on this, see [29]. This paper supplies an extensive survey of research on all
facets of PageRank, which involves many complexities beyond the scope of this book.

Remarks before Logging Out

To determine the PageRanks of the pages that it indexes, Google solves a linear algebra problem
of massive proportions—finding an eigenvector of a matrix of order 8 billion.

Again, keep in mind that PageRank alone does not determine the order of the list returned
by Google for a query. For example, http://mathworld.wolfram.com/ has a lower PageRank
than http://www.google.com. However, our query mathematics does not produce http://www.
google.com in the first 100 pages returned from Google. Why? Using text-matching algorithms,
Google determines the relevance of a page to a query and combines this with its PageRank to
determine the final ranking for a query.

To reflect the subtlety of language and the challenges of text-matching, suppose that we
submit the query show boat. The page that tops the list returned is http://www.imdb.com/
title/tt0044030/, which gives details on the 1951 film “Show Boat” based on the musical by
Jerome Kern and Oscar Hammerstein II. For the query boat show, topping the list is http:
//www.showmanagement .com/, containing information on the Show Management company that
produces boat shows throughout the year.

By inverting the order of the words in our query, we changed the list of pages returned. This
is what we want. If we are looking for information on boat shows, we probably do not want
information on the musical “Show Boat.” Carefully designed text-matching algorithms play the
role in differentiating between pages that have the words “boat” and “show” in their content.

How do text-matching algorithms work? How is relevance to a string quantified? These ques-
tions step into thought-provoking areas beyond the scope of this textbook. The answers, however,
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o by Eric Draper

GOOGLE BOMBS

Much power lies in the hands of those who can use knowledge of the
underlying mathematics and computer science of information retrieval
to their advantage. For example, in October of 2003, George John-
ston initiated a Google bomb called the “miserable failure” bomb, which
targeted President George W. Bush and detonated by late November
of that same year. The result was Google returning the official White
House Biography of the President as the highest ranked result to the
query miserable failure. Putting together a Google bomb was rel-
atively easy. It involved several web pages linking to a common web
page with an agreed upon anchor text (the text that one clicks to go
to the hyperlink). In the case of the “miserable failure” project, of the
over 800 links that pointed to the Bush biography, only 32 used the
phrase “miserable failure” in the anchor text. [30] This ignited a sort of
political sparring match among the web savvy, and by January 2004, a
“miserable failure” query returned results for Michael Moore, President
Bush, Jimmy Carter and Hillary Clinton in the top four positions. As
expected, Google is fully aware of such tactics and works to outsmart
these and other initiatives that can dilute the effectiveness of its results.
For more information, search the internet on “Google bombs” or “link
farms” or see the recent text on information retrieval by Langville and
Meyer [30].
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may simply be a query on Google away.

12.2 Iterative Methods for Solving Linear Systems

12.2.1 Basic Iterative Methods for Solving Linear Systems

We have seen in chapter 7 how Gaussian elimination can be used to solve a nonsingular n by n
system of linear equations Ax = b. For moderate size n, say, n on the order of a few hundred or
perhaps a few thousand, this is a reasonable approach. Sometimes, however, n is very large, on the
order of hundreds of thousands or even millions or billions. We saw earlier how the Google matrix,
depicting connections between all web pages on the World Wide Web, has dimensions on the order
of billions.

Many large linear systems arise from differencing partial differential equations, as was illustrated
in Subsection 7.2.4, with the matrix arising from Poisson’s equation. That matrix was relatively
small, coming from a small 2-D problem, but much larger matrices can arise from differencing partial
differential equations in 3-D. In Chapter 14 we will see precisely how such linear systems arise, but
to give an indication here, consider Poisson’s equation on the unit cube in three dimensions:

2 2 2

% + g—yz + % = f(z,y,2), 0<z,y,z<1.

To approximate the solution u(z,y, z), we divide the cube into many small subcubes and approxi-
mate the partial derivatives using finite difference quotients (described in Chapter 9). These involve
the values u;j, of the unknown solution u at each corner (z;,y;,2;) of a subcube. These values
become the unknowns in a system of linear equations. If there are m subcubes in each direction,
then the number of unknowns is approximately m?. Thus, with 100 subcubes in each direction, we
end up with a one million by one million linear system.

For such problems, both the work and the storage required by Gaussian elimination are pro-
hibitive. Recall that Gaussian elimination requires about (2/3)n? operations (additions, subtrac-
tions, multiplications, and divisions) to solve a general n by n linear system. For n = 105, this is
(2/3) - 10'® operations, and on a fast supercomputer that performs, say, 10° operations per second,
this would require (2/3)-10° seconds, or, about 21 years! Some advantage can be taken of the band
structure of such a matrix, as discussed in Subsection 7.2.4. The half bandwidth of this matrix,
using what is known as the natural ordering of unknowns (see Chapter 14), is about m?, and using
this fact the work can be reduced to about 2(m?)?n = 2-10'* operations, which, at 10° operations
per second, could be performed in about 2.3 days. Still, work is not the only prohibiting factor.
Storing the matrix is another problem. To store a dense n by n matrix, where n = 108, requires 10!
words of storage. This is far more storage than is typically available on a single processor, and the
matrix elements would have to be distributed among many processors. Again, some advantage can
be taken of the band structure; since zeros outside of the band remain zero during Gaussian elim-
ination, they need not be stored. Still, everything within the band (including zeros since they fill
in with nonzeros during Gaussian elimination) must be stored, and this requires about m2n = 10'°
words of storage, which is still far more than is generally available on a single processor.
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To circumvent both of these difficulties, iterative methods can be used to solve Ax = b. These
methods require only matrix-vector multiplication and, perhaps, solution of a preconditioning sys-
tem (to be described later). To compute the product of A with a given vector v, one need store only
the nonzeros of A along with their row and column numbers. The matrix arising from Poisson’s
equation above with a standard differencing scheme has only about 7 nonzeros per row, resulting
in a storage requirement of just 7 million words. This property of sparseness — having most entries
equal to 0 — is typical of the matrices arising from partial differential equations and from many other
mathematical formulas as well. Moreover, if the matrix entries are sufficiently easy to compute,
then they need not be stored at all; knowing the nonzero entries and their locations one can write
a routine to compute the product of A with a given vector v without using any additional storage
for the matrix. For a dense n by n matrix, the cost of a matrix-vector multiplication is about 2n?
operations, but if A is sparse then this cost will be significantly less. For a matrix with an average
of r nonzeros per row, the cost is about 2rn. Thus, if we think of r as fixed and the matrix size
n as increasing, then the number of operations required for a matrix-vector multiplication is O(n).
If an acceptably good approximate solution to the linear system Ax = b can be found by using a
moderate number of matrix-vector multiplications and, say, O(n) additional work, then an iterative
method that does this will be much faster than Gaussian elimination.

It may turn out that the linear system Ax = b is not well-suited to solution by the means
described above; that is, if an iteration consists of simply computing the product of A with an
appropriate vector and doing O(n) additional work, then it may turn out that many, many iterations
are required to obtain a good approximate solution to Ax = b. In this case, the original linear
system can be modified through the use of a preconditioner or matriz splitting. All of the iterative
methods that we will discuss find the solution immediately if A is the identity matrix. Hence one
might look for a matrix M with the property that linear systems with coefficient matrix M are easy
to solve and yet M ' A is, in some sense, close to the identity. One might then replace the original
linear system Ax = b by the preconditioned system M ~1Ax = M~!b and apply an iterative
method to this new linear system. One need not form the matrix M ~!A; one need only be able to
compute the product of M~1A with a given vector v. This can be done by computing the product
Av and then solving the linear system Mw = Av for w = M ~! Av. Examples of preconditioners
M that are sometimes used include the diagonal of A and the lower (or upper) triangle of A, since
linear systems with diagonal or triangular coefficient matrices are relatively easy to solve.

12.2.2 Simple Iteration

Suppose one has an initial guess x(® for the solution to Ax = b. If one could compute the
error €© = A~'b — x(9), then one could find the solution: x = x(©) 4 e(®). Unfortunately, one
cannot compute the error in x(%), but one can compute the residual r® = b — Ax(®). Note that
r(® = Ae(®) so that if M is a matrix with the property that M 1A approximates the identity, yet
linear systems with coefficient matrix M are easy to solve, then one could approximate the error
by M~'r(®). Thus, one might solve the linear system Mz(© = r(® for z(°) and then replace the
approximation x(©) by the, hopefully, improved approximation x(!) = x(®) 4-2(%)_ This process could
then be repeated with x(1). That is, compute the residual r'¥) = b — Ax(®), solve Mz = (1) {0
obtain an approximation z(1) to the error in x(1), then add z(M) to x(1) to form what is, hopefully,
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an improved approximation. This is the simplest type of iterative algorithm.

Simple Iteration.

Given an initial guess x(©), compute r(® = b — Ax(©), and solve Mz(® = r(®)
for 2. For k =1,2,...,

Set x(&) = x(k-1) 4 gk-1)

Compute r®) = b — Ax®),

Solve Mz® = r(&) for zk),

This algorithm goes by different names, according to the preconditioner M that is used. For
M equal to the diagonal of A, it is called Jacobi iteration; for M equal to the lower triangle of A,
it is the Gauss-Seidel method; for M = w™!D — L, where D is the diagonal of A, —L is the strict
lower triangle of A, and w is a parameter chosen to accelerate convergence, it is the successive
overrelaxation (SOR) method.

Another way to derive the method is as follows. Write the matrix A in the form A = M — N.
This is called a matriz splitting. Now, the true solution x satisfies

Mx=Nx+b, or x=M"'Nx+ M 'b.

Recall Section 4.5 on fixed point iteration, where we looked for a solution to the scalar equation
z = ¢(z). Here we are looking for a solution to the vector equation x = ¢(x), where p(x) =
M~'Nx 4+ M~'b, using the same fixed point iteration:

Mxy = Nxi_1+b, or xx=M'Nxx 1+ M 'b. (12.6)

In Section 4.5 we showed that fixed point iteration converged to the unique solution of z = ¢(z) if
© was a contraction. We will see in the next subsection that essentially the same result holds for
the vector equation x = ¢(x). Now, however, we must consider different norms since ¢ may be
a contraction in one norm but not in another. The result in the next subsection shows that this
iteration converges to the unique solution x if ¢ is a contraction in some norm.

To see that (12.6) is the same as the Simple Iteration algorithm described previously, note that
M~IN =1 M~'A, so that (12.6) is equivalent to

x®) = (I = M A)x* Y 4 M~'b =x®Y 4 M~ (b — AxK V) = x&=1 4,1 (12.7)

Example. Write down the approximate solutions generated in two steps of the Jacobi and Gauss-
Seidel methods for solving Ax = b, where

(3 2) (1)
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Start with the initial guess x(®) = (0,0)7.
For Jacobi’s method, M is the diagonal of A, and so we find after one step that

(2)7=(0)+(58) (1)-(¥)
(2)"=()- (2 D (A=)
and the vector z() = M~ 1r(V) is o
(2) -(h)

The second iterate, x(2) = x(1) 4 z(1)  ig

I (2) _ 3/4
o - 3 / 4 )
Note that for this problem, each successive iterate x(?), x(1), x(2) moves closer to the true solution

x = (1,1)T.
For the Gauss-Seidel method, M is the lower triangle of A, and so we find after one step that

(2)=(0)+(23) (1)=(f)
(2)-()-(2 D E)-(%)
and the vector z() = M~1r() is
(2)" =)

The second iterate, x(? = x(1) 4 z(1) s

(2)" ()

Note that the Gauss-Seidel iterates are closer to the true solution x = (1,1)” than the corresponding
Jacobi iterates.

The residual is

The residual is

Example. The plot below shows the convergence of the Jacobi, Gauss-Seidel, and SOR iterative
methods for a linear system arising from Poisson’s equation on a square in two dimensions. The
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number of grid points in each direction was 50, and the dimension of the matrix was n = 502 = 2500.
For this model problem, the optimal value of the SOR parameter w is known, and that value was
used to obtain the results below.

o Jacobi, Gauss-Seidel, and SOR (optimal omega) for Model Problem
10 T T T T T T T

107 E\

107}

T Gauss-Seidel
3 \ I

10°F \
\
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10°

L L L L AN L L L L
0 50 100 150 200 250 300 350 400 450 500
Iteration

Note the slow convergence of the Jacobi and Gauss-Seidel methods. After 500 iterations, the
residual norm is still on the order of 102 or 1073. This convergence rate only gets worse as the
problem size increases. The SOR method, with a well-chosen parameter w, is considerably faster to
converge, but, except for special model problems like this one, the optimal value of w is not known.
Software implementing the SOR method must either ask the user to supply a good value for w,
or it must try to estimate it dynamically. In later sections, we will discuss iterative methods that
achieve SOR-type convergence rates or better and do not require estimation of any parameters.

12.2.3 Analysis of Convergence

The questions that we will be concerned with, in studying this and other iterative methods for
solving linear systems, are: (1) Does the method converge to the solution A~'b of the linear
system, and (2) If so, how rapidly does it converge (i.e., how many iterations are required to
compute an approximate solution that differs from the true solution by no more than some given
tolerance)? We must also keep in mind the work per iteration; if one method requires more work
per iteration than another, then it must converge in correspondingly fewer iterations in order to be
competitive.

To answer these questions for the Simple Iteration methods described here, we need to look at
an equation for the error e®) = A=1b — x®) at step k. Subtracting each side of (12.7) from A~'b,
we obtain the equation

el = (k=) _ pr—1pl=1) — (1 — (1 A)elk— ).

(k-1)

An analogous formula holds for e , and substituting that formula above and continuing, we

find
el = (I - M~ 1Ak = (1 - M1A)2e®2 = . = (T - M 1Ak,
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Taking norms on each side, we find
e < 1T = M A)|| - (|, (12.8)

where || - || can be any vector norm and we take the matrix norm to be the one induced by the
vector norm: [|B|| = max|y—; ||Bv||. In this case, the bound in (12.8) is sharp; that is, for each &
there is an initial error e(®) for which equality holds (although the initial error for which equality
holds at step k£ may be different from that for which equality holds at some other step j).

Theorem 12.2.1. The norm of the error in iteration (12.7) converges to 0 and x(K) converges to
A~'b as k — oo, for every initial error €9, if and only if

lim ||(I — M~TA)*| =o0.

k—o00
Proof. Taking limits on each side in (12.8) shows that if limg o ||[(I — M~1A)*|| = 0, then
limy, o0 ||e(k) | =0.

The “only if” part requires a bit more machinery to prove. Suppose, conversely, that limy_, . ||(I—
M~1A)*|| # 0. Then there is a positive number o such that ||(I — M~1A)¥|| > « for infinitely
many values of k. The vectors e(®¥) with norm 1 for which equality holds in (12.8) at step k form a.
bounded infinite set in C"”, and so, by the Bolzano-Weierstrass theorem, they contain a convergent

subsequence. Let e€(®) be the limit of such a subsequence. Then for any € > 0, for k sufficiently
large in this subsequence, we will have ||e(®) — e(®%)|| < ¢, and hence

17 — M~ A 17 = M1 A @R — (I — M~ A (O — )]

>
> (=M A)F(1 - ¢) 2 el —e).

For € < 1, the right-hand side is positive, and since this inequality holds for infinitely many values
of k, it follows that limy_,e ||(I — M~ ' A)*e(®)|| cannot be 0; either this limit does not exist or it is
greater than 0. O

The spectral radius, or largest absolute value of an eigenvalue of a matrix G, will be used to
further explain the result of Theorem 12.2.1.

Definition. The spectral radius of an n by n matrix G is

p(G) = max{|A| : A is an eigenvalue of G}.

The following theorem relates the spectral radius to matrix norms. Its proof relies on the Schur
form introduced earlier.

Theorem 12.2.2. For every matriz norm ||-| and every n by n matriz G, p(G) < |G||. Given an

n by n matriz G and any € > 0, there is a matriz norm ||| - |||, induced by a certain vector norm,
such that |||G]|| < p(G) + .
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Proof. To see that p(G) < ||G||, note there is at least one eigenvalue A of G for which [A| = p.
Let v be an eigenvector associated with such an eigenvalue ), and let V be an n by n matrix
each of whose columns is v. Then GV = AV, and it follows that for any matrix norm || - ||,
AL VI = 1IAVIE =[GV < NIG]] - [[V]]. Therefore p(G) = |A] < [|G]l-

Now suppose we are given an n by n matrix G and a number ¢ > 0. We wish to determine
a norm ||| - ||| for which |||G||| < p(G) + €. By the Schur triangularization theorem 12.1.4, there
is a unitary matrix ) and an upper triangular matrix 7" such that G = QT Q*. Let § > 0 be a
parameter to be determined later and let D = diag(1,6,62,...,6"!). Then

t11 Ot1o (52t13 C 5n_1t1n
129 Otoz ... (5n_2t2n
D™ITD = ' . :
5tn71,n
tnn

For § > 0 sufficiently small, we can make the entries in the strict upper triangle of this matrix
as small as we like. In particular, we can make the sum of absolute values of the entries in any
column of the strict upper triangle less than e. Since the diagonal entries are the eigenvalues and the
absolute value of each eigenvalue is less than or equal to p(G), it follows that | D~'TD||; < p(G)+e.
(Recall that || - ||1 is the maximum absolute column sum.) Define a matrix norm ||| - ||| for any n
by n matrix C' by

lIClll = ID~'Q*CQDx.

Then |||G||| = ||D7'TD|; < p(G) +e. To see that ||| - ||| is indeed a matrix norm, induced
by a certain vector norm, note that if, for every n-vector y we define |||y||| = ||D~'Q*y]1, then
max |||y =1 ||Cy|| = max)p-1g-y),=1 [D7'Q*Cy|l1 = maxp-1g-y,—1 [|D7'Q*CQD(D™'Q*y)[: =
max|j,—1 D 1Q*CQDw; = |D-1Q*CQD|s = |||C]||. Thus if [[ly|l| = [|D"'Q*y|l defines a
vector norm, then the matrix norm ||| - ||| is induced by this norm. It is left as an exercise to check
that the requirements of a vector norm are satisfied by ||| - |||. O

A consequence of Theorem 12.2.2 is the following:
Theorem 12.2.3. Let G be an n by n matriz. Then limy_,o G*¥ = 0 if and only if p(G) < 1.

Proof. First suppose limy_,oo G¥ = 0. Let X be an eigenvalue of G with eigenvector v. Since
G*v = Mv — 0 as k — oo, this implies that || < 1.

Conversely, if p(G) < 1, then by Theorem 12.2.2 there is a matrix norm ||| - ||| such that
I||G]|] < 1. It follows that |||G*||| < |||G]|||¥ — 0 as & — oco. Since all norms on the set of n by
n matrices are equivalent (that is, for any two norms || - || and ||| - |||, there exist constants ¢ and
C such that for all n by n matrices G, c||G|| < [||G||| € C||G||), it follows that all norms of G*
approach 0 as k — oo. Taking the norm to be, say, the 1-norm (maximum absolute column sum)
or the co-norm (maximum absolute row sum), it is clear that this implies that all entries of G*
approach 0 as k — oo; i.e., limy_,oo GF = 0. O
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With this result, Theorem 12.2.1 can be restated as follows:

Theorem 12.2.4. The norm of the error in iteration (12.7) converges to 0 and x&) converges to
A~'b as k — oo, for every initial error €0, if and only if

p(I-—M™1A) <1

While Theorem 12.2.4 gives a necessary and sufficient condition for convergence of the iterative
method (12.7), it may not be easy to check. In general, one does not know the spectral radius of
the iteration matrix I — M ' A or whether or not it is less than 1. There are some circumstances,
however, in which this condition can be verified. There is a vast literature on properties of A and
M that are sufficient to guarantee p(I — M~'A) < 1. Here we prove just two such results.

Recall that an n by n matrix A is said to be strictly diagonally dominant if foreachi =1,...,n,
|laii| > >;4ilaij|; in words, each diagonal entry is greater in magnitude than the sum of the
magnitudes of the off-diagonal entries in its row.

Theorem 12.2.5. If A is strictly diagonally dominant, then the Jacobi iteration converges to the
unique solution of the linear system Ax = b, for any initial vector x(0).

Proof. Since M = diag(A), the matrix I — M ' A has 0’s on its main diagonal, and its (i, j)-entry,
for i # j, is —a;j/a;;. Consider the co-norm of this matrix:

I = M~ Allo = max Z

12.
,,n|a|Z|U| ( 9)

Qg

Since A is strictly diagonally dominant, |a;| > 2, |aij| for all 4, and it follows from expression
(12.9) that ||[I — M~!Al|o < 1. Tt then follows from Theorem 12.2.1 that the Jacobi iteration
converges to A~'b. (The strict diagonal dominance of A implies also that it is nonsingular, by
Gerschgorin’s theorem, and hence that the solution to Ax = b is unique.) O

If A is strictly diagonally dominant, it also can be shown that the Gauss-Seidel method con-
verges. Instead of proving this, however, we will prove convergence of the Gauss-Seidel method
when A is symmetric and positive definite. For convenience, let us assume that A has been prescaled
by its diagonal; that is, the real symmetric positive definite matrix A has the form A = I+ L+ L7,
where I (the identity) is the diagonal of A and L is the strict lower triangle of A; the strict upper
triangle is LT since A is symmetric. We noted earlier that a real symmetric matrix is positive
definite if all of its eigenvalues are positive. An equivalent criterion is: A is positive definite if, for
all nonzero vectors v (real or complex),

v*Av > 0. (12.10)

Here v* denotes the Hermitian transpose. If v is real, then it is just the ordinary transpose, but

if v is complex then it is the complex conjugate transpose: v* = (¥1,...,0,). Thus, v*Av =
>t j=1 Gig0iv;.
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Theorem 12.2.6. If A is real symmetric and positive definite and has the form A=1+ L+ LT,
where I is the diagonal of A and L is the strict lower triangle of A, then the Gauss-Seidel iteration
converges to the unique solution of the linear system Ax = b, for any initial vector x(9).

Proof. First note that since A has positive eigenvalues, it is nonsingular and hence the linear system
Ax = b has a unique solution. The Gauss-Seidel iteration matrix is I — M~'A, where M = I + L;

hence
I-M'A=T-(I+L) '"I+L+L")=—-(I+L)"'L".

Based on Theorem 12.2.4, our task is to show that all eigenvalues of this matrix have absolute
value less than 1. Let A be an eigenvalue and v a corresponding normalized eigenvector (||v|j2 = 1).
Then —(I + L)"'LTv = Av, or, multiplying by (I + L) on each side,

—L"v =XI+ L)v.
Multiply each side of this equation on the left by v* to find
—v*LTv = \(1 + v*Lv). (12.11)

Let the complex number v*Lv be denoted as o + ¢83, where i« = v/—1. Then, since this quantity
is just a number, its Hermitian transpose v*LTv, is just its complex conjugate, o — i3. Hence
equation (12.11) can be written as

—a+if =M1+ a+if).
Taking absolute values on each side, we find that
Ve + 2= |MV1+2a+a?+ B2

and it will follow that |A| < 1 if 1+2a > 0. But since A = I+ L+ L” is positive definite, it follows
from (12.10) that v*Av > 0, and v’ Av = 1+ v*Lv+v*LIv = 1+ (a+if) + (@ —if) = 1+ 2. O

For any nonsingular matrix A, it can be shown that the matrix AT A is symmetric and positive
definite. Hence, if the linear system Ax = b is replaced by the symmetric positive definite system
AT Ax = A"TDb, then the Gauss-Seidel iteration is guaranteed to converge. The problem is that
the rate of convergence may be extremely slow. In general, replacing Ax = b by this symmetric
positive definite system, known as the normal equations, is a bad idea. We already saw in Section
7.6 that the condition number of A7 A is the square of that of A, leading to possible loss of accuracy
in the direct solution of a linear system or least squares problem.

12.2.4 The Conjugate Gradient Algorithm

In this subsection, we restrict our attention to matrices A that are symmetric and positive
definite. If a preconditioner M is used then we also require that M be symmetric and positive
definite.
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Suppose, for the moment, that M is the identity and that one wishes to solve Ax = b using only
matrix-vector multiplication and perhaps some additional operations with vectors. As before, one
starts with an initial guess x(©) for the solution and computes the initial residual r(® = b — Ax(©.
Since r(®) is the only available vector that is related to the error in x(0) it seems reasonable to replace
x(0) by x(® plus some scalar multiple of r(® in hopes of obtaining an improved approximation
x(1) = x(0 4 ¢or(®. (In the Simple Iteration Method, one takes ¢p = 1.) The new residual
r(D) = b — Ax™ then satisfies r¥) = b — Ax(©) — ¢y Ar(®) = (I — ¢;A)r(®). Having computed the
new residual ) it seems reasonable to replace x() by x(1) plus some scalar multiple of r(1) in
hopes of obtaining a still better approximate solution. Alternatively, the new approximate solution
x(2) could be set equal to x(©) plus some linear combination of r(®) and r(V), thus allowing even more
flexibility in the choice of x(2). Since r¥) = r(®) —¢; Ar(®), this is equivalent to taking x(?) to be x(®)
plus a linear combination of r(®) and Ar(®). When one computes the new residual r(?) = b — Ax(?),
it is easily seen that the vectors r(®, r() and r(?) span the same space as r(®, Ar(®) and A2r®.
Hence the next approximation x(3) might be taken to be x(%) plus some linear combination of these
vectors. In general, at step k, one might take x(¥) to be equal to x(?) plus some linear combination
of

{r(o), Ar(® A2:0) ,Ak_lr(o)}. (12.12)

The space spanned by the vectors in (12.12) is called a Krylov space. The Simple Iteration Method,
and almost every other iterative method with M = I, generates an approximation x® for which
x(&) — x(0) lies in this Krylov space. Methods differ according to which linear combination of these
vectors is chosen as the approximate solution.

If a preconditioner M is used, then the original linear system Ax = b is replaced by the modified
problem M~'Ax = M~'b, and for k = 1,2,..., the approximation x(¥ is set to x(®) plus some
linear combination of

{59, (M1 4)a®, (M1 AP0, (ML) 150, (1213)

where z(0) = M~1(b — Ax(0).

Ideally, one would like to choose the vector x(¥) from the affine space, x(%) plus the span of the
vectors in (12.12) or (12.13), in such a way as to minimize the error e® = A='b — x¥) in some
desired norm. Typically, one might be interested in minimizing, say, the 2-norm of the error, but
this is difficult to do. It turns out that if A and M are symmetric and positive definite, and if one
instead aims to minimize the A-norm of the error, |[e®|| 4 = (e, 4e(®))1/2 then there is a simple
algorithm that will do this. It is called the conjugate gradient algorithm. It was invented by M.
Hestenes and E. Stiefel [?] in 1952, but in the same year (and in the same volume of Jour. of the
Nat. Bur. Standards), Cornelius Lanczos [?] pointed out its equivalence to an algorithm that he
had described in 1950 for computing eigenvalues [?].

The conjugate gradient algorithm can be derived in a number of different ways. Since least
squares problems were discussed in Section 7.6, we will derive it in a way that is analogous to what
was done there, except that now we are minimizing the A-norm of the error so that we will need
an A-orthogonal basis for the space over which we are minimizing. To simplify notation, let us
again assume that the preconditioner is just the identity. Suppose that {p(o), ... ,p(k_l)} form an
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A-orthogonal basis for the Krylov space
Ky (A, r(o)) = span{r(o),Ar(O), ... ,Ak_lr(o)}; (12.14)

that is, the vectors {p(o), een, p(k_l)} span the same space as {r(O), Ar©® Ak_lr(o)} and (p), ApW) =
0 for 4 # j. The approximate solution x(¥) is of the form

k—1
=0
for certain coefficients c;, so that the error e® is of the form
k-1
ek — 0 _ Z ij(J')_
j=0

To minimize the A-norm of e(*) one must choose the coefficients to make e® A-orthogonal to
© ..., p*b:ie.
P P 0, Apl) ©0), )
ApU i
C]' — <e _ ? p _ > — <r. ’p .> . (12]—6)
(p@), Ap@)  (pl), ApW)
Here we have used the fact that A is symmetric (so that (e(?, Ap@) = (4e(®, pW)) and that
Ae(® = r(0) {6 derive an expression for the coefficients that can be computed without knowing the
error vector €(?). [Note that if we had worked with a set of orthogonal (in the usual Euclidean sense)

basis vectors and attempted to minimize the 2-norm of e(¥) instead of the A-norm, the required
(e(©) p))
@, p0Yy

e(®_ and hence the solution x(?) + e(0) ]

While equation (12.15) with coefficients given by (12.16) provides a formula for the optimal ap-
proximation from each successive Krylov space, its implementation in this form is not practical. Let
us see what savings can be made, both in constructing the A-orthogonal basis vectors p(®, p™. ..,
and in forming the approximate solutions x(¥). First note that if x®¥~1) has been constructed so
that e®&1) ig A-orthogonal to p@ ... .p% 2 then since p® 1 is also A-orthogonal to these
vectors, if we take

coefficient formulas would not have been computable, without knowing the initial error

where
(ek=D, Ap(t)  {rlkD), plk)

1T (ple D) Apk1)y — (plc 1) Ap(k-1))’

(k—1) k-2)

then e® = elk-1) _ g, 1p will be A-orthogonal to p®1 as well as to p(@, ..., pl

To construct the A-orthogonal basis vectors p@ pM . we start by setting p® = 10
Suppose that p(@, ..., p=1) have been constructed with the desired orthogonality properties, and
from these we have computed x(), ..., x® and v, ... r®). To construct the next A-orthogonal
basis vector pt¥), we first note that r® = (k=1 _g, | ApE=1) ljes in the (k+1)-dimensional Krylov
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space Kji1(A,r(®) and since e® is A-orthogonal to span{p(®,... p& Y} = K,(4,r®), it
follows that r(*) = 4e( is A-orthogonal to all but the last of these vectors; that is (r0), ApW) =0
for j =0,...,k — 2. Hence if we set

where

<r(k) s Ap(k_l) )
(p=1), Ap(k—1))’

b1 = —

then p® will be A-orthogonal to p®* 1 as well as to pl@, ... pk—2)
gradient algorithm is implemented.

In practice, slightly different but equivalent coefficient formulas are often used:

. This is how the conjugate

Conjugate Gradient (CG) Algorithm for Symmetric Positive Definite Problems.

Given an initial guess x(9), compute r(® = b — Ax(?), and set p(©® = r(®).
For k=1,2,...,

Compute Ap{k—1).

Set x®) = x4 g, 1 p*k=1) where a5 1 = i L)

(p=1), Ap-1))*
Compute r®) = pk=1) _ g, | Apk-1),

(r(0) r())
(r0c=1) p(=1)y°

Set p(k) = r(k) + bkflp(k_l), where by 1 =

Note that each iteration requires one matrix-vector multiplication (to compute Ap(k_l)) and
two inner products (to compute (p&~1), Apk—1)} and (r&) r®): the inner product (rk—1), rlk-1))
can be saved from the previous iteration), as well as three additions of a vector and a scalar multiple
of another vector. In most cases, the matrix-vector multiplication is the most expensive part of
the iteration, and the reward for doing the few extra vector operations is that one obtains the
optimal (in A-norm) approximation from the Krylov space. Thus, in terms of number of iterations,
the conjugate gradient algorithm is faster than any other (unpreconditioned) iterative method to
reduce the A-norm of the error below a given threshold.

Note also that since the error at each step k is of the form e(®) plus a linear combination
of {r(o),Ar(O), ... ,Ak_lr(o)}, and of all vectors of this form it is the one with minimal A-norm,
if, at some step k, we find that the set of vectors {€(®,r(® = Ae(® . . AF-1r(0) = Ake0)} ig
linearly dependent, then e(¥) will be 0 and the algorithm will have found the exact solution; for,
in this case, there is a linear combination of these vectors Z?:o c]-Aj e(® that is equal to 0 but
not all ¢;’s are 0. If c¢; is the first nonzero coefficient in this linear combination, then it follows
that c;A7e® = — Z?:JH chje(O), or, el0) = —Z?;IJ Cjc—‘;JAje(O), so, in fact, e¥~J would be 0.
Since there can be at most n linearly independent n-vectors, it follows that the conjugate gradient
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algorithm always finds the exact solution within n steps. Thus, the algorithm could actually be
viewed as a direct method for solving linear systems. Since the hope is that it will generate a
good approximate solution long before step n, it is more useful to view it as an iterative technique
and ask questions about how many steps are required to obtain a good approximate solution. The
convergence analysis of the conjugate gradient algorithm, especially in finite precision arithmetic, is
a fascinating subject that, unfortunately, we will not be able to address here. For more information,
see, for example, [?].

Example. The plot below shows the convergence of the unpreconditioned CG algorithm for the
same linear system that was solved with the Jacobi, Gauss-Seidel, and SOR iterative methods in
the previous subsection, namely, the linear system arising from Poisson’s equation on a square with
50 grid points in each direction.

o Unpreconditioned CG for Model Problem
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For this problem, the SOR method, even with the optimal parameter w, required more than 250
iterations to reduce the 2-norm of the residual below 1078, while unpreconditioned CG required
fewer than 150 iterations. Still, there is plenty of room for improvement!

Although the CG method finds the optimal (in A-norm) approximation of the form (12.15),
for certain matrices A one may have to run for many steps k before there is a good approximate
solution of this form. One may be able to reduce the number of iterations by using a preconditioner.
Assume that the preconditioner M is symmetric and positive definite. Then it was shown in Section
7.2.4 that M can be factored in the form M = LL”, where L is a lower triangular matrix with
positive diagonal entries. Imagine applying the CG algorithm to the symmetrically preconditioned
linear system L~'AL~"y = L~'b, whose solution y is L” times the solution of the original linear
system. Then, starting with an initial guess y(©) for the solution and setting p(® = #©0 =

318



L 'b— L AL Ty the CG iteration would take the form:

< kl)rk 1))

k) _ k—1 a(k—1
y( - y( )+ak_1p( ), ag—1 = < (k 1) -1 AL- Tp(k 1))
pl) — gl AL Tpk1)
#k) k)
LK) a(k A (k-1 _ _(F9,59)
p( )= i )+bk71p( ), b1 = (#(k=1) §(k-1))

Defining
x) = Tyl k) = pp) - plk) = =Tk

the above formulas can be written in terms of x®), r®) and p®), and doing so leads to the following
preconditioned CG algorithm for Az = b.

Preconditioned Conjugate Gradient (PCG) Algorithm for Symmetric Positive Definite
Problems with a Symmetric Positive Definite Preconditioner.

Given an initial guess x(®, compute r(® = b — Ax(®), and solve Mz(®) = r(0)_ Set p(® = z(0),
For k =1,2,...,

Compute Apk—1).

Kk k-1 k-1 r(k—1) g(e—1)
Set X( ) = X( ) + G,k;_lp( ), Where Ap—1 = m

Compute r® = k=1 _ g, Apk-1),

Solve Mz® = p(k)
Set p®) = z2®) 4 b, _1p*—1) where by,_; =

(r(k),z(k)>
(r(k—l) 7z(k—l)) .

Again, this algorithm minimizes the L=' AL~T-norm of the error in the approximate solution
y(¥) of the preconditioned system, but this is the same as the A-norm of the error in x| since

(L' AL Lo —y ™, L b — (L7 AL )y ™) = (LT (Ao — L7y ™), L7 (b — AL~ "y™))
= (A b —x®) b — AxM)) = (e 4e)).

Incomplete Cholesky Decomposition

The subject of preconditioners is a vast one, on which much current research is focused. We have
already mentioned a few possible choices for preconditioners. Taking M = diag(A) and using simple
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iteration leads to the Jacobi method. If A is symmetric and positive definite then so is diag(A),
so this preconditioner can also be used with the conjugate gradient algorithm. The other two
preconditioners that were mentioned, when combined with simple iteration, gave rise to the Gauss-
Seidel and SOR methods. If A = D — L — U, where D is diagonal, L is strictly lower triangular,
and U is strictly upper triangular, then the SOR preconditioner has the form M = w™'D — L for
some parameter w, where w = 1 corresponds to the Gauss-Seidel preconditioner. Preconditioners
of this form cannot be used with the conjugate gradient algorithm because, even if A is symmetric
so that U = LT, the preconditioner M = w™'D — L is nonsymmetric. A symmetrized form of the

SOR. preconditioner is
w

M=—(w'D-LD ' (w'D-0),
2-—w

and if this preconditioner is used with simple iteration, the resulting method is called the sym-
metric successive overrelaxation (SSOR) method. When U = L7, it is easy to check that
this preconditioner is symmetric, and if A is positive definite then so is the preconditioner. Hence
the SSOR preconditioner can be used with the conjugate gradient algorithm. Whether used with
simple iteration or with the conjugate gradient algorithm, one must solve a linear system with
coeflicient matrix M at each iteration. This is easy to do since M is the product of known lower
and upper triangular factors. In general, if M = LU, where L is lower triangular and U is upper
triangular, then to solve Mz = r for z, one first solves the lower triangular system Ly = r for y
and one then solves the upper triangular system Uz =y for z.

When A is symmetric and positive definite, we saw in Section 7.2.4 that it can be factored in
the form LL”, where L is lower triangular. In most cases, however, L is much less sparse than the
lower triangle of A; if A is banded (a;; = 0 for |i — j| greater than the half-bandwidth), then L
is also banded, but any zeros within the band of A usually fill in with nonzeros in L. One might
obtain an approximate factorization by forcing certain entries of L to be 0 and choosing the nonzero
entries so that LLT matches A as closely as possible. While any sparsity pattern can be chosen for
L, one frequently chooses L to have the same sparsity pattern as the lower triangle of A; that is,
if a;; = 0, for some ¢ > j, then [;; = 0. It turns out that if this choice is made, then (under one
additional assumption about the matrix A), it can be shown that the nonzero entries of L can be
chosen so that LL”T matches A in places where A has nonzeros, but LL” has some nonzero entries
in places where A has zeros. More generally, Meijerink and van der Vorst [?] proved the following
result about the existence of an incomplete LU factorization:

Theorem 12.2.7. If A = [a;;] is an n by n M-matriz (i.e., the diagonal entries of A are positive,
the off-diagonal entries are non-positive, A is nonsingular, and the entries of A~" are all greater
than or equal to 0), then for every subset P of off-diagonal indices there exists a lower triangular
matriz L = [l;;] with unit diagonal and an upper triangular matriz U = [u;;] such that A = LU — R,
where

lijZO Zf (Z,]) EP, ’U,Z'jZO Zf (’L,j) EP, and T'Z'jZO ’l,f (’L,j) ¢P

In other words, the theorem states that no matter what sparsity pattern is chosen for L and U,
one can find factors with that sparsity pattern such that the product LU matches A in positions
where L and U are allowed to have nonzeros. If A is a symmetric M-matrix and L and U’ are
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chosen to have the same sparsity pattern (i.e., l;;, @ > j, is allowed to be nonzero if and only if u;; is
allowed to be nonzero), then, by properly choosing the diagonal entries, one can force U = L. The
approximate factorization described in the theorem is called an Incomplete LU decomposition,
and when U = L it is known as an Incomplete Cholesky decomposition.

The proof of this theorem proceeds by construction. At the kth stage of Gaussian elimination,
one first replaces the entries in the current coefficient matrix with indices (k,j) € P and (i, k) € P
by 0. One then performs a Gaussian elimination step in the usual way: Eliminate entries in rows
k+ 1 through n of column & by subtracting appropriate multiples of row k from rows k+ 1 through
n. This is how the Incomplete LU or Incomplete Cholesky factorization is carried out.

Example. The plot below shows the convergence of the CG algorithm with the Incomplete
Cholesky preconditioner (known as ICCG) for the same linear system that was used to illustrate
the Jacobi, Gauss-Seidel, SOR, and unpreconditioned CG methods; i.e., the linear system arising
from Poisson’s equation on a square with 50 grid points in each direction. The sparsity pattern of
L was chosen to match that of A; i.e., [;; was allowed to be nonzero only for j =1, i — 1, ¢ — 50.

ICCG for Model Problem
o
10 T T T

10

2-Norm of Residual
=
S

10°F

10°F

6

10 . . . . . . . . .

0 50 100 150 200 250 300 350 400 450 500
Iteration

The number of iterations required to reduce the residual norm to 10~% was reduced by about
a factor of 3 over the unpreconditioned CG algorithm. The cost for this reduction in number of
iterations was about 7n operations to compute the Incomplete Cholesky factorization and then an
additional 11n operations at each iteration to solve the preconditioning system LL”z = r.

12.2.5 Methods for Nonsymmetric Linear Systems

The conjugate gradient algorithm for symmetric positive definite linear systems has the nice prop-
erty of generating the optimal (in A-norm) approximation from successive Krylov spaces while
requiring just a few more vector operations per iteration than, say, the Simple Iteration Method.
Unfortunately, no such method exists for nonsymmetric linear systems. One must either perform
more and more work per iteration to find the optimal approximation from successive Krylov spaces,
or one must give up on optimality. The (full) GMRES (generalized minimal residual) algorithm [?]
finds the approximation for which the 2-norm of the residual is minimal but requires extra work and
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storage to do so. Other methods such as restarted GMRES, QMR (quasi-minimal residual method)
[?], and BiCGSTAB [?] generate nonoptimal approximations but require less work per iteration
than full GMRES and so may be cost-effective if they require only slightly more iterations. In this
section we will describe only the GMRES algorithm. We will again do so from a least squares point
of view, although this is not the most common implementation.

As in the symmetric case, we wish to solve Ax = b by choosing an approximate solution x(K) at
each step k = 1,2, ..., that is of the form x(®) plus some linear combination of {r(®, Ar(®) .. . Ak=1r(0)}
Hence the residual r® = b — Ax®) is of the form

k
r9 = 1 _ 3¢, 4i©),
j=1

where the coefficients c1, . .. ¢ are chosen to minimize the 2-norm of r(¥). We know from Section
7.6 that if we have an othonormal basis §1),...,§% for the space span{Ar(®), ..., Akr(®)} then
|lr®)|| is minimized by taking r® = r(0) — Z§:1<r(°),q<i)>q(j). In this case, the approximate
solution x® is x®) = x(0) 4 Zfﬂ(r(o), q(j))A_lq(j), so that the vectors A~1§W must be available
as well in order to implement the GMRES algorithm in this form.

To construct the vectors g9 and q = A-1§W, one can use the Gram-Schmidt algorithm
discussed in Chapter 7, or a slightly modified version of this:

Compute fy = ||Ar(®|| and set §V) = Ar(®/g;, ¢ = r(®/5,. [Note that V) has
norm 1 and that (V) = A_lq(l).] For j =1,2,...,

Start with §0+1) = A§® and g0 = g9, Fori=1,...,,

Compute v;; = (51, q®).

Replace g+ by g+t — v, and qU+Y) by qU*Y) — ;9. [Note that
GUtY is now orthogonal to gV,..., % and that qUtY) is still equal to
A—lq(j+1)_]

Normalize by computing 8; = ||§9*V)|| and replacing §¥*+1) by gd+1)/g;. Also replace
qUtY) by q(j+1)/5j_

One can update the approximate solution x®) and the residual vector r'®) = b — Ax® at each
iteration by computing aj = (r’& 1, §)) and setting

This is one version of the GMRES algorithm.

Note that, unlike the symmetric case, each new basis vector 91 must be orthogonalized
against all of the previous vectors §W,...,aY. This requires O(nj) work and storage at iteration
7, so that each iteration takes longer than the previous one. Often a restarted version of the GMRES
algorithm is used. One runs for a certain maximum number of iterations K (based on available
storage and/or time), then restarts the algorithm using the latest iterate x(¥) as the initial guess.
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As with other iterative methods, a preconditioner can be used with the GMRES algorithm to
improve convergence. Here the preconditioner M can be applied in several different ways. One can
precondition from the left by applying the GMRES algorithm to the linear system M ~!Ax = M~ 'b,
or one can precondition from the right by applying the GMRES algorithm to the linear system
AM~'y = b and setting x = M~'y. If M is a product of known factors M; and My, then
the original linear system Ax = b can be replaced by M 'AM; 'y = M 'b and the GMRES
algorithm can be applied to this linear system, with the solution to the original system being given
by x = My ly. In any of these cases, one need not compute M1 or M; and Moy; it is necessary only
to be able to solve linear systems with coefficient matrix M. Approximations to the solution of the
original linear system can be computed directly by exploiting their relationship to the approximate
solutions of the modified systems that would be generated by the GMRES algorithm.
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Exercises

1. Show that the normalized vectors y) generated by the power method are scalar multi-
ples of the vectors A*w that would be generated without normalization; that is, y(k) =
(Akw) /|| A¥w||. Show that A*) = (Ay®) y&)) in the power method is equal to (A% 1w, AFw)/(AFw, AFw).

2. Suppose the matrix A is real but has complex eigenvalues. If the initial vector w in the power
method is real, then all other quantities, including approximate eigenvalues, generated by
the algorithm will be real. Hence if the eigenvalue of A of largest absolute value has nonzero
imaginary part, then the power method will not converge to it. Can you explain this apparent
paradox? (Hint: Can a real matrix have a complex eigenvalue A\; with nonzero imaginary
part that satisfies [A\1| > [A2| > ... > |A\p|? Why or why not?)

3. Determine a shift that can be used in the power method in order to compute A1, when the
eigenvalues of A satisfy Ay = =Xy > [A3] > ... > |\y).

4. Let the eigenvalues of A satisfy Ay > Ay > ... > A, (all real but not necessarily positive).

What shift should be used in the power method in order to make it converge most rapidly to
A?

5. Consider the matrix:

Taking A to be a 10 x 10 matrix, try the following:

(a) What information does Gerschgorin’s Theorem give you about the eigenvalues of this
matrix?

(b) Implement the power method to compute an approximation to the eigenvalue of largest
absolute value and its corresponding eigenvector. [Note: Use a random initial vector. If
you choose something special, like the vector of all 1’s, it may turn out to be orthogonal
to the eigenvector you are looking for.] Turn in a listing of your code together with
the eigenvalue/eigenvector pair that you computed. Once you have a good approximate
eigenvalue, look at the error in previous approximations and comment on the rate of
convergence of the power method.

(¢) Implement the QR algorithm to take A to diagonal form. You may use MATLAB routine
[Q,R] = gr(A); to perform the necessary QR decompositions. Comment on the rate
at which the off-diagonal entries of A are reduced.

(d) Take one of the eigenvalues computed in your QR algorithm and, using it as a shift in
inverse iteration, compute the corresponding eigenvector.
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6. Generate some random diagonally dominant matrices in Matlab and try solving linear sys-
tems with these coefficient matrices using the Jacobi and Gauss-Seidel methods. You might
generate the matrices in the following way:

n = input(’Enter dimension of matrix: ’);
dd = input(’Enter diagonal dominance factor dd > 1: [A(i,i)| = sum_j =i |A(i,j)|*dd: ’);

A = randn(n,n); % Start with a random matrix.
for i=1:n, % Make it diagonally dominant.
A(i,i) = 0;
A(i,i) = sum(abs(A(i,:)))*dd;
end;

Set a random right-hand side vector b = randn(n,1) ;, and use a zero initial guess x0 = zeros(n,1).
At each step, compute the residual norm norm(b-A*xk), and make a plot of residual norm vs.
iteration number for each method. (Use the semilogy plotting command to get a log scale

for the residual norm.) You can run for a fixed number of iterations or stop when the residual

norm drops below a certain level. Experiment with different matrix sizes n and different
diagonal dominance factors dd. (You might even try some values of dd that are less than one,

in which case the Jacobi and/or Gauss-Seidel methods might or might not converge.) Turn

in your plots, labelled with the matrix size and diagonal dominance factor for each.

7. Show that the residual r® = b — Ax®) in iteration (12.7) satisfies
) = (I - AMfl)r(kfl),
and that the vector z(¥) = M~1r(¥) (sometimes called the preconditioned residual) satisfies

28 = (I — M1 4)zY),

8. The simple iteration algorithm (12.7) for solving linear systems bears some resemblance to
the power method for computing eigenvalues. It follows from the previous exercise that r(K) =
(I — AM~)kr(® and 20 = (I — M~1A4)¥z(®). Explain why, for large k, one might expect
r® to approximate an eigenvector of I — AM ! and z®) to approximate an eigenvector of
I— M~'A. Show that the matrices I — AM~! and I — M ~' A have the same eigenvalues, and
explain how r®) or z%) might be used to estimate the eigenvalue of largest absolute value.

9. Complete the proof of Theorem 12.2.2 by showing that if C' is any nonsingular n by n matrix
and we define |||y||| = ||Cy]l|1 for n-vectors y, then ||| - ||| is a vector norm. More generally,
show that if C is any nonsingular matrix and || - || is any vector norm, then |||y||| = ||Cy]|| is
a vector norm.
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10.

11.

Implement the conjugate gradient algorithm for the matrix A in exercise 5; i.e.,

|
-1 2
Try some different matrix sizes, say, n = 10,20, 40, 80, and base your convergence criterion
on the 2-norm of the residual divided by the 2-norm of the right-hand side vector: |b —
Ax®||/||b||. Comment on how the number of iterations required to reduce this quantity
below a given level, say, 1075, appears to be related to the matrix size. For a right-hand
side vector, take b = (b1, ...,b,)T, where b; = (i/(n +1))?, i = 1,...,n, and take the initial
guess x(©) to be the zero vector. [We will see in Chapter 13 that this corresponds to a
finite difference method for the 2-point boundary value problem: u”(x) = x?, 0 < x < 1,
u(0) = u(1) = 0, whose solution is u(x) = 7 (x* — X). The entries of the solution vector x of
the linear system are approximations to u at the points i/(n +1),i=1,...,n]

Implement the GMRES algorithm for the same linear systems used in exercise 6. Compare
its performance with that of the Jacobi and Gauss-Seidel methods.
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Chapter 13

Numerical Solution of Two-Point
Boundary Value Problems

In Chapter 11 we discussed initial value problems: y' = f(t,y(t)), where y(g) is given. For a single
first-order equation like this, the value of y at any one point determines its value for all time. If y
is a vector, however, so that we have a system of first-order equations, or if we have a higher order
equation such as

u'(z) = F(z,u(z),d (z)), 0<z<1,

then more conditions are needed. If the values of u and v’ are given at some point zo € [0,1],
then this fits the paradigm of an initial value problem, but if instead, say, the values of u are given
at £ = 0 and =z = 1, then this becomes a two-point boundary value problem. The restriction to
the interval [0, 1] is for convenience only; the equation could be defined over any interval [a, b] by
making the change of variable z — a + z(b — a).

If F is nonlinear in either u(z) or u/'(z), the boundary value problem (BVP) is said to be
nonlinear. A second-order linear two-point BVP takes the form:

—% (p(w)Z—D + q(w)j—z tr@u=flz), 0<z<l, (13.1)
u(O) —a, u(l) = B. (13.2)

If p(z) is differentiable, then the first term can be differentiated to obtain —(pu” + p'u’), but there
may be good reasons to leave it in the form (13.1).

13.1 An Application: Steady-State Temperature Distribution

Consider a thin rod, as pictured below:

0 X X +AX 1



Suppose a heat source is applied to this rod, and let u(z,t) denote the temperature at position
z, time t. By Newton’s law of cooling, the amount of heat flowing from left to right across z in
time At is —m(m)%(m, t)At, where k() is the heat conductivity at position z in the rod; thus heat
flow is proportional to the gradient of temperature. The net heat flowing into the part of the rod
between z and x + Az in time interval ¢ to ¢t + At is therefore

k(z + Am)g—Z(x + Az, t)At — n(a:)g—Z(w, t)At.

The net heat flowing into this part of the rod in this time interval can also be expressed as
ou
Az)-c- | =At
(o) - (Grat).

where p is the density and pAz the mass of the section of rod, c¢ is the specific heat (the amount
of heat needed to raise one unit of mass by one unit of temperature), and (Qu/dt)At is the change
in temperature over the given time period. Equating these two expressions, we find
o) 0
(kge)(x + Az, t) — (kGe) (1) _ pcau

Ax ot

o (o) _ o
oz ﬁaw _pcat'

When the system reaches a steady-state temperature distribution with du/dt = 0, this equation

becomes
9 (o)
or \ 0z)

This has the same form as equation (13.1) with p(z) =  and ¢(z) = r(z) = f(z) = 0, where u,
which is now a function of z only, represents the steady-state temperature. If the ends of the rod are
held at fixed temperatures u(0) = @ and u(1) = 3, then we obtain the boundary conditions in (13.2).
These are called Dirichlet boundary conditions. If, instead, one or both endpoints are insulated so
that no heat flows in or out at z = 0 and/or z = 1, then the Dirichlet boundary conditions are
replaced by homogeneous Neumann conditions: u'(0) = 0 and/or u/(1) = 0. Sometimes one has
mixed or Robin boundary conditions: coou(0) + co1u'(0) = go, ciou(l) + c11u/(1) = g1, where coo,
co1, €10, C11, o , and g1 are given.

and taking the limit as Ax — 0 gives

13.2 Finite Difference Methods
Let us consider the special case where p(z) =1 and ¢(z) = 0 in (13.1):
—u"(z) + r(z)u(z) = f(z), 0<z<1, (13.3)

uw(0) =, u(l)=4. (13.4)



Then it can be shown that if r(z) > 0, then the problem (13.3-13.4) has a unique solution. In
general, proving existence and uniqueness of solutions to boundary value problems is more difficult
than proving such results for initial value problems. Given that the problem has a unique solution,
however, one can then set about to approximate this solution numerically.

The first step is to divide the interval [0, 1] into small subintervals of width h = 1/n, as pictured
below:

L | | \e\ | | | | | | | |
I T T T T T T T T T T T 1
x0=0 xl x2 o Xn—ll =Xn
The mesh points or nodes are labeled g =0, 1 =h, ..., z; =1ih, ..., z, =nh=1.

Next one approximates derivatives using finite difference quotients, as described in Chapter 9.
For example, to approximate the second derivative u”(x;), one might first approximate u'(x; £ h/2)
using centered difference quotients:

o (23 + h)2) ~ u(:vz'+1)h— ’U/(Jii)’ o (21 — h)2) ~ u(z;) _hU(xi_l)a

and then combine these two approximations to obtain

U”(xi) ~ u’(fIJi + h/2) — U'(.’L‘i — h/2) ~ u(:[;H_I) _ 2“(5'71) + U(-Ti—l) .

h h?

Substituting this expression into (13.3) and letting u; denote the value of the approximate solution
at x;, we obtain the system of linear equations:

1 .
—ﬁ[ui_H — 2u; + 'Ufi—l] + r(m,)uz = f(.’L'Z), 1=1,....,n—1. (135)

Combining this with the boundary conditions, ug = «, u, = 3, gives a system of n — 1 equations in
the n — 1 unknown values w1, ..., u, 1. Moving all the known terms to the right-hand side, these
equations can be written in matrix form as:

2 + h2r(z) -1 Uy

. -1 2+ h%r(z9) -1 U2
-1 2+ hZT(fEn_Q) -1 Up—2
-1 2+ hz’f‘(flinfl) Un—1

f(z1) + a/h?
f(z2)
= : : (13.6)
f(Zn—2)

f(zn—1) + /B/h2

Notice that this system of linear equations is tridiagonal and can be solved with Gaussian elimina-
tion using only O(n) operations. [See Section 5.2.4.]
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13.2.1 Accuracy

As always, we will be concerned with the accuracy of the approximate solution generated by such
a finite difference method, and especially in what happens in the limit as h — 0. The global error
(or the oo-norm of the global error) is defined as

max |u(z;) — uil,

1=0,...,

where u(z;) is the true solution and u; the approximate solution at node i. The local discretization
error or truncation error is the amount by which the true solution fails to satisfy the difference
equations:

1
T(z,h) = —ﬁ[u(w + h) —2u(z) + u(z — h)] + r(z)u(z) — f(z), (13.7)
where u(z) is an exact solution of the differential equation. It follows from (13.3) that
1
T(z,h) = —ﬁ[u(az + h) — 2u(z) + u(z — h)] + u"(z). (13.8)

The local truncation error can be analyzed using Taylor’s theorem. Assume that u € C*[0, 1],
and expand u(z + h) and u(z — h) in Taylor series about z:

! h2 " h3 m h4 mnn
u(zx+h) = u(z)+hu (x)+§u (x)+§u (:(:)—FE &), &€ lz,z+h]
! h2 n h3 n h4 mnn
u(x —h) = wu(z)— hd'(z)+ oY (z) — SrY () + art (m), né€lz—h,z
Substituting these expressions into (13.8) gives
1 [nt h*
T(@,h) = =35 |y (€ + e ()| = O().

Next we would like to relate the local truncation error to the global error. This is usually the
more difficult part of the analysis. We have from (13.5) and (13.7):

1
_ﬁ[uiﬂ = 2u; +ui—a] +r(zi)ui — f(zi) = 0,

—%[U(ﬁvm) = 2u(zi) + w(zi-1)] + r(zi)u(zi) — f(z:) = 7(zi,h).

Subtracting these two equations and letting e; = u(z;) — u; denote the error at node 7, we find

1 .
—ﬁ[eﬂ_l —2¢e; +ei—1] +r(zi)e; = (zi,h), i=1,...,n—1. (13.9)
Letting e = (e1,.--,e,_1)7 denote the vector of error values, these equations can be written in

matrix form as
Ae =T,



where T = (7(z1,h),...,7(x, 1,h))T is the vector of truncation errors and
2+ hir(z) -1

A— — R (13.10)

-1 2+ h%r(zy—1)
is the same matrix as in (13.6). Assuming that A~! exists, the error is then given by
e=A"lT, (13.11)

and we must study the behavior of A~! as h — 0.
Assume first that r(z) > v > 0 for all z € [0,1]. Recall that the infinity norm of a vector is the
maximum absolute value of its components. It follows from (13.9) that

(2 + r(zi)h%)e; = eir1 + ei—1 + h27(xi, h),

and hence that
(2 +vh?)[eil < 2[lelloe + BT oo

Since this holds for all 2 =1,...,n — 1, it follows that

(2 +7h%)llelloo < 2llefloc + h2[|7 oo,

or,
lelloo < lITlloc/y = O(h?).

Thus the global error is of the same order as the local truncation error. This same result holds
when r(z) = 0, but the proof is more difficult.

Let us consider the case where r(z) = 0. There are various norms in which one can measure
the error, and now we will use something like the Lo-norm:

(f () — i)’ is) "

where u(z) is the true solution and 4(x) our approximate solution. Unfortunately, however, the
approximate solution is defined only at mesh points z;. This integral can be approximated by

n—1 1/2 1
=1|h 2 = —
||e||L2 ( ;Q) \/ﬁ”eH?a

where || - ||2 denotes the usual Euclidean norm for vectors. [This is the composite trapezoid rule
approximation to the above integral, assuming that 4(z) is a function that takes the values o and
B at £ =0 and z = 1, respectively, and u; at z = z;, i = 1,...,n — 1. See Section 8.2.] Note the

factor -—. As we refine the mesh, the number of mesh points n increases, and so if we measured
) )

NG
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the standard Euclidean norm of the error vector we would be summing the errors at more and more
points.
When r(z) = 0, the matrix A in (13.10) becomes

4zl - , (13.12)

which is a tridiagonal symmetric Toeplitz (TST) matrix. It is tridiagonal because only the three
center diagonals have nonzero entries, it is symmetric because A = A’ and it is Toeplitz because
it is constant along any diagonal. (The main diagonal consists of 2/h?’s, the first upper and lower
diagonals of —1/h?’s, and all other diagonals of 0’s.) The eigenvalues and eigenvectors of such
matrices are known.

Theorem 13.2.1. The eigenvalues of the m by m TST maitriz

a b
G= b
o
b a
are .
™
A = a + 2bcos (m—-l—l)’ k=1,....,m. (13.13)

The corresponding orthonormal eigenvectors are
*® _ [ 2 ) kém B
’UK = m——{—]_ sin (m—l—]_ y k,ﬁ— 1,...,’]7],. (1314)

Proof. This theorem can be proved simply by checking that Gv(®) = \v®) k= 1,...,m, and
that |[v(%¥)|| = 1. Since G is symmetric and has distinct eigenvalues, its eigenvectors are orthogonal.
[See Section 10.1.]

To derive the formulas, however, suppose that A is an eigenvalue of G and v a corresponding
eigenvector. Letting vg = v, 41 = 0, the equation Av = Av can be written in the form

bug 1+ (@a—XNvg+bvg1 =0, £=1,...,m. (13.15)

This is a homogeneous linear difference equation of the sort discussed in Section 9.3.3. To find its
solutions, we consider the characteristic polynomial

x(z) = b+ (a— Nz + b2
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If ¢ is a root of x, then v, = ¢¢ is a solution of (13.15). If the roots of x are denoted ¢; and (s,
then the general solution of (13.15) is vy = clgf + CQC%, if ¢; and ¢y are distinct, or vp = ¢1¢f 4 ot
if {1 = (2 = (, where ¢; and ¢y are determined by the conditions vy = vpp+1 = 0.

The roots of x are:

A— X —a)? — 402 A—a—+/h—a)? —4p?
at V(Ao _Aza-y(r-a) . (13.16)

Cl = 2 ; CQ = 2

If these two roots are equal, then the condition vy = 0 implies that ¢; = 0, and the condition
Vm+1 = 0 implies that co(m + 1)¢™*! = 0, which implies that either c; = 0 or ( = 0, and in
either case vy = 0 for all £. Hence values of A for which (; = (» are not eigenvalues since there are
no corresponding nonzero eigenvectors. Assuming, then, that ¢; and (, are distinct, the condition
vg = 0 implies that ¢; + co = 0, or, ca = —c;. Together with this, the condition v,,+1 = 0 implies
that clqn+1 - chgH'l = 0, which implies that either ¢; = 0 (in which case ¢; = 0 and v, = 0 for
all £) or C{”H = ;”H. The latter condition is equivalent to

2mik
= 13.17
G2 = Grexp (m—l—l) ( )
for some k= 0,1,...,m. We can discard the case k = 0, since it corresponds to (s = (3.

Substituting expressions (13.16) for ¢; and (s into relation (13.17) and multiplying each side by
exp(—tkm/(m + 1)), we obtain the equation

A—a-— (/\—a)2—4b2]exp<7;2_]r_7r1>:[)\—a—l— (A—a)2—4b2]exp(wik:1>.

Rearranging, this becomes

km km
—a)? — 4b? — ) =\= i
(A —a)? — 4b? cos ( n 1) (A —a)sin ( n 1) .

Squaring both sides gives

(A — a)2 — 482 cos? (’“—”> — _(\— a)?sin? ( hm ) ,

m+1 m+1

or,

m+1

()\—a)2:4b20032( km )

Finally, taking square roots gives

)\:a:t2bcos(k—7r>, k=1,...,m.
m+1

We need only take the plus sign since the minus sign gives the same set of values, and this establishes
(13.13).
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Substituting (13.13) into (13.16), we readily find that

(1 = cos kT + 28in LU =ex ke
b= m+1) " M \mr1) TP \m+1

G = km _sin km B —km
5 = COS o 15 o = exp mri)’

_ ke
Ugc) = ¢1(¢f = ¢4 = 2¢qusin (m _:1> .

and therefore

Since this is a multiple of the vector v(¥) in (13.14), it remains only to show that by choosing ¢; so
that v(¥) satisfies (13.14), we obtain a vector with norm one. It is left as an exercise to show that

T o kix m+1
3 sin _mrl
e m+1 2

and hence the vectors in (13.14) have unit norm. O

Using Theorem 11.2.1, we can write down the eigenvalues of the matrix A in (13.12):

Ak:%[2—2cos<k§):|, k=1,...,n—1. (13.18)

Note that the eigenvalues of A are all positive. A symmetric matrix with all positive eigenvalues is
said to be positive definite.
In order to estimate ||e||1, using (13.11), we must estimate

At = max [[A7'wl, = max AT /Vn)we = ||IA7Y).
A |z, ||w||L2:1H 7 ”(1/\/5)‘””2:1“ (1/vn)wllz = A7 |2

Recall that the 2-norm of a symmetric matrix is the largest absolute value of its eigenvalues and
that the eigenvalues of A~! are the inverses of the eigenvalues of A. Hence |A~Y||z, is one over the
smallest eigenvalue of A.

It follows from (13.18) that the smallest eigenvalue of A is

A = % [2—2(:08 (%)] .

Expanding cos(m/n) = cos(wh) in a Taylor series about 0, we find
cos(mh) =1 — @ + O(h),
and substituting this into the expression for A; gives
A = %[WQhZ + O] = 72 + O(h?).
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Hence ||A7 Y|z, = 72 — O(h?) = O(1), and it follows from (13.11) that
lellz, < 147 )z, - I7llz, = O(1) - O(h%) = O(h?).

We have thus established, in the case where r(z) = 0, that the Le-norm of the global error is of the
same order as that of the local truncation error; i.e., O(h?).
Note also from (13.18) that the largest eigenvalue of A is

b = e (2207)].

Expanding cos((n — 1)7/n) = cos(m — wh) in a Taylor series about 7 gives

CO“W-—Wh)=-—1+-Q%?E—%Cﬂhﬂ,

and it follows that )
Ano1 = 5[4 = w2h? + O(h")] = O(h™2).

Recall that the 2-norm condition number of a symmetric matrix is the ratio of its largest to smallest
eigenvalue in absolute value. Hence the condition number of A is O(h~=2). This will be of importance
later when we talk about solving linear systems iteratively.

13.2.2 More General Equations and Boundary Conditions

Suppose p(z) in (13.1) is not identically 1 but is a function of z. If p(z) > 0 for all =z € [0,1] and
r(z) > 0 for all z € [0,1], then it can again be shown that the boundary value problem

_% (p(w)Z—Z) +r(z)u=f(z), 0<z<1, (13.19)
u(0) =, u(l) =240, (13.20)

has a unique solution.
We can use the same approach to difference this more general equation. Approximate —d/dz(p(z)du/dzx)
by the centered difference formula

d du\ _  (pdu/dz)(z+h/2) - (p du/dz)(z — h/2)
& (@ F) =~ - .
~ P+ h/2)(uz+h) —uz))/h —p(z - h/2)(u(z) —u(z — h))/h
h
= %[(P(CE +h/2) + p(z = h/2))u(z) — p(z + h/2)u(z + h) — p(z — h/2)u(z - h)],

which is also second order accurate. The difference equation at node ¢ then becomes

%[(P(wi +h/2) +p(zi — h/2) + r(zi))ui — p(zi + h/2)uiv1 — p(zi — b/2)ui1] = f(zi),
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and writing the difference equations at nodes 2 = 1,...,n — 1 in matrix form we obtain the linear

system
a1 bl Ul f(:El) — Oéb()/h2
) by ax b2 Ug f(z2)
ﬁ . . . - _ . ’
bp—3 an—2 bp_a Un—2 f(xn—Q)
bn—2 an—1 Un—1 f(xn—l) - ,an—l/h2
where

a; = p(z; + h/2) + p(z; — h/2) -I-hzr(wz-), i1=1,...,n—1,
b = —p(z; + h/2), i=0,1,...,n—1.

Note that the coefficient matrix for this problem is again symmetric and tridiagonal, but it is no
longer Toeplitz. Still it can be shown that this matrix is also positive definite.

Suppose now that ¢(z) in (13.1) is not identically 0. For simplicity, let us return to the case
where p(z) = 1, so that the differential equation becomes

—u" + g(z)u +r(r)u= f(z), 0<z<1.
If we use a centered difference approximation to u'(z):

oy u(z+h)—u(z—h)
u'(z) = o, , (13.21)

which is accurate to order h?, then the difference equations become

1 Uipl — Ui—1

pz2ui = i1 = wia] + q(zi) = +r(ziui = f(zi), i=1...,n—1

This is the nonsymmetric tridiagonal system:

ar by U1 f(-z'l) — i
ca az b U2 f(z2)
| = 5 | (13.22)
Cn—2 Gp—2 bp_o Unp—2 f(~Tn—2)
Cp—1 0Op—1 Un—1 f(xn—l) —bp—18
where

2 1 q(z) 1 g(w)

Gi:ﬁ+T(.’L'i), bz:_ﬁ_FW’ Ci:—ﬁ— oh ; :1,...,n—1. (1323)

For h sufficiently small, the sub- and super-diagonal entries, b; and ¢;, are negative and satisfy
2
(bl +leil = 55
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Ifr(z;) >0foralli =1,...,n — 1, then the diagonal entries a; satisfy
2
la;| = 72 + 7(z;) > |bi| + |cil-

For this reason, the matrix is said to be strictly row diagonally dominant.

Definition. An m by m matrix A is row diagonally dominant if

m

|laii| > Z laijl, i=1,...,m.
=1
i#i

It is column diagonally dominant if

m
|ajj| > Z|Gij|, j=1...,m.
i=1
i#]
The matrix A is strictly row or column diagonally dominant if the corresponding inequality above
is strict.

The importance of strict diagonal dominance is that it can be used to show that a matrix is
nonsingular. Clearly, if the difference equations (13.22) are to have a unique solution, then the
matrix there must be nonsingular. It follows from Gerschgorin’s Theorem [Section 10.1] that a
matrix that is strictly row or column diagonally dominant cannot have 0 as an eigenvalue and so
must be nonsingular. Hence for h sufficiently small the matrix in (13.22) is nonsingular.

Sometimes the centered difference approximation (13.21) to u/(z) is replaced by a one-sided
difference: . )

o (z) ~ { §(ui+1 — ;) }f q(zi) <0
w(ui —ui1) ifg(z) >0
This is called upwind differencing. It is only first order accurate, but it may have other advantages.
With this differencing, (13.22) holds with equations (13.23) replaced by

2 T
Gi:ﬁ+T($i)+ |Q(hz)"
bi:{ — i g(e) <0 ci:{ e @) falz) <0 4 ao
— oz if g(z;) >0 —ar— T ifg(z) >0

Now the matrix is strictly row diagonally dominant when r(z;) > 0 for all i, independent of h. This
is because |b;| + [c;| = (2/h?) + (|q(xi)|/h), while |a;| = (2/h?) + (|g(z:)|/h) + r(z;).

As noted previously, sometimes different boundary conditions are specified. Let us return to
the problem (13.3-13.4). Suppose the second Dirichlet boundary condition, u(1) = f, is replaced
by a Neumann condition /(1) = 8. Now the value u, is no longer known from the boundary
condition at z = 1 but instead will be an additional unknown. We will add an additional equation
to approximate the boundary condition.
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There are several ways to do this. One idea is to approximate u”(1) using a point outside the

interval: 1
u”"(1) = ﬁ[un_l — 2up + Upt1]-

Then, approximating the Neumann boundary condition by

1
B = “I(l) ~ %[UVH—I — Un_1],

we can solve for u,i:
Upt1 = Unp—1 + 2h0.

Substituting this into the approximate expression for u”(1) and requiring that the differential
equation (13.3) hold approximately at x = 1, we obtain the equation

15 2t = 2un_1 = 28] + r(zn)un = f(z).

This adds one more equation and one more unknown to the matrix equation in (13.6):

2 + h2r(z1) -1 Uy
) -1 2+ hPr(zs) —1 U2
-1 2+ h%r(zp_1) -1 Up—1

—2 2+ h’r(zn) Un

f(z1) + Oz/h2

f(z2)
= : : (13.24)
f(@n-1)
f@n) +2B/h

The matrix is no longer symmetric, but it can be symmetrized (Exercise 11.3).
If, in addition, the first Dirichlet condition u(0) = « is replaced by the Neumann condition
4'(0) = «, then uy becomes an unknown and a similar argument leads to the equation

1
ﬁ[Quo — 2uy + 2ha] + r(zo)uo = f(zo).

Adding this equation and unknown to the system in (13.24), we have

2 + h2r(zo) -2 %o

. -1 2+ h2r(z1) -1 U1
-1 2+ h2r(zp_1) -1 Up—1

-2 2 + h2r(z,) Up
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f(zo) —2a/h

flz1)
= : : (13.25)
f(xnfl)
f(zn) +2B8/h
Ifr(z;) >0foralls =0,1,...,n—1,n, then this matrix is strictly row diagonally dominant and

hence nonsingular. On the other hand, if 7(z;) = 0 for all ¢, then this matrix is singular, because
if one applies this matrix to the vector of all 1’s, one obtains the zero vector. This makes sense
because the solution of the boundary value problem

—u"(z) = f(z), «'(0)=a, W(1)=p,

is either nonexistent (for example, if f(z) = 0 but o # () or is nonunique; if u(z) is any one
solution, then u(z) + v is another solution, for any constant .

13.3 Finite Element Methods

One can take a different approach to solving problems of the form (13.1-13.2). Instead of approx-
imating derivatives by finite difference quotients, one might attempt to approximate the solution
u(z) by a simple function such as a polynomial or piecewise polynomial. While such a function
might not be able to satisfy (13.1-13.2) exactly, one could choose the coefficients so that these
equations were approximately satisfied. This is one of the ideas behind finite element methods.

Again let us restrict our attention for now to the BVP (13.3-13.4), and let us assume that
a = 8 = 0. This problem can be written in the very general form:

Lu=—u"+r(x)u=f(z), 0<z<1, (13.26)

u(0) = u(l) = 0. (13.27)

In what sense should equation (13.26) be approximately satisfied? One idea is to force it to
hold at certain points z1,...,%,_1. This leads to what are called collocation methods. Another
idea is to choose the approximate solution, say, @(z), from the selected class of functions S in order
to minimize the Lg-norm of L4 — f:

1
min (/ |Lt — f|2dx>
uEeS 0

This leads to a least squares approximation.

Another idea is to note that if u satisfies (13.26), then for any function ¢, the integral of the
product of Lu with ¢ will be equal to the integral of the product of f with ¢. Let us define an
inner product among functions defined on [0, 1] by

1/2

1
(v, w) E/o v(z)w(z) dr.
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Then if u satisfies (13.26), it also satisfies

1 1
(Cu, ) = / (—u"(z) + r(@)u())p(z) dz = / f@e@)de = (f.p),  (13.28)

for all functions ¢. Equation (13.28) is sometimes called the weak form of the differential equation.

One thing to note about the weak form (13.28) is that we can integrate by parts in the integral
on the left:

/ —u"(z)p(z) dz = —u'(:c)go(m)‘(l)—f—/ u'(z)¢' (z) d.
0 0

Hence (13.28) can be replaced by

1 1 1
~@e@)y+ [ V@@ et [ reu@eeds = [ fep@d. (1329

With this formulation, we can consider “approximate” solutions % that are differentiable only once
instead of twice.

If 4 is restricted to come from a certain set S, called the trial space, then we probably will not
be able to find a function 4 € S that satisfies (13.28) or (13.29) for all functions ¢; but perhaps
we can find a function 4 € S that satisfies (13.29) for all functions ¢ in some set T', called the test
space. The most common choice is T' = §. Then taking S to be a space of piecewise polynomials,
this gives rise to a Galerkin finite element approximation.

More specifically, divide the interval [0, 1] into subintervals of width h = 1/n, with endpoints
29 =0,11 =h, ..., z, = nh =1, and let S be the space of continuous piecewise linear functions
that satisfy the boundary conditions (13.27). A function from S might look like that pictured

below:
/l\ | | |

X *n

We wish to find the function @ € S that satisfies (13.29) for all functions ¢ € S. To do this,
it will be helpful to have a basis for the space S: a set of linearly independent functions in S with
the property that every function in S can be written as a linear combination of these. The set of
‘hat functions’ pictured below forms a basis for S:

06, 0, g
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More precisely, the set of continuous piecewise linear functions ¢;, 1 = 1,...n — 1, where ; is
equal to one at node ¢ and zero at all other nodes; i.e.,

wmi_—xwii__ll’ T € [mi_l’xi]
(102(:1:) = ﬁ, T € [:I,‘Z";Ei+1] ; i:1,...,n—l, (1330)
0, otherwise

forms a basis for S. To write an arbitrary continuous piecewise linear function ¢ as a linear
combination of these basis functions, p(z) = Z?;ll ciwi(z), we simply take the coefficients ¢; to be
the values of the function ¢ at each node z;. Then the linear combination Z?;ll ci; will have the
same values as ¢ at each of the nodes z1,...,z,_1 (as well as at the endpoints zy and x,, where
they are each zero), and since a piecewise linear function is completely determined by its values at
these nodes, they must be the same function.

Example. Suppose the interval [0,1] is divided into four equal subintervals, and suppose ¢(x) is
the continuous piecewise linear function defined by

z, if0<z<1/4

20 —1/4, if1/4<2<1/2
0@ =\ 7/4— 22, if1/2<z<3/a

1—z, if3/4<z<1

The basis functions @1, @9, and @3 for the space S of continuous piecewise linear functions that
are zero at the endpoints of the interval, have the value one at z = 1/4, at x = 1/2, and at
x = 3/4, respectively, and they take the value zero at each of the other nodes. Since ¢(1/4) =1/4,
©(1/2) = 3/4, and ¢(3/4) = 1/4, it follows that ¢(z) = (1/4)¢1(z) + (3/4)p2(z) + (1/4)ps(x). To
see that this is so, note that

4z, if0<z<1/4 4z —1, if1/4<x<1/2
or(z) =< 2—4z, f1/4<x<1/2 , @olz)=< 3—4z, if1/2<z<3/4 ,
0, otherwise 0, otherwise
dr —2, if1/2<zx<3/4
p3(z) =¢ 4—4z, if3/4<z<1
0, otherwise
Hence
(1/4) -4z = z, if0<z<1/4
) /)2 —-42)+ B/4)(4x - 1) =22 —-1/4, f1/4<z2<1/2
(1/4)p1(z)+(3/4)p2(x)+(1/4) p3(z) = (3/4)(3 — 4z) + (1/4)(4z — 2) =7/4 — 22, if1/2<z<3/4 °
(1/4) i

if3/4<z<1
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Let us write our approximate solution i(z) as 4(z) = Z;‘;ll cjj(z). The coefficients ci, ..., cp1
will be chosen so that (L4, ;) = (f,¢;) for all i = 1,...,n — 1. [The expression (L4, ;) should
be understood to mean the integral after integrating by parts, as in (13.29); otherwise, we would
have trouble defining L1, since 4’ is discontinuous; the second derivative of 4 is zero in the interior
of each subinterval and infinite at the nodes ] Since any function ¢ in S can be written as a linear
combination of the ;’s, say, p(z) = Z"_ dipi(x ) and since the inner product is linear in each of
its arguments, this ensures that (£a — f,¢) = (L4 — f,> 7~ 11 dip;) = Z?:_ll d;(Lh — f,p;) =0, or,
equivalently, (L, @) = (f, ).

More specifically, using (13.29), we will choose c1,...,c,—1 so that

—mmwwﬁ+A 23%% wm+/ E)WJ pi(z) de

:/lf(a:)goi(a:)dm, i=1,...,n— 1
0

This is a system of n — 1 linear equations in the n — 1 unknowns ci,...,c,_1. Note first that the
boundary term, —'&'(x)(p(x)hl) is zero since ¢ in S implies ¢(0) = ¢(1) = 0. Note also that the
summations can be pulled outside the integrals:

2% [/01 () pi(z) dw+/01r(w)<pj(w)<pi(w) dac] = /Olf(:(:)w(x) dz, i=1,...,n—1. (13.31)

The system (13.31) can be written in matrix form as

Ac =f, (13.32)
where c = (cl, , Cn— 1)T is the vector of unknown coefficients, f is the vector whose ith entry is
fo z)dz,i=1,...,n—1, and A is the n — 1 by n — 1 matrix whose (i, j)-entry is

1 1
0= [ @yl dat [ rees@pe) ds (13.33

In other words, the ith entry of f is (f, ;) and the (7, j)-entry of A is (L, ¢;), after integrating
by parts.
Returning to expression (13.30) for ¢;(z), it can be seen that ¢} satisfies

x € [Ti—1, %]

Ti—Ti—1’
0i(@) = smy T € lmhwin] (13.34)
0, otherwise

It follows that a;; is nonzero only for j =4, j = i+1, or j = i —1. Hence the matrix A is tridiagonal.
It follows from (13.33) that A is symmetric: a;; = aj; for all 4, j.
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If r(z) in (13.33) is a simple enough function, then the integral there can be computed exactly.
Otherwise it can be approximated using a quadrature formula, as described in Chapter 10. The
same holds for the integrals in (13.31) involving f.

Let us consider the simplest case in which r(z) = 0. Assume that the nodes are equally spaced:

x; — x;—1 = h for all . Then
(1)2 zivt (_1\? 2
.\~ ; h h

1 Z;
0= [ (G)tda= [
0 Ti_
PPN T (1Y (1 1
Qi i+1 = Qi1 — ; <Pi($)<Pi+1($) dr = . T A dr = T

3
2

If we divide each side of (13.32) by h, the linear system becomes

2 -1 1 (fs 1)
1 1 C.2 B 1 <fa<;02>
ﬁ . - 7 .
- 1 Cn—2 <fa (Pn—2>
-1 2 Cpn—1 <f7 ‘Pn71>

Note that the matrix on the left is the same one that arose in the centered finite difference scheme in
(13.12). Finite element methods often turn out to be almost the same as finite difference formulas.
Sometimes, however, what appear to be minor differences in the way boundary conditions are
handled or in the way the right-hand side vector is formed turn out to be important for accuracy.

Having derived the equations for the continuous piecewise linear finite element approximation for
the problem (13.26-13.27), it is easy to generalize to equation (13.1). Simply define the differential
operator £ appropriately and integrate by parts as before. For equation (13.1), the (7, ) entry of
the coefficient matrix in (13.32) would be

aij = (Lpj,pi)
B L d dp; d ! ' d ' d
[ 2 (02 e+ [ d)@ne)de+ [ r@e@pi) ds

1 1 1
= @] + [ e i [ g @i ot

/0 r(@);(2)pi() da

1 1
- /0 p(2) @) ()L () dz + /0 4(2) ¢! ()i () d + /0 r(2); (@) i () da

This matrix is still tridiagonal. It is symmetric if ¢(z) = 0.
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13.3.1 Accuracy

One of the great advantages of finite element methods is that they sometimes permit easy proofs
of the order of accuracy; this is because the finite element approximation is optimal in a certain
sense among all possible approximations from the trial space S.

When the operator L is self-adjoint (i.e., (Lv, w) = (v, Lw) for all v and w) and positive definite
(i.e. (Lv,v) > 0 for all v # 0), one might choose an approximate solution % € S to minimize the
energy norm of the error:

(i — L7V, L(a— L7Vf)) = (La,a) — 2(f, @) + constant. (13.35)

Because L is self-adjoint and positive definite, the expression in (13.35) is a norm; it often represents
the energy in the system, and sometimes the original problem is stated in this form. Minimizing
this expression leads to the Ritz finite element approximation.

Note that while we cannot compute £7!f in (13.35) (since this is the solution that we are
seeking), we can compute the expression involving @ on the right-hand side, and this expression
differs only by a constant (independent of %) from the quantity on the left. Hence it is equivalent
to choose % € S to minimize (L4, ) — 2(f, @). For the differential operator in (13.19), this is

/01 (_%(p(x)ﬂ'(ﬂ)-l-r(m) (z )) dm—2/ f(2)a(z

and after integrating by parts and using the fact that %(0) = (1) = 0, this becomes

/O  (0(a) (@ (2))? + r(x) (8(2))?) diz / fla

Expressing @ as E Jgoj, we obtain a quadratic function in dy,...,d,_1:

2 2

1 n—1 n—1 1 n—1
o [ @) [ S| e | Sdee | | a2 [ @ | X e | i
1ynln—1 Jg =1 j=1 0 j=1

The minimum of this function occurs where its derivative with respect to each of the variables d;
is zero. Differentiating with respect to each d; and setting these derivatives to zero, we obtain the
system of linear equations:

1 n—1 1
/ Zdﬂ"”f )d‘””/ r(@) | 3 dips(@) soi(:v)dm—2/ f(@)pi(z) dz =0,
5=1 0

or, equivalently,

j=1
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These are exactly the same equations that define the Galerkin finite element approximation! This
is no accident; when L is self-adjoint and positive definite, the Ritz and Galerkin approximations
are the same.

Theorem 13.3.1. If L is self-adjoint and positive definite, then the Galerkin approximation is the
same as the Ritz approzimation for the problem Lu = f.

Proof. Suppose @ minimizes

I(w)=(v— L7 f, Llw—L7Lf))

over all functions v € S. For any function v in this space and any number €, we can write

T(i+ev) = (@—L f +ev, L(a— LT + ev))
(@) + 2¢(La — f,v) + €2(Lv,v). (13.36)

The only way that this can be greater than or equal to Z(%) for all € (i.e., for € small enough
in absolute value so that the €2 term is negligible and for € either positive or negative) is for the
coefficient of € to be zero; i.e., (Lu — f,v) =0 for allv € S.

Conversely, if (Lo — f,v) = 0 for all v € S, then expression (13.36) is always greater than or
equal to Z(1), so 4 minimizes Z(v). O

This theorem is important because it means that of all functions in the trial space S, the finite
element approximation is best as far as minimizing the energy norm of the error. Now one can
derive results about the global error (in energy norm) just by determining how well u(z) can be
approximated by a function from S; e.g., by a continuous piecewise linear function, say, its piecewise
linear interpolant. Other trial spaces are possible too, such as continuous piecewise quadratics or
Hermite cubics or cubic splines. Chapter 8 dealt with the errors in approximating a function by
its piecewise polynomial interpolant, so results from that chapter can be used to bound the error
in the finite element approximation from a piecewise polynomial trial space.

The following theorem, for example, bounds the Lo-norm of the error in the piecewise poly-
nomial interpolant of a function. While the finite element approximation is not optimal in the
Lo-norm, it can be shown that its order of accuracy in the Lo-norm is the same as that of the
optimal approximation from the space; hence its order of accuracy is at least as good as that of
the interpolant of u.

Theorem 13.3.2. Let uy be the (k — 1)st degree piecewise polynomial interpolant of u. (That is,
ur matches u at each of the nodes g, x1,...,Tpn_1,Tn, and, if k > 2, ur also matches u at k — 2
points equally spaced within each subinterval.) Then

lu = urlln, < CRE|[u® |1,

where h = maz;|z;11 — ;| and ||v||L, = [fol(v(ac))2 dz]'/?.
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For piecewise linear functions, £ = 2 in the theorem, and the theorem tells us that the Lo-norm
of the error in the piecewise linear interpolant is O(h?). This is the order of the Lo-norm of the
error in the piecewise linear finite element approximation as well.

346



Exercises
1. Consider the two-point boundary value problem
u" 4+ 2zu — 2Pu =2, w(0)=1, wu(l)=0.

(a) Let h = 1/4 and explicitly write out the difference equations, using centered differences
for all derivatives.
(b) Repeat part (a) using the one-sided approximation

u(z;) — u(a:i_l).
h

o' (z;) =

(¢) Repeat part (a) for the boundary conditions u'(0) +u(0) = 1, w'(1) + Ju(1) = 0.

2. A rod of length 1 meter has a heat source applied to it and it eventually reaches a steady-state
where the temperature is not changing. The conductivity of the rod is a function of position
z and is given by ¢(z) = 1+ z2. The left end of the rod is held at a constant temperature of
1 degree. The right end of the rod is insulated so that no heat flows in or out from that end
of the rod. This problem is described by the boundary value problem:

d

. ((1—%—&02)%) =f(z), 0<z<1,

(a) Write down a set of difference equations for this problem. Be sure to show how you do
the differencing at the endpoints.

(b) Write a MATLAB code to solve the difference equations. You can test your code on
a problem where you know the solution by choosing a function u(x) that satisfies the
boundary conditions and determining what f(z) must be in order for u(z) to solve the
problem. Try u(z) = (1 — z)2. Then f(z) = 2(3z% — 2z + 1).

(¢) Try several different values for the mesh size h. Based on your results, what would you
say is the order of accuracy of your method?

3. Show that the vectors v(¥) in (13.14) are orthonormal; i.e., show that
S = {1 =k
— £ e 0 otherwise

4. Show that the matrix in (13.24) is similar to a symmetric matrix. [Hint: Let D = diag(1,...,1,v/2).
What is D~1AD, if A is the matrix in (13.24)?]
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5. Use the Galerkin finite element method with continuous piecewise linear basis functions to
solve the problem of exercise 2, but with homogeneous Dirichlet boundary conditions:

2 ((1 +m2)Z—Z) = f(z), 0<z<1,

u(0) =0, wu(l)=0.

(a) Derive the matrix equation that you will need to solve for this problem.

(b) Write a MATLAB code to solve this set of equations. You can test your code on a
problem where you know the solution by choosing a function u(z) that satisfies the
boundary conditions and determining what f(z) must be in order for u(z) to solve the
problem. Try u(z) = z(1 — z). Then f(z) = —2(32? — z + 1).

(¢) Try several different values for the mesh size h. Based on your results, what would you

say is the order of accuracy of the Galerkin method with continuous piecewise linear
basis functions?

6. As noted in the text, collocation methods choose an approximate solution from a space S
so that the given differential equation holds at certain points in the domain. Consider the
two-point boundary value problem

u"(z) =u(z) +2%, 0<z<1

(a) Consider the basis functions ¢;(z) = sin(jrz), j = 1,2,3, and the collocation points
xz; = /4, i = 1,2,3. Suppose u(x) is to be approximated by a linear combination of
these basis functions: u(x) ~ Z?:l cj¢j(z), and suppose the coefficients are to be chosen
so that the differential equation holds at the collocation points. Write down the system
of linear equations that you would need to solve to determine c¢1, co, and c3.

(b) Repeat part (a) with ¢;(z) =29(1 — z), 1 =1,2,3.
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Chapter 14

Numerical Solution of Partial
Differential Equations

Previous chapters have dealt with differential equations in a single independent variable. Chapter
11 dealt with time-dependent problems, while Chapter 13 dealt with problems having a single
spatial variable. In this chapter we will combine the two and deal with problems whose solutions
depend on both time and space and/or on more than one spatial variable. These problems will be
described by partial differential equations.

A general second-order linear partial differential equation in two independent variables x and
y can be written in the form:

gy + 2bUgy + cuyy + dug + euy + fu = g, (14.1)

where the coefficients a, b, ¢, d, e, f, and g are given functions of z and y. The equation is classified
as one of three types, based on the discriminant, D = b> — ac: If D < 0, the equation is elliptic; if
D =0, it is parabolic; and if D > 0, it is hyperbolic. Sometimes problems are of mized type because
the discriminant has one sign in one part of the domain and a different sign in another part. Note
that the lower-order terms (those involving ug, u,, and u) are ignored in this classification.

The prototype of an elliptic equation is Poisson’s equation:

Ugg + Uyy = . (14.2)

[Here b=0and a = ¢ = 1, so that D = b?> —ac = —1.] In the special case where g = 0, this is called
Laplace’s equation. An elliptic equation with constant coefficients can be transformed to Poisson’s
equation by a linear change of variables. Elliptic equations usually define stationary solutions that
minimize energy.

The prototype of a parabolic equation is the heat equation (also called the diffusion equation):

Up = Ugg. (14.3)

[Here we have changed the variable name y to ¢ because it usually represents time. In the form
(14.1), we have a = —1 and b = ¢ = 0, so that D = 0.] This equation was described in Section 11.1,
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where it was noted that u(z,t) might represent the temperature in a rod at position z and time
t. If there are two independent spatial variables z and ¥, in addition to time ¢, the heat equation
becomes

Ut = Ugy + Uyy-

Parabolic equations usually describe smooth, spreading flows, such as the flow of heat through a
rod (in one spatial dimension) or through, say, an electric blanket (in two spatial dimensions). A
parabolic equation might also describe the diffusion of a liquid through a porous medium.

The prototype of a hyperbolic equation is the wave equation:

Ut = Uga, (14.4)

[We have again used ¢ instead of y, since this variable usually represents time. In the notation of
(14.1), a = -1, ¢ =1, and b = 0, so that D = 1.] Hyperbolic equations usually describe the motion
of a disturbance-preserving wave as, for example, in acoustics.

One classical example of a hyperbolic problem is a vibrating string, such as a plucked guitar
string. Assume that the string is held fixed at z = 0 and z = 1. Let u(z,t) denote the displacement
of the string at point z and time ¢, and assume that the displacement is in the vertical direction
only. Let T'(z,t) denote the tension in the string (i.e., the force that the part of the string to the
right of z exerts on the part to the left of x, at time ¢). Assume that T is tangential to the string
and has magnitude proportional to the local stretching factor /1 + u2, as pictured below:

T(x,t)

0 X x+h 1

[Note that if the point (z,0) on the unplucked string moves to position (z,u(z,t)) when the string
is plucked, and the point (z 4+ h,0) on the unplucked string moves to position (z + h,u(x + h,t)),
then the length of the segment connecting the new points is \/h2 + (u(z + h,t) — u(z,t))? =
hy/1+ ((u(z + h,t) — u(z,t))/h)2. The ratio of this length to that of the original segment is
V/1+ ((u(z + h,t) — u(z,t))/h)2, which approaches /1 +u2 as h — 0. This quantity is referred
to as the local stretching factor.] If T is the tension in the equilibrium position along the horizontal
axis, then the magnitude of T'(z,t) is 74/1 + uz(z,t)? and the vertical component of T'(z,t) is
Tug(z,t). Now consider the part of the string between z and x + h. The vertical component of the
force applied to this section of the string is Tuz(z + h,t) — Tuz(x,t), while the mass of this section
of string is ph, where p is the density, and the acceleration is uy(z,t). Hence by Newton’s second
law (F' = ma, force equals mass times acceleration) applied to this section of string,

TUug(z + h,t) — Tuz(z,t) = p h up(z,t).
Dividing each side by h and taking the limit as h — 0, gives the equation
TUgz = PULt,

and normalizing units so that p = 7, we obtain the wave equation (14.4).
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Figure 14.1: Five-point finite difference operator for Poisson’s equation, natural ordering of grid
points 1 through 9.

14.1 Elliptic Equations

We start with a study of time-independent elliptic equations such as Poisson’s equation in two
space dimensions:

Ugy + Uyy = f(z,y), (z,y) €9, (14.5)

where (2 is a region in the plane. To uniquely define a solution, we need boundary values, say,

u(z,y) = g(z,y), (z,y) € 09, (14.6)

where 02 denotes the boundary of (2.

14.1.1 Finite Difference Methods

Assume, for simplicity, that € is the unit square [0, 1] x [0,1]. Divide the interval from z = 0 to
z = 1 into pieces of width h, = 1/n,, and divide the interval from y = 0 to y = 1 into pieces of
width hy, = 1/n,, as in Figure 14.1. Let u;; denote the approximate value of the solution at grid
point (z;,y;) = (ihg, jhy). Approximate the second derivatives uz, and uyy by the finite difference
quotients

—2ujj + Uig1j + Ui—1 —2u5 + Ui 1+ Ui
g iy ) o IS Ty () v TSI T IS (47)
T )
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There are (n; — 1)(ny — 1) unknown values u;j, i = 1,...,n, — 1, j = 1,...,ny — 1, since the
boundary values ug; = g(0,¥;), tn,,; = 9(1,9;), ui0 = g(2i,0), and u; n, = g(z;, 1) are given. If we
substitute expressions (14.7) into equation (14.5) and require that the resulting difference equations
hold at the interior nodes, then we obtain (n, —1)(n, — 1) linear equations for the unknown values
Ugj:

%) 2—210 1—1,5 + ] ’L],j;—l 1,5 —1 _ f(37z"yj), i — 1, g — 1’ j= 1, ey — 1.
T Y

The finite difference operator on the left is sometimes called a five-point operator, because it couples
u;; to its four neighbors ;11 j, ui—1,j, ©ij4+1, and u; j_1. It is represented schematically in Figure
14.1. In the special case where n, = n, = n and hence h; = h, = 1/n, these equations become

—Auij + i1+ Uiy Ui + UG
h2

:f(xi,yj), ’i,j = 1,...,71— 1. (14.8)

We can assemble these equations into a matrix equation, but the exact form of the matrix will
depend on the ordering of equations and unknowns. Using the natural ordering, equations and
unknowns are ordered from left to right across each row of the grid, with those in the bottom row
numbered first, followed by those in the next row above, etc., as indicated in Figure 14.1. Thus,
point (7, ) in the grid has index k = i+ (j — 1)(ny — 1) in the set of equations. Using this ordering,
the matrix equation for (14.8) takes the form

T I ul fl — (1/h2)u0
. I T 1 us fa
= : - : , (14.9)
I T I Up_2 fn 2
I T Up—1 fn_]_ - (1/h2)un

where T is the (n — 1) by (n — 1) tridiagonal matrix

—4 1
r—| 1 :
1
1 -4
I is the (n — 1) by (n — 1) identity matrix, and
Uy, fz1,y5) — (1/h?)g(0, ;)
Uu2,j f(x27yj)
u.]_ : ’ f]: 7.7':1’ 771’_]-;

Up—2,j f(xn—Qayj)
unfl,j f(xnflayj) - (1/h2)g(17y])
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g(:vl,O) g(xlal)
Up = y Un =
g(xnfla O) g(wnfla 1)

This matrix is block tridiagonal (because only the main diagonal blocks and the first sub- and
super-diagonal blocks are nonzero), and it is symmetric. It is also said to be block Toeplitz because
the blocks along each block diagonal are the same. Note, however, that while the individual blocks
are Toeplitz, the matrix as a whole is not, because the first (elementwise) sub- and super-diagonals
contain 1’s except in positions that are multiples of (n — 1), where they contain 0’s.

The matrix in (14.9) is banded with half-bandwidth n — 1. It was shown in Section 5.2.4 that
the work required to perform Gaussian elimination without pivoting on a banded matrix of size
N with half-bandwidth m is about 2m?N operations. During the process of Gaussian elimination,
zeros inside the band fill in with nonzeros which must be stored. Hence the amount of storage
required is about mN words. For equation (14.9), N = (n — 1)2 and m = n — 1, so the total
work required to solve the linear system using Gaussian elimination is about 2(n — 1)* operations,
and (n — 1)3 words of storage are needed. We will later discuss iterative methods for solving such
linear systems, which require less storage and sometimes less work than Gaussian elimination. We
also will see that the particular equations in (14.9) can be solved very rapidly using a fast Poisson
solver.

As in the case of two-point boundary value problems, one can handle more general equations
and more general boundary conditions using finite differences in two spatial dimensions. One also
can deal with more general regions (2, but this may become complicated. Consider, for example,
the region 2 pictured in Figure 14.2.

Suppose we wish to solve equation (14.5) on this domain, with the same Dirichlet boundary
conditions (14.6). Consider the difference equations at the point (z;,y;) in the figure. Since
(@it1,y4) lies outside the domain, we cannot use it in our approximation of u,, at (z;,y;). Instead,
we would like to use the given boundary value, which lies a distance, say, ah to the right of x;
along the grid line y = y;. Again we will use Taylor series to try and derive a second order accurate
approximation to ug, at (x;,y;). Since all functions in our expansion will be evaluated at y = y;,
we will simplify the notation by omitting the second argument. First expanding u(z;_1) about the
point (z;,y;) gives:

h? h3

'U'(-'Ei—l) = 'u'(xz) - h"u'z(xz) + guzz(xz) - ?u;cm:(xz) + O(h'4) (14'10)

Now expanding u(z; + ah) about the point (z;,y;) gives:

(ah)®
2!

ah)?
Uge (T7) + %umx(m,) + O(hY). (14.11)

u(z; + ah) = u(z;) + ahug(z;) +
Adding « times equation (14.10) to equation (14.11), we find

a(l+ a)h?
2!

a(l — a?)h?

31 'U';U;U;U(xz) + O(h’4)a

ou(zi—1) +u(z; + ah) = (a + Vu(z;) + Ugg (T7) —
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Q /

Figure 14.2: Differencing near the boundary of a general region (2.

and solving for uz,(z;) gives

ou(zi—1) + u(z; + ah) — (a + 1)u(z;) N (1-a)h
a(l+ a)h? 3

Ugz(Ti) = 2 Ugzs (Ti) + O(h2)'
Thus, while one can approximate ug; at (z;,v;) by using the grid values u;; and ;1 ; and the
boundary value u(z; + ah,y;) = g(z; + ah,y;), the approximation is only first-order accurate; the
error is (1 — a@)h/3 uggy(z;) plus higher order terms in h.

In order to maintain a second order local truncation error, one must use a difference formula
that involves an additional point, say, u;_s ;. Expanding u(z;_2,y;) in a Taylor series about (z;,y;)
and again dropping the second argument from the expression since it is always y;, we find

u(wia) = ua) — 2he) + o ua(e) - B @) 00, (a2

Let A, B, and C be coefficients to be determined and add A times equation (14.10) and B times
equation (14.11) and C times equation (14.12):

Au(zi—1) + Bu(z; + ah) + Cu(zi—2) — (A+ B + C)u(z;) = h(—A+ aB — 2C)uy(z;)+

h%(A+ o?B +4C h(—A+a*B —8C
( ol ) ( 30 )uwww(xz) + O(h4)

In order for the left-hand side, divided by the coefficient of u,, on the right-hand side, to be a
second-order accurate approximation to ug,;, we must have

—~A+aB-20=0, —A+a*B-8C=0.
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With a little algebra, one finds the following second-order accurate approximation to ugy:

1 [a-1 (1 )+2(2—a) (1 )+a—3 () + 6
h2 |+ 2 i at1l it i ala+1)(a+2)

u(z; + ah)| .

A similar procedure must be carried out in order to find a second-order accurate approximation to
Uyy, using values of u at (z;,y;-2), (zi,yj-1), (®i,y;), and (z;,y; + Bh), where Sh is the distance
from 9, to the boundary along the grid line z = z;. Combining the two approximations, one obtains
the difference equation at node (z;,y;).

14.1.2 Finite Element Methods

Finite element methods can be applied in two (or more) spatial dimensions as well. Here we just
briefly describe the procedure for solving a differential equation Lu = f, such as (14.5), with
homogeneous Dirichlet boundary conditions, u(z,y) = 0 on 0S).

One can approximate u(z,y) by a function 4(z,y) from a space S, called the trial space. We
will choose 4 so that

(La,0) = (f,9)

for all functions 9 in a space T, called the test space. Taking T' = S gives the Galerkin finite
element approximation. Here the inner product (,-) is defined by

w.w) = [ [ otamuta,y) dody

When evaluating (L4, 9), we will use the two-dimensional analog of integration by parts, namely,
Green’s theorem:

/ / (1L + iy ) der dy = — / / (itahp + iy dy) dr dy + / i dy.
Q Q (219

Here 4, denotes the derivative of @ in the direction of the outward normal to the boundary 0.
Since we will be dealing with functions ¢ that satisfy the homogeneous boundary condition o = 0
on 012, however, the boundary term will vanish.

As in the one-dimensional case, one must choose a trial space S and then find a basis ¢1,..., N
of S. One option is to take S to consist of continuous piecewise bilinear functions defined on
rectangles. Suppose, for example, that €2 is the unit square [0, 1] x [0, 1]. One can divide the square
into rectangles of width h; = 1/n; in the z-direction and of width hy = 1/ny in the y-direction.
The trial space would consist of functions that are continuous, satisfy the boundary conditions, and
in each subrectangle have the form a + bx + cy 4+ dzy for some coefficients a, b, ¢, and d. A basis for
this space can be formed by functions that are 1 at one node and 0 at all the others, much like the
‘hat’ functions in one-dimension. There is one such basis function for each interior node (z;,y;),
and a sample basis function is pictured below.
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Each basis function is nonzero in only four rectangles. The four parameters in its bilinear
representation (within a single rectangle) are chosen to force it to have the desired values at each
of the four corners of the rectangle. For example, the basis function ¢;(;_1)(n,—1) associated with
node (4,7) has the equation:

( (z—zi—1)(y—y;—1)

(Zi—zi—1)(yj—yj—1)
(x=%i41)(y—yj-1)
(

(

i
wi—wi+1ggyj—yj—1)
)(

)(

)(

in [z;_1, 2] X [yj-1,9;

[ ]
in [z, zit1] X [yj-1,9;]
[ ]
[ ]

(x=2i—1)(y—yj+1)
(Zi—xi—1) (Y5 —Yj+1)
(z—zi41)(y=yj+1)

<pi+(j—1)(nm—1)($ay) = 9 in [ZEi_l,.’IJZ‘] X Y5y Yj+1

iz -y [T Tl X [y y0
[ 0 elsewhere

Note that because the bilinear basis function is zero along the entire edges corresponding to z =
Ti—1, T = Tit1, Y = Yj—1, and y = y;41, it is continuous.

Another option is to use continuous piecewise linear functions defined on triangles. This has
the advantage that a general region ) can usually be better approximated by a union of triangles
than by a union of similar sized rectangles. Again one can choose basis functions that are 1 at one
node and 0 at all the others, as pictured below.

Within each triangle, a basis function has the form a + bz + cy, where the three parameters a, b,
and c are chosen to give the correct values at the three nodes of the triangle. A basis function
associated with node (7, j) is nonzero over all triangles that have node (7, j) as a vertex.

As in the one-dimensional case, one writes the approximate solution @ as a linear combination
of the basis functions, 4(z,y) = Z;\;l cjpj(z,y), and then chooses the coefficients ci,...,cn so
that

N
j=1
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[The expression (Lyj, ;) is expressed using Green’s theorem so that, instead of involving second
derivatives, it involves only first derivatives (¢;)z, (¢)a, (¢i)y and (¢;)y.] This is a system of N
equations (where N is the number of interior nodes in the grid) in the N unknown coefficients (which
are actually the values of 4 at the interior nodes). It has the form Ac = f, where ¢ = (1, ..., cn)?,

f= (<fa (p1>a"'7<f’ (;ON))Ta and A’L] = <‘C(10]7(pl>

14.2 Parabolic Equations

We return to the time-dependent heat equation in one spatial dimension:
Up = Ugy. (14.13)

In order to uniquely specify a solution, one must have initial conditions (say, at time ¢t = 0), as
well as boundary conditions (at the endpoints of the interval in z, unless the equation holds in the
infinite domain z € (—o00,00)). For example, if the equation holds for z € [0, 1] and for ¢t > 0, then
one might have the accompanying initial and boundary conditions:

u(z,0) =¢q(z), 0<z <1, (14.14)
u(0,t) =, u(l,t)=p, t>0, (14.15)
where ¢ is a given function of z and « and § are given constants. Such a problem is called an initial
boundary value problem (IBVP).
14.2.1 Semidiscretization and the Method of Lines

If we divide the spatial interval [0, 1] into subintervals of width h = 1/n and let uy (%), ..., un—_1(%)
denote approximate solution values at each of the nodes z1,...,z,_1 at time ¢, then we can replace
the spatial derivative u,, in (14.13) by a finite difference quotient, just as before:

—2u; (t) + 'Ulz'—l—l(t) + ui_l(t)

Uz (xia t) ~

B2
Substituting this approximation into equation (14.13), we end up with a system of ordinary differ-
ential equations (ODE’s) in time, for the approximate solution values w1 (t),. .., u,—1(t):

dup  —2u; : .

dui _ —2uit) fuin®) fuia® g

dt h?
Letting u(¢) denote the vector (u1(t),...,un_1(¢))?, this system of ODE’s can be written in the
form u' = Au + b, where

-2 1 a

. 1 -2 1 . 0
A:ﬁ , b:ﬁ

1 -2 1 0

1 -2 B



Any of the methods discussed in Chapter 11 for solving the initial value problem for ODE’s can
then be applied to solve this system of ODE’s, with the initial value u(0) = (¢(z1),...,q(zn_1))".
The analysis of that section can be used to estimate the error in the numerically computed ap-
proximation to the solution of the ODE’s, while one also must estimate the difference between the
true solution of the ODE’s and that of the original PDE problem. This approach of discretizing in
space and then using an ODE solver in time is sometimes called the method of lines.

14.2.2 Discretization in Time

Let us consider some specific time discretizations. Just as the spatial domain was divided into
subintervals of width A, let us divide the time domain into intervals of size At. We will then

(k)

approximate u; using a finite difference in time and let u;’ denote the approximate solution at

x; = ih and t; = kKAt.

Explicit Methods and Stability

Using a forward difference in time, we approximate ui(z,t) by (u(z,t + At) — u(z,t))/At, giving
rise to the difference equations:

W41 _ B o) 4 ) (h)
Ui Ty TEu T U Y B _
At - h2 , 1=1,...,n—=1, k=0,1,.... (]_4]_6)

Equivalently, expressing the value at the new timestep in terms of the (already computed) values
at the old timestep, we have

A
uz(kﬂ) = ugk) + h—;[—Zul(-k) + ugi)l + ugli)l], i=1,...,n—1, (14.17)

where the boundary conditions (14.15) provide the values
u(()k) =aq, ug“) =6, k=0,1,..., (14.18)
while the initial conditions give the values
Wl =g(z;), i=1,...,n—1L (14.19)

Thus formula (14.17) gives a procedure for advancing from one time step to the next: Starting with

(0) )

., we use formula (14.17) with k£ = 0 to obtain the values u;

we can then compute the values uZ(Q) at time step two, etc.

Using Taylor’s theorem, one can show that locally the method is second order accurate in space
and first order in time; that is, the local truncation error is O(h?) + O(At). To see this, substitute
the true solution u(z,t) into the difference equations (14.16) and look at the difference between the

left- and right-hand sides:

the values u ; knowing those values

_u(z,t + At) —u(z,t) —2u(z,t) +ulz + h,t) + u(z — h,t)
T(z,t) = Az - 72 )
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Expanding u(z,t + At) about (z,t) gives

u(z,t + At) = u(z,t) + (At)ui(z,t) + O((A1)?),
and since u; = ug;, this becomes

u(z,t + At) = u(z,t) + (At)uge(z,t) + O((AL)?).
We have already seen that

—2u(z,t) + u(z + h,t) + u(z — h,t)

h2 + O(h'Z)’

Uy (T, 1) =

and it follows that

—2u(z,t) + u(x + h,t) + u(x — h,t)
n2

Mat+Aﬂ:u@J%HAﬂ( +OM%>+O«A&%,

or, subtracting u(z,t) from each side and dividing by At,

r(w,t) = u(z,t+ AAtzf —u(z,t)  —2u(z,t) +u(z -I}-LQh,t) + u(z — h,t) — O(h?) + O(AD). (14.20)

It follows from (14.20) that the local truncation error converges to 0 as h and At go to 0, but it
does not follow that the global error — the difference between the true and approximate solution —
converges to 0. To show that the approximate solution converges to the true solution on some time
interval [0, 7] is more difficult and usually requires additional conditions on the relation between
h and At. The condition that 7(z,t) — 0 as h — 0 and At — 0 is a necessary condition for
convergence, and if this holds then the difference equations are said to be consistent. In order to
establish convergence of the approximate solution to the true solution, one also must show that the
difference method is stable.

There are a number of different notions of stability. One definition requires that if the true
solution decays to zero over time then the approximate solution must do the same. If we let
a = f = 0 in (14.15), then since u(z,t) represents the temperature in a rod whose ends are
held fixed at temperature 0, it follows from physical arguments that lim;_, . u(z,t) = 0 for all z.
Hence one should expect the same from the approximate solution values at the nodes x1,...,Z,_1.
To see under what circumstances this holds, we will write equations (14.17) in matrix form and
use matrix analysis to determine necessary and sufficient conditions on A and At to ensure that

limy,_, o0 u(™) = 0, for all i = 1 —1
koot  =0,foralli=1,...,n—1
Defining p = (At)/h?, and still assuming that o = 8 = 0, equations (14.17) can be written in
the form u®t1) = Au® | where u = (u§]), . ,USL]L)T and
1=2p p
A= " : (14.21)
o u
poo1=2p
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It follows that u® = A*u(® and hence that u®) converges to 0 as k — oo (for all u(®) if and only
if the matrix powers A* converge to 0 as k — co. This will be the case if and only if the spectral
radius p(A), which is the maximum absolute value of an eigenvalue of A, is less than 1.

Fortunately, we know the eigenvalues of the matrix A in (14.21). According to Theorem 11.2.1,
they are

£
1—2u+2ucos(—7r), £=1,....,n—1.
n

For stability we need all of these eigenvalues to be less than 1 in magnitude; i.e.,
b
—-1<1-2pu{l—-cos— | <1, £=1,...,n—1. (14.22)
n

Subtracting 1 from each side and dividing by —2, this inequality becomes

L
1>,u(1—cos—7r) > 0.
n

This holds for all £ = 1,...,n — 1 provided p < 1/2 (since 1 — cos(¢w/n) is positive and is maximal
when £ = n — 1 and then its value is close to 2 if n is large). Thus the necessary and sufficient
condition for stability of the explicit method (14.17) is:

At 1

I

This is a severe restriction on the time step. If h = .01, for example, this says that we must

use a timestep At < 1/20000. Thus to solve the problem for ¢ between 0 and 1 would require more

than 20000 time steps and would be very slow. For this reason, explicit time differencing methods
are seldom used for solving the heat equation.

(14.23)

Example. To see the effects of instability, let us take, say, h = 1/4 and At = 1/4, so that
= At/h? = 4. Starting with the initial solution ¢(z) = z(1 — z), we set v\ = q(1/4) = 3/16,
ugo) =q(1/2) =1/4, and ugo) = q(3/4) = 3/16. Formula (14.17) for advancing the solution in time
becomes

uz(kﬂ) = —7u§k) + 4u£i)1 + 4uz(li)1, 1=1,2,3, k=0,1,...,
and using this formula we find

~5/16 19/16 ~181/16 2211/16
u® =1 —1/4 |, u®@ = —=3/4 |, u® = 59/4 ,u® = —775/4
—-5/16 19/16 —181/16 2211/16

After only 4 timesteps, the oo-norm of u has grown from an initial value of 1/4 to 775/4 ~ 194,
and after 10 timesteps it is about 1.e + 9. The reason for this is clear: The matrix

-7 4 0
A= 4 -7 4
0 4 -7
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Figure 14.3: Unstable method h = 1/4, At = 1/4.

by which we are multiplying the ‘approximate solution’ vector at each step has spectral radius
| — 7 + 8cos(37/4)| = 12.66, and so as we proceed in time, this vector is being multiplied by
approximately this factor at every step. This is despite the fact that the true solution is decaying
to 0 over time. A plot of u; and us is shown in Figure 14.3 for the first 4 time steps.

Another way to think of stability (that leads to the same conclusion) is to imagine that an
error is introduced at some step (which can be taken to be step 0) and to require that the error be
damped rather than amplified over time. Thus, if instead of starting with the initial vector u®
one started with a slightly different vector @(®), then the solution produced at step k& would be
&) = AF#(0) instead of u® = A¥u(®. The difference is

ul® — 509 — gk (yu©® _ 50),

and this difference approaches 0 as k — oo if and only if A¥ — 0 as k — oo; i.e., if and only if
p(A) < 1.

Another approach to analyzing stability is sometimes called von Neumann stability analysis or
the Fourier method. We will now change notation and let the spatial variable be denoted with
subscript j since 7 will deno‘Ee) +/—1. For this analysis, one often assumes an infinite spatial domain.

k

Assume that the solution u;~ of the difference equations (14.18) can be written in the form

ulf) = el — g (cos(jhe) + isin(jhe)), (14.24)

where g represents an amplification factor (since |u§k)\ = |g|F) and € is a frequency in the Fourier
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transform of the solution. Substituting this expression into (14.17) gives
e — (1 — 9p)gkeiihé 4 gk (e+DhE | (ili-Dhe)
from which it follows that
g = (1— 20) + (e + e ) = 1 — 2pu(1 — cos(he)).

The condition for stability is that |g| be less than 1 for all frequencies &, and this is the same as
condition (14.22). Hence we are again led to the conclusion that the method is stable if and only
if (14.23) holds.

Implicit Methods

The finite difference method (14.17) is called an ezplicit method because it gives an explicit formula
for the solution at the new time step in terms of the solution at the old time step. In an implicit
method one must solve a system of equations to determine the solution at the new time step. This
requires significantly more work per time step, but it may be worth the extra expense because of
better stability properties, allowing larger time steps.

As an example, suppose that the forward difference in time used to derive formula (14.17) is
replaced by a backward difference in time: wi(z,t) = (u(z,t) — u(z,t — At))/(At). The resulting
set of difference equations is

(k+1) . (k) 9 (lc—l—l) + (lc+1) n (k+1)
UZ At uz — uz 1’;’;24—1 uz—l , Z = 1,...,n— ]_, k:O’]_’ (1425)
Now to determine uk+1) = (ugkﬂ),...,ugk_ﬁl))T from u®), one must solve a system of linear
equations:
Auktl) — ) b, (14.26)
where
1+2p —p o
. . 0
a= 0 , b=yl i |- (14.27)
. . —u ;
—p 142p 3

The local truncation error in this method is again O(h?) + O(At). To analyze stability, we
again assume that @ = § = 0 so that b = 0 in (14.26) and u®**tY) = A~1u®. Tt follows that
u®) = A% u® and u® will converge to 0 as k — oo (for all u(®) if and only if p(4~1) < 1.

Once again, Theorem 11.2.1 tells us the eigenvalues of A:

14
1+2p—2ucos<%), £=1,....,n—1,
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and the eigenvalues of A~! are the inverses of these:

1
1—|—2u(1—cos%r)’

=1,...,n—1. (14.28)

Since u = At/h? > 0 and 1 — cos(¢w/n) € (0,2), the denominator in (14.28) is always greater than
1. Thus the eigenvalues of A~! are positive and less than 1 for every value of x. The method
is therefore said to be unconditionally stable, and it can be shown that the approximate solution
converges to the true solution at the rate O(h?) + O(At), independent of the relation between h
and At.

Example. When the implicit method (14.25) is used with h = 1/4 and At = 1/4, the resulting
approximate solution decays over time as it should. Starting with ¢(z) = (1 — z) so that u(® =
(q(1/4),q(1/2),q(3/4))T = (3/16,1/4,3/16)", the approximate solution vectors produced at time
steps 1 through 4 are:

.0548 0163 .0049 .0015
u =1 0765 |, u®@=1| 0230 |, u® =1 0069 |, u® = .0021
.0548 0163 .0049 .0015

The first two components are plotted versus time in Figure 14.4. Also plotted, with a dashed line,
is the exact solution at x = 1/4 and x = 1/2. While the method is stable, it is not very accurate
with h = 1/4 and At = 1/4. Also plotted in the figure are the approximate solution values using
h =1/8 and At = 1/16. Since the method is second order accurate in space and first order in time,
the error in these values should be about 1/4 of that in the original approximation.

A potentially better implicit method is the Crank-Nicolson method, which uses the average
of the right-hand sides in (14.16) and (14.25):

w1 [l el vl | D)
At 2 2 n2 ' '

The average of these two right-hand sides is an approximation to ugg(x;, (tx + tx+1)/2) that is
second order in both space and time; that is, one can show using Taylor’s theorem that the error is
O(h?)4+0((At)?). The left-hand side of (14.29) is a centered difference approximation to u;(z;, (tg +
tr+1)/2) and so it is second order accurate; that is, the error is O((At)?). Hence the local truncation
error for the Crank-Nicolson method is O(h?) + O((At)?).
Moving terms involving the solution at the new time step to the left and those involving the
solution at the old time step to the right, formula (14.29) can be written as
(14D — 2l 2 = (1l 4 S ) (14.30)
Once again we can analyze the stability of the method by using matrix analysis and Theorem 11.2.1,
or we can use the Fourier approach and substitute a Fourier component of the form (14.24) into
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Figure 14.4: Stable method h = At = 1/4 and h = 1/8, At = 1/16. Exact solution is plotted with
dashed line.

(14.30) and determine whether such components grow or decay over time. The two approaches
again lead to the same conclusion. Taking the latter approach (and again letting j denote the
spatial variable so that 7 can be used for v/—1), we find

. 1 o - - 1 o o
(1 + p)ghtLeiihe — Eugkﬂ[eﬂﬁl)h& + ¢ U=DhE) = (1 — p)gkeih + §M9k[€z(ﬁl)h§ + iU—Dhe]
or, dividing by ¢g*e’/"¢ and solving for g,

1 (1 — cos(he)
I= 17 p(1 — cos(h€))’

Since the term p(1 — cos(h€)) in the numerator and denominator is always positive, the numerator
is always smaller in absolute value than the denominator:

11— u(1 —cos(hE))| < [1] + [u(1 — cos(h€))| = 1 + u(1 — cos(hg)).

Hence this method also is unconditionally stable.

Example. Applying the Crank-Nicolson method with the same values of h and At used in the
previous examples yields the results in Figure 14.5. For h = At = 1/4, the method is stable but
not very accurate. For h = 1/8, At = 1/16, the solution produced by the Crank-Nicolson method
can barely be distinguished from the exact solution, plotted with a dashed line in the figure.
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u(L/a,0)

Figure 14.5: Crank-Nicolson method h = At = 1/4 and h = 1/8, At = 1/16. Exact solution is
plotted with dashed line.

14.3 Separation of Variables

We have discussed numerical solution of a number of model problems involving partial differential
equations. Actually, some of these problems can be solved analytically, using a technique called
separation of variables. This technique works only for problems in which the solution can be written
as a product of two functions, each of which involves only one of the independent variables. In
contrast, the numerical techniques that we have described can be applied to general problems of
the form (14.1).

To solve the heat equation via separation of variables, let us consider a problem with periodic
boundary conditions:

Ut = Ugy, 022w, t>0.

u(z,0) =q(z), 0<z <2,
u(0,t) = u(2m,t), wuy(0,t) = ug(2m,t), ¢>0. (14.31)

This was a problem that Fourier studied. It models the temperature in a circular rod of length 27.
To solve the IBVP (14.31) via separation of variables, assume that the solution u(z,t) can be

written in the form
u(z,t) = v(x)w(t),

for some functions v and w. Then the differential equation becomes

v(z)w' () = v"(z)w(t).
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Assuming that v(z) # 0 and w(t) # 0, we can divide each side by v(z)w(t) to obtain

Since the left-hand side depends only on ¢ and the right-hand side depends only on z, both sides
must be equal to some constant, say, —A. Hence

w'(t) = =Aw(t), t>0, (14.32)
and
v"(z) = —Mw(z), 0<z<2m. (14.33)
The general solution of equation (14.32) is

w(t) = Ce™. (14.34)
Equation (14.33) for v is an eigenvalue problem and must be coupled with the boundary conditions
v(0) = v(27), '(0) =v'(27), (14.35)

in order for v(z)w(t) to satisfy the boundary conditions in (14.31). Equation (14.33) for v always
has v = 0 as a solution, but its other solutions depend on the value of .

We must consider three cases: Case (i) A < 0: It can be shown in this case that the only
solution to (14.33) that satisfies the boundary conditions (14.35) is v = 0. Case (ii) A = 0: In
this case, the general solution of (14.33) is v(z) = ¢; + coz. The condition v(0) = v(27) implies
that ¢; = ¢1 + ¢2(27), or, c2 = 0. Hence v(z) must be a constant, and in this case the boundary
condition v'(0) = v'(27) holds as well. Case (iii) A > 0: In this case, the general solution of (14.33)
is

v(z) = ¢1 cos(VA z) 4 cpsin(VA z).
The boundary conditions (14.35) imply that
a = e cos(VA2m) 4 ¢ sin(VA 27)
g = —cysin(VA 27) + ¢ cos(VA 27),

or, equivalently,

(i TtAE Y (e = (7).

This equation has a nonzero solution for (cj,¢9) if and only if the matrix on the left-hand side is
singular; that is, if and only if its determinant is 0:

(1 — cos(VX 27))% 4 sin?(VA 27) = 0.

In other words, it must be the case that sin(v/X 27) = 0 and 1—cos(vV/A 27) = 0; ie., VA =1,2,....
Equivalently, A = m2, m = 1,2,.... In this case, cos(mz) and sin(mz) are two linearly independent
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solutions of the differential equation (14.33) with the boundary conditions (14.35). Substituting for
A in (14.34) and considering all of the cases (i)—(iii), we find that the solutions of the differential
equation in (14.31) that satisfy the periodic boundary conditions consist of all linear combinations
of:

—m?t —m?t

1, cos(mz)e , sin(mz)e , m=12,....

These are called fundamental modes of the differential equation with periodic boundary conditions.
To satisfy the initial condition u(z,0) = g(z), we must expand ¢(z) in terms of these funda-
mental modes; i.e., in a Fourier series:

q(z) = ap + Z (@ cos(max) + by, sin(mz)).

m=1

A large class of 2m-periodic functions ¢ can be represented in this way. [In our problem, ¢ is defined
only on the interval [0, 2], but assuming that ¢ satisfies the boundary conditions ¢(0) = ¢(27) and
q'(0) = ¢'(27), it can be extended to be periodic throughout the real line.] Then, assuming that
the series converges appropriately, the solution of the IBVP (14.31) is

u(z,t) = ag + Z (am cos(mzx) + by, sin(mx))e*mzt.

m=1

One can check that this satisfies the differential equation by differentiating the series term by
term (again, assuming that the series converges in such a way that term by term differentiation is
justified):

Up = Z (am cos(mzx) + by, Sin(mx))(—m2)e*m2t,

m=1
o0
Ugy = Z (@ (=m?) cos(mz) + by, (—m?) sin(m:v))e_m275 = ug.
m=1
Had the boundary conditions been different, say, homogeneous Dirichlet boundary conditions,
u(0,t) = u(2m,t) = 0, instead of those in (14.31), our analysis of problem (14.33) would have been
slightly different. In this case, the boundary conditions (14.35) are replaced by

v(0) =0, wv(27) =0. (14.36)

One again finds that in case (i), A < 0, the only solution of (14.33) that satisfies the boundary
conditions (14.36) is v = 0. In case (ii), A = 0, the general solution of (14.33) is again v(z) = ¢1+cez,
but now v(0) = 0 = ¢; = 0 and hence v(27) = 0 = ¢ = 0. Thus v = 0 is the only solution in
this case as well. In case (iii), A > 0, we again have the general solution v(z) = ¢; cos(vV/\ z) +
¢z sin(v/X z), but the boundary condition v(0) = 0 implies that ¢; = 0, and the boundary condition
v(27) = 0 then implies that sin(v/A 27) = 0, or, VA = 1,2,.... Thus the fundamental modes for
this problem are:
sin(mz), m=1,2,....
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Again to satisfy the initial condition, one must expand ¢(z) in terms of these fundamental
modes; i.e., in a Fourier sine series:

q(z) = Z by, sin(mz).
m=1

This is the appropriate series to use for functions that satisfy the boundary conditions ¢(0) =
q(2mw) = 0. Assuming that the series converges in the right way, the solution to the IBVP is then

o
u(z,t) = Z b, sin(mx)e_m%. (14.37)
m=1

The method of separation of variables works for a given problem, provided the set of fundamental
modes for the differential equation with the given boundary conditions is rich enough that the initial
function can be represented as a linear combination of these fundamental modes. Otherwise, the
solution u(z,t) cannot be written as a product v(z)w(t), and a different approach must be used to
solve or approximately solve the IBVP.

We argued previously based on physical grounds that the solution to the heat equation in a
rod with the ends held fixed at temperature 0 would decay to 0 over time. Now this can be seen
analytically through expression (14.37), each of whose terms approaches 0 as t — oo, for all z.

14.3.1 Separation of Variables for Difference Equations

Just as separation of variables and Fourier series were used to solve the IBVP (14.31), they can be

used to solve the difference equations (14.17-14.19), assuming that « = § = 0. Assume that ugk)
can be written in the form

(k)

u; = VW
Making this substitution in (14.16), we have
ViWg1 — ViWg  —20;Wg + Vi 1wy + Vi1 W

At - h? =1

,eeeom—1, k=0,1,....

Collecting terms involving & on the left and those involving ¢ on the right, and assuming that v; # 0

and wy # 0, gives
W1 — Wi —20; + V41 + Vi1

LW (4

bl

where y = (At)/h?. Since the left-hand side is independent of i and the right-hand side is inde-
pendent of k£, both sides must be equal to some constant, say, —A; thus

w1 = (1 — Ap)wg, k=0,1,..., (14.38)
27}1‘ — Vi1 — V4—1 = )\’UZ', 1 = 1, NN (e 1, Vo = Up = V. (14.39)
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Equation (14.39) represents the eigenvalue problem for the TST matrix with 2’s on its main
diagonal and —1’s on its sub- and super-diagonals. From Theorem 11.2.1, these eigenvalues are
Ae=2—2cos({n/n), £=1,...,n— 1, and the corresponding orthonormal eigenvectors are

v = \/2/n (sin(fx/n),sin(20x/n),... sin((n — 1)fx/n))". (14.40)
Thus for each A = Ay, the vector v with v; = \/2/n sin(iln/n), i = 1,...,n — 1 is a solution of
(14.39). The solution of (14.38) is wy = (1 — Au)*wp, and so the solutions of the difference equation
(14.16) with homogeneous Dirichlet boundary conditions are linear combinations of
ugk) = vywy, = (1 — 2 + 2pcos(bm/n))*\/2/n sin(ibn/n), £=1,...,n— 1.
(0)

To satisfy the initial conditions u; ’ = ¢(=;), ¢ = 1,...,n — 1, one must expand the initial vector
in terms of the eigenvectors in (14.40); that is, one must find coefficients ay, £ =1,...,n — 1, such
that

n—1
Zae 2/n sin(ilmw/n) = q(z;), i=1,...,n—1.
=1

Because the eigenvectors span R” ™!, this expansion is always possible, and because the eigenvectors
are orthonormal, it turns out that

n—1
ay = \/2/an(wj) sin(jém/n), £=1,...,n—1.
j=1

Thus the solution of (14.17-14.19) with a =3 =0 is

n—1 n—1

ugk) = Z(l — 2u + 2p cos(€m/n))k(2/n) q(z;) sin(jlm /n) sin(iln /n).
=1 =1

<
Il

We can use this expression to answer questions about stability of the difference method, as was

done before. The approximate solution ugk) will approach 0 as k — oo if and only if |1 — 2u +

2p cos(f/n)| is less than one for all £ = 1,...,n — 1. We have seen previously that a sufficient
condition for this is y < 1/2.

14.4 Hyperbolic Equations

14.4.1 Characteristics
We begin our study of hyperbolic equations by considering the one-way wave equation
ut +augy =0, z € (—o0,0), t>0, u(z,0)=q(z). (14.41)

Here we consider an infinite spatial domain, so no boundary conditions are present. To uniquely
specify the solution, one still needs an initial condition, u(x,0) = g(x), so this is called an initial
value problem (IVP). This problem can be solved analytically. The solution is

u(z,t) = q(z — at), (14.42)
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as is easily checked by differentiating: ui(z,t) = —aq¢'(z — at) and uy(z,t) = ¢'(z — at); hence
ut + aty, = 0.

The solution at any time ¢ > 0 is a copy of the original function, shifted to the right if a is
positive and to the left if a is negative, as pictured below.

t=0 0
M
M }
0 X 0 X+at

Thus the solution at (z,t) depends only on the value of ¢ at  — at. The lines in the (z,t) plane
on which = — at is constant are called characteristics. The solution is a wave that propagates with
speed a, without change of shape. Note also that while the differential equation seems to make
sense only if u is differentiable in z, the “solution” (14.42) is defined even if ¢ is not differentiable.
In general, discontinuous solutions are allowed for hyperbolic problems. An example is a shock
wave, which can occur in nonlinear hyperbolic equations.

Consider the more general equation:

ut(z,t) + aug(z,t) + bu(z,t) = f(z,t), =z € (—o00,0), t >0, (14.43)
Based on the preceding observations, let us change variables from (z,t) to (£, 7), where
T=t, &=xz—at (x=E+ar).
Define (¢, 7) = u(z,t). Then
ot Oudt Ouldzx

= + = Ut + AUy,

or ~ dtar ' oz or
since 0t/0T =1 and 0z /0T = a. Hence equation (14.43) becomes
ot .
8_7'(5’ T) + bu(£7 T) = f(f +ar, T)'
This is an ordinary differential equation (ODE) in 7, and the solution is
(e m) = a4 [ 1€+ as5)e 0 ds,
0

Returning to the original variables,
t
u(z,t) = gz — at)e " + / f(z—a(t—s),s)e tt=9) ds.
0
Note that u(z,t) depends only on values of ¢ and f at points (z,%) such that # — af = z — at;
i.e., only on values of g and f along the characteristic through (z,¢). This method of solving along

characteristics can be extended to nonlinear equations of the form u; + au, = f(z,t,u).
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14.4.2 Systems of Hyperbolic Equations

Definition. A system of the form
u; + Aux + Bu = f(z,1) (14.44)

is hyperbolic if A is diagonalizable with real eigenvalues.

Example. As an example of a hyperbolic system, suppose we start with the wave equation uy =
a’ug,, where a is a given scalar, and we introduce the functions v = au, and w = u;. Then we

obtain the system of equations
w ), a 0 (.

The eigenvalues of the matrix in (14.45) are the solutions of A> — a? = 0; i.e., A = +a. These are
real and the matrix is diagonalizable.

The eigenvalues of A are the characteristic speeds of the system. If A = SAS™!, where A =
diag(A1, ..., Am), then under the change of variables @ = S~'u, equation (14.44) becomes, upon
multiplying by S ! on the left,

iy + Ay + (S7IBS)a = STIf.
When B = 0, these equations decouple:

(@)e + Xi(@)g = (S7H)iy.., i=1...,m

Example. The eigenvectors of the matrix in (14.45) are (v/2/2,v/2/2)T corresponding to A = a,
and (v/2/2,—+/2/2)T corresponding to A = —a. Hence

s:(ﬁﬁ _\/55//22) Slz(gg —\/x/ii//z)'

Define 4; = (v/2/2)v + (v2/2)w and 49 = (v2/2)v — (v/2/2)w. Then (i;); = a(@); so that
w1(z,t) = G1(z + at), and (G2); = —a(dz); so that ds(x,t) = go(z — at). Thus the solution is a
combination of a wave moving to the left with speed a and another wave moving to the right with
speed a.
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14.4.3 Boundary Conditions

Hyperbolic PDE’s may be defined on a finite interval rather than the entire real line, and then
boundary conditions must be specified. This gives rise to an initial boundary value problem, but
one must be sure that the correct types of boundary conditions are given.

Consider again the one-way wave equation

utau, =0, 0<z<1, t>0, (14.46)

defined now on the finite interval [0, 1]. If a > 0, the characteristics in this region propagate to the
right, while if ¢ < 0, they propagate to the left, as illustrated below.

a>0 a<o0
| / t
0 X 1 0 X 1

It follows that, in addition to the initial data at time ¢ = 0, the solution must be given on the
left boundary of the region (z = 0) when a is positive and on the right boundary (z = 1) when a
is negative.

If we specify initial data u(z,0) = ¢(x) and boundary data «(0,t) = g(t), for a > 0, then the

solution is
_f glz—at) ifz—at>0

u(m,t)—{ gt —z/a) ifz—at<0 ~

For a < 0, the roles of the two boundaries are reversed.

14.4.4 Finite Difference Methods
(k)

One can imagine any number of ways of differencing the equations (14.46). Letting u; " denote
the approximate solution at spatial point z; = jh and time t; = k(At), one could use a forward
difference in time and a forward difference in space to obtain the equations:

(k+1) (k) (k) (k)
Uj Yy Yjpr — U~ _ _ _
A7 +a - =0, j=1,...,n—1, k=0,1,.... (14.47)

Alternatively, one could try a forward difference in time and a backward difference in space:

S ) k) ()

J J f] j—1 .
=0 =1,....,n—1, k=0,1,.... 14.48
At + a h ) .7 7 7n 7 7 7 ( )
A third alternative is a forward difference in time and a centered difference in space:
(k+1) (k) (k) (k)
U —u; Uy — Uy
J J Jj+1 Jj—1 :
=0 =1,....n—1, k=0,1,.... 14.49
At + a 2h 7 .7 7 ’n ) 7 7 ( )



The leap-frog scheme uses centered differences in time and space:

NI BN ORI )
J j j il 0 i=1..m-1 k=01..... 14,
T ) 0, j=1...,n=1, k=01, (14.50)

The leap-frog method is called a multistep method because it uses solutions from two previous time
steps (steps k and k£ — 1) to compute the solution at the new timestep (step k£ + 1). In order to
start the method, one must use a one-step method to approximate the solution at t;, given the
initial data at time ¢; = 0. Once the approximate solution is known at two consecutive time steps,
formula (14.50) can then be used to advance to future time steps.

Still another possibility is the Laz-Friedrichs scheme:

GETD 1, ) (k) (k) (k)

i glugyy Fugty) o upy -ty .
=0 =1,... -1, k=0,1,.... 14.51
At +a 2h 3 ‘7 7 7n 7 ) 7 ( )

The local truncation error (LTE) for these different methods can be analyzed just as was done
for parabolic problems. Using Taylor’s theorem to determine the amount by which the true solution
fails to satisfy the difference equations, one finds that the LTE for the forward-time, forward-space
method (14.47) is O(At) + O(h), and the same holds for the forward-time, backward-space method
(14.48). The LTE for the forward-time, centered-space method (14.49) is O(At) + O(h?), since the
centered difference approximation to u, is second-order accurate.

The leap-frog scheme (14.50) has LTE that is second-order in both space and time: O((At)?) +
O(h?). The Lax-Friedrichs scheme (14.51) has LTE O(At) + O(h?) + O(h?/(At)), with the last
term arising because 3 (u(z;41,tx) + u(zj_1,%)) is an O(h?) approximation to u(z;,%), but this
error is divided by At in formula (14.51).

As we have seen before, however, local truncation error is only part of the story. In order
for a difference method to generate a reasonable approximation to the solution of the differential
equation, it also must be stable.

Stability and the CFL Condition

The Lax-Richtmyer equivalence theorem states that a difference method for solving a well-posed
partial differential equation is convergent if and only if it is consistent (meaning that the local
truncation error approaches 0 as h and At go to 0) and stable. Without giving a formal definition
of stability, we note that since the true solution to equation (14.41) does not grow over time, the
approximate solution generated by a finite difference scheme should not grow either.

Consider, for example, the forward-time, forward-space difference scheme (14.47). If we define
A = At/h, then (14.47) can be written as

ug-kﬂ) = ugk) — a)( (k) u(k)).

Ujpr = Uy
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Looking at the sum of squares of the components on each side, we find

Z (u§-k+1))2 = Z ((1 + a)\)ug-k) — a)\u;i)l)Q

j j
2 2
= Z [(1 + a))? (ugk)> -2(1+ a/\)a)\ug-k)ugi)l + (aX)? (ugﬁ_)l) ]

J

(11 +aA| +JaA)? Y (ug’“))Q

J

IN

A sufficient condition for stability is therefore
|1+ a)| +|aX| <1,

or, equivalently, —1 < aX < 0. It turns out that this is also a necessary condition for stability.
Since A = At/h is positive, the method cannot be stable if a > 0. For a < 0, the requirement is

that A < 1/|al, or,

At < % (14.52)
a

One can see in another way that condition (14.52) is necessary for the difference method (14.47)

to be able to generate a reasonable approximation to the solution of the differential equation (14.41).

Consider the approximation u®) to the solution at time tr = k(At) and spatial point z; = jh. We

j
know that the true solution is u(z;, ;) = q(z; —aty). Suppose a is positive. Now u®) is determined

(k—1) (k—-1) (k—2) (k—2) (ch—Z)

from w; and u;} ;. These values are determined from w;” ™, u;};”, and u;’,”. Continuing
to trace the values back over time, we obtain a triangular structure of dependence as illustrated
below:

t .
k-1
t o o
k-2
t0 e o ' X
X X +h x: +kh

i J

Thus ug-k) depends only on values of the initial solution ¢ between z = x; and z = z; + kh. Yet
if a is positive, then the true solution at (z;,t) is determined by the value of ¢ at a point to the
left of z;, namely, ¢(z; — akAt). Hence, despite the fact that the difference scheme is consistent, it
cannot generate a reasonable approximation to the true solution. For a negative, we still need the
domain of dependence of u®) to include that of the true solution; that is, we need z; + kh to be
greater than or equal to z; + |a|k(At), which is equivalent to condition (14.52).
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The idea that the domain of dependence of the approximate solution must include that of the
true solution is called the CFL (Courant-Friedrichs-Lewy) condition. More precisely, we can state
the following:

Theorem 14.4.1. Consider a consistent difference scheme of the form

k+1) (

u§ = aujk_)l + ﬁug-k) + ’yug-l_?l

for equation (14.41). A necessary condition for stability is the CFL condition:

At < h
lal

Proof. The true solution u(zj,t) is ¢(z; — atg). On the other hand, the “approximate solution”

(k) (k=1) ,(k=1) (k1) (h-2)  (k=2),
J j=1 7 J+1 =2 2t T2 0
etc. Continuing, it follows that ug-k) depends only on values of ¢ between z; —kh and z; +kh. Hence
in order for the method to be convergent, it is necessary that z; — akAt € [z; — kh,z; + kh]. This
means that kh > |a|kAt, or, At < h/|a|. By the Lax-Richtmyer theorem, a consistent method is

convergent if and only if it is stable. Hence the condition At < h/|a| is necessary for stability. [

uy; ' is determined by u ,and u ; these in turn are determined by u

In addition to using the CFL condition to determine necessary conditions for stability, the
stability of difference methods for hyperbolic problems can be analyzed in a way similar to what
was done for parabolic problems, namely, by assuming that the approximate solution ugk) has the
form gFe“h¢ for some amplification factor g and some frequency €. The condition for stability is
lg| <1 for all frequencies £. Using this approach, let us consider the forward-time, centered-space
method (14.49). Substituting g¥e”"¢ for ug-k) and dividing each side by g*e’"¢ gives

-1 thé _ _—ih&
g + a/e ° = Oa
At 2h

or, with A = (At)/h,

a

2

Since |g|? = 1+ (aAsinh€)? > 1, this method is always unstable!
Let us again consider the two-way wave equation

g=1— X" — 7)) = 1 — aisin(hf).

U = a2ugg, 0<z <1, t>0. (14.53)

It was shown in the example of Subsection 12.4.2 that this second-order equation could be reduced
to a system of two first-order hyperbolic equations. One way to solve this problem numerically
would be to carry out this reduction and then apply an appropriate difference method to the
system of first-order equations. Another approach is to difference the equation as it stands. In
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addition to the differential equation, one needs initial conditions and, if the spatial domain is finite,
appropriate boundary conditions, in order to define a unique solution. Since the equation involves
a second derivative in time, we will need two initial conditions, such as:

’U/(:E,O) ZQ(-’IJ), ut(:]:aO) =p($), 0<z< 1.
If we take homogeneous Dirichlet boundary conditions,
u(0,t) = u(1,t) =0,

then for stability we again require that the approximate solution not grow over time.
Suppose a centered-time, centered-space method is used for equation (14.53):

(k) (k+1) (k-1) (k) (k) (k)
_2uj +uj +uj 2 —2uj +Uj+1 —i—ujfl (14.54)
(At)? h? ' '

This is called a multistep method because the approximate solution at time step k£ 4+ 1 depends on
that at step k as well as that at step k—1. To start the solution process, we need to know u(®, which
can be obtained from the initial condition u§-0) = ¢(z;), but we also need u®). This can be obtained

from the other initial condition u¢(x,0) = p(z). Approximating u:(z;,0) by (ugl) - ug-o))/ (At), we

find ugl) = ug-o) + (At)p(z;). With the values of u known at timesteps 0 and 1, equation (14.54)
can then be used to advance the solution to timestep 2, etc.

Since centered differences are used in (14.54) for both wuy and ug,, the local truncation error is
O((At)?) + O(h?). One can study the stability of the method by assuming that ug-k) has the form
g*eh¢ and determining conditions under which |g| < 1. Making this substitution in (14.54) and
dividing by gFeh¢ gives

—2+g+g7" -2+t 4 e
anz h? ’

or, with A = (At)/h,
24 g+ g7t =a®X3(—2 + 2cos hé).

After some algebra, it can be shown that |g| <1 if and only if [aA| < 1. Hence we are again led to
the stability condition (14.52).

14.5 Fast Methods for Poisson’s Equation

We have seen that the solution of elliptic equations and parabolic equations often involves solving
large systems of linear equations. For Poisson’s equation this must be done once, while for the heat
equation, if an implicit time differencing scheme is used, then a linear system must be solved at
each time step. If these equations are solved by Gaussian elimination, then the amount of work
required is O(m2N), where m is the half-bandwidth and N is the total number of equations and
unknowns. For Poisson’s equation on an n by n grid, the half-bandwidth is m = n —1 and the total
number of equations is N = (n — 1)2, for a total of O(n*) operations. For certain problems, such
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as Poisson’s equation on a rectangular region with Dirichlet boundary conditions, there are fast
methods for solving the linear equations that require only O(N log N) operations. These methods
make use of the fast Fourier transform (FFT).

Suppose we have a block TST matrix with TST (tridiagonal symmetric Toeplitz) blocks:

S T a f v 4
o Cos=| P L r=|°% " . (14.55)
.. T B PR
T S B « o v

A=

If A comes from the five-point finite difference approximation (14.7) for Poisson’s equation with
Dirichlet boundary conditions on an n, by ny rectangular grid, then, with the natural ordering of
equations and unknowns, S and T are (n; — 1) by (ny — 1) matrices given by

—2/h§-2/h§ 1/h2
1/h3

. 1/h2 hy
1/h3  —2/h3 —2/h2

where hy = 1/n; and hy = 1/ny, and A consists of an (ny — 1) by (ny — 1) array of such blocks.
The eigenvalues and eigenvectors of TST matrices are known. It was shown in Theorem 11.2.1
that all TST matrices have the same eigenvectors; only their eigenvalues differ. Let A be the block
TST matrix in (14.55) and assume that S and T are m; by m; blocks, while the entire matrix is
an meo by mq array of such blocks. Consider the linear system Au = f, where the vectors u and f
can also be divided into mqy blocks, each of length m, corresponding to the lines in an m; + 1 by

mao + 1 grid: u= (uy,...,Um,)7, f = (f1,...,fm,)’. This linear system has the form:
Tup 1 +Su+Tup =1, £=1,...,mg, (1456)
where up = Um,+1 = 0. Let Q be the orthogonal matrix whose columns, q!,...,q™!, are the

eigenvectors of S and T.. Then S and T can be written as S = QAQ”T, T = QOQ”, where A and
© are diagonal matrices of eigenvalues of S and T, respectively. Multiplying equation (14.56) on
the left by Q7 gives

O(Q"ur1) + A Q" up) + O(Q"upr1) = QTH.
Defining y, = Q7'uy and g, = Q'fy, this becomes

G)YZ—I +AYZ+®YZ+1 = 8¢, L= 1""7m2-

Let the entries in block £ of y be denoted y1¢,...,Ym, ¢, and similarly for those in each block
of g. Look at the equations for the jth entry in each block of y:

0iyje—1+ NYje + 0iYje01 = g, €=1,...,ma.
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Note that these equations decouple from those for all other entries. If, for each j = 1,...,m1,
we define §; = (y;,1,---,Yjm,)" and likewise & = (gj.1,---,9jm,)" , then we have m; independent
tridiagonal systems, each involving my unknowns:

Aj 9
6, . - i i
Yi=8;, J7=1, , M1
b
0j Aj
The work to solve these tridiagonal systems is O(m1mg) operations. This gives us the vectors
¥1,---,¥Ym,, which can be rearranged to obtain the vectors y1,...,ym,. These were obtained from
u1,...,Um, by multiplying by Q7. Thus the only remaining task is to recover the solution u from
y:
w=Qys, £=1,...,mo. (14.57)

This requires ms matrix-vector multiplications, where the matrices are m; by mq. Ordinarily, the
amount of work required would be O(maom?) operations. A similar set of matrix-vector multipli-
cations was required to compute g from f: g, = Q7 f), £ = 1,...,mo. It turns out that because
of the special form of the matrix (), these matrix-vector multiplications can each be performed in
time O(m; logy m1) using the FFT. Thus the total work for performing these multiplications by @
and QT and the major part of the work in solving the original linear system, is O(mgm1 logy m1).
This is almost the optimal order, O(mam;).

14.5.1 The Fast Fourier Transform

To compute the entries of ugy in (14.57), one must compute sums of the form

mi1
Uk,e:ZQk,jyj, Vi +1 Z (m +1) yie k=1,...,m.
i=1

Such sums are called discrete sine transforms, and they are closely related to (and can be computed
from) the discrete Fourier transform (DFT):

N—
Fp=)_ em*Np k=0,1,...,N-1 (14.58)

Before discussing how to compute the DFT, let us briefly describe the Fourier transform in
general. When one measures a signal f, such as the sound made by pushing a button on a touch-
tone telephone, over an interval of time or space, one may ask the question what frequencies
comprise the signal and what are their magnitudes. To answer this question, one evaluates the
Fourier transform of f:

F(w)

et f(t) -0 < w < .

vl

378



A nice feature of the Fourier transform is that the original function f can be recovered from F
using a very similar formula for the inverse transform:

e F(w)dw, —o0<t< o0.

0=z

The precise definition of the Fourier transform differs throughout the literature. Sometimes the
factor 1/4/27 in the definition of F' is not present, and then a factor of 1/(27) is required in the
inversion formula. Sometimes the definition of F involves the factor e~**, and then the inversion
formula must have the factor e™. Usually, this difference in notation doesn’t matter because
one computes the Fourier transform, performs some operation on the transformed data, and then
transforms back.

In practice, one cannot sample a signal continuously in time, and so one samples at, say,
N points t; = j(At), j = 0,1,...,N — 1, and obtains a vector of N function values f; = f(¢;),
j=0,1,...,N—1. Knowing f at only N points, one cannot expect to compute F' at all frequencies
w. Instead, one might hope to evaluate F' at N frequencies wy = 27k/(N(At)), k=0,1,...,N—1.
The formula for F(wy) involves an integral which might be approximated by a sum involving the
measured values f;:

R N—
F(wg) = \/% ‘/_oo eiwktf(t) dt ~ Z ezwkt;f At) \/__ 2_: mglc/N

With this in mind, the discrete Fourier transform (DFT) is defined as in (14.58). It is an
approximation (modulo a factor At/v/27) to the continuous Fourier transform at the frequencies
wg. Like the continuous Fourier transform, the DFT can be inverted using a similar formula:

N-1

L —27mijk /N s _
fJ_NkZOe mik/Np i =0,1,...,N — 1. (14.59)

—_

Evaluating the DFT (14.58) (or the inverse DFT (14.59)) would appear to require O(N?)
operations: One must compute N values, Fy, ..., Fy_1, and each one requires a sum of N terms.
It turns out, however, that this evaluation can be done with only O(N log N) operations using the
fast Fourier transform (FFT) algorithm of Cooley and Tukey [11].

The ideas of the FFT were implicit in a number of earlier papers, such as one by Danielson and
Lanczos [13]. It was not until the 1960’s however, that the complete FFT algorithm was developed
and implemented on a computer.

The key observation in computing the DFT of length N is to note that it can be expressed in
terms of two DFT’s of length N/2, one involving the even terms and one involving the odd terms
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n (14.58). To this end, assume that N is even, and define w = ¢*™/N. We can write

N/2— N/2-1
F, = Z 2m1(27 k/Nf2 + Z e2m 23+1)lc/Nf2
N/2 1 N/2-1
_ Z 2meik/(N/2) faj + w* Z o2mik/(N/2) Fajin
§=0 §=0
= F94w*F°, k=01,.. ,N—1, (14.60)

where F(¢) denotes the DFT of the even-numbered data points and F(©) the DFT of the odd-
numbered data points. Note also that the DFT is periodic, with period equal to the number of

data points. Thus F(¢) and F(°) have period N/2: FNe/;z_p FZSe"’), p=0,1,...,N/2—1. Therefore

once the N/2 entries in a period of F(©) and F(©) have been computed, we can obtain the length
N DFT by combining the two according to (14.60). If the N coefficients w*, k = 0,1,...,N — 1
have already been computed, then the work to do this is 2N operations; we must multiply the
coefficients w* by the entries F,go) and add to the entries F,Se), k=0,1,...,N — 1.

This process can be repeated! For example, to compute the length N/2 DFT F(©) (assuming
now that N is a multiple of 4), we can write

FO - Do EmCORIND g g N DR (N £
§=0 J=0
N/a-1 N/4—1
_ Z o2meik/(N/4) faj 4 2k Z e2mik/(N/4) faj42
=0 =0

= F 4w k=0,1,...,N/2-1,

where F(¢¢) denotes the DFT of the even even data ( faj) and F(¢©) the DFT of the even odd
data (fi;12). Since the length N/4 DFT’s F(¢®) and F(¢%) are periodic with period N/4, once the
N/4 entries in a period of these two transforms are known, we can combine them according to
the above formula to obtain F(¢). This requires 2N /2 operations (if the powers of w have already
been computed), and the same number of operations is required to compute F©) for a total of 2N
operations.

Assuming that N is a power of 2, this process can be repeated until we reach the length 1 DFT’s.
The DFT of length 1 is the identity, so it requires no work to compute these. There are log, N
stages in this process and each stage requires 2N operations to combine the DF'T’s of length 27 to
obtain those of length 27!, This gives a total amount of work that is approximately 2N log, N.

The only remaining question is how to keep track of which entry in the original vector of input
data corresponds to each length 1 transform, e.g., Frleoveoe) — f2- This looks like a bookkeeping
nightmare! But actually it is not so difficult. Reverse the sequence of €’s and o’s, assign 0 to e and
1 to o, and you will have the binary representation of the index of the original data point. Do you
see why this works? It is because at each stage we separate the data according to the next bit from
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the right. The even data at stage one consists of those elements that have a 0 in the rightmost
position of their binary index, while the odd data consists of those elements that have a 1 in the
rightmost bit of their index. The even even data points have a 0 in the rightmost two bits of their
index, while the even odd data points have a 0 in the rightmost bit and a 1 in the next bit from the
right, etc. To make the bookkeeping really easy, one can initially order the data using bit reversal
of the binary index. For example, if there are 8 data points, then one would order them as:

fo=000 Jo=000
J1=001 fa=100
Ja=o010 fa=o10
fa=o11 . fe=110
fa=100 f1=o001
[s=101 fs=101
Je=110 f3=o11
\ Jr=111 ), fr=111

Then the length 2 transforms are just linear combinations of neighboring entries, the length 4
transforms are linear combinations of neighboring length 2 transforms, etc.

14.6 Multigrid Methods

[To be completed.]
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Exercises
1. Let A denote the Laplacian operator: Au = ug; + Uyy. Show that a problem of the form
Au=f, inQ, u=g ondQ,

can be solved as follows: First find any function v that satisfies Av = f in Q (without regard
to the boundary conditions). Then solve for w: Aw =0 in Q, w = g — v on 9. Then set
u = v + w. That is, show that v + w satisfies the original boundary value problem.

2. Suppose you wish to solve Poisson’s equation Au = f on the unit square with 4 = g on the
boundary. Using a 4 x 3 grid (that is, 3 interior mesh points in the z direction and 2 interior
mesh points in the y direction), write in matrix form the system of linear equations that you
would need to solve in order to obtain a second-order accurate approximate solution.

3. On the course web page is a code to solve Poisson’s equation on the unit square with Dirichlet
boundary conditions:
Au=f inQ, w=g ondf,

where 2 is the unit square (0,1) x (0,1). Download this code and read through it to see if
you understand what it is doing. Then try running it with some different values of h. (It uses
the same number of subintervals in the z and y directions, so hy; = hy = h.) Currently it is
set up to solve a problem with f(z,y) = 22 + %2 and g = 1.

If you do not know an analytic solution to a problem, one way to check the code is to solve a
problem on a fine grid and pretend that the result is the exact solution, then solve on coarser
grids and compare your answers to the fine grid solution. However, you must be sure to
compare solution values corresponding to the same grid points. Use this idea to check the
accuracy of the code. Report the (approximate) L2-norm or infinity-norm of the error for
several different grid sizes. Based on your results, what would you say is the order of accuracy
of the method?

4. Write a code to solve the heat equation in one spatial dimension:
Ut =Ugz, 0<ax<1, t20
u(z,0) = up(z), u(0,t)=u(l,t)=0,
using forward differences in time and centered differences in space:
LEFD )

i u 1o k), (k) (k)
S = (2l )

Take ug(z) = z(1 — z) and go out to time ¢ = 1. Plot the solution at time ¢ = 0, at time
t = 1, and at various times along the way. Experiment with different mesh sizes and different
timesteps, and report any observations you make about accuracy and stability.
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5. Write a code to solve the wave equation:

’U,(.T,O) = f(a:), ut(m,O) = g("I")a U(O,t) = ’U,(l,t) =0,

using the difference method:

) G 2

(k
L N Y GPHC I
)2 = (2 + )

u§-k+1) %
(A

Take f(z) = z(1 — ), g(z) = 0, and a? = 2, and go out to time ¢+ = 2. Plot the solution at
each time step; you should see the solution behave like a plucked guitar string. Experiment
with different values of h and At in order to verify numerically the stability condition:

h
= la|’

Turn in plots of your solutions for values of A and At that satisfy the stability conditions and
also some plots showing what happens if the stability requirements are not met.

6. Consider the Lax-Friedrichs method:

(k+1) (k) (k) k k
Uj (]+1+u )+ §+)1 5)1:0

At 2h

for the differential equation u; + au, = 0. Carry out a stability analysis to determine values
of A\ = At/h for which the method is stable.

7. This is a written exercise. Let f be a vector of length 8 with components fy, f1,..., f7. Write
down and clearly explain the sequence of operations you would use to compute the discrete
Fourier transform of f, using the FFT technique. Your explanation should be sufficiently
clear that someone unfamiliar with the FFT could follow your instructions and compute the
FFT of any given vector of length 8.
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Appendix A

Review of Linear Algebra

A.1 Vectors and Vector Spaces

In geometry, a vector is an object comprised of a magnitude and a direction. It is specified by
giving the coordinates of its tip, assuming that it starts at the origin. For example, the vector (1, 2)
is a vector in the plane, R?, with magnitude v/5 and pointing in the direction arctan 2 from the
positive z-axis.

y
(1,2)
0.0) g
This concept can be generalized to R™, where a vector is given by an ordered n-tuple (r1,79,...,75),

where each r; is a real number. Often it is written as a column of numbers instead of a row,

T

Tn

which also can be denoted as (ry,...,7,)T, where the superscript 7 denotes the transpose.

The sum of two vectors, u = (uy,...,u,)’ and v = (vy,...,v,)T in R, is again a vector in
R", given by u+v = (u3 +v1,...,u, +v,)7. If @ is a real number, then the product of o with
the vector u is cu = (auy, - .., au,)?’.

A vector space V is any collection of objects for which addition and scalar multiplication are
defined in such a way that the result of these operations is also in the collection and the operations
satisfy some standard rules:

A1l If u and v are in V, then u + v is defined and is in V.
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A2 Commutativity: If u and v are in V, thenu+v =v + u.

A3 Associativity: If u, v, and w are in V, then u+ (v+w) = (u+v) + w.

A4 Additive identity: There is a vector 0 € V such that u+0=uforallueV.

A5 Additive inverse: For every u € V, there is a vector —u € V such that u+ (—u) = 0.
M1 If « is a scalar and u is in V, then au is defined and is in V.

M2 Distributive and associative properties: If @ and 8 are scalars and u and v are in V, then
a(u+v) =au+ av, and (a+ f)u = au + fu. Also (af)u = a(fu).

M3 lu=1u,0u=0, and (—-1)u = —u.

The scalar & must come from a specified field, usually the real or complex numbers. Unless
otherwise stated, we will assume that the field is the set of real numbers R. You should convince
yourself that R™, with the rules given above for vector addition and multiplication by real scalars,
is a vector space because it satisfies these rules. Other vector spaces include, for example, the
space of polynomials of degree 2 or less: ag + a1z + agz?>. When we add two such polynomials,
(a0 + a1z +azx?) + (bo + b1z +boz?) = (ag+bo) + (a1 +b1)z + (az +be)x?, we obtain a polynomial of
degree 2 or less, and when we multiply such a polynomial by a scalar ¢, we obtain c(ag+a1z+az?) =
(cap) + (ca1)z + (caz)x?, which is again a polynomial of degree 2 or less. It is easy to check that
the other rules hold as well and so this is a vector space.

A subset S of a vector space V is a collection of some or all (or none if S is the empty set) of
the elements of V; that is, S is a subset of V if every element of S is an element of V. If S is also
a vector space (that is, if it is closed under addition and scalar multiplication), then S is said to
be a subspace of V. For example, suppose V is the vector space R?, which consists of all ordered
pairs (c1,c2)?. Then the subset of V consisting of all vectors of the form (c,c)”, where the first
and second coordinates are the same, is a subspace since the sum of two vectors (c,c)” and (d,d)”
in this set is (¢ +d, ¢+ d)T, which is in the set, and the product of such a vector with a scalar « is
a(c,¢)t = (ac,ac)?, which is in the set.

A.2 Linear Independence and Dependence

A set of vectors vi,...,v in a vector space V is said to be linearly independent if the only
scalars ¢y, ..., ¢y, for which ¢;vy + ...+ ¢pvin =0 are ¢; = ... = ¢, = 0. If a set of vectors is not
linearly independent; i.e., if there exist scalars c1,. .., ¢y, not all zero, such that c;vi+...+¢pvm =
0, then vy,..., vy are said to be linearly dependent. In R?, the vectors (1,0)” and (0,1)? are
linearly independent because if ¢1(1,0)” + c2(0,1)T = (¢1,¢2)” = (0,0)7, then ¢; = c; = 0. On the
other hand, the vectors (1,1)?" and (2,2)? are linearly dependent because if, for example, ¢; = —2
and c = 1, then ¢;(1,1)T + ¢2(2,2)T = (0,0)T.

A sum of scalar multiples of vectors, such as ¢;vy + ... + ¢Vin = ZTzl cjvj, is called a
linear combination of the vectors. If the scalars are not all 0, then it is called a nontrivial
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linear combination. The vectors vi,..., vy are linearly dependent if there is a nontrivial linear
combination of them that is equal to the zero vector.

A.3 Span of a Set of Vectors, Bases and Coordinates, Dimension
of a Vector Space

The span of a set of vectors vi,...,vy, is the set of all linear combinations of vi,...,vy,. If
Vi,...,Vm lie in a vector space V, then their span, denoted span(vy,...,vm), is a subspace of V'
since it is closed under addition and multiplication by scalars. The vectors vi,..., vy span all of
V if every vector v € V can be written as a linear combination of vi,...,vmpy.

If the vectors vy, ..., vy are linearly independent and span the vector space V, they are said to
form a basis for V. For example, the vectors (1,0)7 and (0,1)” form a basis for R?. The vectors
(1,007, (0,1)T, and (1,1)T span R?, but they are not a basis for R? because they are linearly
dependent: 1(1,0)T +1(0,1) —1(1,1)7 = (0,0)”. The vectors (1,1)T and (2,2)” do not span R?,
since all linear combinations of these vectors have the first and second coordinate equal and hence,
for example, the vector (1,0)7 cannot be written as a linear combination of these vectors; thus they
do not form a basis for R2.

While there are infinitely many choices for a basis of a vector space V, it can be shown that
all bases have the same number of elements. This number is the dimension of the vector space
V. Thus the vector space R? has dimension 2, since the vectors (1,0)7 and (0,1)7 form a basis
for R?. The space of polynomials of degree 2 or less has dimension 3, since the polynomials 1, ,
and z? form a basis; they are linearly independent and any polynomial of degree 2 or less can be
written as a linear combination agl + a1z + a2z? of these vectors. In R™, the set of basis vectors
e1,...,en, where e; has a 1 in position j and zeros everywhere else, is called the standard basis
for R™. It can be shown, in addition, that in an n-dimensional vector space V', any set of n linearly
independent vectors is a basis for V', and any set of n vectors that spans V is linearly independent
and hence a basis for V.

Given a basis vi,..., vy for a vector space V, any vector v € V can be written uniquely as
a linear combination of the basis vectors: v = Z;":l ¢;jvj. The scalars ci,...,cn, are called the
coordinates of v with respect to the basis v1,...,vm. The coordinates of the vector (1,2,3)T
with respect to the standard basis for R3, for example, are 1,2, 3 since (1,2,3)T = le; + 2es + 3es.
The coordinates of (1,2,3)7 with respect to the basis {(1,1,1)7,(1,1,0)7,(1,0,0)7} are 3, -1, -1,
since (1,2,3)T =3(1,1,1)T — (1,1,0)T — (1,0,0)7.

A.4 The Dot Product, Orthogonal and Orthonormal Sets, the
Gram-Schmidt Algorithm

The dot product or inner product of two vectors u = (u1,...,u,)" and v = (v1,...,v,)7 in

R" is

n
u-v=(uv)= Zujvj.
=1
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In other vector spaces, inner products may be defined differently. For example, in the vector
space of continuous functions on the interval [0, 1] (You should check that this is a vector space),
the inner product of two functions f and g can be defined as fol f(z)g(xz)dz. An inner product
is any rule that takes a pair of vectors u and v and maps them to a real number denoted (u,v) (or
sometimes denoted (u,v) or u-v), which has the following properties:

1. (u,v) = (v,u).
2. (u,v+w)=(u,v)+ (u,w).
3. (u,av) = a(u,v), for any real number « .

4. (u,u) > 0 with equality if and only if u is the zero vector.
An inner product gives rise to a norm. The norm of a vector u is defined as |[u|| = (u, u)/2.
In R™, the norm arising from the inner product defined above is the usual Euclidean norm: ||ul| =

(u,u)/? =, /2?21 u? In R3, for example, the norm of the vector (1,2,3)7 is v/12 4 22 + 32 = 1/14.
The inner product of the vector (1,2,3)? with the vector (3,-2,1)Tis1-3-2-2+3-1=2.

Two vectors are said to be orthogonal if their inner product is 0. The vectors (1,2,3)” and
(3,-3,1)T are orthogonal since 1-3 —2-3 +3-1 = 0. The standard basis vectors for R" are
also orthogonal because the inner product of any pair e; and ej, ¢ # j, is 0. Orthogonal vectors
are said to be orthonormal if they each have norm 1. The standard basis vectors for R" are
orthonormal since, in addition to satisfying the orthogonality conditions (e;, e;) = 0 for i # j, they
also satisfy |lej]| = 1, 4 = 1,...,n. The vectors (1,2,3)7 and (3,—3,1)” are orthogonal but not
orthonormal since [|(1,2,3)7|| = v/14 and ||(3,—3,1)T|| = v/19. Given a pair of orthogonal vectors,
one can construct a pair of orthonormal vectors by dividing each vector by its norm and thus
creating a vector of norm 1. The vectors (1/v/14,2/+/14,3/+/14)T and (3/v/19,-3/+/19,1/3/19)T
are orthonormal.

Given a set of linearly independent vectors vi,..., vy, one can construct an orthonormal set
di,---,Qm using the Gram-Schmidt algorithm. Start by setting q3 = vi/||v1]|, so that qq
has norm 1 and points in the same direction as vi. Next, take vo and subtract its orthogonal
projection onto q;. The orthogonal projection of vy onto q; is the closest vector (in Euclidean
norm) to vz from span(qy); geometrically, it is the scalar multiple of the vector q; that one obtains
by dropping a perpendicular from vy to q;. The formula is (va,q1)q1.

Note that the vector Q2 = v — (va,q1)q: is orthogonal to qi since (Q2,q1) = (v2,q1) —
(v2,q1){(q1,91) = 0. Now we must normalize q2 to obtain the next orthonormal vector q2 =
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dz2/|ldz||- We have now constructed two orthonormal vectors q; and qg that span the same space
as vy and vs.

The next step is to take vector vg and subtract its orthogonal projection onto the span of qi
and q2. This is the closest vector to vg from span(qi,q2); geometrically, it is the vector in the
plane spanned by q; and g2 that one obtains by dropping a perpendicular from vg to this plane.
The formula is (v3,q1)q1 + (v3,q2)q2.

Note that the vector @3 = vs — (v3,q1)q1 — (v3,q2)qz is orthogonal to both q; and q2 since
(@s,a1) = (vs,q1) — (vs,q1){q1,q1) — (vs,q2)(qz2,q1) = 0, and similarly for (s, q2). To obtain
the next orthonormal vector we set q3 = qs/||Qs||-

This process is repeated. At each step j, we set:

j-1
q\j =Vj- Z(VjaQi>Qia
=1
q; = q4;/11gl-

A.5 Matrices and Linear Equations

Consider the following system of 3 linear equations in the 3 unknowns z, y, and z:

T+y—2z =
3z —y+z = 0
—z+3y—2z = 4 (A1)

To solve this linear system, one eliminates variables by adding or subtracting appropriate multiples

of one equation to another. For example, to eliminate the variable z from the second equation, one

could subtract 3 times the first equation from the second to obtain:
Bz—y+2)—3(z+y—22)=0-3, or —4y+7z=-3.

To eliminate z from the third equation, one could add the first equation to the third to obtain:

(—z+3y—22)+(x+y—22)=4+1, or 4y—4z=5.
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Finally, one can eliminate y from this last equation by adding the previous one:
(dy —42)+ (-4y+72) =5—-3, or 3z=2.

From this it follows that z = 2/3, and substituting this value into the previous equation: 4y —
4(2/3) = 5, or, y = 23/12. Finally, substituting these values into the first equation: z + 23/12 —
4/3 =1, or, z = 5/12.

The process that we have carried out is called Gaussian elimination with back substitution.
It can be written in an abbreviated form using matrix and vector notation. A matrix is just a
rectangular array of numbers or other elements. In this case the matrix of coefficients is a 3 by 3
array, and the equations can be written as follows:

1 1 -2 z 1
3 -1 1 y |=(0]. (A.2)
-1 3 -2 2 4

The product of this 3 by 3 matrix with the vector (z,vy,2)? of unknowns is defined to be the vector
of length 3 whose entries are the expressions on the left-hand side of equations (A.1).
In general, an m by n matrix A has the form

all a19 - QA1p
a1 a22 --.  Q2n

A == . . . )
aml1 Qm2 --- OOmn

where a;; is referred to as the (i, j)-entry of A. Such a matrix is said to have m rows and n
columns. The product of this matrix with an n-vector (z1,z2,...,z,)? is the m-vector whose ith
entry is: 2?21 a;;zj, + = 1,...,m. One also can define the product of A with an n by p matrix
B whose (j,k)-entry is bjg, 7 = 1,...n, k = 1,...,p. It is the m by p matrix whose columns are
the products of A with each column of B. The (i,k)-entry of AB is Z?Zl aijbj, i = 1,...,m,
k=1,...,p. In order for the product of two matrices to be defined, the number of columns of the
first matrix must equal the number of rows of the second. In general, matrix-matrix multiplication
is not commutative: AB # BA, even if the matrix dimensions are such that both products are
defined.

Matrix addition is simpler to define. The sum of two m by n matrices A and B with entries a;;
and b;;, respectively, is the m by n matrix whose (4, j)-entry is a;; + b;;. Two matrices must have
the same dimensions in order to add them.

Returning to the 3 by 3 example (A.2), the process of Gaussian elimination can be carried out

using the shorthand matrix notation. First, append the right-hand side vector to the matrix in
(A.2):

1 1 -2 |1
3 -1 110
-1 3 -2 | 4
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Subtracting 3 times the first equation from the second means replacing row two in this appended
array by the difference between row two and 3 times row one. Adding the first equation to the
third equation means replacing row three by the sum of row three and row one:

1 1 -2 | 1
0 -4 7| -3
0 4 -4 | 5

Note that this new appended matrix is just shorthand notation for the set of equations:

T + y — 2z = 1
-4y + Tz = -3.
4y — 4z = b

Adding the second of these equations to the third means replacing row three in the appended
matrix by the sum of rows two and three:

1 1 -2 | 1
0 -4 7| -3
0o 0 3| 2

We now have a shorthand notation for the set of equations:

z + y — 2z = 1
-4y + Tz = -3,
3z = 2

which are solved as before by first solving the third equation for z, substituting that value into the
second equation and solving for y, then substituting both values into the first equation and solving
for x.

A.6 Existence and Uniqueness of Solutions, The Inverse, Condi-
tions for Invertibility

Under what conditions does a system of m linear equations in n unknowns have a solution, and
under what conditions is the solution unique? Such a linear system can be written in the form
Ax = b, where A is an m by n matrix whose (4, j)-entry is a;j, b is a given m-vector of the form
(b1,...,by)T, and x is the n-vector of unknowns (z1,...,z,)7.

First, suppose that b is the zero vector. This is then called a homogeneous linear system.
Certainly x = 0 is one solution. If there is another solution, say y, whose entries are not all
0, then there are infinitely many solutions, since for any scalar o, A(ay) = ady = a0 = 0.
Now suppose that b is a vector whose entries are not all 0, and consider the inhomogeneous
linear system AX = b. By definition, this linear system has a solution if and only if b lies in
the range of A. If this linear system has one solution, say ¥, and if the homogeneous system
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Ax = 0 has a solution y # 0, then the inhomogeneous system has infinitely many solutions since
A(F + ay) = Ay + aly = b + a0 = b, for any scalar a. Conversely, if the homogeneous system
has only the trivial solution x = 0, then the inhomogeneous system cannot have more than one
solution since if § and Z were two different solutions then ¥ — Z would be a nontrivial solution to
the homogeneous system since A(y — z) = Ay — Az = b — b = 0. We summarize these statements
in the following theorem:

Theorem A.6.1. Let A be an m by n matriz. The homogeneous system Ax = 0 either has only
the trivial solution x = 0 or it has infinitely many solutions. If b # 0 is an m-vector, then the
inhomogeneous system AX = b has:

1. No solutions sz) is not in the range of A.

2. Ezactly one solution sz) is in the range of A and the homogeneous system has only the trivial
solution.

3. Infinitely many solutions if b is in the range of A and the homogeneous system has a nontrivial
solution. In this case all solutions of Ax = b are of the form ¥ +y, where ¥ is a particular
solution and y ranges over all solutions of the homogeneous system.

Consider now the case where m = n, so that we have n linear equations in n unknowns. The
product of the matrix A with a vector x is a certain linear combination of the columns of A; if these
columns are denoted ai,...,a,, then Ax =" j=1 %3 As noted in Section A.2, the homogeneous
system Ax = 0 has only the trivial solution x = 0 if and only if the vectors ay,...,a, are linearly
independent. In this case, these vectors span R™ since any set of n linearly independent vectors in
an n dimensional space span that space (and hence form a basis for the space), as noted in Section
A.3. Hence every n-vector b € R™ lies in the range of A, and it follows from Theorem A.6.1 that
for every n-vector b the linear system A% = b has a unique solution.

The n by n identity matrix I has 1’s on its main diagonal (i.e., the (3, j)-entries, j = 1,...n,
are 1’s) and 0’s everywhere else. This matrix is the identity for matrix multiplication because for
any n by n matrix A, AI = IA = A. Also, for any n-vector X, IX = X.

The n by n matrix A is said to be invertible if there is an n by n matrix B such that BA = I;
it can be shown that an equivalent condition is that the n by n matrix B satisfy AB = I. It also
can be shown that the matrix B, which is called the inverse of A and denoted A~!, is unique. If A
is invertible, then the linear system Ax = b can be solved for % by multiplying each side on the left
by A7l: A71(A%) = (A MA)x =Tk =% = A~'H. Thus, if A is invertible, then for any n-vector
b, the linear system Ax = b has a unique solution. It follows from the previous arguments that
the columns of A are therefore linearly independent. Conversely, if the columns of A are linearly
independent, then each equation Ab; = e;, j = 1,...,n, where e; is the jth standard basis vector
(i.e., the jth column of I), has a unique solution b;. It follows that if B is the n by n matrix with
columns (by,...,by), then AB = I; that is, A is invertible and B = AL

The following theorem summarizes these results.

Theorem A.6.2. Let A be an n by n matriz. The following conditions are equivalent:
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1. A is invertible.

2. The columns of A are linearly independent.

3. The equation Ax = 0 has only the trivial solution x = 0.

4. For every n-vector f), the equation AX = b has a unique solution.

An invertible matrix is also said to be nonsingular, while a singular matrix is an n by n matrix
that is not invertible.

The transpose of A, denoted AT, is the matrix whose (i,7)-entry is the (j,4)-entry of A; in
other words, the columns of A become the rows of A”. The transpose of a product AB is the
product of the transposes in reverse order: (AB)T = BTAT. To see this, note that the (i,7)-
entry of (AB)T is the (j,4)-entry of AB, which is Y, a;kbyi, while the (i,j)-entry of BTAT is
Y (B ik (A7) = Y4 briajk. It follows that if A is invertible and B is the inverse of A, then BT
is the inverse of AT since AB = I & (AB)T = BTAT = 1" = I & BT = (AT)~!. Thus, an n by
n matrix A is invertible if and only if A7 is invertible. From Theorem A.6.2, we know that AT is
invertible if and only if its columns are linearly independent; that is, if and only if the rows of A
are linearly independent. We thus have another equivalent condition for an n by n matrix A to be
invertible:

5. The rows of A are linearly independent.

The determinant of a 2 by 2 matrix is defined by

d ail a2 \
et = a11a22 — 412021
as1  az

For example,

3 1
det(2 _4>_3-(—4)—2-1_—14.

The determinant of an n by n matrix is defined inductively in terms of determinants of n — 1 by
n — 1 matrices. Let A be an n by n matrix and define A;; to be the n — 1 by n — 1 matrix obtained
from A by deleting row ¢ and column j. Then

n n

det(A) = Z(—l)i+jaijdet(Aij) = Z(—l)i+ja,ijdet(Aij).
= i—1

This is called the Laplace expansion for the determinant; the first summation is the expansion
along row %, and the second is the expansion along column j. It can be shown that the expansion
along any row i or any column j gives the same value, det(A4). For example, if A is the 3 by 3
matrix

3 1 2
A= 2 -2 3],
-1 0 1
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then, expanding along the first row, we find

-2 3 2 3 2 -2
det(A)—3-det( 0 1)—1-det(_1 1>+2-det(_1 0)

=3-[(-2)-1-3-0]-[2-1-3-(-1)]+2-[2-0—(=1) - (-2)] = —15,

while expanding along the second column gives

det(A):—l-det(_? ?>+(—2).det<_?{ f>_0.det(g g)

= —[2-1-3-(-1)] —2[3-1—2-(~1)] = —15.

It can be shown that still another equivalent condition for an n by n matrix A to be invertible
is:

6. det(A) # 0.

When the n by n matrix A is nonsingular so that det(A) # 0, the linear system Ax = b can be

solved for x using Cramer’s rule. Let A Z b denote the matrix obtained from A by replacing its
jth column by the vector b. Then the jth entry of the solution vector x is

det(A L b) |
Tj=——— J=1,...,n.
det(A)
For example, to solve the linear system
3 1 2 1 1
2 -2 3 z | =1 -1 |,
-1 01 I3 0

since we already know from above that the determinant of the coefficient matrix A is —15, evaluating
the other determinants we find

1 1 2 3 1 2 3 1 1
det | -1 -2 3 = —1, det 2 -1 3 = —10, det 2 -2 -1 = —1,
0 01 -1 01 -1 0 0
and so
_ 102 1
z1 E’ Z2 B ga x3 = E
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A.7 Linear Transformations, the Matrix of a Linear Transforma-
tion

A linear transformation is a mapping 7" from a vector space V' to a vector space W that satisfies
T(u+v)=T(u)+T(v), T(au)=aT(u),

for all vectors u,v € V and for all scalars a.

Suppose the dimension of V' is n and the dimension of W is m. Let By = {v1,...,vn} be a
basis for V' and let By = {w1,...,Wm} be a basis for W. Then any vector v € V' can be written
in the form v = 2?21 c;v; for certain scalars ci,...,c,, and likewise any vector w € W can be
written as a linear combination of the basis vectors wi,..., Wm. In particular, each vector T'(vj)
can be written in the form T'(v;) = >, a;;wj, for certain scalars ayj, . .., am;. It follows from the
linearity of T' that

n n m m n
T(v) =) ¢T(vj) =Y ¢ (Z aij“’i) = | D aijes | wie
j=1 j=1 i=1 i=1 \j=1
Thus, the coordinates of T'(v) with respect to the basis B2 are the numbers 2?21 ajcj,i=1,...,m.

These numbers are the entries of Ac, where A is the m by n matrix whose (7, j)-entry is a;; and ¢
is the n-vector of coordinates of v with respect to the basis B;. This matrix A is called the matrix
of T with respect to the bases B; and Bs, and it is sometimes denoted g,[T)5, -

When the vector spaces V and W are R™ and R™, respectively, and the standard basis vectors
are used in both spaces, then if v = 2?21 cjej = (c1,...,¢,)T = ¢, this just says that T(v) =
Zgil(AC)iei = Ac.

As an example, consider the linear transformation 7' in the plane that rotates vectors coun-
terclockwise through an angle #. The image under T of the vector (1,0)? is the vector (cos 8, sin8)7,
and the image under T of the vector (0, 1) is the vector (cos(m/2+8), sin(7/2+6))T = (- sin, cos §)7,
as illustrated below.

(0.1

S0 (o

T

Hence, for an arbitrary vector v = (c1,c2)? in R?, we have

o T cos 0 Le —sinf \ [ cosf —sinf cl
e ] 7\ sing 2 cosf® )\ sinf cosé co )’

and the matrix of 7" with respect to the standard basis is
cosf —sind
sinf  cos@ |-
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On the other hand, if, say B; = {(1,1)T, (1,-1)T} and By = {(—1,1)7,(0,1)T'}, then the matrix
of T" with respect to these bases will be different. We have

1 cos  — sin @ . -1 0
T( 1 ) = ( 6in 8 + cos 0 ) —(31110—0050)( 1 ) —I—2c059< 1 ),

1Y\ [ cosO+sinf \ . -1 . 0
T(_l)—<sin9_cose)——(c030+s1n0)< 1>—|—231n9<1).

Thus the matrix of T" with respect to the bases By and B is

T]g, = sinf — cos —(cosB + sinb)
B2 L2 1B = 2cos 0 2sinf '

Note that if we form matrices S1 and Sy whose columns are the two basis vectors in By and Bo,

respectively,
1 1 -1 0
Sl_(l—l)’SQ_( 11)’

then if A is the matrix of 7" in the standard basis, then AS; = Sa(5,[T]5,)- In the next section, we
consider the case where the two bases B; and By are the same.

A.8 Similarity Transformations, Eigenvalues and Eigenvectors

Two n by n matrices that represent the same linear transformation 7' from R™ to R" in different
bases (but each using the same basis for the domain and range) are said to be similar. Suppose A
is the matrix of T' in the standard basis. Let B be a different basis for R"™, and let S be the n by n
matrix whose columns are the basis vectors in B. As noted in the previous section, the matrices A
and g[T|p satisfy AS = S(5[T]5), or A = S(5[T]5)S~!, where we know that S is invertible since
its columns are linearly independent. An equivalent definition of similarity is: Two n by n matrices
A and C are similar if there is a nonsingular matrix S such that A = SCS™! (or, equivalently,
C = SAS™!, where S = §71). If A and C are similar via this definition; i.e., if A = SCS~!, then
if we think of A as being the matrix of a linear transformation 7" in the standard basis, then C is
the matrix of T' in the basis consisting of the columns of S; we know that these vectors are linearly
independent and hence form a basis for R™ because S is invertible.

Let A be an n by n matrix. If there exists a nonzero n-vector v and a scalar A (which can
be complex) such that Av = Av, then A is said to be an eigenvalue of A and v a corresponding
eigenvector. Similar matrices have the same eigenvalues but different eigenvectors. To see this,
suppose that A and C are similar so that there is a matrix S such that A = SCS~'. Then if
Av = v, for some nonzero vector v, then SCS~'v = \v, or, C(S7'v) = A(S~'v). Thus ) is an
eigenvalue of C' with eigenvector S~!'v (which is nonzero since v is nonzero and S~! is nonsingular).
Conversely, if Cu = Au for some nonzero vector u, then S~'ASu = Au, or A(Su) = A(Su). Thus
A is an eigenvalue of A with corresponding eigenvector Su (which is nonzero since u is nonzero and
S is nonsingular).
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The equation Av = Av can be written in the form (A — AI)v = 0. This equation has a nonzero
solution vector v if and only if A — AT is singular. (See Section A.6.) Thus A is an eigenvalue of A
if and only if A — AT is singular, and an equivalent condition is det(A — AI) = 0. The eigenvectors
associated with an eigenvalue A of A are the vectors in the null space of A— \I; that is, all nonzero
vectors v for which (A — AI)v = 0. Note that if v is an eigenvector associated with eigenvalue A,
then so is av for any nonzero scalar a.

The polynomial in A defined by det(A — AI) is called the characteristic polynomial of A. Its
roots are the eigenvalues of A. For example, to find the eigenvalues of the 2 by 2 matrix

2 1
=(12);

det(2_>\ 1 ):(2—>\)2—1:)\2—4>\—|—3,

we form the characteristic polynomial

1 2-A

and note that since this can be factored in the form (A — 3)(A — 1), its roots are 3 and 1. These
are the eigenvalues of A. To find the eigenvectors associated with the eigenvalue 3, for example,
we look for all solutions of the homogeneous system (A — 3I)v = 0:

(1 D(2)-(2)

The solutions consist of all nonzero scalar multiples of the vector (1,1)7. To find the eigenvectors
associated with the eigenvalue 1, we look for all solutions of the homogeneous system (A —1I)v = 0:

() (5)-(0)

The solutions consist of all nonzero scalar multiples of the vector (1, —1)7.
Even real matrices may have complex eigenvalues. For example, the matrix

(52)

2-x2 1\ _ Y
det( . 2_)\)_(2—>\)—|—1_)\—4>\+5.

has characteristic polynomial

The roots of this polynomial are 2 + i, where 1 = +/—1.
The eigenvalues of a diagonal matrix are just the diagonal entries and the corresponding eigen-

vectors are the standard basis vectors es, ..., ey, since
A1 0 0
Aj L =XM1
An 0 0



If an » by » matrix A has n linearly independent eigenvectors, then we say that A is diagonal-
izable, because it is similar to a diagonal matrix of eigenvalues. To see this, let V = (vq,...,Vvy)
be an n by n matrix whose columns are eigenvectors of A. Then V is invertible since its columns
are linearly independent. We can write AV = VA, where A = diag(\1,...,\,), or A = VAV L

Not all matrices are diagonalizable. For example, the matrix

4=(a1)

1-x 1\ _ )
det( 0 1_)\)—(1—>\),

which has a double root at A = 1. We say that this matrix has eigenvalue 1 with (algebraic)
multiplicity 2. The corresponding eigenvectors are nonzero solutions of

01 z1\ _ (0.

(00)(5)-(0);
i.e., all nonzero scalar multiples of (1,0)7. Since this matrix does not have two linearly independent
eigenvectors, it is not similar to a diagonal matrix. Note that the presence of a repeated eigenvalue
(i.e., an eigenvalue of multiplicity greater that one) does not necessarily mean that a matrix is not
diagonalizable; the 2 by 2 identity matrix (which is already diagonal) has 1 as an eigenvalue of
multiplicity 2, but it also has two linearly independent eigenvectors associated with this eigenvalue,

for example, the two standard basis vectors (1,0)7 and (0,1)7.
The following theorem states some important facts about eigenvalues and eigenvectors of an n

by n matrix A:

has characteristic polynomial

Theorem A.8.1. Let A be an n by n matriz.

1. If A is real symmetric (i.e., A= AT), then the eigenvalues of A are real and A has n linearly
independent eigenvectors that can be taken to be orthonormal. Hence if Q) is the n by n

matriz whose columns are these orthonormal eigenvectors and if A is the diagonal matriz of
eigenvalues, then A = QAQT since QT = Q1.

2. If A has n distinct eigenvalues (i.e., the roots of the characteristic polynomial are all simple
roots), then A is diagonalizable.

3. If A is a triangular matrix (one whose entries above the main diagonal or below the main
diagonal are all 0) then the eigenvalues are the diagonal entries.

4. The determinant of A is the product of its eigenvalues (counted with multiplicities).

5. The trace of A, which is the sum of its diagonal entries 2?21 ajj, 15 equal to the sum of its
eigenvalues (counted with multiplicities).
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Appendix B

Review of Taylor’s Theorem in
Multidimensions

[To be completed.]
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