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Preface

The purpose of this book is to provide a sound introduction to the study of
real-world phenomena that possess random variation. You will have met some
ideas of probability already, perhaps through class experiments with coins, dice
or cards, or collecting data for projects. You may well have met some named
probability distributions, and be aware of where they arise. Such a background
will be helpful, but this book begins at the beginning; no specific knowledge of
probability is assumed.

Some mathematical knowledge is assumed. You should have the ability to
work with unions, intersections and complements of sets; a good facility with
calculus, including integration, sequences and series; an appreciation of the
logical development of an argument. And you should have, or quickly acquire,
the confidence to use the phrase “Let X be ...” at the outset, when tackling
a problem.

At times, the full story would require the deployment of more advanced
mathematical ideas, or need a complex technical argument. I have chosen to
omit such difficulties, but to refer you to specific sources where the blanks
are filled in. It is not necessary fully to understand why a method works, the
first time you use it; once you feel comfortable with a technique or theorem, the
incentive to explore it further will come. Nevertheless, nearly all the results used
are justified within this book by appeal to the background I have described.

The text contains many worked examples. All the definitions, theorems and
corollaries in the world only acquire real meaning when applied to specific
problems. The exercises are an integral part of the book. Try to solve them
before you look at the solutions. There is generally no indication of whether
an exercise is expected to be straightforward, or to require some ingenuity. But
all of them are “fair”, in the sense that they do not call on techniques that are
more advanced than are used elsewhere within the book.
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The text chapters have their natural order, but it is not necessary to as-
similate all the material in Chapter n before embarking on Chapter n + 1. I
suspect that many readers will find Chapter 6 markedly harder than the earlier
ones; so that has a Summary, for ease of recall. You can come to grips with the
subtleties of the different modes of convergence later. My excuse for including
some of the results about fluctuations in random walks in Chapter 7 is their
sheer surprise; some proofs here are more sophisticated.

No-one writes a textbook from scratch. We rely on our predecessors who
have offered us their own insights, found a logical pathway through the mate-
rial, given us their examples. Every serious probability text since 1950 has been
influenced by William Feller’s writings. In addition, it is a pleasure to acknowl-
edge in particular the books by Geoffrey Grimmett and David Stirzaker, by
Charles Grinstead and Laurie Snell, and by Sheldon Ross, that are cited in the
bibliography. I also value The Theory of Stochastic Processes, by David Cox
and Hilton Miller, and Sam Karlin's A First Course in Stochastic Processes,
which were standard texts for many years.

I thank many people for their witting and unwitting help. Without the
guidance of David Kendall and John Kingman, I might never have discovered
how fascinating this subject is. Among my Sussex colleagues, conversations with
John Bather and Charles Goldie have cleared my mind on many occasions. I
also appreciate the discussions I have had with successive cohorts of students;
listening to their difficulties, and attempting to overcome them, has helped
my own understanding. Springer’s referees have made useful comments on my
drafts. I gave what I fondly hoped was the final version to Charles Goldie, who
not only reduced the number of blunders, but made copious suggestions, almost
all of which I have taken up. Mark Broom too found errors and obscurities, and
the final text owes much to both of them. All the errors that remain are my
responsibility. Without the help from two local TeX gurus, James Foster and
James Hirschfeld, I would never have embarked on this project at all. Springer
production staff (Stephanie Harding, Stephanie Parker and Karen Borthwick)
have always responded helpfully to my queries. The patience and understanding
of my wife Kay, during those long periods of distraction while I fumbled for the
right phrase and the right approach, have been beyond what I could reasonably
expect.

I seek to maintain an updated file of corrections, both to the solutions and to
the text, at http://www.maths.sussex.ac.uk/Staff/JH/ProbabilityModels.html.
For each correction, the first person to notify me at J.Haigh@sussex.ac.uk will
be offered the glory of being named as detector. I welcome feedback, from stu-
dents and teachers; changes made in any subsequent editions because of such
comments will be acknowledged.

John Haigh Brighton, November 2001
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Probability Spaces

1.1 Introduction

Imagine that some experiment involving random chance takes place, and use
the symbol {2 to denote the set of all possible outcomes. For example, if you
throw an ordinary die, then 2 = {1,2,3,4,5,6}. Or you might switch on the
television set and ascertain what proportion of the current programme remains
to be broadcast. Here {2 would be the continuum of real numbers from zero to
unity.

If you toss a coin twice, and record the outcome, you might write 2 =
{HH,HT,TH,TT}, or, if you will simply count the number of Heads, then
2 = {0,1,2}. In the game of Monopoly, the total score on two dice determines
how far we move, and 2 = {2,3,...,12}. Ranging wider, in a dispute over the
authorship of an article, £2 would be the list of all persons who could possibly
have written it. “Experiment” here has a very wide meaning.

An event is a collection of outcomes whose probability we wish to describe.
We shall use capital letters from the front of the alphabet to denote events,
so that in throwing one die we might have A = {1,2,3,4} or, equivalently, we
could say “A means the score is at most four”. You can specify an event in any
unambiguous way you like. It is enough to write B = {2, 3,5} without going to
the tortuous lengths to find a phrase such as “B means we get a prime number”.
Any individual outcome is an event, but most events we shall be interested in
will correspond to more than one outcome. We say that an event occurs when
any of the outcomes that belong to it occur.
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1.2 The Idea of Probability

We can get an intuitive understanding of probability notions by thinking about
a simple experiment that is repeatable indefinitely often under essentially the
same conditions, such as tossing an ordinary coin. Experience tells us that the
proportion of Heads will fluctuate as we repeat the experiment but, after a
large number of tosses, we expect this proportion to settle down around one
half. We say “The probability of Heads is one half”. This notion is termed “the
frequency interpretation of probability”.

I emphasise the phrase “a large number of tosses”. No-one assumes the
first two tosses will automatically balance out as one Head and one Tail, and
the first six tosses might well all be Heads. So how many tosses are needed
for the proportion of Heads to reach, and remain within, a whisker of 50%?
Try it yourself. With just ten tosses, although five Heads and five Tails are
more likely than any other specific combination, as few as two or as many as
eight Heads should cause no alarm bells. On the other hand, with 100 tosses,
the extremes of 20 or 80 Heads would be quite astonishing — we should be
reasonably confident of between about 40 and 60 Heads. For 1000 tosses, the
same degree of confidence attaches to the range from 470 to 530. In absolute
terms, this range is wider than from 40 to 60, but, as a proportion of all the
tosses, it is narrower. Were we prepared to make a million tosses, we could
expect between 499 000 and 501 000 Heads with the same degree of confidence.

Probability is not restricted to repeatable experiments, but a different way
of thinking is needed when the conditions cannot be recreated at will. Company
executives make investment decisions based on their assessment of trading con-
ditions, politicians are concerned with the probability they will win the next
election. An art expert may claim to be 80% certain that Canaletto did not
paint a particular picture, a weather forecaster suggests the chance of rain to-
morrow is 50%. Here probability is being used to describe a degree of belief.
To discover your own degree of belief in some event A, you could perform the
following experiment, either for real, or in your imagination.

Take a flat disc, shaded entirely in black, fixed horizontally. At its centre is
a pivot on which an arrow is mounted. When you spin the arrow, it will come
to rest pointing in a completely random direction. A neutral observer colours
a segment consisting of one quarter of the disc green, and poses the question:

which is more likely, the event A you are considering, or that
the arrow will come to rest in the green section?

If you think that A is more likely, the observer increases the size of the
green segment, perhaps to one half of the disc, and poses the question again.
If you think A is less likely, he similarly reduces the green region. This series
of questions and adjustments continues until you cannot distinguish between
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the chances of the event A and the arrow settling in the green segment. Your
degree of belief is then the proportion of the disc that is coloured green.

You can also use this idea to assess the probability you attach to repeatable
events, such as selecting an Ace from a shuffled deck, or winning at Minesweeper
or Solitaire on your home computer. For the Ace problem, most people quickly
agree on the figure of one in thirteen without any auxiliary aid, but different
people can legitimately have quite different ideas of good answers to the other
two probabilities, even if they have identical experience.

1.3 Laws of Probability

There are three fundamental laws of probability. In the ordinary meaning of
language, the words “impossible” and “certain” are at the extremes of a scale
that measures opinions on the likelihoods of events happening. If event A is felt
to be impossible, we say that the probability of A is zero, and write P(A) =0,
whereas if B is thought sure to occur, then P(B) = 1. If you select a card at
random from an ordinary deck, it is certain the suit will be either red or black,
it is impossible it will be yellow. Probabilities are real numbers and, whatever
the event A, its probability P(A) satisfies

Law 1 Always, 0 < P(A) < 1.

Any values of a probability outside the range from zero to one make no
sense, and if you calculate a probability to be negative, or to exceed unity (you
will, it happens to all of us), your answer is wrong.

The second law is there to give assurance that our list of possible outcomes
12 really does include everything that might happen. If, for example, we write
2 = {H,T} when we toss a coin, we are excluding the possibility that it lands
on its edge. This leads to

Law 2 P(2) = 1.

To motivate the final law, note first that if we are interested in event A,
then we are automatically interested in the complementary event, A¢, which
consists precisely of those outcomes that do not belong to A. Exactly one of
the events A and A¢ will occur, and (A°)¢ = A. Further, if we are interested
in events A and B separately, it is natural to be interested in both AU B and
AN B, respectively the ideas that at least one of A, B, and both of A, B occur.
These notions extend to more than two events, so our collection F of events
will have three properties:

1. Always, 12 € F (this means there is at least one event to talk about).
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9. Whenever A € F, then also A° € F.
3. If all of Ay, Az, As,... € F, then UA, € F.

Since N4, = (UAS)®, the last two properties ensure that whenever all
of A1, Az, As,... € F, then also NA, € F, without the call to require this
separately. The three properties of F describe what is known as a o-field.

If we select just one card at random from an ordinary deck, the two events
“Get a Heart” and “Get a Club” cannot both occur. Over a long series of
experiments, we expect either event to occur about one quarter of the time,
and so altogether half the experiments will lead to “Get either a Heart or
a Club”; we add the frequencies together. On the other hand, although we
expect a Red card half the time, we cannot similarly add the frequencies to
deduce that we “Get a Heart or a Red card” three quarters of the time, since
the Hearts are Red cards, and so would be counted twice. Again, since the
Ace of Hearts is both an Ace and a Heart, we would not expect P(Ace or
Heart) = P(Ace) + P(Heart). It is when events have no overlap that we should
add their respective probabilities to find the chance that either occurs.

Formally, when AN B = @, the empty set, we say that A and B are disjoint
or mutually exclusive. When one of them occurs, the other cannot. A sequence
of events A, A2, As, ... is said to be pairwise disjoint if A; N A; = & whenever
i %]

Law 3 Given pairwise disjoint events A;, Ag, As,..., then P(UA,) =
S P(An)-

Collecting these ideas together, we have

Definition 1.1

A probability space consists of three elements, ({2, F, P):
1. 2 is the set of outcomes.
2. F is a collection of subsets of {2 called events, that form a o-field.

3. P is a function defined for each event, satisfying the three Laws.

It is usually not necessary to go to the lengths of spelling out every com-
ponent of a probability space before you embark on any calculations, but it is
useful to assure yourself you could do so, if necessary.

If A and B are such that A C B, this relation between sets is read as “A
implies B” in terms of events. When A occurs, it is automatic that B occurs. (It
is traditional that the statement “A C B” includes the possibility that A = B
in this corner of mathematics.) With a deck of cards, if A = Heart and B =
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Red card then plainly A C B. In general, we might have either, both or neither
of the statements A C B and B C A holding. A sequence of events such that
A; C Ay C A C ... (or with D replacing C throughout) is termed a monotone
sequence.

1.4 Consequences

The three Laws have far-reaching consequences, among them

Theorem 1.2
For any events,
1. P(A%) =1- P(A).
2. If A C B, then P(A) < P(B).
3. P(AUB)=P(A)+ P(B) — P(ANB).

Proof
1. Since A and A€ are disjoint, and also AU A€ = {2, then
1= P(2) = P(AU A°) = P(A) + P(A°)

from which the result follows.

2. We can write
B=(BNA)U(BNA°)=AU(BNA°
as a union of disjoint events. Thus
P(B) = P(A) + P(Bn A°).

As the last term is a probability, it cannot be negative, so the result follows.

3. AUB = AU(BnN A®) expresses AU B as a union of disjoint events, so Law
3 shows that
P(AUB) = P(A) + P(Bn A°).
Moreover, B = (BN A) U (B N A°) is also a disjoint union, so Law 3 now
leads to
P(B) = P(BNA) + P(Bn A°).
Subtracting one equation from the other gives our result.
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It is hard to overestimate the usefulness of the innocent expression that is
the first part of this theorem. In order to find the probability that event. A
occurs, turn the question round and find the probability that A€ occurs, i.e.
that A does not occur. This can be especially useful when A is of the form “At
least one of such and such alternatives” — directly finding the chance that none
of the alternatives occur is often much simpler.

Although the second statement of this theorem may look trivial, and hardly
worth noting, consider the following information: “Linda is 31 years old, sin-
gle, outspoken, and very bright. She majored in philosophy. As a student, she
was deeply concerned with issues of discrimination and social justice, and also
participated in anti-nuclear demonstrations.” Psychologists Amos Tversky and
Daniel Kahneman constructed eight possible pen-portraits of Linda, two of
which were

e A = Linda is a bank teller active in the feminist movement.
e B = Linda is a bank teller.

They asked a group of subjects to rank these eight descriptions by the extent
to which Linda would fit it: and 85% considered A to be more likely than B.
But plainly A C B, so P(A) < P(B). Any sensible ranking must have B more
likely than A. Another possible application is when A is some complicated
event, while B is much simpler, with A C B. This result then gives an upper
bound on P(A).

The third part is illustrated by the formula

P(Ace or Heart) = P(Ace) + P(Heart) — P(Ace of Hearts).

Whenever probabilities are constructed, they must be consistent with the
results of this theorem. A decision to expand output may depend on judgements
about events A = Interest rates will be low, and B = Demand will be high.
Perhaps you believe that P(A) = 65% and that P(B) = 80%. Then, unless you
also believe that 45% < P(4 N B) < 65%, either the second or the third part
of the theorem will be violated.

It is plain from the third part of the theorem that P(AUB) < P(A)+ P(B),
whatever the events A and B. The exercises ask you to generalise this to prove

Boole’s inequality,
N N
P (U An) <) P(An). (1.1)
n=1 n=1

We now extend the third part of the theorem to give an expression for the
chance that at least one of a collection of events occurs.
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Corollary 1.3

P(UAi) =31—32+S3_...+(_1)n+1sm

where

51=2P(Ai), Sz=ZP(A.~nA,-), ey Sn:P(éAi)

i<j

i.e. Sk is the sum, taken over all collections of precisely k events, of the proba-
bilities that all these k events occur.

Proof

We use induction. The last part of the theorem shows this result holds when
n = 2, so we suppose it holds for all collections of N events, and look at the
collection {Ai, Az,...,An41}. The main idea is to make use of the case n = 2
by writing

A1UA2U"'UAN+1=(A1UA2U"'UAN)UAN+1.

Considering the right side as the union of two events, we have

N+1 N N
P ( U Ai) =P (U A,-) + P(AN41)— P ((U A;) N AN+1) .

On the right side of this expression, apply the inductive hypothesis twice.
N

First, use it as it stands on the term P (U A,-) , then rewrite the last term

i=1
N
as P (U (A:n AN.H)) and apply the inductive hypothesis to this union of

i=1
N events. Carefully collect together terms involving the joint probabilities
of the same numbers of events and, lo and behold, the required expression
emerges. O

Example 1.4

In an investors’ club, 38 members wish to buy automobile shares, 33 favour
banks, and 39 favour construction shares. Moreover, 16 favour both automobiles
and banks, 16 go for both banks and construction, 24 favour both construction
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and automobiles, while 6 want to buy all three types. How many club members
want to buy at least one share in these categories?

To solve this, suppose there are N club members, and let A, B and C denote
the events that a randomly chosen member favours automobiles, banks and
construction respectively. The probability that an investor belongs to a given
class is taken as the fraction of club members in that class. Using Corollary
1.3,

P(AUBUC)

P(A) + P(B) + P(C) - P(ANB) - P(BNC)
—P(ANC)+ P(ANBNCQC)
1 60

= N(38+33+39—16—16—24+6)=N.

Hence 60 members wish to buy at least one share in these categories.

Another universal result is

Theorem 1.5
Suppose A; C A2 C A3 C --- ,and write A = OLj A,. Then P(A) = lim P(A,).
n=1

Proof
In order to use Law 3, we shall express A as a union of disjoint events, as follows:
let Ao =@, By =A;,By=A;N A4, ..., B, =A,NAS_, , .... Plainly, the

n
events {B,} are pairwise disjoint and, for all values of n, A, = |J B;. Hence
i=1

o o)
also A= |J By, and so

n=1

oo oo N
P(A) =P (U B,,) =Y P(B,)=1lim ) _ P(B,) (1.2)
n=1 n=1 n=1

by the definition of an infinite sum. But A, = B, U A,_; is a disjoint union,
and so P(B,) = P(A,) — P(An—1); thus, for any N,

N N
ZP(Bn) = Z(P(An) — P(An-1)) = P(AN).
n=1

n=l1

Using Equation (1.2), the result follows. a
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Corollary 1.6
If P(B;) = 0 for all values of 7, then P (U B; )

Proof

Write Ap = U B,. Boole’s inequality (1.1) shows that P(A,) < Z P(B;) =
Plainly the events {An} satlsfy the condltlons of the theorem, so P(A) =
lim P(A,) = 0. But A = U A, = U U B; = U B;, which establishes the

=1 n=11i=1 i=1

result. O

EXERCISES

1.1. Find an expression in terms of P(A), P(B) and P(A N B) for the
probability that exactly one of the events A, B occurs.

1.2. To win the championship, City must beat both Town and United.
They have a 60% chance of beating Town, a 70% chance of beating
United, and an 80% chance of at least one victory. What is the
chance they win the championship?

1.3. Use induction to prove Boole’s inequality, as stated above in expres-
sion (1.1). Deduce that

P (ﬁ A,-) >1- zn:P(A;?).

i=1

1.4. Show that, if P(Bn) =1 for n=1,2,..., then P ( 0 B,,) =1
n=1

1.5. Use Theorem 1.5 to prove that, if By D B D B3y D ---, then
[e o]
P ( N B,,) = lim P({B,).
n=1

1.6. In the notation of Corollary 1.3, prove Bonferroni’s inequalities, i.e.

n
51—52+"'—52kSP(UAi) <81 =82+ +Sw-

i=1

fork=1,2,3,...
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1.5 Equally Likely Outcomes

Many experiments with finitely many outcomes have such a degree of symmetry
that it is reasonable to assume that all these outcomes are equally likely. If
there are K equally likely outcomes, since they form a collection of K disjoint
events whose total probability is unity, it follows from Laws 2 and 3 that each
outcome has probability 1/K. Here the o-field F of events can be taken as the
collection of all possible subsets of {2 , the set of outcomes, and if A is an event
that consists of 7 of these outcomes, then P(A) = r/K. In these experiments,
questions of probability reduce to questions of counting.

If the outcomes are labelled as {1,2,3,...,K}, we refer to the discrete
uniform distribution over {1, K], and denote it by U[1, K]. Many examples will
be familiar.

Example 1.7

Throw an ordinary die once. To say it is fair is to say that all six outcomes are
equally likely, so we have the discrete uniform distribution U[1, 6], i.e. P(i) =
1/6fori=1,2,...,6.

Now throw two fair dice, and record the total score. Plainly, this will be in
the range from 2 to 12, and clearly these values are not all equally likely. As an
intermediate step, we can list the outcomes as 2 = {({,7): 1 <i<6,1<j <
6}, where i is the score on the blue die, and j that on the red die. “Fairness”
means we have the discrete uniform distribution over the 36 outcomes in {2 , so
we can treat the distinct scores as events, and find their respective probabilities
by counting how often each score can arise.

Score 2,12 3,11 4,10 59 6,8 7
Probability 1/36 2/36 3/36 4/36 5/36 6/36

The answers are in the table.

Most counting problems can be resolved by the careful application of one
principle: that if there are M ways to do one thing, and then N ways to do
another, there are M x N ways to do both things, in that order. Applying
that principle in various circumstances, we collect together some useful results,
which I assume you already know, or can quickly justify.

1. If experiment j has n; outcomes for j = 1,2,...,m, then the composite
experiment of performing all these experiments in sequence has n; x ngy x
+++ X Ny, outcomes.
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2. There are (n) = n(n—1)(n —2) --- (n — k + 1) ways of selecting k objects
from a collection of n objects, without replacement but taking notice of
the order of selection.

3. There are (}) = k—'(:_—l-kF ways of selecting k objects from a collection of n
objects, without replacement and ignoring the order of selection.

4. Given nj objects of type j for j = 1,2,...,m,andson =n; +nz+---+nn
objects altogether, there are W'nm, ways of arranging them in order,
if objects of the same type are not distinguished.

Example 1.8

The Art Gallery owns 6 Old Masters, 3 works by French Impressionists, and 5
modern pieces.

1. It can select one object from each category in 6 x 9 x 5 = 270 ways.

2. In choosing pictures to hang in four spaces, there are (§) = 15 ways to
select four Old Masters, and (6)4 = 360 arrangements to display four.

3. There are (3) x (3) x (5) = 5400 ways to choose two representatives from
each category.

4. There are 20! =~ 2.43 x 10'® ways of ranking the pieces in the entire collec-
tion. If, in such a ranking, only the type of painting is specified, there are
% = 77 597 520 different rankings.

A result that surprises many people the first time they meet it is the size of
a group of randomly selected people that gives a good chance - say at least 50%
— that two of them share a birthday. A common guess is 183. (Why?) Although
more people have birth dates in the summer than in the winter, a reasonable
initial model is to say that all possible birth dates are equally likely. If there are
K possible dates, then the birth date of any one person is taken as uniformly
distributed over [1, K]. If we make n selections from this distribution, ignoring
previous results each time, there are (K), = K(K —1)---(K —n + 1) ways in
which all the birth dates are different. And as there are K™ ways of selecting
birth dates for this sample of n people, our model leads to the expression %,.ll
as the probability that these n people all have different birth dates. Subtract
this from unity to give the chance that our group has at least one pair with a
common birthday (an easy use of the first part of Theorem 1.2).

Ignoring February 29, we take K = 365; it then transpires that so long as
n < 23 it is more likely than not that all the group have different birthdays,
but as soon as 23 or more are present, it becomes more likely that some pair
share a birth date. Taking K = 366 leads to the same answer. Of course, our
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model is far from perfect as a representation of reality, but when we allow for
the fact that some dates are slightly more likely than others to be birth dates,
this only increases the chances of there being coincident birth dates. Groups
of at least 23 randomly selected humans are more likely than not to contain a
pair with a common birth date.

One place where it is intended that the discrete uniform distribution be an
accurate model of reality is in organised lotteries. The first modern UK National
Lottery asked players to select six different numbers from the list {1,2,...,49},
so {2 consists of the (469) = 13983816 ways they can do so. An inanimate
machine was designed to select six numbers from the same list “at random”,
so assuming it worked as intended, any player buying one ticket had chance
1/13 983816 of matching the machine’s selection. To find the corresponding
chances of matching exactly k of the winning numbers, we embark on a counting

exercise. There are (f) ways of choosing k of the winning numbers, and these

are to be combined with the (,*) ways in which the remaining selection is
among the losing numbers. That means the chance of matching & numbers in
a 6/49 Lottery is () x (42,) + (4). The values (rounded) are shown in the

6—k
table.

Number correct Probability

6 7.2 x10°8

1.84 x10~3

0.000967
0.0177
0.1324
0.4130
0 0.4360

=N W W Ot

Nearly 85% of tickets bought match no more than one of the winning numbers.

Example 1.9

A secretary types n letters and their corresponding envelopes, but then ignores
the addresses when putting the letters in the envelopes. What can be said about
the number of letters that are in the correct envelopes?

This points to the model in which {2 is the list of the n! ways of distributing
the letters among the envelopes, and all these outcomes are to be equally likely.
Let A; be the event that letter 7 is in its correct envelope. We first use Corollary

n
1.3 to find P (U A,-), the chance that at least one letter is in the correct
i=1

envelope.
It is easy to see that P(A;) = 1/n for all values of i, and so S; = nx(1/n) =
1. If the letters labelled {1,2,...,r} are placed in their correct envelopes, there
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are (n—r)! ways to distribute the other letters. Thus the probability that those
r letters are in their correct envelopes is (n —r)!/nl. The same argument applies
to every collection of precisely r letters, and since there are ('r‘) such collections,
then S, = (?) x (n —r)!/n! = 1/r!. Hence

P (Lnj Ai) —1—1/2041/31— oo 4 (=1)" /nl.
i=1

By the first part of Theorem 1.2, the probability that no letter is in its correct
envelope is
PO)=1-14+1/21—1/3!+--- +(—~1)*/n! (1.3)

which you will recognise as the beginning of the usual expansion for e~1.

Let P(r) denote the probability that exactly r letters are in their correct
envelopes. If it is the letters labelled {1,2,...,r} that are inserted correctly,
then all the remaining (n — r) letters must be in the wrong envelopes. Since
there are (n — r)! ways of placing these letters somewhere, then Equation (1.3)
shows that there are

(- x (1=1+1/20=1/3+ -+ (=1)" "/ —1))  (1.4)

ways of having exactly the first r letters correctly inserted. But there are (7)
ways to choose which r letters are to be in their correct envelopes, so multi-
plying expression (1.4) by ('r‘) and then dividing by n!, the total number of
arrangements, we see that

P(r)=(1=1+1/21=1/31+ -+ (=1)""/(n — r)!)/r! (1.5)

for r = 1,2,.... If you compare Equations (1.5) and (1.3), you will see that this
last expression also holds in the case r = 0 — maths is often kind to us in this
fashion.

In Equation {1.5), fix r and let n — oo; then the expression for the prob-
ability that exactly r letters are correctly inserted, P(r), converges to e~ /rl.
This collection of probabilities for » = 0,1,2,... is an example of the Poisson
distribution which will appear again in Chapter 3.

After a probability calculation, it is often a good idea to pause and check
that the answers make sense, to help avoid gross blunders. In this example,
when r =n — 1 in Equation (1.5), the right side evaluates to zero — which, on
reflection, is correct; it is not possible that ezactly n—1 letters are in the correct
envelopes. For another check, in the special cases when n = 1,2 or 3, we can
easily list all the outcomes and confirm the answers. Another check would be
to sum all the values of the right sides in expression (1.5),forr=0,1,2,...,n,
and confirm that the total is unity.
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Sheldon Ross (1998) has given an ingenious example. Here is a simplified
version. Imagine that it is one minute to midnight, and you have an empty
urn and an infinite number of balls labelled {1,2,3,...}. You are supremely
dextrous, taking zero time to drop a ball into the urn, or to extract a ball
from it. First, you drop balls labelled {1,2} into the urn, and withdraw ball
number 2; thirty seconds later, you drop in balls {3,4}, and take out ball 4;
fifteen seconds later, in go {5,6}, out comes 6; 7.5 seconds later, in go {7,8},
out comes 8, and so on. How many balls are in the urn at midnight?

Plainly, there are infinitely many, as the balls labelled {1,3,5,7,...} are
dropped in, and left alone. Now suppose the process is altered slightly: we drop
balls in exactly as before, but this time withdraw the lowest numbered of all
the balls in the urn. How many are now in the urn at midnight? Well, whatever
ball number you consider, be it 3,42,25 506, or whatever, that ball will not be
in the urn, as it will have been withdrawn. So the urn is empty, even though
you have inserted and withdrawn balls in the same numbers, and at the same
times, as before!

It is not how many balls are withdrawn, it is which of them are withdrawn
that leads to different answers. So far this has appeared as a warning to be
careful when dealing with the infinite, and with limits: let us bring some prob-
ability into the process. Drop balls in as before, but now the ball withdrawn is
to be selected “at random?”, i.e. all those then in the urn have the same chance
of being withdrawn. What happens here?

Concentrate first on the ball labelled 1, and let A,, denote the event that
it remains in the urn after n have been withdrawn. At the time of the rth
withdrawal, there are r + 1 balls in the urn, so the total number of choices up
to the time the nth ball has been withdrawn is 2 x 3 x - -+ x (n + 1). The total
number of ways in which event A, can occuris 1 x 2 x .-+ X n, so

I1x2X:---Xn 1

P(A")=2x3x---x(n+1)=n+1'

(1.6)

The sequence {A,} is monotone decreasing, so the result of Exercise 1.5 shows
o0 o0

that P ( N An) = lim(1/(n+1)) = 0. But the event By = [] A, corresponds
=1

to “Ball 'i is in the urn at midnight”, so we have just show; tlhat P(B)) =0.
Write B = “Ball K is in the urn at midnight”, and apply the same rea-
soning. When K is either 2m — 1 or 2m, there are m + 1 balls in the urn
immediately after it has been dropped in. Write C,, as the event that ball K
remains in the urn after the withdrawal linked to the insertion of balls labelled
2n — 1 and 2n. Corresponding to Equation (1.6), we find that, when n > m,

mx(m+1)x.--xn . m
m+Dxm+2)x---x(n+1) n+1

P(Cy) =
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Since Bk = [ Chn, the same reasoning shows that P(Bg) = 0, and this is

n=m
N
true for all values of K. Let Dy = |J Bk, i.e. Dy is the event that at least one

K=1
of the balls labelled {1,2,...,N} is in the urn at midnight. Boole’s inequality
(Exercise 1.3) shows that

N N
P(DN)=P ( U BK) <) P(Bk)=0.
K=1 K=1

oo
The events {Dy} form a monotone sequence, and D = |J Dy is the event

N=1
that at least one ball is in the urn at midnight. Now Theorem 1.5 shows that
P(D) = 0, i.e. the probability that there are any balls in the urn at midnight
is zero. We can be certain the urn is empty, if balls are withdrawn at random.

Example 1.10

(TV game show addicts will recognise the Showcase Showdown as inspiring
this account.) A device is capable of selecting one of the numbers {1,2,...,K}
at random, i.e. all of them are equally likely. Alex can profess himself satisfied
with the first number generated (“stick”), or he may ask for a second number
to be selected (“spin”). If he spins, his score is the sum of the two numbers,
unless that sum is greater than KX, in which case his score becomes zero. What
are the consequences of the decision to stick or to spin?

If he sticks, his score has the uniform distribution U[1, K']. Were he to spin
from an initial score of K, he is doomed to score zero. Suppose he spins from a
score of n, where 1 < n < K. If his second score exceeds K — n, which occurs
with probability n/K, his total will be reduced to zero. Otherwise, his score
will be among the list {n+1,n+2,..., K} and, by symmetry, all these scores
are equally likely. To ensure the total probability of all scores is unity, each of
these scores will have probability 1/K.

Now suppose Alex’s final score is r, where 0 < r < K, and introduce his
oppponent Bella, who sees him perform and operates to the same rules. She
will win if she beats his score, he wins with a tie. What is the chance she wins?

Write A = She wins at her first turn, and B = She wins on her second
turn. These are disjoint events, so we shall sum their probabilities. Event A
occurs when her first score is among {r + 1,7 + 2,..., K} and she sticks, so
P(A) = (K —r)/K. Otherwise, her first score is among {1,2,...,r}, all equally
likely, and she will spin. When she does so, whatever her initial score, there are
exactly K — r scores that allow her to overtake Alex, without being reduced to
zero (think about it). Hence the total number of score combinations that lead
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to her winning on her second turn is 7(K —r), and as there are K2 possible
combinations from two spins, P(B) = r(K — r)/KZ%. Thus Bella’s winning
chance is the sum

(K-1)/K+r(K-1)/K?=1~(r/K)~.

There are some quick checks on the plausibility of this answer. It decreases
from unity when r = 0 (plainly sensible) to zero when r = K — also obviously
correct. Good.

1.6 The Continuous Version

Now turn to the case when, instead of there being finitely many outcomes that
are deemed equally likely from symmetry considerations, there are infinitely
many. This gives an immediate problem — equally likely outcomes have the
same probability, but passing to the limit as K — co means that each outcome
has probability zero. And a whole lot of zeros still adds up to zero.

The continuous version of an experiment with equally likely outcomes is
exemplified by the notion of selecting a single point, “at random”, on a straight
rod. Although any individual point will have zero probability, divide the rod
into K equal intervals by marking K — 1 points appropriately. Selecting a
random point means it should be equally likely to fall into any one of these
intervals. Indeed, the chance a random point falls in any interval should be
proportional to the length of that interval, whatever its position.

Definition 1.11

Suppose {2 = (a, b), the continuous interval from a to b (we do not care whether
or not the endpoints are included, as all individual points have zero probability).
Then the continuous uniform distribution over (2 is defined by the property
that, whenever a < ¢ < d < b, the probability of the interval (c,d) is (d —
c)/(b — a). We write U(a,b), and allow the context to distinguish the discrete
and continuous versions.

In particular, for the continuous uniform distribution over (0, 1), the prob-
ability of any given interval is just the length of that interval.

What should the o-field of events be? We have defined the probabilities for
intervals, so it should certainly include all intervals, and all events obtained
from sequences of intervals by the operations of complementation, union and
intersection. The collection of events so generated is huge. Every individual
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o0
point z is an event, as z = [} (z — 1/n,z + 1/n). Unions of disjoint intervals,

with sequences of individuatll ;:oints also thrown in, are included. In fact, you
have to work very hard to define a subset of {2 that does not arise in this
fashion! And then Theorem 1.2 and its consequences enable us to calculate
the probabilities of all these events, knowing the probabilities of intervals. This
last point holds whenever we have a recipe for the probability of an interval,
using this uniform model or not. So we make the following convention when
the set of outcomes {2 is some interval (a,b): the o-field of events will always
be the smallest possible o-field that contains all subintervals of 2. With this
convention, once we have described how to find the probability of an arbitrary
interval within £2, the probability space (£2, F, P) is specified. This really is a
substantial simplification of the work otherwise required. We shall return to
this remark in Chapter 3.

Imagine a darts player whose aim is so poor that, whenever an arrow hits
the dartboard, it does so at a random point. The appropriate model will be
the two-dimensional version of choosing a random point on a rod. For this
player, 12 will be a disc and, by analogy with the rod, if we draw a rectangle
within that disc, the chance a dart lands in it will be the ratio of the area of
the rectangle to the area of the disc. F will consist of all shapes that can be
constructed by the usual set operations on rectangles and, as with the one-
dimensional rod, this is a vast collection. Figure 1.1 shows the beginnings of
building up a circle as a union of a sequence of rectangles, and plainly there is
an analogous construction for other shapes within the disc. As with intervals
in one dimension, so knowing how to find the probability of a rectangle in two
dimensions leads to the probability for any event in F.

1 d

;] I_L:_l—l
Figure 1.1 Building up a circle from a union of rectangles.

Exactly the same idea applies to choosing a “random point” in other two-
dimensional bodies with a finite area, such as squares, ellipses or the surface of
the Earth. The probability of any rectangle will be the ratio of the area of the
rectangle to that of the whole body, events will be any shapes formed out of set
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operations on sequences of rectangles, and the probability space is sufficiently
specified. We will apply these ideas to a particular problem.

Example 1.12

If a stick is broken at two points chosen at random on it, what is the probability
that the three lengths of stick formed can make a triangle? Plainly, a triangle
can be formed whenever the longest piece is shorter than the sum of the other
two lengths or, equivalently, when none of the pieces is more than half the
original length. If we were choosing just one point at random, the natural
model would be to take the stick to have unit length, and select according to
a U(0,1) distribution. But choosing two points, the second selected without
reference to the first, suggests a two-dimensional model: write

N={(z,9):0<z<1,0<y <1},

where z and y are the distances of the break points from the left end of the
stick. Thus our set of outcomes is the unit square, and choosing the two breaking
points at random corresponds to selecting a random point in this unit square.

Formally, the probability space (£2, F, P) is given by
e (2 is the unit square, {(z,%):0<z<1,0<y < 1}.

e F consists of those subsets of {2 generated from sequences of rectangles by
set operations.

e P is defined by P(A) = The area of A.

To find the-probability that a triangle can be formed, consider the cases
z < y and y < z separately. When z < y, the three pieces have lengths =,
y—z, and 1 —y, and they will make a triangle so long as each of these lengths
is less than one half, i.e.

z<1/2, y—-z<1/2, 1-y<1/2
which is the same as
z<1/2, y—zxz<1/2, y>1/2
Similarly, when z > y, the condition becomes
z>1/2, z—-y<1/2, y<1/2

and so the point (z,y) must fall within the shaded area of Figure 1.2.
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(0,0) 1
Figure 1.2 Where (z,y) must fall to enable a triangle to be formed.

Plainly, the shaded region occupies one quarter of the total area. There is
one chance in four that the three pieces will form a triangle.

What can be said about the length of a chord, chosen at random in a
circle? Again we need a model, but the exact meaning of “at random” is not
so clear as before. One possible meaning is to choose two random points on
the circumference of the circle (just like choosing two random points on a
stick) and join them. Another is to select two points P and Q at random in
the interior of the circle, then extend the line PQ to a full chord. Or select
just one point, P, at random in the interior, and draw the chord through P
perpendicular to the radius joining P to the centre of the circle. Not only are
these descriptions different in wording, they also lead to different answers to
such questions as the average length of a chord, or the chance the chord is
longer than the radius of the circle. These are just three of the many ways
of giving a reasonable interpretation to the phrase “a random chord”. That
phrase, alone, is too vague to work with. We might just as well ask how long
is a piece of string.

EXERCISES

1.7. Set up a probability space for tossing a fair coin three times. What
is the chance all three tosses give the same result?

Find the flaw in the argument: “Plainly, at least two of the tosses
are the same, both H or both T. As the third coin is equally likely
to be H or T, there is a 50% chance all three are alike.”

1.8. Assume that the last two digits on a car number plate are equally
likely to be any of the one hundred outcomes {00,01,02,...,98,99}.
Peter bets Paul, at even money, that at least two of the next n cars



20

Probability Models

1.9.

1.10.

1.11.

1.12.

1.13.

seen will have the same last two digits. Does n = 16 favour Peter or
Paul? What value of n would make this a pretty fair bet?
Show that, for 0 < z < 1/2,
72
z+7 <—In(1-2)<z+z%

We have seen that if we make K random selections among n equally
likely objects, with replacement each time, the chance they are all
different is (n)k /n® = pk, say. Deduce that, if K < n/2, then

K(K-1DEK-1) __K(XK-1) K(K-1)(2K - 1)
12n2 =77 2 6n2 :

Hence show that, when n is large and we make about \/—2nIn(p)
selections, the chance they are all different is close to p.

—In(pk) <

An examiner sets twelve problems, and tells the class that the exam
will consist of six of them, selected at random. Gavin memorises the
solutions to eight problems in the list, but cannot solve any of the
others. What is the chance he gets four or more correct?

A poker hand consists of five cards from an ordinary deck of 52 cards.
How many poker hands are

(a) Flushes (i.e. all five cards are from the same suit).

(b) Four of a Kind (e.g. four Tens, and a Queen).

¢) Two Pairs (e.g. two Kings, two Fours, and a Seven).
)

a) Write z(r) = (43),/(49),. Explain why z(r) is the probability
that none of the numbers {1,2,...,r} are in the winning com-
bination in a given draw of a 6/49 Lottery.

(
(

(b) Let A; be the event that the number 7 does not appear in the
winning combination in n given Lottery draws. Find P(A;) and
P(A; N Aj) when ¢ # j in terms of (1) and z(2). Hence use
Corollary 1.3 to get an expression for the probability that some
number does not appear as a winning number among the next
n draws. Use Bonferroni’s inequalities (Exercise 1.6) to evaluate
this when n = 50.

Let P = (z,y) be a point chosen at random in the unit disc, cen-
tre (0,0) and radius 1. Describe the model of this experiment, and
evaluate the probabilities that P is within 0.5 of the centre; that
y > 1/4/2; and that both |z —y| < 1 and |z +y| < 1.
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1.14. A breakdown vehicle cruises along the straight road of unit length
that links Newtown to Seaport; help for stranded motorists is also
available in both towns. Steve’s car runs out of petrol. If z and y
denote the distances of his car and the breakdown vehicle from New-
town, the distribution of (z,y) can reasonably be taken as uniform
over the unit square, i.e. identical to that in Example 1.12. Show
that, for 0 < t < 1/2, the probability that Steve’s nearest help is
within distance ¢ is 4¢(1 — ¢t).

1.15. In a fairground game, a flat surface is ruled with a grid of lines into
squares of side s. A coin of diameter d (d < s) is rolled down a
channel, and eventually topples over to come to rest on this grid. A
prize is awarded if the whole of the coin is in the interior of a marked
square. Set up a model, and find the chance of winning a prize.

1.7 Intellectual Honesty

Why have we been so cagey about what subsets of {2 are allowed to be described
as events? We have gone out of our way to avoid saying that an event is any
subset of {2. In fact, there would be no problem in saying that any subset
of 2 would qualify as an event, so long as we could label the outcomes as a
sequence, e.g. (0,1,2,...). In these cases, as Chapter 3 will show, each outcome
is assigned a probability, from which the probability of any subset of {2 can be
calculated.

But suppose {2 were the circumference of a circle, and we wanted the prob-
ability of any interval J on that circumference to be proportional to the length
of J. That corresponds to the idea of choosing a point at random on the cir-
cumference. For any subset A of 2 (not necessarily an interval) let A(8) be the
set obtained by rotating A through the angle 6.

By using great ingenuity (the details are in the Appendix of Capinski and
Kopp, 1999), it is possible to construct a set E, thinly smeared around {2, with
the following properties:

1. Whenever 8 and ¢ are different rational numbers, representing angles in
the range [0, 27), then E(6) N E(¢) = @.

2. UE(8) = £2, the union being taken over all rational angles § with 0 < 6 <
2x.

Since the sets {E(6)} are just rotations of each other, we shall want them
all to have the same probability as the original set E. Call this probability z.
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Then we have

1=P(2)=P (U E(G)) =) P(E®)=)_=.
[} [}

And now we have a problem. Either £ = 0, which gives the contradiction
1=0, or z > 0, which leads to 1 = co. Neither of these statements are tenable,
but one of them must hold. The only thing that has gone wrong is to allow
ourselves to suppose that P(E) were a meaningful statement. The only escape
is to accept that there can be subsets of {2 that do not qualify as events, to
which probabilities can be attached.

There you have it. It is not laziness, unwillingness to do more work than is
strictly necessary, that makes us place restrictions on what can be events, it is
mathematical necessity.
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Conditional Probability and Independence

2.1 Conditional Probability

If you throw a fair die, with no clues given about the outcome, the chance
of getting a six is 1/6. But maybe you have been told that this blue die, and
another red die were thrown, and their total score was four. Then you could
be sure that the score on the blue die was not six. Similarly, to be told that
the total score was ten makes it more likely that the blue die scored six, as all
scores lower than four are eliminated. Information about the total score on the
two dice can change your original opinion about the chance of a six.

“Conditional probability” addresses this sort of question. You are interested
in some event A, whose probability is P(A), and you learn that event B has
occurred. What is your new opinion about the chance that A has occurred?
The notation for what you seek is P(A|B), read as “The probability of A,
conditional upon B”, or as “The probability of A, given B”.

To see how this might relate to our previous ideas, consider a repeatable
experiment with K equally likely outcomes. The probabilities of events A and
B are then found by counting; how to assess the probability of A, given that
B occurs? Plainly we can ignore all those experiments in which B does not
occur. In the experiments where B does occur, we need to know how often A
also occurs, i.e. how often AN B occurs. If B occurs in n(B) experiments, and
A occurs in n(A N B) of these, the ratio

n{A N B)/n(B)

23
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should be close to the conditional probability of A given B, when n(B) is large.
But note that

n(ANB) n(ANB) /n(B)
n(B) =~ N /N

where N is the total number of experiments. Since n(A N B)/N = P(AN B)
while n(B)/N =~ P(B) when N is large, we make the following definition:

Definition 2.1
P(A|B) = P(AN B)/P(B), provided that P(B) > 0.

It is an immediate consequence of this definition that
P(An B) = P(A|B)P(B).

Examples often help to settle ideas. Suppose the experiment is selecting one
card at random from a well-shuffled deck, so in our model {2 has 52 equally likely
outcomes. Let events A, B, C be that the selected card is, respectively, an Ace,
a Black card, or a Club. Then P(A) = 1/13, P(B) = 1/2 and P(C) = 1/4,
as you should verify. We will check that use of the definition of conditional
probability is in tune with our intuitive ideas. Simply using the definition, we
see that

P(C|B) = P(Cn B)/P(B) = P(C)/P(B) = 1/2,

which makes sense — given we have a Black card, there is a 50% chance it is a
Club. The other way round leads to

P(B|C) = P(BNC)/P(C) = P(C)/P(C) =1,

which is equally unsurprising — given we have a Club, we can be certain we
have a Black card. And

P(A|C) = P(ANC)/P(C) = (1/52)/(1/4) = 1/13

i.e. given we have a Club, there is one chance in thirteen it is the Ace. The
definition is working as we would anticipate.

The table in Example 1.7 shows the distribution of the total score when
two fair dice are thrown. Write

o A = Total is at least seven, so that P(A4) = 21/36
» B = Blue die scores at most four, so that P(B) = 4/6

e C = Blue die scores at most three, so that P(C) = 3/6
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(it seldom helps to simplify fractions at this stage). By counting, P(AN B) =
10/36, and P(ANC) = 6/36, so the definition leads to

P(A|B) = (10/36)/(4/6) = 5/12, P(A|C) = (6/36)/(3/6) = 4/12.

The information that the score on the Blue die is at most three, rather than
at most four, makes it less likely that the total score is at least seven - as it
should.

Theorem 2.2

Given a probability space (£2, F, P), let B be some event with P(B) > 0. With
the same {2 and F, define the function @ by

P(ANB)
P(B)

Then (£2,F,Q) is also a probability space.

Q(4) =

Proof

The only things to check are that @ satisfies the three Laws for a probability.
First, since AN B C B, then P(AN B) < P(B), so that 0 < Q(4) < 1. Also, it
is clear from the definition that Q(f2) = 1. Finally, let {C;} be a collection of
pairwise disjoint events in F; then

o (U c,.) _ P((Lﬁg )n B) _P(UCiNB)) _¥.P(CiNB) _ S ()

P(B) P(B)

which completes the proof. O

This means that any conditional probability P(.|B) is also an ordinary
probability. We do not have to use Definition 2.1 to compute a conditional
probability, it is sometimes best to work directly.

As an illustration of this, we will compute the probability that a Bridge
hand of 13 cards has at least two Aces, conditional on it containing the Ace of
Spades. Using this direct approach, our model is that the hand consists of the
Ace of Spades, along with 12 other cards that are selected at random from the
remaining 51 cards, which comprise three Aces and 48 non-Aces. The complete
hand will have at least two Aces when these 12 other cards contain at least one
Ace.

This observation has removed the need to use the definition of conditional
probability, we just work on the probability space for selecting 12 cards at
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random from 51. There are (}3) outcomes in this space, and ({3) of them have
no Aces at all. Thus the ratio ({3)/(3) gives the chance of no Ace. We find
the chance of at least one Ace by the usual trick of subtracting this value from
unity, which gives the answer of 0.5612. The chance we have at least two Aces,
given we have the Ace of Spades, is about 56%.

Suppose, on the other hand, that we want to assess the chance that our
hand has at least two Aces, given it has at least one Ace. Many people will
expect the answer to be the same as we have just computed. “After all”, they
say, “given that the hand has at least one Ace, the Spade Ace is just as likely
as any other.” An accurate observation, but not one from which the intended
deduction can be drawn. Let’s do it properly.

Write A as the event that the hand has at least two Aces, and B that it has
at least one Ace. To find their probabilities, it is easiest to find P(0) and P(1),
the chances that a hand has respectively no Aces and just one Ace. Counting
again gives the answers. There are (52) possible hands, and (}3) of them have

no Ace, while ({3)({) have one Ace. This leads to

P(0)=03038 and P(1)=0.4388.
Thus
P(B)=1-P(0)=0.6962 and P(A)=1-P(0)— P(1)=0.2573.

Since A C B, then
P(A|B) = P(A)/P(B) = 0.3696

when the dust has settled. Given we have at least one Ace, the chance we have
at least two Aces is about 37%.

Intuitively, why should these two answers be so different? Think along the
following lines: knowing that the hand has a particular Ace, each of the re-
maining 12 cards has chance 3/51 of being an Ace so there will be, on average,
12 x 3/51 = 36/51 = 0.7 other Aces. Since this comfortably exceeds one half,
there is a pretty good chance of at least one Ace. Now look at hands in general.
Symmetry dictates that they have one Ace, on average, so if we eliminate the
Aceless hands, just one Ace seems rather more likely than two or more. But
the statement “Given there is at least one Ace” does no more nor less than
eliminate the Aceless hands. Perhaps the result is no real surprise.

Explicit use of the formula P(A N B) = P(A|B)P(B) simplifies many cal-
culations. Take an urn that initially has six white balls and four red ones. Balls
are withdrawn at random, all balls in the urn being equally likely, and after
each drawing, the ball is replaced, along with another of the same colour. What
is the probability that the first two balls drawn are red?
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Let A mean that the second ball drawn is red, and B that the first one
is red. We shall find P(A N B) using this formula. Plainly P(B) = 4/10 and,
conditional on B, the urn has six white balls and five red ones when the second
ball is selected. Hence P(A|B) = 5/11, and the answer to our problem is
(4/10) x (5/11) = 2/11.

This notion extends to more than two events:

Theorem 2.3 (Multiplication Rule)

Suppose {A;, As,...,A,} are events in the same probability space. Then
n
P (ﬂ A,-) = P(A;)P(A2|A1)P(A3]A; N Ag) -+ P(Aq|Ay N AN - N Apy),
i=1

provided, of course, that P(A; N A2N---NAp_;) > 0.

Proof
Just apply the definition of conditional probability to every term on the right
side, and watch the expression collapse to that on the left side. O

To illustrate this result, we will calculate the chance that each of the four
players in a game of Bridge is dealt an Ace. Our model is that the 52 cards are
randomly distributed, each player getting 13 of them. Let A; denote the event
that player i gets an Ace, and use the theorem to find P(4; N Ay N Az N Ay).
The first player receives 13 cards, chosen at random from 48 non-Aces and 4
Aces, so P(A1) = (13) (1)/ (33)-

To find P(A;|A;), we work with the reduced pack of 36 non-Aces and 3 Aces,
which is what remains, conditional on A; having occurred. Thus P(A42|4,) =
(33)(3)/(32). Continuing in this fashion, we find P(A3|A;1NA2) by working from
a pack with 24 non-Aces and 2 Aces. You should write down the expression.
Finally, there is no work at all to find P(A4]|A; N A2 N A3), as the answer is
plainly unity. (If you do not see this, you have been reading too quickly.)

Theorem 2.3 tells us to multiply together all the probabilities we have just
found; there is massive cancellation among the factorial terms, and the fi-
nal expression shows that the probability that the Aces are equidistributed
is £5X13° - ~ 0.1055.

51x50x49

The next result shows another way in which using conditional probability
can simplify a calculation. The essence of the bargain is to replace one fairly
complex calculation by a number of easier ones. The key is finding a partition
of the set of outcomes that is relevant to the calculation in question.
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Definition 2.4

{Bi1, Ba, ...} are said to form a partition of 2 if
() BiNB; =@ ifi#j

(i) UB: = .

Theorem 2.5 (Law of Total Probability)

If A is any event, and {B, Ba, ...} form a partition of {2, then

=Y P(ANB;) =Y P(A|B:)P(B)).

Proof

Using the definition of a partition, we have
P(A) = P(ANQ) = P(AN (UBy)) = P(U(ANBy)) = Y P(ANB;)

because the events {B;} are pairwise disjoint. The final expression arises from
the definition of conditional probability. O

There is the potential problem that some of the terms P(A|B;) are not
yet defined when P(B;) is zero. But this is easily overcome. Whatever the
expression P(A|B;) might mean, it is a probability, and so lies between zero
and one; and since it gets multiplied by P(B;), the product will be zero. So we
can use this result without worrying about what that conditional probability
might mean.

To see this theorem in action, recall Example 1.10, and seek to decide the
best strategy for Alex when his initial total is n. We know that if he sticks, his
winning chance is (n/K)2.

Suppose he spins; let A = Alex wins, and let B; = Alex scores 1 with his
second spin. Plainly these events { B;} form a partition, and each has probability
1/K.For1<i< K —n,

P(A|B;) = P(Alex wins from n + 1) = (n +1)%/K?.

For i > K —n, then P(A | B;) = 0, as Alex’s score gets reduced to zero. The
theorem shows that

K- +)2 K
an K _Z:
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So the best tactics, assuming he wants the fun of spinning when the chances
are the same, are to spin whenever (n +1)2+ (n+2)2 +--- + K? > Kn?.

Given any K, there will be some unique value ng such that this inequality
holds if, and only if, n < ny. Theorem 2.5 also helps us evaluate each player’s
winning chance, if they play optimally. Again A = Alex wins, and let C; =First
spin scores i. By the above work,

1. if i > no, then Alex will stick and P(A|C;) = i?/K?;
K
2. if i < ng, Alex will spin and P(A|Ci) = &= Y 12
r=i+1
Since P(C;) = 1/K, Theorem 2.5 shows that the chance Alex wins is

1 K 1 no K
PA)=25 >, 4330 D
i=ng+1 i=1 r=it+l

Table 2.1 gives some illustrative values. Recall that Alex wins if the scores
are tied, but that Bella has the advantage of going second. The table makes
sense — Alex’s advantage counts for less as K, the number of different scores,
increases, and Bella is soon favourite.

Table 2.1 For various values of K, the optimum tactics for Alex and his
winning chances.

Value of K 10 20 35 50 75 100 200
Spin if at most 5 10 18 26 40 53 106
Prob. Alex wins 0.512 0.482 0.470 0.465 0.461 0.460 0.457

This law of total probability was the basis, in 1654, for Pascal’s method
of solving the “problem of points”. This asks how a prize should be divided
between two players if the series of games in which they compete has to be
abandoned before the outcome is settled. When the game began, the winner
would be the first to win N games, but the series stops when Clive still needs
m wins, and Dave needs n.

There is no unique answer, but the approach developed by Pascal and Fer-
mat is generally accepted as satisfactory. They suggested treating each player
as having a 50% chance of winning any of the unplayed games. Let A denote
the event that Clive would win the contest, and let B mean that Clive wins
the next game. Then

P(A) = P(A|B)P(B) + P(A|B°)P(B"®).

If p(m, n) is the probability that Clive would win the contest when the respec-
tive targets are m and n, this means that

1 1
p(m,n) = Ep(m - 1)77') + Ep(m)n - 1)'
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Since p(m,0) = 0 when m > 1, and p(0,n) = 1 when n > 1, we can apply
the above equation as often as necessary to build up to, and calculate, p(m,n).
The prize is then apportioned proportional to each player’s chance of victory.
Table 2.2 shows some sample values.

Table 2.2 Clive’s winning chances p(m,n) when he requires m further

victories and Dave requires n.

m/n| 1 2 3 4
1| 1/2 3/4 7/8 15/16
2| 1/4 1/2 11/16 13/16
3|1/8 5/16 1/2 21/32
4|1/16 3/16 11/32 1/2

EXERCISES

2.1

2.2,

2.3.

An urn initially has six red balls and eight blue ones. Balls are chosen
one at a time, at random, and not replaced. Find the probabilities
that

(a) the first is blue, the second is red;
(b) the first is blue, the sixth is red;
(c) the first three are all the same colour.

Show that

P(A|B) = P(A|BNC)P(C|B) + P(A|B n C)P(C*|B).

For each of the following statements, either prove it valid, or give a
counterexample, using events from the experiment of one throw of a
fair die.

(a) P(A|B) + P(A°|B) =1
(b) P(A|B) + P(A|B) =1
(c) P(A|B) + P(A°|B) =1.

Three cards of the same size and shape are placed in a hat. One of
them is red on both sides, one is black on both sides, the third is red
on one side and black on the other. One card is selected at random,
and one side is exposed: that side is red. What is the chance the
other side is red?
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Explain what is wrong with the following argument: “Seeing the red
side eliminates the black—black card; since all the cards were initially
equally likely, the remaining two cards are equally likely, so there is
a 50% chance the other side is red.”

2.4. Show that, if P(A|C) > P(B|C) and P(A|C¢) > P(B|C®), then
P(A) > P(B).

2.5. (Snell’s problem) You have w white balls and b black balls to dis-
tribute among two urns in whatever way you like. Your friend will
then select one urn at random, and withdraw one ball at random
from that urn. What should you do to maximise the chance of get-
ting a black ball?

2.6. In a TV quiz show, the star prize is in one of three boxes, A, B or
C. When the contestant selects one of these boxes, the host (who
knows which box contains the star prize) opens one of the other two
boxes, showing it to be empty. He invites the contestant to stick with
her original choice, or to swap to the third, unopened, box. Should
she change? Or does it make no difference to her winning chances
whether she sticks or swaps?

2.2 Bayes’ Theorem

With the same set-up as Theorem 2.5, we can look at matters the other way
round: given that event A has occurred, what can be said about the chances
of the different events {B;}? This is exactly the situation facing a doctor when
she has examined a patient: event A is the set of symptoms and the general
background information, while the events {B;} are the various diagnoses pos-
sible — measles, beri-beri, hypochondria or whatever. The value of 7 such that
P(B;|A) is largest will point to the diagnosis that is most likely.

It is also the situation faced by a jury in a criminal trial. Here A represents
all the evidence, while B; = Guilty and B; = Not Guilty are the possible ver-
dicts, forming a partition, since the jury must select one of them. Formally, the
jury is asked to evaluate P(B,;|A), and to return a verdict of Not Guilty unless
this conditional probability is very close to 1 — “beyond reasonable doubt”.
Each juror will have a personal threshold value (80%7? 99%? Higher? Lower?)
that they use to interpret this time-honoured phrase.
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Theorem 2.6 (Bayes' Theorem)
If A is any event with P(A) > 0 and {B;} form a partition, then

A|B;)P(B;j) _ _P(A|B;)P(B;)
P(A) >_; P(A|B;)P(B;)

P(B;14) = & (2.1)

Proof

Because P(ANBj) can be written both as P(B;|A)P(A) and as P(A|B;)P(B;),
the first equality is immediate. The second comes from using Theorem 2.5 to
give an alternative form of P(A). d

Take the special case when there are just two alternatives, B; and B; in
this partition, so that By = B{. The ratio P(B;)/P(B;) is then termed the
odds ratio of By, as it compares the chance B; happens to the chance it does
not happen. Using Bayes’ theorem for j = 1 and j = 2, and dividing the two
expressions, we have

P(Bz|4)  P(A|B2)  P(Bz) '

In a Court, if B, represents a Guilty verdict, this formula tells us how each
piece of evidence A should influence our opinions. The left side is the odds ratio,
taking account of this evidence, and it is found by multiplying the odds ratio
P(B,)/P(B;) before the evidence (the prior odds) by the so-called likelihood
ratio, i.e. the ratio of the chances of the evidence arising when the accused is
Guilty, or Not Guilty. As each new piece of evidence is introduced, the odds
ratio is updated by multiplying by this likelihood ratio. In particular, it follows
that the order in which the evidence is introduced makes no difference to the
final answer. A major problem — and it is of crucial sensitivity — is to give a
convincing initial value to P(Bj) before any evidence is given.

Example 2.7 (Attributed to J.M. Keynes)

There are 2 598 960 different poker hands of five cards for an ordinary deck, of
which just four are Royal Flushes, the highest hand possible. Thus the chance
of a Royal Flush is about 1 in 650000. You play one hand of poker against the
Archbishop of Canterbury, who promptly deals himself a Royal Flush! What is
the probability he is cheating?

Let B; denote the event that he is cheating, and let B> mean he is acting
honestly. Let A be the evidence, this Royal Flush on the first deal. We know
from the above counting that P(A|B;) = 1/650000, and we may as well take
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P(A|B1) = 1, on the grounds that if he is cheating, he can certainly deal himself
a Royal Flush. In Equation (2.2), the first term on the right side is 650000,
and we seek the value of the left side — the odds ratio of cheating, given the
evidence.

As the equation makes clear, the answer depends entirely on the initial odds
ratio. Taking the view that the Archbishop is a man of enormous integrity,
our initial feeling may be that P(B;) is tiny, say 0.00000001. In that case
P(B2) = 0.99999999, and the initial odds ratio is effectively the tiny value of
P(By). When we apply the equation, the odds ratio becomes about 0.0065, so
we retain a very strong belief in the integrity of our opponent.

But suppose he deals himself another Royal Flush next hand? After we have
multiplied this last odds ratio by the factor 650000 again, we now believe the
odds are about 4000 to one that cheating is taking place.

If our opponent had been someone else, a suspected card sharp, we might
have begun with the opinion P(B;) = 0.1, and then even after the first deal,
the odds ratio has shifted to over 70000 to one in favour of cheating.

Robert Matthews has pointed out that, in certain circumstances, confession
evidence may weaken the case against a suspect.

e G = The accused is guilty of a terrorist offence
e I = The accused is innocent of that offence
e C = Confession, extracted after long interrogation.

Equation (2.2) shows that the change in the odds of Guilt comes from the
ratio P(C|G)/P(C|I). Provided that P(C|G) > P(C|I), then the confession
does shift the odds more towards Guilt. But actual terrorists may have been
trained to resist prolonged interrogation, while an innocent person may make a
confession simply to end his ordeal. In these circumstances, the above inequality
may be reversed, and confession would reduce the odds of Guilt. (A real terrorist
may reach the same conclusion, and try the double bluff of confessing.)

The general point is that drawing attention to the actions of an accused
only strengthens the case against him if those actions are more likely when he
is guilty that when he is innocent. If a bus journey took the accused past both
the crime scene and the shopping centre he said he was visiting, then evidence
that tended to prove he took that journey would not add to the case against
him, as the two values of P(Journey|Innocent) and P(Journey|Guilty) would
have the same value.

Example 2.8 (Daniel Kahneman and Amos Tversky)

In a given city, 85% of the taxicabs are Green, 15% are Blue. A witness to
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a hit-and-run accident identified the perpetrator as a Blue taxicab. Tests un-
der similar lighting conditions showed the witness would correctly identify the
colour 80% of the time, and be wrong 20%. What is the chance that the cab
was indeed Blue?

Let B =Cab was Blue, G =Cab was Green, and W =Witness says the cab
was Blue. Then

P(B)=0.15, P(G)=0.85, P(W|B)=0.80 and P(W|G) = 0.20.
We require P(B|W), so Equation (2.2) can be transformed into

P(BW) _ P(W|B) P(B)
P(GIW) ~ P(WI|G) = P(G)’
Using the figures, the odds ratio for a Blue cab is (0.80/0.20) x (0.15/0.85) =

12/17, i.e. despite the evidence of a witness who is 80% reliable claiming to
have seen a Blue cab, it is more likely to have been Green!

For a different medical application of Bayes’ theorem, suppose one person
in 1000 suffers an adverse reaction to a drug, and a simple test for this reaction
is on offer. The test is said to be 95% reliable, meaning that if the person would
suffer a reaction, a positive result comes up 95% of the time, and if they would
not have a reaction, a negative result occurs 95% of the time. What can we
conclude from the knowledge that Susie tests positive?

It is far too tempting to conclude that, as the test is 95% reliable, there is
a 95% chance she would suffer a reaction. This answer is quite wrong. Let S =
Susie tests positive, and let R = She would suffer an adverse reaction. We seek
P(R|S), using R and R* as the partition for Bayes’ theorem. The background
information can be expressed as

P(S|R) =095 and P(S|R) = 0.05,
while we also know P(R) = 1/1000. Hence

_ R oy 1 999

P(S) = P(S|R)P(R) + P(S|R°)P(R®) = 0.95 x 1000 + 0.05 x 1000 = 0.0509.

By Bayes’ theorem, P(R|S) = P(S|R)P(R)/P(S) = 0.00095/0.0509 =~
0.0187! When Susie tests positive, the chance she would suffer the reaction
is under 2% — the test is virtually useless, even though it can claim to be 95%
reliable.

Here, and in Example 2.8, many people’s intuitive answer will be wrong,
because they have not properly taken into account the background information
— the frequencies of Blue cabs, or the prevalence of the disease.
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EXERCISES

2.7.

2.8.

2.9.

2.10.

2.11.

2.12,

Soccer player Smith has a good game two times in three, otherwise
a poor game. His chance of scoring is 3/4 in a good game, 1/4 in a
poor one. What is the chance he scores in a game? Given that he
has scored, what is the chance he had a good game?

Of all the hats in a shop, one half come from Luton, one third from
Milton Keynes, and the rest from Northampton. Two-thirds of hats
from Luton are for formal wear, as are one half of those from Milton
Keynes and one third of the Northampton hats. A hat is selected
at random from the shop; what is the chance it is for formal wear?
Given that it is for formal wear, what is the chance it originated in
Northampton?

In the last medical example above, make one change in the param-
eters: it is n in 1000, not 1 in 1000, who would suffer an adverse
reaction. Compute the chance that Susie would suffer a reaction,
given that she tests positive, as a function of n (1 < n < 1000).

One coin amongst n in a bag is double-headed, the rest are fair.
Janet selects one of these coins at random and tosses it k times,
recording Heads every time. What is the chance she selected the
double-headed coin?

Assume that if a woman carries the gene for haemophilia, any child
has a 50% chance of inheriting that gene, and that it is always clear
whether or not a son has inherited the gene, but the status of a
daughter is initially uncertain. Karen’s maternal grandmother was
a carrier, the status of her mother in unknown; but Karen’s sister
Penny has one son, who is healthy.

(a) Find the chance that Karen’s first child inherits the haemophilia
gene.

(b) Penny now has a second healthy son; repeat the calculation in
(a).
(c) But Penny’s third son is a haemophiliac; again, repeat (a).

The till in the pub contains 30 £20 notes and 20 £10 notes. There is
a dispute about what denomination Derek used to pay his bill, and
the initial assumption is that all 50 notes were equally likely. The
barmaid, Gina claims he used a £10 note, Derek disagrees. Both are
honest, but may make mistakes. Show that, using the information
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that Gina correctly identifies notes 95% of the time, the chance it
was a £10 note is 38/41.

Derek, who correctly identifies £20 notes 80% of the time, and cor-
rectly identifies £10 notes 90% of the time, says he used a £20 note.
Update your calculation.

2.3 Independence

Suppose P(A|B) = P(A), i.e. knowing that B occurs makes no difference to
the chance that A occurs. Since

P(A) = P(A|B)P(B) + P(A|B°)P(B°),

then P(A) — P(A)P(B)
1-P(B)

the information that B did not occur has also made no difference to the chance

that A occurs. Further, we also have

P(B|A) = P(BN A)/P(A) = P(A|B)P(B)/P(A) = P(B),

and similarly P(B|A¢) = P(B). Whenever P(A|B) = P(A), knowing whether
or not either 4 or B occurs makes no difference to the chances of the other
one. This is the intuitive notion that A and B are independent events.

P(A|B) = = P(A4);

Definition 2.9
Events A and B are said to be independent when P(A N B) = P(A)P(B).

Making the definition in this format emphasises the symmetry, and removes
any concern about whether either event has zero probability. You should check
that, by this definition, any event whose probability is zero is automatically
independent of any other event. Hence the same applies to any event with
probability unity.

Consider the experiment of dealing two cards, at random, from a full deck.
Write

A = First card is an Ace, B = First card is a Spade,

C = Second card is an Ace, D = Second card is a Spade.

We can check the working of the definition by verifying that {A, B} are
independent, as are {C, D}, {A, D} and {B, C}, but neither {4, C'} nor {B, D}
are independent.
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Suppose we have more than two events. The idea of independence is that
knowing whether any of them occurs should make no difference to the chances
of other events. For example, suppose 2 = {1,2,...,8}, with all outcomes
having probability 1/8. Write A = {1,2,3,4}, B = {1,2,5,6}, C = {3,4,5,6}.
Each pair of these events are independent, so the information that A occurs,
or the information that B occurs, makes no difference to the chance that C
occurs. However, P(AN BN C) = 0, so if we know that both A and B occur,
then it is impossible for C to occur.

On the same space, if also D = {1,3,4,5} and E = {1,6,7,8}, we have
P(ANDNE) = 1/8 = P(A)P(D)P(E). A careless beginner might think
that it will follow that A, D and E are independent. But simple calculations
show that none of the pairs {4, D}, {A, E} or {D, E} satisfy the definition of
pairwise independence. When looking at as few as three events, it is not enough
to look at them just in pairs, or just as a triple, we have to look at all the pairs
and the triple together. The general definition, for three or more events, is

Definition 2.10
Events {41, A2,..., An} are independent if

P(Ap,NAxN... NAy)=P(A;)P(Ag)--- P{Ay)

whenever {1',2',...,7'} C {1,2,...,n}.
An infinite collection of events is independent if every finite subcollection
of them is independent.

Independence among a collection of events is a very strong property. To
verify all the conditions of this definition with ten events would call for over
1000 calculations! Fortunately, this terrifying prospect seldom arises: usually
either the events have been set up to be independent, or one of the conditions
obviously fails.

How should we deal with “independent” repetitions of the same exper-
iment, such as tossing a coin or rolling a die? More generally, how can
{(1, 71, P1), (822, F2, P2), ...} be probability spaces that correspond to inde-
pendent experiments? Without constructing the whole of ({2, F, P) that corre-
sponds to all these experiments in sequence, the key step is to have

P(A1NA2N...NA,) = Pi(A))P2(Az) -+ Pu(4y),

whenever each A; belongs to F;, i = 1,2,3,..., and for all values of n. In future
work, we will continue to suppress reference to the underlying probability space,
unless it is absolutely necessary, and just use this fundamental property without
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comment. Our first application yields a result that is no surprise, but you should
reflect on the steps we have taken to prepare the ground for it.

Corollary 2.11

If P(A) > 0 and the experiment is repeated independently, indefinitely often,
then A must occur sometime.

Proof

Let B, be the event that A does not occur in the first n experiments. Then
By D B; D B3 D -+, and B = (), B, is the event that A never occurs. But
Exercise 1.5 shows that P(B) = lim P(B,); and

P(B,)=(1-P(A)" =2 0asn— o0

since P(A) > 0. Hence P(B) =0, so A is certain to occur sometime. a

Example 2.12

Let A and B be mutually exclusive, each with non-zero probabilities. What is
the chance that A occurs before B, if the experiment is repeated indefinitely
often?

Write C,, to mean that neither A nor B occur in the first n experiments,
but one of them does occur in the (n + 1)th. These C,, form a partition, since
they are plainly disjoint and exhaustive, and let D denote that A occurs before
B. Then

P(D)= Y PDNC,) = 31~ P(4) ~ PBY"PA) = 5z s
n n=0

on summing the geometric series. To assess which of A or B is likely to appear
first, look at the ratio of their probabilities.

The answer makes intuitive sense: perhaps there is a more direct way to
obtain it? Try conditioning on the outcome of the first experiment. That leads
to

P(D) = P(D|A)P(A) + P(D|B)P(B) + P(D|(AU B)°)P((AU B)°)

since A, B and (AUB)°® partition the space. Plainly P(D|A) =1 and P(D|B) =
0. Also, if neither A nor B occur in the first experiment, we can act as though
that had never taken place, so that P(D|(A U B)¢) = P(D). Hence

P(D) = P(A)+ 0+ P(D)(1 - P(AU B)),
from which the previous result follows, as P(AU B) = P(A) + P(B).
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An application of this result is to the game of craps. Here the shooter throws
two dice and wins immediately if the total is 7 or 11. She loses immediately
with a total of 2, 3 or 12, and otherwise the game is not yet over: she throws
the dice repeatedly until either she repeats her first total — she wins — or she
throws a 7 — a loss. We will work out her winning chances.

The table in Example 1.7 shows the chances of the different totals on each
throw. Leaving the fractions with their common denominator of 36 simplifies
the steps: the chance she wins on her first throw is 6/364+2/36 = 8/36. When the
first throw is among {4, 5,6, 8,9, 10} she embarks on a series of repetitions: for
example, the chance she throws a 4 and subsequently wins is 3/36 x3/(3+6) =
1/36. Making similar calculations, and using the symmetry about the midpoint
of 7, her overall winning chance is

£+(_1_+ii+ii)x2—%
36 ‘36 3610 3611 T 495

about 0.493. As ever, the game favours the house.

Example 2.13

Suppose a fair coin is tossed repeatedly, and the outcomes noted. Which is
more likely to appear first, HH or HT? What about HH and TH?

For any given pair of tosses, all four outcomes {HH,HT,TH,TT} are
equally likely, which suggests that we should use Example 2.12 to conclude
that, for both problems, either sequence has a 50% chance of arising first. But
that example may not necessarily apply here, as there the events A and B are
within a single experiment, but here we are looking at pairs of experiments
that have some overlap.

We will show that, for the first problem, it is true that either sequence is
equally likely to appear first, but that TH arises before HH 75% of the time.
For HH versus HT, let p be the probability that HH comes up first, and let
A be that the first toss is a Head. Then

p = P(HH before HT|A)P(A) + P(HH before HT|A°)P(A°).

Now
P(HH before HT|A) = P(H at second toss) = 1/2,

and also
P(HH before HT|A°) = P(HH before HT)

because, if the first toss is a Tail, it can be ignored. Thus
p=(1/2) x (1/2) +p x (1/2),

5o p =1/2 as we claimed.
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But for HH versus TH, unless the first two tosses are both Heads, it is
clear (yes?) that TH must arise first. So the chance HH is before T H is the
chance of beginning H H, which is 1/4, and TH does have a 75% chance of
arising before HH.

Of course for sequences of three successive tosses, there are eight outcomes
to consider. It turns out that, whichever one of them is chosen, there is one
among the remaining seven whose chance of arising before it is at least 2/3 !
You might imagine playing a game against an opponent, allowing her to select
whichever of the eight sequences she wants; you will (carefully) pick from the
seven that are left — the winner is the one whose sequence turns up first. This
contest goes under the name of Penney-ante.

Suppose a complex piece of machinery is made up from linked components,
each of which may fail independently of the rest. To give extra protection, some
components may be duplicated and placed in parallel, so that only one of them
need work; but for components in series, all must work or the system will fail.
Consider the set-up shown in the figure on the left, where the numbers in the
boxes are the probabilities that component will fail.

. H
01 H 02 [ 0.1

System of components Equivalent system

The top row will work only if both components work, so the chance is
0.9 x 0.8 = 0.72, hence the probability of failure is 0.28. Similarly, the chance
of failure in the bottom row is 0.352, so the original figure is equivalent to the
new system on the right. That system has two components in parallel, so fails
only when both fail, which has probability 0.28 x 0.352 = 0.09856, or about
10%. The whole system works with probability 0.90144, call it 90%.

Example 2.14 (Simpson’s Paradox)

Suppose that 200 of 1000 males, and 150 of 1000 females, in University A read
Economics. In University B, the figures are 30 of 100 males, and 1000 of 4000
females. In each institution, a higher proportion of males read Economics. But
if the universities combine to form a super-university, it has 230/1100 ~ 21%
of males in Economics, and 1150/5000 = 23% of females. Proportionally more
females than males read Economics!

The possibility of this phenomenon was noted by E.H. Simpson (1951). To
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see how it might arise, write £ = Student reads Economics, M = Student is
male. Then, in each university separately, we have P(E|M) > P(E|M°¢). From
the definition of conditional probability, this is equivalent to

P(ENM)/P(M)> P(EN M®)/P(M®),

which can be rearranged, using P(E) = P(ENM)+P(ENM°¢), as P(ENM) >
P(E)P(M). E and M are not independent, they are “positively associated” in
each university.

But as the example shows, positive association in each institution on its
own need not carry over to a combination. We have two probability spaces, {2,
with N, points and 2, with N,. In each space, all points are equally likely,
and P(E; N M;) > P(E;)P(M;) for i = 1,2. Simpson’s paradox notes that if
23 = 41U 823, and all Ny + V3 points are equally likely, it does not necessarily
follow that P((E; U E2) N (M; U M3)) > P(E, U E;)P(M; U M) in (2;.

In the first innings of a cricket match, bowler Eric takes 2 wickets for 36
runs, while Alec takes 4 for 80. In the second innings, Eric takes 1 for 9, Alec
takes 6 for 60. In each innings, Eric’s runs per wicket were lower, but overall,
Eric took 3 for 45 at an average of 15, Alec took 10 for 140 at average of 14.
Eric’s average was better in each innings, Alec’s match average was better.
Amalgamating the two innings is appropriate.

60 of 900 people given drug A suffered a reaction (6.7%), while 32 of 400
given drug B (8%) suffered a reaction. Drug A appears safer. But there were
1000 healthy people, and 300 who were ill. 800 healthy people were given A,
of whom 40 (5%) reacted, only 2 of 200 healthy people (1%) reacted to B.
Among 100 ill people given A, 20 reacted (20%), while 30 of 200 ill people
given B reacted (only 15%). Drug B is safer for both ill people and healthy
ones! Amalgamating the data would give an unsound conclusion.

Within an organisation, it is perfectly possible that division A shows better
than division B for each of ten subgroups of clients, but B shows better than
A when the groups are combined. Management must be very careful when
deciding which division deserves a bonus.

EXERCISES

2.13. Confirm the remark after Definition 2.9 that if P(4) =0 or 1, then
A is independent of any other event. (Such events A are called trivial
events.)

2.14. Suppose events A and B are mutually exclusive. Show they can be
independent only if one of them has probability zero. (Thus “mutu-
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2.15.

2.16.

2.17.

2.18.

2.19.

ally exclusive” and “independent” are normally far apart in meaning.
But many students, unaccountably, confuse the two.)

Suppose {2 has n equally likely outcomes. If n is prime, show that
non-trivial events A and B cannot be independent.

A spinner is a device for selecting one of the integers {1,2,...,n}
with equal probability. For what values of n are the events

A = Even number, and B = Multiple of three

independent?
Show that, if

(a) a fair die is thrown four times independently, it is more likely
than not that at least one six appears;

(b) a pair of fair dice are thrown 24 times independently, it is more
likely than not that a double six does not appear.

(This pair of calculations has an honoured place in the history of the
development of the formal study of probability. Some seventeenth
century gamblers are said to have believed that, since (a) holds,
then having six times as many throws (4 = 24) “ought” to give the
same chance of getting an event that was one sixth as likely (six —
double six). It is very satisfying to see a loose argument give the
Wrong answer.)

In the diagram, the numbers are the (independent) chances the com-
ponents will fail within ten years. Find the chance the system fails

within ten years.
0.3
0.05* 0.05* — ’_‘
0.3

|
0.3

Given that the system has not failed in ten years, find the chance
neither component marked * has failed.

Poker dice have six equally likely faces labelled {9,10,J,Q, K, A}.
When five such dice are thrown independently, what are the prob-
abilities of the different types of “hand” which, in rank order are:
Five of a Kind (aaaaa); Four of a Kind (aaaab); Full House (aaabb);
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Threes (aaabc); Two Pairs (aabbc); One Pair (aabced); and No Pair
(abede)? (“Runs” are not normally considered in this game.)

Given any of these hands, you are allowed to roll again any dice
that are unmatched. Find your respective chances of improving your
hand for the different initial holdings (ignoring “improvements” such
as turning (KK KQJ) to (KK K A9)).

2.4 The Borel-Cantelli Lemmas

o
Suppose {A,} is an arbitrary sequence of events. Write By = |J A,, and
[ o] o0 o n=N
C= () Bn,sothat C = [ U An. We claim that event C is the event
N=1 N=1n=N

that infinitely many of the events {An} occur.

For, suppose infinitely many of the {A,} occur. Then, no matter how large
we take N, some A, with n > N occurs, i.e. By occurs for every N. Thus C
occurs. The argument holds in reverse: if C occurs, so does By for all N, and
hence no matter how large N is, some A, with n > N occurs. Thus infinitely
many A, occur.

What can we say about P(C), knowing the probabilities of the events {4, }?

Theorem 2.15 (Borel-Cantelli Lemmas)
1. If 3" P(A,) converges, then P(C) = 0.
2. If Y~ P(A,) diverges, and the events {A,} are independent, then P(C) = 1.

Proof
(e o]

Suppose the series is convergent. Since P(C) = P( ] BN), so P(C) <
N=1

P(Bn) for every choice of N. But

P(By)=P ( D A,,) < i P(Ay),

n=N n=N
using Boole’s inequality (Exercise 1.3). Whatever € > 0 is given, the conver-
o0
gence of the series means that we can find N such that ) P(A4,) < e. For such
n=N
values of N, we see that P(By) < €. But we established that P(C) < P(By),
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which means that P(C) < ¢. This holds whatever positive value we take for ¢,
no matter how small, so the inevitable conclusion is that P(C) = 0.
For the other result, note that, for any N,

rra-r((4))-r (1) (119

for any M > 0. But when the events {A,} are independent, this becomes

N+M N+M
PBY) < ] @ -P(4n)) <exp (— > P(A,.)),
n=N n=N
using the simple inequality 1 — z < exp(—z), valid when 0 < z < 1.
If the series is divergent, whatever the value of N, we can then choose

N+M
M so that the sum ), P(A4,) is as large as we like, and hence the value of
n=N

N+M
exp(— Y. P(An))is assmall as we like. Hence P(B%;) =0, and so P(By) = 1.
n=N

(o]
This holds for all values of IV and so, using Exercise 1.4, P < N BN) =1,ie.
N=1
P(C)=1 a

The Borel-Cantelli lemmas are an example of a so-called Zero-One Law:
we have an event C that is either impossible, or it is certain. The second part
of the theorem has the extra condition that the {A,} are independent, and it
is plain that some such condition will be required. For otherwise we could take
Ay = D for some fixed event D, with 0 < P(D) < 1; and then By = D for all
N,s0 C =D and P(C) can be whatever we choose.

For a potential application of the theorem, let A, be the event that, in
year n, there is a catastrophic accident at some nuclear power station. Plainly,
we shall require that P(A,) is small, but the Borel-Cantelli lemmas are much
more demanding. It seems plausible to take the events {4,} as independent,
and then we have:

o0
1. Provided ) P(A,) converges, it is impossible that there will be infinitely
n=1
many catastrophic accidents (small mercies indeed). More alarmingly

o0
2. If 3 P(A,) diverges (even if P(4,) — 0), it is certain there will be

n=1

infinitely many catastrophes.

So be warned. It is not enough that P(A,) be tiny, the successive values
really ought to be getting smaller year by year, and get smaller fast enough
for the series to converge. Safety standards in dangerous industries must be
perennially made stricter, or we are doomed.
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Common Probability Distributions

Here we look at a number of experiments in which chance plays a role, set up
plausible probability spaces, and describe their main properties. The general
phrase “a probability distribution” means a description of the outcomes, and
how to find the probabilities of the events.

3.1 Common Discrete Probability Spaces

A probability space is said to be discrete when the set of outcomes {2 can be put
in one-one correspondence with the list of non-negative integers, (0, 1,2,...),
or a finite subset of them. As we found in the last chapter, it is sufficient here
to list the outcomes, and to attach to outcome n its probability p,, for then

the probability of any event A C 12 is found as P(4) = }_ pn. So long as
neA
each p, > 0, and also Y p, = 1, the probability space is specified, and all
nen
subsets of {2 are events. The phrase probability mass function means the list of

outcomes, along with their associated probabilities.

We met the discrete uniform distribution in the last chapter. There is some
finite number, K, of outcomes, each with probability 1/K. This would seem to
be an appropriate model for experiments such as drawing lots to decide which
lane your team occupies in a relay race at the Olympic Games, or using a pin
to make your choice of horse in the Derby.

Without naming it, we also met the hypergeometric distribution, when we

45



46 Probability Models

sought the winning chances in a 6/49 Lottery. The general model arises when
selecting n objects at random, without replacement, from a collection of M
Blue objects and N Red objects, and we can assume that all remaining objects
have the same chance of selection each time. The quantity of interest is k, the
number of Blue objects in the selection. By counting, we see that

_ (1;4) X (nlzk)
Pk = - (M+N) (3.1)

n
for k =0,1,2,.... Note that k is at least n — N, and cannot exceed either M
or n, but there is no need to insert these restrictions, so long as we maintain
the convention that the value of the expression (§) is taken as zero when b > a,
or b<0.

The hypergeometric distribution is frequently used in card games such as
Bridge. The declarer finds that she and dummy have eight Spades between
them, and she seeks the distribution of the other five Spades between her
two opponents. Her left-hand opponent has 13 of the 5 Spades and 21 non-
Spades that remain: so the chance this opponent has exactly k Spades is
() (421,)/ (%). The values are shown in the table.

Number of Spades 0 1 2 3 4 5
Probability 0.020 0.141 0.339 0.339 0.141 0.020

The Spades will split 3-2, 4-1 or 5-0 about 68%, 28% and 4% of the time
respectively.

Another application is in capture-recapture sampling. An unknown number
of fish swim in a pond; M of them are captured, tagged, and released back into
the pond. A few days later, n are captured, and k of these are found to be
tagged. What can we say about the number of fish in the pond?

All we know for certain is that there are at least M+n—k fish. However, if we
are prepared to believe that all the fish, tagged or untagged, have equal chances
of being captured, then proceed as follows. Let N be the unknown number of
untagged fish. The value of N that makes expression (3.1) as large as possible
will be that which maximises the probability of the observed outcome of the
experiment. In Statistics, this is known as mazimum likelihood estimation, and
is clearly a reasonable procedure.

The best approach is to refer to the right side of (3.1) as L(N), the kkelihood
of N, and compute the ratio L(N)/L(N + 1). This collapses down to

(M+N+1D)(N+1-n+k)
(M+N+1-n)(N+1)

which is less than or equal to unity so long as (after simplifying)

N +1< M(n - k)/k.



3. Common Probability Distributions 47

The right side here is fixed as N changes. Thus, for low values of N, L(N) will
be less than L(N + 1), and then that inequality reverses. Hence L(N) increases
initially, reaches its maximum value, and then decreases. If X = M(n — k)/k
is not an integer, the unique estimate of N, the unknown number of untagged
fish, is the largest integer that does not exceed X. If it is an integer, then both
X and X — 1 would be equally good as estimates.

The simplest non-trivial experiment is one with just two outcomes, which
might be Heads or Tails, Success or Failure, 0 or 1 according to context. The
term Bernoulli trials is used to mean independent repetitions of such an ex-
periment, the chances of the two outcomes remaining fixed. This name is in
honour of James (also known as Jacob) Bernoulli, whose Ars Conjectandi was
published in 1713.

About 51% of human births are male. We might regard the successive births
on a maternity ward as a sequence of Bernoulli trials, with the probability of
Success taken as either 0.51 or 0.49, according to the arbitrary convention of
whether it is a male or a female birth that is labelled a Success.

Definition 3.1

The Bernoulli distribution with values {0,1} hasp; =pand pp =q=1—p for
some p, 0 < p < 1. Take 0 = Failure = F, and 1 = Success = S.

Suppose we conduct a fixed number, n, of Bernoulli trials, and record k,
the number of Successes. Then 0 < k < n, but some work is needed to find
the respective probabilities. Any outcome is a sequence of length n such as
FFS...FS, and there are 2™ possible sequences. By the independence of suc-
cessive trials, the probability of such an outcome that contains k Successes and
n—k Failures will be p*q™~*, irrespective of the order. As there are (}) ways of
choosing where those k Successes occur, the probability of exactly k£ Successes
is (:)pkqn-k_

Definition 3.2
The Binomial distribution, with symbol Bin(n, p), is defined by

_ n k n—k
Pk—(k>17(1
for0 <k < n.

The Bin(10, 1/6) distribution would be a reasonable model for the number of
sixes in ten throws of a fair die. Over a series of six Test Matches, the Bin(6, 1/2)
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distribution would indicate how often the home captain could expect to win
the toss. The number of males in a family with five children might have a
Bin(5,0.51) distribution. Figure 3.1 illustrates the binomial distribution.

Probability
0.4
I - Value of k
0 1 2 3 4

Figure 3.1 The values of the probabilities in a Bin(4,1/3) distribution.

The ratio of successive probabilities in the binomial distribution simplifies

to

Pr+1 _ (n—k)p

pe  (k+1)g

This ratio exceeds unity when (n — k)p > (k+ 1)(1 — p), i.e. when k+1 <
np+p. Just as we argued when we looked at capture-recapture sampling above,
this means that the successive probabilities {px} initially increase, reach a
maximum, then fall away. Whether that maximum is unique, or occurs at two
successive values, depends entirely on whether np+ p happens to be an integer.
The maximum probability in this binomial distribution is when k& is at, or just
below, np + p.

The expression for the ratio of successive terms shows a convenient al-
gorithm for computing the probabilities with a pocket calculator. Plainly
po = ¢", and if we have found po,...,pr then pr41 comes from pry1 =
pr X (p/g@) x (n — k) + (k + 1). You can get a check on your calculations by
independently working out p, as p™; if that is correct, it is most unlikely that
any intermediate values are wrong.

The binomial distribution might help an airline to investigate the economics
of overbooking passengers onto planes. Suppose the plane’s capacity is 100, and
that any booked passenger has, independently of the rest, a 10% probability of
not turning up for the flight. If tickets are freely transferable, an airline that
never overbooks will lose considerable revenue. What are the consequences of
booking n passengers, when n > 1007

On this model, the number who do show up has a Bin(n,0.9) distribution.
For n = 105, calculations show there is a chance in excess of 98% that all who
turn up can be accommodated; for n = 110, this drops to 67%, and for n = 115
it is below 20%. Whatever value of n is chosen, the distributions of the number
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of empty seats, and the number of passengers who have to be bribed to transfer
to another flight can be calculated. The financial consequences of that choice
of n then follow.

We ought to look for weaknesses in our model, before basing an entire policy
on some possibly dubious calculations. It is fundamental to the Bin(n, p) model
that all the n “trials” are independent, and have the same value of p. If groups
of passengers — members of the same family, say — are booked together, then
it is likely that either all or none of them will show up. This is a lack of
independence. And passengers using the flight for business purposes may have
a quite different probability of showing up from those travelling as tourists.

The binomial distribution is the basis of Fermat’s method of solving the
“problem of points” discussed earlier. We assume all games are independent,
and each player has a 50% chance to win any one of them. Clive wins the
contest if he wins m games before Dave wins n. Fermat neatly observed that
the contest would certainly be decided during the next m + n — 1 games, and
it did no harm to allow the contest to run to that length, as it was impossible
for both players to reach their targets in that time.

Over this series of m +n — 1 games, the number Clive wins has a Bin(m +
n — 1,0.5) distribution, and we require the probability that the outcome is at
least m. You should verify that the entries in Table 2.2 do correspond to these
calculations from a binomial distribution.

The binomial distribution applies when we are interested in the number of
Successes in a fixed number of Bernoulli trials. But what is the distribution
of the number of trials to achieve the first Success? This is the question faced
by a childless couple considering the process of in vitro fertilisation (IVF),
where Success on any attempt is far from guaranteed. For exactly k trials to
be needed, the first k — 1 must result in Failure, the kth in Success, so this
outcome has probability ¢*~!p for k = 1,2,3,.... If, instead of asking for the
number of trials, we were interested in the number of Failures before the first
Success, the probability of exactly k Failures would be ¢*p.

Definition 3.3

The Geometric distribution with symbol G, (p) is defined by py = pg*—! for
k > 1. The distribution with p;, = pg* for k > 0 with symbol Go(p) is also
known as the Geometric distribution.

The reason for the name is clear: successive probabilities form a geometric
progression, each one being just ¢ times the last. Thus the maximum probability
is at the beginning. An optimistic couple embarking on IVF will note that the
first attempt is more likely than any other named attempt to achieve the first
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conception; a pessimistic cricket batsman, who believes that the balls he faces
until his dismissal form a sequence of Bernoulli trials, will know he is more
likely to be out first ball than any other specified time.

Example 3.4

One white ball is placed in a bag. Sheena throws a fair die, dropping a black
ball into the bag at every throw. She stops as soon as she has thrown a Six, and
then selects one ball at random from those in the bag. With what probability
is it the white ball?

To solve this, we note that the final number of black balls in the bag has
a G\ (p) distribution, with p = 1/6. If there are k black balls, the chance she
selects the white one is 1/(k + 1). As the distinct values of k& form a partition,
we have

[ o]
. _ . 1 k-1
P(White ball) = ; P(White ball|k) P(k) = Z 16 6)
For 0 < z < 1, we can expand —In(1 — z) as the series z + z2/2 + 23/3 + - - -,
o0
0 3, ()1 = —In(1 — 3) — 3. The probability she gets the white ball is
k=1
2 (In(6) — 5/6) =~ 0.23.
In a sequence of Bernoulli trials, to find the probability of no more than r

T
Failures before the first Success, you could compute the sum > pg*. Rather

easier, note that this event occurs if, and only if, the first r +k1_grials include
at least one Success, which has probability 1 — ¢g™+!.

The distributions of the number of trials to achieve r Successes, and the
number of Failures before the rth Success, can be found in a similar fashion.
For the latter, argue that there will be exactly k Failures if, and only if, the first
k+7r—1 trials include 7 — 1 Successes, and the (k+r)th trial is a Success. Apply
the Binomial distribution to the first k£ +r — 1 trials, and use the independence
of the next trial from its predecessors. This leads to

Definition 3.5
The Negative Binomial distribution, symbol NBe(r,p), is given, for £k =

0,1,2,..., by . .
+r—
pr= ( .1 )p’q"-



3. Common Probability Distributions 51

Similarly, the NB(r,p) distribution has, for k =r,r +1,...,

kE=1\ ; kr
pk—(r_l)pq .

The NBoq(1, p) distribution coincides with the Go(p), and the NB; (1, p) with
G1(p). A nice application of this distribution is to Banach’s matchbox problem.
Tom has two boxes of matches, one in his left pocket and one in his right.
Initially both have N matches, and when he needs a match, he is equally likely
to select either pocket. What is the distribution of the number of matches in
the other box when he first finds one box empty?

Let Success mean he selects the right pocket, so that p = 1/2, and find the
chance that the (N + 1)th Success occurs at trial number (N + 1)+ (N —k) =
9N + 1 — k, which leaves & matches in the left pocket. This chance is thus
paN+1—-k, e€valuated from the NB(N + 1,1/2) distribution. The probability we
seek, that Tom has k matches in the other pocket is just double this, i.e.
(2”;\,"")/22”"‘, for k = 0,1,2,...,N as there is just the same chance his left
pocket will be found empty first.

In the Bin(n,p) distribution, think of n as being large, A fixed, so that
p = A/n is small. The probability

n A k A n—k
=) (2) (-2)
can be rearranged as

Ak MN\" () A\ 7k
=—1{1-= ASL3 -2z .
Pe= T ( n) e 2 n
As n — 00, the second term converges to e~ and the last two terms each

converge to unity (recall that k is fixed). Thus the whole expression converges
to Mke=A/k!l.

Definition 3.6

The Poisson distribution, symbol Poiss()), is given by pr = e~ *\¥/k! for k =
0,1,2,....

It is almost impossible to exaggerate the importance of the Poisson distri-
bution in models of random experiments. We met it in Example 1.9, when a
secretary scattered letters at random into envelopes; the most notorious exam-
ple is due to von Bortkewitsch (1898), who observed that the numbers of deaths
by horsekick in the Prussian Cavalry Corps over a twenty-year period followed
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this distribution beautifully. (In any Corps, in any year, there would be a very
large number of very tiny chances of such a death, exactly the template for
our derivation of the Poisson.) William Feller gave data on flying bomb hits
on London during the Second World War: with a grid half a kilometre square
superimposed on the city, the numbers of hits in these different blocks also
followed this distribution. Other applications include the number of telephone
calls at an exchange over a specified quarter-hour; the number of misprints
on each page of a book; the emission of radioactive particles from a source.
Whenever things tend to occur at random in time or space, at some overall
average rate, the number in a specified region will tend to follow this Poisson
distribution. We will justify this statement in the next chapter.

Just as we saw with the binomial, the expressions for the ratios of successive
probabilities in the Poisson simplify, and we can use this to calculate the indi-
vidual probabilities. Initially pp = exp(—A), and then ppy) = pr X A+ (k+1).

EXERCISES

3.1. In the hypergeometric distribution given by expression (3.1), let n, k
be fixed, while M,N — oo keeping the ratio M/(M + N) = p
constant. Show that this expression converges to the value p; given
in Definition 3.2 for the binomial distribution.

Why is this not a surprise?

3.2. A majority verdict of 10-2 or better may be permitted in a jury
trial. Assuming each juror has probability 0.9 of reaching a Guilty
verdict, and decides independently, what is the probability the jury
decides to convict?

3.3. Assume that within a given service game at tennis, successive points
form Bernoulli trials with p = P(Server wins) > 1/2. Tennis rules
say that the service game ends as soon as either player has won at
least four points, and is at least two points ahead of the other. Find
the chances the server wins the game 4 —0,4 — 1 and 4 — 2; find also
the chance the game reaches 3 — 3 (“Deuce”).

Let D be the chance the server eventually wins the game, if the score
is now Deuce. Show that D = p? + 2pgD, and hence deduce that the
overall probability the server wins the game is (p* —16p*q*)/(p* —q*).

3.4. Show that, as in the Binomial distribution, the successive probabili-
ties in a Poisson distribution increase to a maximum, then decrease
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towards zero. Under what circumstances is there a unique maximum
probability?

3.5. Model the number of attempts a jailer makes to locate the key to a
cell, when he has a bunch of K keys, and has no idea which is the
correct key. Give the answers for the cases when (a) he goes logically
through the keys, one at a time, and (b) he is drunk, and has no
idea whether he has tried any particular key before.

3.6. Let P, and P> be two discrete distributions over the same set of
outcomes. Define d(P;,P;) = supy|Pi(A) — P,(A)| as the dis-
tance between them, i.e. the largest difference between the proba-
bilities that P, and P, attach to any event. Show that d(P, P2) =

Y oneq I (n) — pa(n)|/2.

Find the distance between the Bin(3,1/3) distribution, and the
Poiss(1).

3.2 Probability Generating Functions

Whenever all the outcomes are non-negative integers, a useful tool resides in
the probabilist’s kit-bag:

Definition 3.7

Suppose (pr : k = 0,1,2,...) form a probability distribution. Then g(z2) =
[»0]

3 prz* is the corresponding probability generating function, or pgf.

k=0

For example, the pgf of the Bin(n, p) distribution is E (D)pFq™k2* which

simplifies to (pz + q)", using the b1nom1al theorem (Appendlx 9.3A). The pgf
of a Poiss()) is E e~ \EzE [kl = e E (Az)*/k}, which reduces (standard

series for exp) to e_"(1 %), Because py > 0 and Y pr = 1, the pgf always
converges when |z| < 1. The definition shows that a distribution determines a
pef. Indeed, the converse is also true, and justifies the terminology “probability
generating function”: if you expand a pgf as a power series, it generates the
individual probabilities as the coefficients of the successive powers z*.

A common reaction amongst students, on first meeting a pgf, is to ask

“What is 27”. That is a good question. One answer is to demonstrate the
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usefulness of the idea of a generating function in a different context. Suppose
you are challenged to prove that, for all non-negative integers k,m,n,

()= (62

Plainly (1+ 2)™*" = (1+ 2)™(1 + 2)", and the binomial theorem tells us that

m+n
1+zm™n=$ (’":") 2.

k=0

Using similar expressions for both (1 + z)™ and (1 + 2)™ leads to the identity

S (= (M) ()=

On the right side, terms in z* arise when a term in 2" from the first sum

multiplies one in z*~7 in the second. Picking out the coefficients of z*¥ on both
sides of the identity in this fashion proves our result. Introducing z allowed us to
handle all the binomial coefficients together, in a single expression (1 + z)™*",

So my answer to “What is 27” is that at first it merely gives an alternative
way of specifying the distribution, but we shall be able to use g(z) in unexpected
ways to simplify arguments later. The development of Branching Processes
would be grotesquely complex if pgfs were not available.

3.3 Common Continuous Probability Spaces

The times recorded in swimming sprints at the Olympic Games are announced
to 100th of a second, but the times to 1000th of a second have been used to
split close finishes. Even so, these times are only a close approximation to the
actual times, which will be from the continuum of real numbers. The chance
the winner took ezactly the 52.004 seconds shown on the electronic clock is
zero. At best we can say the time was between 52.0035 and 52.0045 seconds.

This is the essential difference between discrete probability spaces, and the
continuous spaces we now study. The outcomes §2 will be the whole of the real
line, or perhaps the non-negative reals, or a finite interval. Every individual
outcome has zero probability, but, just as we saw in the first chapter with
the continuous uniform distribution, tiny intervals within {2 can have non-zero
probability.

In Chapter 1, we noted that for such an 2, it was enough to describe how
to find the probability associated with an interval within §2.
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Definition 3.8

Suppose f(z) is defined for z € £2, and satisfies
(@) flz) 20

(i) [o f(@)dz=1.

Then f is a probability density function, and the probability of the interval
(a,b) is [} f(z)da.

f(=)

a [/}

There is a close affinity between a density function, and the mass function
for discrete probability spaces. Instead of individual probabilities being non-
negative, the density is non-negative; and sums get replaced by integrals to
obtain the probability of an event.

Definition 3.9
Given any density function f(z), its corresponding distribution function is

F(z) = j f(u)du. The probability of the interval (a,b) is then F(b) — F(a).
—o0

Clearly, since a distribution function evaluates the probability of being not
more than z, it is an increasing function, taking the values 0 at —oo and 1 at
+00. We could have defined the distribution function for a discrete space, by a
sum rather than an integral, but distribution functions tend to be less useful in
discrete spaces. A distribution function and a density function determine each
other, the density function being the derivative of the distribution function.
Since a distribution function computes the probability of a definite event, while
a density function gives the rate of change of probability, a more nebulous
notion, a distribution function is often more convenient for theoretical work.
On the other hand, a density function is better for a quick indication of the
regions of greater or lesser probability.
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We have already met the U(a, b) distribution. Its density function is f(z) =
1/(b—a) for a < z < b, and f(x) is zero elsewhere. Its distribution function is

0 z<a
Fz)=q(z—-a)/(b—-a) a<z<b
1 z>b

How long should we wait for an a-particle to be emitted from a radioactive
source? {2 here will be the interval [0, 00), and suppose the density function is
f(z). If P(t) is the probability that we have to wait more than time ¢, then

P(t) = /t ” f(z)da. (3.2)

P(t) can also be interpreted as the probability there are no emissions before ¢,
and the idea that emissions occur at random means that the numbers in non-
overlapping time intervals are independent. Hence, for any u > 0 and v > 0,

P(u+v) = P(No emissions in (0,u + v))
= P(None in (0,u) N None in (u,u + v)).

By independence, and assuming that the distribution of the number of emis-
sions depends only on the length of the interval, not its position, this gives

P(u +v) = P(u)P(v).

Let Q(t) = In(P(t)). The last equation shows that Q(u + v) = Q(u) + Q(v)
whenever u > 0 and v > 0.

Interesting consequences tumble from this expression. First, take u =
v to see that @Q(2u) = 2Q(u), and then use this idea repeatedly to find
Q(nu) = nQ(u) for all u > 0 and positive integers n. In particular, take
u = 1/n to see that @Q(1/n) = Q(1)/n. Thus, for any positive integer m,
Q(m/n) = (m/n)Q(1). Whenever t is a positive rational number, Q(t) = tQ(1).

The definition of P shows that it is monotone decreasing, hence so is (), and
continuity considerations imply @(t) = tQ(1) for all ¢ > 0. Now P(1), being a
probability, is less than unity, so @(1) will be negative: write @(1) = —A. Then
P(t) = e*. Equation (3.2) gives f(z) = Ae™** when z > 0.

Definition 3.10

The Ezponential distribution E()\) has density Ae=*% on z > 0.
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A similar argument indicates that this density function should be a useful
model whenever we can persuade ourselves that events of interest are happening
randomly, but at some overall average rate. It has been found to give sensible
answers when modelling the times of goals in soccer matches, the arrivals of
customers in queues, births in a population, cell division, light bulbs failing,
and many more. The parameter X is interpreted as the average rate at which
these events of interest occur, so high values of A are associated with short
waiting times.

Real life seldom matches a simple mathematical model completely, we have
to be content with good approximations — the usual mathematical trade-off
between reality and tractability. A modeller would like a bank of probability
densities, whose parameters can be chosen to give a fair fit to data. Here are
two examples, each having two parameters.

Definition 3.11

Take f(z) = Kz* 'e™*® on z > 0, where K = A\*/I'(a) is chosen to ensure
[ f(z)dz = 1. This is called the Gamma distribution, with symbol I'(a, A); the
parameters o and A can take any positive values.

This Gamma distribution has been found useful in modelling the service
times of customers making transactions such as buying rail tickets, or in super-
markets. It can model quantities whose values are non-negative, and unbounded
above; the density function rises to a single peak before falling away. Taking
a = 1 shows that the Exponential distribution belongs to this family.

Definition 3.12

Take f(z) = Kz®~1(1—z)?~! over 0 < z < 1, where the constant K is given by
K =I'(a+pB)/{(a)I(B)}. This is the Beta distribution, with symbol B(c, 8);
the parameters a and S can take any positive values.

The Beta distribution can model quantities that range between zero and
unity, so the Beta family is a candidate for describing our knowledge or belief
about the value of an unknown probability. When a = 8 = 1, it reduces to
the U(0,1) density, which we would use to express complete ignorance about
a probability — any value from 0 to 1 seems just as good as any other. If
we favour values near 2/3, some B(2m,m) model could be appropriate; the
larger the value of m, the more concentrated around 2/3 would our beliefs be.
Choosing e in the range 0 < a < 1 allows us to give high weight to values of =
that are close to zero. This distribution is very flexible.
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Suppose that the quantity we wish to model lies in the finite range (a, d),
rather than (0,1). We could adapt the Beta family for use here; first, a scale
change to map the interval (0,1) to (0,b—a), then a location change by adding
a to all values.

There are many more standard continuous distributions, including the
daddy of them all, the Normal or Gaussian distribution, but we will postpone
their introduction until they arise naturally.

EXERCISES

3.7.
3.8.

3.9.

3.10.

3.11.

Find the pgfs of the G1(p), U[1, K] and NBo(r,p) distributions.

The Logarithmic distribution has been used in ecology to model how
often any particular species appears in a habitat. Its pgf is of the
form cIn(1 — gz), where ¢ is a constant and 0 < ¢ < 1. Find ¢ in
terms of the parameter g, and write down the expression for py, the
chance a species is located k times.

Suppose buses arrive at random, at average rate A, so that the time
to wait follows an Exponential distribution. Show that, conditional
on you having already waited time T, without a bus, the remaining
time you have to wait is independent of T'.

For each function f, decide whether or not there is some constant k
that makes f a density function. When such a k can be found, find
it, evaluate the probability of getting a value between 1 and 2, and
the distribution function F(z).

(a) f(z) =kzover0 <z <2

(b) f(z) = —ksin(z) over 0 < z < /2.

(c) f(z) =kcos(z) over0< z < 2.

(d) f(z) =klz|over 1<z < 1.

(In all cases, f(z) = 0 outside the indicated range.)

Assume that the proportion of commercial vehicles among users of
the Humber Bridge varies randomly from day to day, with density
f(z) = cz(1 — 7)% over 0 < z < 1, where c is a constant. Show that
¢ = 12, find the distribution function, and sketch the density and
distribution functions over —1 < z < 2.

On what fraction of days is the proportion of commercial vehicles
between 20% and 50%?
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3.12. Eleven horses enter a race. Mr C takes exactly 60 seconds to complete
the course. Each of the other ten horses, independently, takes more
than 60 seconds with probability p, or less than 60 seconds with
probability 1 — p. Give a model for Mr C’s position in the race. Find
the chances that he wins, and that he is placed (i.e. in the first three).

Find the value of p that makes all eleven horses equally likely to win.
For this value of p, find the chance Mr C is placed. Is it a surprise
that your last answer is not 3/11?

3.13. Verify that f(z) = —In(z) for 0 < z < 1 is a density function, and
sketch it. Write A = (1/4,3/4) and B = (0,1/2). Use your density
sketch to assess which is bigger, P(A) or P(A|B). Calculate both
values; check that your assessment was correct.

3.14. For both the Gamma and Beta distributions, find the value of z
that maximises the density function. When is there just one local
maximum?

3.4 Mixed Probability Spaces

Not all probability spaces fit conveniently into the category of either discrete
or continuous. Here are a few experiments where the outcomes naturally have
both a discrete and a continuous component.

o Select an adult male at random, and measure his alcohol intake over a week.
A proportion of the population will be teetotal, consuming no alcohol at all,
while the consumption of the rest will vary over a continuous range.

¢ In a clinical trial over a three-month period, the patient either dies at some
(continuous) time during those three months, or is recorded as having sur-
vived at least three months — the discrete component.

¢ A squirrel has secreted food at several locations in a tree, and either gambols
around the tree, or visits one of these locations for a feast. At any random
time, the distribution of its position in the tree will have a positive probability
attached to each store, otherwise a continuous distribution over the rest of
the tree.

® When you take your shopping trolley to the supermarket checkout, the time
you wait until you are served may be zero with probability say, 20%, otherwise
will follow some continuous distribution.
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Such examples cause no real difficulty. If the total probability of the discrete
components is p, then the density function for the outcomes in the continuoyg
part of 2 will be non-negative, and its integral over that region will be 1 —p,

However, be warned that there are probability spaces that are more complex
than discrete, continuous, or such a mixture. As an illustration, we introduce
a distribution function F based on Cantor’s singular function.

First, let F(z) = 0for z <0, and F(z) =1 for z > 1. For 0 < z < 1, define
F as follows:

(i) for 1/3 < z < 2/3, then F(z) =1/2;
(ii) for 1/9 < £ < 2/9 then F(z) = 1/4; for 7/9 < < 8/9 then F(z) = 3/4;

(iii) continue in this fashion indefinitely, using the middle third of each re-
maining interval. The next step is to take the four intervals (1/27,2/27),
(7/27,8/27), (19/27,20/27), (25/27,26/27), and let F(z) be respectively
1/8, 3/8,5/8, 7/8 on them.

The figure shows F, so far as has been explicitly described.

F(z)
1

0.5

1/3 2/3 1

If you imagine completing the sketch of F, you will appreciate that it is con-
tinuous at all points, and that it satisfies all the conditions to be a distribution
function. It is even differentiable, and its derivative is zero, in the interiors of
these intervals of lengths 1/3, 1/9, 1/27 etc., where we have defined its values.

However, in the corresponding probability space over the interval (0,1),
there is no discrete component, as no individual point has non-zero probability.
And where F is differentiable, its derivative is zero, so any density function
would have to be zero everywhere. There is no continuous component either!

Such a probability space might arise only rarely as a model for a real-
life phenomenon. But its existence is a warning against any belief that all
probability spaces can be reduced to a mixture of discrete and continuous
components, even though they are all we shall meet in this book.
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Random Variables

Sometimes, in a random experiment, the sole items of interest are the individual
outcomes and events. More often, the outcome is just the trigger for one or more
consequences, which are the real focus of attention.

One example is in playing roulette. The natural probability space for one
spin of the wheel takes the 37 outcomes 2 = {0,1,2,...,36} as equally likely.
Suppose Christine has staked two units on the 12 numbers {3,6,9,...,36} ina
single column, while Sheila has risked one unit on the three numbers {7, 8,9}
across one row. If Christine wins, she makes a profit of four units (her bet
pays out at odds of 2 : 1), Sheila’s bet has odds of 11 : 1 so she would win 11
units. Neither gambler cares particularly what the individual outcome is, all
that matters is whether or not it favours her bet. Using X and Y to denote the
changes in their fortunes, X takes the value +4 with probability 12/37 and the
value —2 with probability 256/37, while Y is +11 with probability 3/37 and —1
with probability 34/37.

X and Y are known once the result of the spin is known, but we do not
uced a list of 37 outcomes to describe their properties. X has a space with
outcomes {—2,4}, Y has a space with outcomes {—1,11}, and these simpler
spaces are all that are necessary to study either X or Y on its own. But if we
want to look at X and Y together, these separate spaces are not enough, since
both quantities rest on the same spin. The original {2 remains useful.

61
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4.1 The Definition
Definition 4.1

Given any probability space ({2, F, P), a random variable is a real-valued func-
tion X on {2 such that, for all real numbers ¢, the set {w € 2 : X(w) < ¢}
belongs to F.

Just as we generally use capital letters from the front of the alphabet to
denote events, so we will normally use capital letters near the end to denote
random variables. We shall reserve the letter Z for a random variable ha.ving
the Standard Normal distribution (see later).

A trivial example of a random variable is when X is a constant function,
taking the same value whatever the outcome. The phrase “degenerate” variable
is used in this case. It is plain that the definition is satisfied, as {w € 2 : X (w) <
t} is either the empty set, or the whole space, both of which always belong to
F.

The condition that {w € 2 : X(w) < t} belongs to F ensures that we
can always evaluate its probability, i.e. we can find the probability that X <t
for any real number {. When the probability space is discrete, that condition
is automatically satisfied, as all subsets of {2 are events in F. The condition
will never be a serious obstacle, unless you try very hard to construct exotic
functions on continuous probability spaces. You will not go far wrong if you look
on a random variable as any real-valued function determined by the outcome
of some random experiment.

In some experiments, it is the outcome itself that is of prime interest. When
2 is a list of real numbers, or an interval, then plainly the identity function,
X (w) = w, is arandom variable. In the last chapter, we introduced several prob-
ability spaces that might be models for random experiments. We use the same
names — Binomial, Poisson, Exponential etc. to denote the random variables
that are the identity functions on these spaces. (Of course, random variables
having these distributions can also arise as suitable functions on other proba-
bility spaces.)

Definition 3.9 defined a distribution function in terms of a density function.
Whatever the random variable X, its distribution function is given by F(t) =
PX<t)=Pw:X(w) <1).

If, when we conduct an experiment, we shall be interested in only one ran-
dom variable defined on it, little purpose is served by going through the two
stages of setting up the probability space, and then defining X on it. It will be
enough to describe the distribution of X directly, either as the mass function
of a discrete variable, or the density function of a continuous one. That is the
approach we shall use. It is when we look at more than one random variable,
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as in the roulette example above, that it can be useful to have explicit mention
of the probability space.

The distribution function of a random variable gives a complete description
of its properties. But the saying “You can’t see the wood for the trees” forces
its way irresistibly forward: on many occasions, we are better served by one
or more quantities that summarise important facts about the variable. One
candidate is what might be termed the middle value of X, so that X will be
pelow or above that value half the time.

Definition 4.2

Suppose X is a random variable. Then any value m such that P(X <m) > 1/2
and P(X >m) > 1/2is a median of X.

For a continuous random variable with distribution function F, we solve
the equation F(m) = 1/2. For a discrete random variable, that equation may
have no solution. For example, if X is Poiss(2.4), then P(X < 1) = 0.3084,
P(X <2) =0.5697; for no value of m is P(X < m) = 1/2, and here the unique
value m = 2 satisfies the definition of being a median. But for the discrete
U1, 6] distribution corresponding to the throw of a fair die, any real number
m with 3 < m < 4 satisfies the condition to be a median.

In a similar fashion, we could define the quartiles of a random variable,
being the three places that split the range of X into four quarters with equal
probability. The median is the second quartile, and the distance between the
first and third quartiles will give an indication of the variability of X. Other
useful summary measures will be considered below.

4.2 Discrete Random Variables
Definition 4.3

Given a discrete random variable X taking values (z1,zs,...) with respective
probabilities (p1,p2,---.), its mean or ezpected value is defined as

E(X) =) zipi
i
provided this series is absolutely convergent.

This is the mathematical definition of what is often informally described as
an gverage. Each value of X is weighted according to the theoretical frequency
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with which it will arise. If we did not insist that the series be absolutely conver.
gent, we would have to face the possibility that it is conditionally convergent,
which would lead to a major embarrassment. In any conditionally convergent
series, the order of the terms can be rearranged to make the resulting series
converge to any answer whatsoever! That would be absurd, if we wanted the
sum to describe the “average” value of X, as that average value would depend
on the arbitrary decision about the order of summing the terms.

Banning conditionally convergent series lets us escape that trap. And actu-
ally, if the series is not conditionally convergent, but diverges to either +oc0 or to
—00, this also causes no trouble, as we can write E(X) = 400, or E(X) = —o0,
without fear of misinterpretation. It is therefore convenient to extend the def-
inition to include these possibilities. The symbol p is often used to denote
E(X).

A different problem arises when the series is not conditionally convergent,
but does not diverge to +0c0 or —co either. For example, suppose Emily and
Marion takes turns to toss a fair coin, Emily first. If the first Head appears
on the nth toss, the one who obtained that Head gives the other 2™ peanuts.
From Emily’s perspective, writing losses as negative amounts, she “wins” —2,
+4, —8, +16, ... peanuts with respective probabilities 1/2, 1/4,1/8, 1/16, . ...
Formally using Definition 4.3, the “mean” number of peanuts she wins is

—2x (1/2) +4x (1/4) —8x (1/8) +---=—-1+1—=1+1—---,

a meaningless expression. We cannot simply apply E(X) = }_ z;p; without
checking that the series behaves in a friendly fashion.

Example 4.4

Suppose X has the binomial distribution Bin(n,p). Then its mean is given by

p=EX)= ka()knk_an(n_l)qunk
and since the sum reduces to (p + ¢)"~! =1, so p = E(X) = np.

This result should be no surprise. For a binomial distribution, we conduct
n Bernoulli trials, each with a probability p of Success. To find that the mean
number of Successes is np accords with intuition.

Theorem 4.5

Suppose X has pgf g(z). Then u = E(X) = ¢'(1), where g' is the derivative of
g- (If g is not differentiable at z = 1, g’(1) is taken as the limit as z 1 1.)
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Proof

Write P(X = i) = p; so that E(X) = ¥ ip; and the pgf is g(2) = ¥; pi2*,
convergent certainly for |z] < 1. A power series can be differentiated term by
term, s0 g'(z) = ¥, ipiz*~?, convergent for |2| < 1. Now let z 1 1. That useful
analytical result known as Abel’s Lemma allows us to interchange sum and
limit to obtain g'(1) = 3 ip;, proving the result. a

As an illustration, we know that the pgf of the standard binomial distri-
bution is (pz + ¢)". Differentiate, put 2 = 1, and quickly confirm the result
p = np. Similarly, since a Poiss(A) distribution has pgf exp(A(z — 1)), the same
procedure shows that E(X ) = A. The parameter of a Poisson distribution is
interpreted as its mean.

Where the pgf does not simplify, using Theorem 4.5 seldom helps, and we
use Definition 4.3 directly. The mean outcome of Christine’s roulette bet is
E(X) = —2x(25/37) + 4 x (12/37) = —2/37, and Sheila’s mean winnings are
E(Y)=—-1x(34/37) + 11 x (3/37) = —1/3T7.

As well as evaluating the mean value of X, we might be interested in some
function of X, and in the mean of that function.

Definition 4.6

Using the notation of Definition 4.3, let h(X) be some function of X. Then the
expected value of h(X) is given by

E(h(X)) =Y h(zi)pi,
i
with the same convention about the absolute convergence of the series.

The very assiduous reader will have spotted a potential problem. We could
use this last definition to find E(h{X)), but we might equally have started with
Y = h(X) as the random variable of interest, and used Definition 4.3. The next
result assures us that the two routes lead to the same answer.

Theorem 4.7 (Law of the Unconscious Statistician)

Let X be a discrete random variable on the probability space ({2, F, P), and
suppose Y = Rh(X) is also a random variable. Then using Definition 4.3 for
E(Y) leads to the same answer as using Definition 4.6 for E(h(X)), provided
both E(h(X)) and E(Y) are well-defined.
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Proof

We collect together like terms. For any value z; taken by X, write K; = {w
X (w) = z;}. For any value y; taken by Y’ = h(X), write L; = {i : h(z;) = ;).
Then {w:Y(w) =y;} = UieL,- K;. Using Definition 4.3,

EY)= Zy,-P(w Y(w) =) =) v 3 P(K)).

j i€eL;

Since P(K;) = P(X = w;), rearranging the order of summation leads to
E(Y) =3 P(X = z;)h(z;), which proves the theorem. O

Suppose X has a well-defined mean, that P(X = ;) = p;, and that a, b are
constants. Then

E(aX +b) = Z(axi +b)p; = az:z:,-p,- + bzpi =aFE(X)+b.

To illustrate this, suppose Trixie stumbles into the wrong examination room,
and finds herself facing a multi-choice exam with 25 questions, each with four
possible answers. In each case, just one answer is correct. Trixie ought to walk
out, but to cover her embarrassment, she stays and makes a random guess at
each question. A correct answer scores five marks, an incorrect answer leads to
a one-mark penalty. What is Trixie’s mean score?

Let X denote the number of correct answers. Then there are 25 — X wrong
answers, so her total score will be 5X + (—1)(25 — X) = 6X — 25. We take X
plausibly to have a Bin(25, 1/4) distribution, and our earlier result shows that
E(X) = 25/4. Thus her mean score is E(6X — 25) =6 x 25/4 — 25 = 12.5.

The mean p of X is often the single most important quantity. Like the
median, it gives some idea of a middle, perhaps a typical, value. But we are
often very interested in the variability of X. One possible approach would be
to calculate E(]X — p|), but this is awkward to deal with in mathematical
manipulations. More convenient is to use the following notion.

Definition 4.8

If X has finite mean p, its variance, commonly denoted by o2, is defined as
Var(X) = E((X — p)?).

Since a variance is the mean value of the non-negative quantity (X — u)?, it
cannot be negative. And if X is measured in feet, its variance is in square feet.
It is thus natural to take the square root of a variance, thereby obtaining the
so-called standard deviation (s.d.) of X, which is measured in the same units
as X.
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Note that
E(X - w?) = E(X? - 2uX + p*) = E(X?) - 2% + p® = E(X?) — *.

This gives an alternative, often easier, way of calculating a variance.
The knowledge that E(aX + b) = au + b shows that

Var(aX + b) = E((aX + b — ap — b)?) = E(a*(X — p)?) = a®Var(X).

Adding the constant b has made no difference to the variance ~ which makes
sense if variance is to measure variability.

Theorem 4.9
Suppose X has pgf g(z) and a finite mean. Then Var(X) = ¢"(1)+¢'(1)—g'(1)2.

Proof

Consider the meaning of the expression E(z%X). Since zX takes the value z°
when X = i, we see that

E(xX) =) piz* = g(2),
the pgf. Differentiate to obtain
g () =E(XzX"1) and g¢"(2) = B(X(X -1)zX72),

Hence g"'(1) = E(X? — X); we know from previous work that ¢'(1) = E(X),
s0 g"(1) + ¢'(1) = E(X?). The result follows. a

For example, in the binomial distribution we have ¢'(z) = np(pz+¢)™~!, so
g"(1) = n(n — 1)p? and the variance is 6% = n(n — 1)p? + np — n?p? = npq. For
the Poisson distribution, you should verify that the variance, like the mean,
evaluates to A.

Example 4.10 (A Fair Game?)

How much would you pay to play the following game? There is a sequence of
Bernoulli trials, whose probability of Success is p, with 0 < p < 1. You are
given a prize of £X, where

1. if the first trial is S, then X is the length of the first run of F's;
2. if the first trial is F, then X is the length of the first run of Ss.
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So, for instance, X = 4 if the sequence begins SSFFFFSFS....

To judge how much it is worth paying, we work out E(X). To find the
distribution of X, let A = First trial is S. When A occurs, ignore the initig]
run of Ss, and start counting from the first . Then X = k means that there
are exactly k — 1 F's after this first one, and the chance of this is ¢*~!p, the
Geometric distribution. Hence

P((X =k)NA) = P(X =k|A)P(A) = ¢* 'pp=pq*".
Similarly, we find P((X = k) N A®), and then
P(X =k) = P((X = k)N A) + P((X = k) N A°) = p?¢*~! + ¢?p* 1.
The pgf of X is

9(2) = Z( Pt g?pt )b = p ZZ (¢2)* ! +4° ZZ(pZ)" !
k=1 k=1 k=1
which shows that g(z) = p?z/(1—qz)+¢%z/(1—pz). Thus ¢'(z) = p*/(1—qz)+
p2gz/(1 - g2)% + ¢®/(1 — p2) + ¢*pz/(1 — pz)?. By Theorem 4.5, E(X) = g'(1)
evaluates as 2, whatever the value of p! You do not need to know the chance of
Success to compute the fair entrance fee. A fee of £2 leads to a fair game, in
the sense that your mean reward exactly balances the cost of one play.

The variance of X is found in a similar way using Theorem 4.9. You should
check that the expression simplifies to 2/(pg) — 6. Plainly, this is minimised,
with value 2, when the chances of Success and Failure are equal. The variability
of your winnings does depend on p.

Example 4.11 (Random Equivalence Relations)

The algebraic notion of an equivalence relation on a set S splits its members
into disjoint blocks, or equivalence classes. For example, if S = {a, b, ¢}, there
are just five distinct equivalence relations on it: {a, b, c}; {a, b}, {c}; {a,c}, {b};
{b,c}, {a}; and {a},{b},{c}. Given a set S with n members, if one of the
possible equivalence relations is selected at random, all equally likely, what can
be said about the number of equivalence classes?

Write S(n, k) as the number of equivalence relations with exactly k non-
empty classes. The listing above shows that S(3,1) = 1, S(3,2) = 3 and
S(8,3) = 1. It is plainly easy to count up S(n,k) when n is small, and for
larger values we can use the recurrence relation

S(n+1,k) = kS(n, k) + S(n, k — 1). (4.1)

To prove this formula, suppose we wish to split n + 1 objects into exactly k
subsets. Either the first n objects are already split among k non-empty sets,
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in which case there are k choices for the last object, or the first n objects are
divided among k — 1 non-empty sets, and the last object then forms the final
gubset. The S(n, k) are called the Stirling numbers of the Second Kind. A table
of their early values is

n/k|1 2 3 4 5
11

21 1
3[1 3 1
4l 7 6 1
501 15 25 10 1

Summing along the rows gives the Bell numbers By =1,B; =2,B3 =5,B4 =
15,Bs = 52,.... By is the total number of equivalence relations on a set of n
objects, and it is conventional to write Bp = 1.

Given n, let X denote the number of equivalence classes when one of the
equivalence relations is selected at random. Then P(X = k) = S(n, k)/By, and
so E(X) = X, kS(n, k)/Byn. By Equation (4.1), which holds even when k > n,

> kS(n,k) = S S(n+1,k) =Y S(n,k—1) = Bpyy — By,
k k k

and so E(X) = Bpy1/Bp — 1.
To find the variance, multiply Equation (4.1) by k and sum, so that

> K*S(n,k) =) kS(n+1,k) = > kS(n,k—1) = Bpyz — 2Bna.
k k k

Hence E(X?) = (Bnpt2 — 2Bnt+1)/Bp, from which Var(X) = Bpys/Bn —
(Bnt1/Bn)? - 1.

To compute this mean and variance, we need an efficient way to find the
Bell numbers. We can show that

Bpt1 = Z (Z) B,.

k=0

For, take the first n items in a collection of size n + 1: there are (Z) ways to
select k£ of these, and then there are By ways to partition these k items. Add
the {(n + 1)th item to the other n — k to form the final block in the partition.
It is easy to see that all partitions obtained in this fashion are different, and
that every partition of n + 1 items arises somewhere in this process. The right
side of our formula counts all B, partitions according to this description.
Exercise 4.9 shows a generating function for these Bell numbers.
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One way to explore the properties of a random variable is through simy,.
tion. It is quite standard for a computer to have been programmed to generat,
a series of values that can be treated as coming from the continuous U(Q, 1)
distribution, so we assume we can call up those values at will. Let X be a dig.
crete random variable, taking the values 0,1, 2, ... with respective probabilitieg
Po,P1,P2- - -

Define {g,.} to be the partial sums of these probabilities, i.e. go = po, g, =
po+p1, g2 = po +p1 + p2 and so on. (These {gn} are all values taken by
the distribution function of X.) Given any value u from a U(0, 1) distribution,
there will be a unique value of n such that g,—; < u < ¢, (taking g~; as 0 by
convention). The desired value of X is then this value of n. Exercise 4.10 agkg
you to verify that this procedure does what we desire.

For some of the discrete distributions we have looked at, there are ways of
taking advantage of how they arise to simulate values in a more efficient manner,
But to see this algorithm in practice, suppose X takes the values 0, 1,4 with
respective probabilities 1/2,1/3,1/6. Then g0 = 1/2, 1 = 5/6 = g2 = ¢,
and g, = 1 for n > 4. If u, the value of the U(0, 1) variable, is in the range
(0,1/2), we have g1 = 0 < u < go = 1/2, so the value generated is X = 0. For
1/2 < u < 5/6, correspondingly ¢go < u < ¢1, so X = 1; and if u > 5/6, then
g3 < u < g4, s0 X = 4. It is clear that X has the distribution described.

EXERCISES

4.1. Use pgfs to find the mean and variance of the Geometric Go(p) and
G1(p) distributions, and also for the Negative Binomial NB,(r,p)
distribution.

4.2. Find the mean and variance of the U[l, K] distribution, without
using pgfs.

4.3. Let X have the hypergeometric distribution defined in expression
(3.1). Show that

Mn MNn(M + N —n)

EX) =g Vo =arenvearsv-1

(a) Check that these values converge to the corresponding values for
the binomial distribution, as M,N — oo with M/(M + N) =p
kept constant. (Recall Exercise 3.1.)

(b) Deduce the mean and variance of the number of winning numbers
on a single ticket in a 6/49 Lottery.
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4.4.

4.5.

4.6.

4.7.

4.8.

4.9.

4.10.

Suppose X takes values among the non-negative integers only. Show
that E(X) = }_,5; P(X 2 n).

Let X have a Poiss(\) distribution. Find the mean value of 1/(1+ X).
Repeat the calculation when X has the Bin(n,p) distribution.

You buy 100 used computer monitors for a lump sum of £1500. Your
basis is that, on past history, 60% will be serviced at essentially zero
cost, and sold for £40 each, while the rest can be sold at £5 each
for their components.

Model X, the number of monitors that can be serviced and sold.
Write down your net profit, in terms of X. Hence deduce the mean
and standard deviation of your net profit.

In order to test a vaccine, we have to find patients with a certain
blood type, that is found in 20% of the population. Model W, the
number of people sampled until we have found one with this blood
type, X, the number sampled to find four with the blood type, and
Y, the number with this blood type among 20 people. Find the
means and standard deviations of W, X and Y.

It is desired to estimate 8, the mean number of a strain of bacteria
per ml of a sample of seawater. 100 tubes, each holding 20 ml of
seawater have a test agent added: the water will remain clear if
there are no bacteria, but turn cloudy if there are any bacteria at
all. Assuming the number of bacteria in a sample follows a Poisson
distribution, estimate  from the information that 30 tubes turned
cloudy.

Given the recurrence relation
. In
By = Z (k) B;,
£=0

with By = 1, show that

[eo)

B n
Z 'T': = exp(e® — 1).

n=0

Prove that the algorithm described immediately prior to these exer-
cises does indeed generate values having the distribution of X.
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4.3 Continuous Random Variables

Sums in discrete mathematics generally correspond to integrals in continy.
ous mathematics, and dealing with random variables conforms to this rule. A
continuous random variable X is one with a density function f(z), and itg
properties can also be found from its distribution function F(z) = f_ f(t)dt.

Definition 4.12

Given a continuous random variable X, its expected value, or mean is p =
E(X) = f zf(z)dz, prov1ded that f lz|f(x)dz < co. When p is finite,
the variance of X is given by 02 = E((X — p)?) = [ (z — p)?f(z)dz.

The condition on the integral of |z| is there for the same reason as in Def-
inition 4.3 for a discrete distribution, to ensure the integral of zf(z) can be
evaluated without ambiguity. Just as in the discrete case, we could (and we will)
extend this definition to other cases where there is no mathematical difficulty.

0 (o]
For instance, if | [ :vf(:v)d:v} < oo and [ zf(z)dz = oo, then E(X) = oo, as
—o0 0

[oe]
J zf(z)dz = oo under any reasonable interpretation.
-0
The argument showing the alternative calculation

0.2 — E(X2) _u2

remains valid, and we can adapt the argument given for discrete variables to
show we can continue to use

E(aX +b) =aE(X) +b.

Similarly, we define

Eh(X) = [ ha)f(z)dz,

-0
provided that [ _|h(z)|f(z)dz < oc.

Whenever X is a random variable, and h(z) is a reasonably well-behaved
function, then Y = h(X) will also be a random variable. The most systematic
way to find the density function g(y) of Y is via its distribution function, G (y).
We have

G(y) = P(Y <y) = P(h(X) < y).

The next step is to turn the statement “hA(X) < y” into a statement of the
form “X € A(y)”, for the appropriate set A(y). When h is either strictly
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increasing or strictly decreasing — which is often the case - life is simple. The
event “h(X) <y” is written X < h~1(y), or as X > h~!(y), according as h is
increasing or decreasing. Hence we have

Gly) = F(h~1(y)) if h is increasing;
v 1—F(h~(y)) if his decreasing.

We now differentiate, and find the formula g(y) = f(h™(9))| 4 (A~ (¥)], for
all possible values y of Y.

I have deliberately chosen not to display this last formula as a theorem,
useful though it can be. Experience tells me that too many students will seek
to apply the formula, without checking the vital condition that the function
h is monotone. I strongly recommend that you do not commit the formula
to memory, and if you need to perform the calculation, then work from first
principles, using the distribution function of Y as described.

For example, suppose X has a U(-1,2) distribution, so that its density
is 1/3 over the interval from —1 to +2, and we seek the density of Y = X 2,
Plainly, 0 < Y < 4, so suppose y is in that range. Following the notation
above, G(y) = P(Y <y) = P(X2 <y). For 0 <y < 1, X? < y corresponds
to —/¥ < X < /¥, and this event has probability 2,/7/3. For 1 < y < 4,
X2 < y whenever X < /y, which has probability (/¥ + 1)/3. Having found
the distribution function of Y, we now differentiate to obtain the density

_J1/38yy) O0<y<1
g(y)"{ 1/(6yy) 1<y<4.

Theorem 4.13 (Probability Integral Transform)

Suppose X has a continuous distribution with distribution function F. Then
Y = F(X) has the U(0,1) distribution.

Proof

Since a distribution function only takes values in the range from zero to unity,
suppose 0 < y < 1. We have

G(y) = P(Y <y) = P(F(X) < ).

Now F is an increasing function, so the event F(X) < y corresponds to
the event X < F~1(y), with one caveat: it is possible that F is not strictly
monotone, so there may be intervals (a,b) with @ < b and F(a) = F(b); in
these circumstances, we shall take F~1(y) as the largest possible value, i.e.
sup{z : F(z) < y}.



74 Probability Modelg

Now F~! is well-defined, so for all 0 <y £ 1,
Gy)=PX<F'(y)=FF '(y) =y

which is indeed the distribution function of a U(0, 1) variable. 0

If X has a discrete component, this result cannot hold, as there will be
values in the interval (0,1) that F' cannot take. But for continuous variables,
this result suggests a way of using a computer to generate values from that
distribution. We assume, as earlier, that the computer has been satisfactorily
programmed to generate values from the U(0, 1) distribution.

Let F be the distribution function for the variable of interest. Given some
value y from the U(0,1) distribution, solve the equation F(z) = y to obtain
the value of z, using the convention in the proof of Theorem 4.13 in case of
ambiguity. The theorem ensures that z has the desired properties.

For example, suppose we wish to simulate from the E()) distribution. Here
F(z) = 1 — exp(—Az) on = > 0, so the solution of F(z) = y comes from

1 —exp(—Az) = ¥, i.e. z = — In(1 — y). We can make a small simplification
in this recipe: it is clear that the value of 1 — y is also U(0,1) so the formula
T = —% In(y) will also give a value with the correct statistical properties.

In Exercise 3.9, we saw that if X, the time to wait for a bus, had an
exponential distribution, then even if we have already waited for time T', the
residual waiting time still has the original distribution of X. This is referred to
as the memoryless property of the exponential distribution. It would be very
annoying if real buses routinely behaved in this fashion, but this particular
property makes calculations in some models much easier. We will now establish
that the exponential distribution is the only continuous distribution with this
property.

Write G(z) = P(X > z). Then, for s > 0 and ¢ > 0,

PX>s+tX >t) =P(X >s+tNX > t)/P(X > t) = G(s +1)/G(D).

If X has the memoryless property, P(X > s+t | X >t) = P(X > s), and so
G(s +t)/G(t) = G(s), i.e.

G(s +1t) = G(s)G(t).

We have met this before. In Chapter 3, when modelling the time to wait for the
emission of an a-particle, we established the equation P(u + v) = P(u)P(v),
and showed that the only monotone solution was of the form P(t) = exp(—At).
Thus G(t) = exp(—At) for some A > 0, and X has an Exponential distribution.
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EXERCISES

4.11.

4.12,

4.13.

4.14.

4.15.

4.16.

4.17.

4.18.

4.19.

Show that, if X has a U(0,1) distribution, its mean is 1/2 and its
variance is 1/12.

Let Y = a + (b — a)X where a,b are constants, a < b. What is the
distribution of Y? What are its mean and variance?

Suppose X has the Exponential distribution E(}), i.e. its density is
Aexp(—Az) on z > 0. Show that its mean and s.d. are both 1/,

For what value of ¢ is f(z) = ¢/z® for z > 1 a density function?
Show that, if X has this density, then E(X) = 2, but Var(X) = oo.

Suppose X has the Exponential distribution E()). Find the density
functions of Y =aX (¢ >0), W =X%2and V = |X —1|.

Suppose X has density f(z) = exp(—|z])/2 for —oo < z < 0. Find
its mean and variance. (This is known as the Laplace or the double
ezponential distribution.) What is the density of | X|?

X has density function z/2 for 0 < z < 2. Sketch its density and
distribution functions. Give a formula for simulating values of X,
given a supply of U(0,1) values.

Find the distribution function, and hence the density function, of
each of 2X, In(X), 1/X and (X — 1)2.

X has the U(—n/2,n/2) distribution, and ¥ = tan(X). Show that
Y has density 1/(7(1 + y2)) for —0o < y < oo. (This is the Cauchy
density function.) What can be said about the mean and variance

of Y? How could you simulate values from this distribution, given a
supply of U(0,1) values?

Show that E(X) = f;° P(X > z)dz when X > 0 is continuous.
(Compare Exercise 4.4.)

Find the mean and variance of random variables having the Gamma
and Beta distributions, described in Definitions 3.11 and 3.12.

4.4 Jointly Distributed Random Variables

We began this chapter by looking at two random variables, X and Y, the
changes in the fortunes of two players determined by the same spin of a roulette
wheel. Denote the change in fortune of a third player, who bets one unit on the
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single number 6, by W. Then W = —1 with probability 36/37, and W = 435
with probability 1/37. If we knew that W = 35, we could be certain the outcome
had been 6, and hence that X = +4 and Y = —1. In the intuitive meaning of
the words, these three random variables are not independent.

To look at the joint properties of several random variables, they must all be
defined on the same probability space. The notion of independence of randop,
variables is that any information about some of them should give no clueg
whatsoever to any of the others. That strong requirement is expressed formally
as follows.

Definition 4.14

Let (X4) be an indexed collection of random variables, all defined on the same
probability space. If, for every finite collection real numbers {tl,tz,...,tm},
and choice of { X1/, Xor,..., X'}, the events {X1r < t1},...,{Xm' <t} are
independent, then {X,} are independent.

It is easy to see that even the two original random variables X and Y
in the roulette example are not independent. There are 23 outcomes which
lead to both players losing, so P(X < —-2NnY < —-1) = 23/37, whereas
P(X < -2)P(Y < —1) = (25/37) x (34/37), which is plainly different. Just
as with independence of events in general, we shall only rarely need to check
this definition when considering independence of random variables. Usually, the
random variables will have been set up to be independent, or to be dependent
in a particular way.

Example 4.15

Suppose the number of telephone calls, X, made to an insurance company
follows a Poiss(A) distribution, and any call is about houses with probability p.
What is the distribution of Y, the number of calls made about house insurance?
We assume the subjects of calls are independent. Then, when X = m, the
distribution of Y is Bin(m,p). The joint distribution of X and Y is given by

m e ™
P(X=m,Y =n)=P(Y =n|X =m)P(X =m) = (n)p"q"‘_" oy
which simplifies to e=*(Ap)™(Ag)™~"/(n!(m — n)!).
The different values of X form a partition, so
P(Y=n)= ZP(X m,Y =n) =e*(\p)"/n! Z Qg®
(m—n)l’

m>n
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The sum is just e*, and so the whole expression simplifies to e=*?(Ap)*/nl. Y
has @ Poiss(\p) distribution.

Should we have guessed this answer? Recall that the Poisson distribution
has been offered as a model when events happen at random, at some overall
average rate. It is plausible that telephone calls to the company fit this model,
and the value of X is the average number of calls during the period. But calls
specifically about house insurance will similarly arrive at random, so their dis-
yribution is expected to be Poisson. If p is the proportion of calls about houses,
the average number of calls on that topic will be Ap. A Poiss(\p) distribution
i very plausible.

With several discrete random variables, their joint mass function describes
their properties via a list of the possible sets of values, with the corresponding
probabilities, just as in this example with two variables. To find the mass
function of one of the variables, we use Theorem 2.5, noting that the different
values of the other variables define a partition of the space. Because of the
way a mass function is found from the joint distribution, the term marginal
distribution is often used, but the word “marginal” is superfluous.

When we have a collection of continuous random variables, their properties
are found from either their joint distribution function, or their joint density
function.

Definition 4.16

Given random variables X, Xa,..., X, on the same probability space, their
joint distribution function is defined by

F(Il)l,...,.’l)n) = P({w:XI(w)Szl)"',Xﬂ(w)Szﬂ})
= P(Xlszl)*")XnSzn)'

If there is a function f such that

1 Tn
F(a:l,...,:zrn)z/ / fluy,...,up)duy, ... dug,
—o0 —o0

then f is their joint density function.

Corollary 4.17

If Xi,...,X, are independent, and have respective densities fi,..., fn, then
their joint density is the product of the individual densities.
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Proof

By the definition of independence of random variables,
F(z1,...,2a) = P(Xi <z1)- P(Xy < 2y)
L 31 Ty
= / fi(ur)du, - / Fn(un)duy,.
—00 —00

Now differentiation with respect to each of z;,...,z, establishes the desired
formula. O

If X,Y are continuous, suppose the region R in which the point (z,y) falls
is not the whole plane. It is then easy to see that it is impossible for X and
Y to be independent if the boundary of R has any component that is not
parallel to either of the coordinate axes — a useful sufficient condition for non-
independence.

We use joint distribution functions and joint densities to find probabilities
in exactly the same way as with just one variable. For a pair (X,Y) with joint
density f(z,y), and R a two-dimensional region, the probability that (X,Y)
falls within R is [[, f(z,y)dzdy.

Example 4.18 (Buffon’s Needle)

Parallel lines are ruled on a flat board, unit distance apart. A needle of length
L, where L < 1, is spun and dropped at random on the board. What is the
probability that it intersects one of the lines?

Our model of randomness means that the distance of the centre of the
needle from the nearest line, Y, has a U(0, 1/2) distribution. Independently, the
orientation X of the needle with the parallel lines has a U(0, ) distribution.
Thus the joint density of (X,Y) is f(z,y) = 2/m over the rectangle 0 < z < =
and 0 <y <1/2.

The needle will cross the line provided the angle X is steep enough, i.e. if
a < X <7 — a where sin(a) = 2Y/L.

L)2
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Expressing this condition directly in terms of X and Y, we require that
y < (L/2)sin(X). The probability that the needle crosses the line is the integral
of the density function over this region, i.e.

n  p(L/2)sin(z) w
/ / (2/m)dydz = (L/7) / sin(z)ds = 2L /.
1] 1] 1]

If you conduct this experiment 1000 times, and the needle crosses the line
K times, then the ratio K//1000 should be close to 2L/m. Thus 2000L/K is a
rather convoluted “estimate” of the value of .

The densities of the individual variables are easily deduced from the joint
density. As usual, we work through distribution functions, and we will sim-
plify the notation by taking just two variables, X and Y with joint density
f(z,y). Here P(X < z) = f;oo I3, f(u,v)dvdu. Differentiate the right side
with respect to z to obtain [ f(z,v)dv, so that

fx@ = [ s

gives the so-called marginal density fx of X. Informally, to obtain the density
of any individual component, integrate out the unwanted components over the
full range of integration — just as, in the discrete case, we sum over the values
of the unwanted variables.

One way of keeping a check on your health is to watch your weight. There
is no absolute ideal range for your weight, it depends on your build and, in
particular, on your height. Suppose X is your weight in kg, and Y is your
height in cm. For any specified value of Y, a dietician would be able to describe
the corresponding density function for X that would represent the standard
variability expected in people of normal health. The notation f(z|y) seems a
natural choice to indicate the density of X, conditional upon Y = y. Here a
problem arises: height is a continuous variable, so whatever the value of y, the
event Y = y has zero probability, and conditioning on events of zero probability
is not yet defined.

The way forward is to take an interval (y — h/2,y + h/2) around the value
y, for some tiny value h. There will be non-zero probability that Y falls in
that interval, and wherever in the interval it does fall, we would expect the
ideal weight distribution hardly to change. The distribution of X, conditional
ony—h/2<Y <y+ h/2, can be specified.

Let f(z,y) be the joint density of X and Y, and let fy{(y) be the density
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of Y alone. Then

PX<zNy—h/2<Y <y+h/7)
Ply—h/2<Y <y+h/2)
I ”j,f/j f(u, v)dvdu
SN2 fy (v)d
Provided that fy is reasonably smooth, we can write the last denominator a4

hfy (y) + O(h?). Then, differentiating with respect to z, the right side becomeg

S f(z,v)dv/(hfy () + O(h)) = (f(z,9) + O(W)/(fr (v) + O()), having
cancelled a common factor h. (See Appendix 9.3D for the O-notation.) Let
h — 0; this motivates:

PX<zly-h/2<Y <y+h/2) =

Definition 4.19

Given X and Y with joint density f(z,y), and Y having density fy(y), the
conditional density of X, given Y =y is f(zly) = f(z,y)/ fr (v).

As an immediate corollary, we have

f(z,y) = fr () f(=zly)

for the joint density, useful when we know the distribution of one variable, and
how the distribution of another depends on it.

For example, suppose we have a stick of unit length which we break at a
random point; we then take the larger of the two pieces, and break that piece
at a randomly chosen point. What is the probability the three pieces can form
a triangle?

This problem is similar to that in Example 1.12, the difference being in the
way the two points to break the stick are chosen. Before we solve it, think about
how the two answers are likely to differ. Here we have deliberately selected the
larger piece for the second break, which looks as though it should lead to an
increased chance for a triangle.

Let Y denote the position of the first break, and X that of the second. Then
YisU(0,1);if Y =y < 1/2, then X has the U(y, 1) distribution, whereas when
Y =y > 1/2, X has the U(0,y) distribution. Thus the joint density is

_[1/1-y) 0<y<1/2 y<z<1
f(:c,y)—{ 1/ly 1/2<y<1l 0<z<y

and f(z,y) is zero elsewhere. The shaded area in Figure 1.2 still represents the
region where a triangle can be formed; and so the probability P we seek comes
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{rom integrating f(z,y) over that region. Hence

1/2 py+1/2 1 r1/2 4
P = / / d:z:dy+ / / —dzdy
1 1/2Jy—1/2 Y

1/2 1 4
/ gy +/ Lt FY
o 1-y 172 Y

2In(2) — 1 = 0.3863

which is indeed higher than our previous answer, 1/4, as we anticipated.

If X has density f(z), we might be interested in X only when its values lie
in a certain range. Let Y = X|a < X < b; we seek the density of Y. Qutside
the interval (a,b), the density is zero, so suppose a < y < b, and write

P(X<yna<X<b) _F(y) - F(a)
F(b) — F(a) ~ F(b) - F(a)’
Differentiating, we see that Y has density
I 1¢)

Thus the density of Y is found by restricting to the interval (a,b), and
scaling up the original density of X to make the total area under that curve
equal to unity.

Gly)=P(Y <y =

when a <y <b.

Theorem 4.20

Suppose X and Y are independent random variables with respective densities
f and g. Their sum X + Y has density h, where

mg:fffumu—nu. (4.2)

Proof

We follow the advice to work through distribution functions. Since X and Y
are independent, their joint density is the product of f and g, so X +Y has
distribution function

H()=P(X+Y <t) = / / . J@owysdy.

The double integral can be written as a repeated integral, so that

t—zx
H(t) = / f(z)dz / o(y)dy = / f(2)G(t - z)d,
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where G is the distribution function. Now differentiate with respect to t; the
formula is proved. O

Equation (4.2) is known as the convolution of the two functions f and g.
Take care to get the limits of integration correct, as any formula for f or g may
apply to only part of the real line, with the density zero elsewhere. Take the
case when X and Y are each U(0,1). Then since f(z) = 1only when0 <z <1,
we have h(t) = fo g(t — z)dz.

When t < 1, this becomes h(t) = fot ldz = t, but for 1 < t < 2 we obtain
h(t) = ftl_l 1dz = 2 — t. The density of X + Y has the triangular shape

h(t)
1

0 2

Suppose we have a sequence (X;) of independent random variables, all with
the Exponential distribution E()). Write S, = X; + X2+ - - -+ X, and suppose
Sn has density fn(t), clearly non-zero when t > 0. We know that S; = X, has
density fi(t) = Aexp(—At). We will prove, by induction, that

( !

for n > 1. For the inductive step, use Equation (4.2) to obtain

fa(t) = s exp(—\t)

t /\nzn—l

(o o]
fon® = [ @it - 2o = [ e re N,
—00 (1] (n - 1)'
which quickly simplifies to what is required. You will recognise f,, as the density
of a Gamma variable.

This result allows us to show the close affinity between the Poisson and
Exponential distributions, and to justify the assertion that the Poisson should
be a good model for processes such as the number of radioactive particles emit-
ted in a period. Suppose in the interval (0, t), the number emitted is N(t), and
the time intervals between emissions are independent, all with this Exponential
distribution. Then (crafty little observation)

N(t)>n & Sa <t,

and
P(Nt)=n)=P(N(@) >n)—P(N(t) >n+1).
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Hence
t
P(N(t) =n) = P(Sp <t) — P(Spy1 <t) = /0 (fa(w) = fas1(u))du.

But using the expression we have found for f,{i(u) and integrating it once by
parts, this last integral collapses to (At)"e™*/n!.

This shows that N(t), the number of emissions in a period of length t,
has a Poiss(At) distribution. So long as we can convince ourselves that the
events of interest — misprints, earthquakes, meeting celebrities in the street —
are happening at random, at some overall average rate, the number that occur
in a time interval should plausibly have a Poisson distribution.

Although I counselled against memorising any formula for the density of
Y = h(X) in terms of the density function of X, I concede that the corre-
sponding formula for the transformation of a pair of variables X,Y into the
pair U,V is worth having. But do not forget to check that the transformation
is invertible.

Theorem 4.21

Suppose X and Y have joint density f(z,y), and that U = u(X,Y), V =
v(X,Y) is some one-one transform, i.e. there is an inverse X = z(U,V), Y =
y(U, V).

Then the joint density of (U, V) is g(u,v) = f(z(u,v),y(u,v)).J(u,v), where
the Jacobian J is the absolute value of the determinant

8z 9z
8u v
9y oy
du Bv

Proof
By definition, for any event A,
P((U,V) e A) = // g(u,v)dudv.
A

Whatever the event A, since the transformation is invertible, the event (U, V) €
A will correspond to (X,Y) € B for some well-defined region B. So

//A g(u,v)dudv = //B f(z,y)dzdy;

in the right side of this equation, make the change of variables from (z,y) to
(u,v). This leads to

//A g(u,v)dudv = //A f(z(u,v),y(u,v)).J (v, v)dudv.
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As this holds for all events A, the two integrands are equal ~ the formula we
have claimed. 0O

To illustrate this, suppose X and Y are independent, each having the Expo.
nential distribution E()). They might represent the times to wait for two buses,
Write U = X +Y and V = X/Y, the sum and the ratio of these quantities,
In the notation of the theorem, f(z,y) = A2 exp(—A(z + y)) on the positive
quadrant z > 0, y > 0. Further, since = vy, then u = y(1 + v), and we have
the inverse transformations

u o w
1+ T 1ve

y:

The determinant in the expression for the Jacobian is

v

u
T+v  (1+v)2

1 —u
1+v  (1Fv)2

_ —uv u _ —Uu
TA+v)? (1408 (1+0)?

so J = u/(1+ v)2. In terms of u and v, f(z,y) is A% exp(—Au), so g(u,v) =
A2y exp(—Au)/(1 +v)? over 0 < u, 0 < v.

To find the density of either U or V on its own, we integrate out the other
variable. Thus the density of U is

/0- g(u,v)dv = M uexp(— /\u)/ a +v)2

This last integral is easily calculated to be unity, so U has density A?u exp(—Au)
on u > 0. Similarly, the density of V is 1/(1 + v)? on v > 0, which means that
U and V are independent, as their joint density is just the product of their
individual densities.

Intuition suggests that, in general, information about the sum of two ran-
dom variables should give some sort of clue about their ratio. But we have
seen that this is false in this example: U and V are independent. This is a
consequence of the particular choice of the Exponential distribution for X and
Y.

We have offered the distribution E()) as appropriate for the waiting time
for emissions of radioactive particles from a nuclear source. Label the current
time as zero, let X be the time to wait for the next emission, and let Y be the
time since the last one. Then X and Y will both have E(}) distributions, and
X + Y is the time between two successive emissions. But E(X + Y) = 2/,
which seems inconsistent with our belief that the mean time between emissions
is 1/A. Something seems to have gone wrong!

The explanation is that we are not comparing like with like. The diagram
shows the times of emissions as *:
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