
 
 
 

 

murman kublaSvili, zurab kapanaZe 

 

 
 
 
 
 

ricxviTi meTodebi 

 

 
 
 

 

 

 

 

 

 

 

 

 

@`teqnikuri universiteti”@ 



saqarTvelos teqnikuri universiteti 

 
 

 

m. kublaSvili, z. kapanaZe 
 
 
 

 

ricxviTi meTodebi 

 

 

 
 

registrirebulia stu-s  

saredaqcio-sagamomcemlo  

sabWos mier 

 

 

 

 
 

 

 

 
 

 

 

 

Tbilisi 

2009 



 

 

 

damxmare saxelmZRvanelo gankuTvnilia umaRlesi teqnikuri saswavleblis stu-

dentebisaTvis. igi moicavs wrfivi algebris amocanebis, diferencialuri gantolebebis 

Semcveli sasazRvro amocanebis, arawrfiv gantolebaTa sistemebis, koSis amocanis 

ricxviT amoxsnebsa da funqciaTa miaxloebiTi integrebis Teorias.  

 

 

 

recezenti saqarTvelos mecnierebaTa akademiis  

n. musxeliSvilis gamoTvliTi maTematikis 

institutis analizis ganyofilebis gamge 

fiz.-maTematikis mecnierebaTa doqtori 

profesori  jemal sanikiZe 

 

 

 

 

 

 

 

 

 

 

 

 

© sagamomcemlo saxli ,,teqnikuri universiteti’’, 2009 

ISBN 978-9941-14-362-5  
http://www.gtu.ge/publishinghouse/ 

 

yvela ufleba daculia. am wignis arc erTi nawili (iqneba es teqsti, foto, ilustracia Tu sxva) aranairi 

formiT da saSualebiT (iqneba es eleqtronuli Tu meqanikuri), ar SeiZleba gamoyenebul iqnas gamomcemlis 

werilobiTi nebarTvis gareSe. 
 
saavtoro uflebebis darRveva isjeba kanoniT. 



 3 
 

s a r C e v i 
 

T a v i I 
 

wrfivi algebris amocanebis amoxsnis ricxviTi meTodebi 
 
 

$ 1.1 wrfiv algebrul gantolebaTa sistemis amoxsnis sasruli meTodebi 5 
 
$ 1.2 wrfiv algebrul gantolebaTa sistemis amoxsnis gausis meTodi     7 
 
$ 1.3 determinantis gamoangariSeba gausis meTodiT                        10 
 
$1.4 gausis meTodiT Sebrunebuli matricis gamoangariSeba                12 
 
$ 1.5 matricis ganpirobebuloba. cudad ganpirobebuli sistemebi         14 
 
$ 1.6 wrfiv  gantolebaTa sistemis amoxsnis iteraciuli meTodebi       16 
 
$ 1.7 martivi iteraciis  meTodi                                           17 
 
$ 1.8 zeidelis  meTodi                                                     19 
 
$ 1.9  iteraciuli procesebis krebadobis pirobebi da cdomilebis 
Sefaseba                                                                    21   
 
$ 1.10  matricis sakuTrivi veqtorebi da sakuTrivi ricxvebi              22 
 
$ 1.11  matricis moduliT udidesi sakuTrivi ricxvis gamoangariSebis  
iteraciuli meTodi                                                        23 
 
$ 1.12  simetriuli matricis sakuTrivi ricxvebisa  da  sakuTrivi 
veqtorebis  gamoangariSeba                                                26 
 
 

T a v i I I 
 

diferencialuri gantolebis Semcveli sasazRvro 
amocanebis ricxviTi amoxsnebi 

 
 
$ 2.1 erTi cvladis funqciis warmoebulis  aproqsimacia sasruli 
sxvaobebiT                                                               29 

 
$ 2.2 ori cvladis funqciis warmoebulis  aproqsimacia sasruli 
sxvaobebiT                                                               31 
 
$ 2.3 sasrul sxvaobaTa meTodi                                          32 
 
$ 2.4 gadadenis meTodi                                                   35 
 



 4 
 

$ 2.5 puasonis gantolebisaTvis dirixles amocanis amoxsna sasrul 
sxvaobaTa meTodiT                                                     37 
 
 

T a v i I I I 
 

arawrfiv gantolebaTa sistemebis miaxloebiTi amoxsnebi 
 
$ 3.1 niutonis meTodi                                                   43 
 
$ 3.2 martivi iteraciis meTodi                                         46 
 
 

 

T a v i  I V 
 

pirveli rigis diferencialuri gantolebisaTvis koSis 
amocanis amoxsnis ricxviTi meTodebi 

 
$ 4.1   eileris meTodi                                                 50 
 
$ 4.2 runge-kutas meTodi                                               51 
  
 

T a v i  V 
funqciaTa miaxloebiTi integreba 

 
$ 5.1   kvadraturuli formulebi                                      52 
 
$ 5.2  niuton-kotesis kvadratuli formula                           55 
 
$ 5.3  marTkuTxedebis, trapeciis da simpsonis kvadratuli formulebi 56  
 
$ 5.4 CebiSevis tipis kvadratuli formulebi                           60 
 
$ 5.5 gausis  kvadratuli formula                                     63 
 
$ 5.6 zogierTi SeniSvnebi kvadratul formulaTa sizustis Sesaxeb   69          
 
 literatura                                                            73 
 
 
 
 
 
 
 
 

                                       
 



 5

T a v i  I  
 

wrfivi algebris amocanebis  
amoxsnis ricxviTi meTodebi 

 
 wrfivi algebris ZiriTadi amocanebi da maTi amoxsnis ricxviTi 
meTodebi, warmoadgenen mTeli gamoTvliTi maTematikis Ffundaments. 
maszed miiyvaneba rogorc Cveulebrivi, aseve kerZowarmoebuliani 
diferencialuri gantolebebis amoxsnis ricxviTi meTodebi, 
interpolaciisa da aproqsimaciis amocanebi. 
 arawrfivi amocanebis amoxsnisas ricxviTi meTodebiT SesaZlebelia 
iseTi algoriTmebis Sedgena, romlebiTac isini daiyvanebian wrfivi 
algebris amocanebze. 
 sxvadasxva inJinruli gaangariSebis dros mivdivarT wrfivi 
algebris amocanebis amoxsnis ricxviT meTodebze. magaliTad, CarCos an 
fermis angariSis dros statistikis ZiriTadi gantolebebis CaweriT 
Zalebis an momentebis mimarT, Semdeg maTi dagegmilebiT koordinatTa 
RerZebze, vRebulobT wrfiv algebrul gantolebaTa sistemas Zalebis 
proeqciebis mimarT. 
 
 

§1. 1  wrfiv algebrul gantolebaTa sistemis 
amoxsnis sasruli meTodebi 

 
 vTqvaT mocemuli gvaqvs wrfiv algebrul gantolebaTa sistema 

11 1 12 2 1 1

21 1 22 2 2 2

1 1 2 2

n n

n n

m m mn n m

a x a x ... a x b
a x a x ... a x b
...........................................
a x a x ... a x b

+ + + =⎧
⎪ + + + =⎪
⎨
⎪
⎪ + + + =⎩

 (1.1) 

 Tavdapirvelad gavarkvioT am sistemis Tavsebadobis (amonaxsnis 
arsebobis) sakiTxi. amisaTvis ganvixiloT ucnobebis koeficientebisagan 

Sedgenili 1 2
1 2

j , ,...,m
ij i , ,...,nA ( a ) =

==  matrica da e. w. gafarToebuli matrica A  

matrica, romelic miiReba A  matricisagan Tavisufali wevrebis svetis 
mierTebiT.  
 SemoviRoT aRniSvnebi: 

1 2 n 1 2 mX ( x ,x ,...,x ),  B ( b ,b ,...,b )= =  

maSin (1.1) gantolebaTa sistema SeiZleba ZavweroT matricul-veqtoruli 
saxiT 

AX B= . 
 amovirCioT A  matricisagan k  striqoni da k  sveti ( k min( n,m )≤ ). am 
striqonebisa da svetebis gadakveTaze moTavsebuli elementebisagan 
Sedgenil determinants ewodeba k -uri rigis minori. 
 vityviT, rom A  matricis rangi aris k , Tu arsebobs erTi mainc 
nulisagan  gansxvavebuli k -uri rigis minori, xolo nebismieri k 1+  
rigis minori nulis tolia.  

(1.1) sistemis Tavsebadobis Sesaxeb amomwurav pasuxs iZleva 
Semdegi Teorema (ix. [ ]). 
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T e o r e m a: wrfiv algebrul gantolebaTa (1.1) sistema 

Tavsebadia maSin da mxolod maSin, roca gafarToebuli A  matricis 
rangi tolia A  matricis rangisa. 

SevniSnoT, rom (1.1) sistema SeiZleba Tavsebadi iyos, magram 
sazogadod mas ar gaaCndes erTaderTi amonaxsni. sistemis amonaxsnis 
erTaderTobis Sesaxeb samarTliania 

T e o r e m a: Tavsebad (1.1) sistemasgaaCnia erTaderTi amonaxsni 
maSin da mxolod maSin, roca A  matricis rangi tolia ucnobebis 
raodenobisa. 

am Teoremidan gamomdinareobs, rom Tu (1.1) sistemaSi m n= , maSin 
mas gaaCnia erTaderTi amonaxsni maSin da mxolod maSin, roca det A 0≠ . 

wrfivi algebrul gantolebaTa sistemebis amoxsnis meTodebi 
ZiriTadad iyofa or jgufad: 1) zusti meTodebi, romlebic warmoadgenen 
sistemis amoxsnis gamoTvlis sasrul algoriTmebs da 2) miaxloebiTi 
(iteraciuli) meTodebi, romlebic saSualebas iZlevian vipovoT 
amonaxsnis miaxloebiTi mniSvneloba winaswar dasaxelebuli sizustiT 
krebadi usasrulo mimdevrobebis saSualebiT. 

wrfiv algebrul gantolebaTa amoxsnis zust meTodebs miekuTvneba: 
krameris wesi, gausis meTodi, mTavari elementebis meTodi da sxva. yvela 
zemoT CamoTvlili meTodi gantolebaTa sistemis amoxsnis saSualebas 
iZleva maSin, roca m n= . (ix. [1]). 

SevniSnoT, rom kompiuterze gamoTvlebis dros adgili aqvs 
damrgvalebis cdomilebas, amitom sistemis amoxsnis zusti meTodiT 
SeiZleba faqtiurad miRebuli iqnas miaxloebiTi amonaxsni. krameris 
wesiT wrfiv gantolebaTa sistemis amoxsnisaTvis saWiroa n -uri 
rigis n 1+  determinantis gamoTvla. 

aRvniSnoT det A Δ= , xolo iΔ -iT im matricis determinanti, romelic 

A  matricisagan miiReba misi i -uri svetis elementebis Tavisufali 
wwevrebiT SecvliT, e.i. 

11 12 1 1 1 1 1 1

21 22 2 1 2 2 1 2

1 2 1 1

,i ,i n

,i ,i n
i

n n n,i n n,i nn

a  a ...a  b  a ...a
a  a ...a  b  a ...a
...........................................
a  a ...a  b  a ...a

− +

− +

− +

Δ =  

maSin Sistemis amonaxsni gamoiTvleba krameris formulebiT (ix. [1]) 

1 2i
ix  ,   i , ,...,n.Δ= =Δ  (1.2) 

 maSasadame, Tu A  matrica aragadagvarebulia, e.i. 0,Δ ≠  maSin 
sistemas gaaCnia erTaderTi amonaxsni, romelic gamoiTvleba (1.2) 
formuliT. 
 mTavari elementebis meTodis gamoyenebaSeiZleba maSin, rodesac 
sistema aragadagvarebulia. mTavari elementebis meTodiT (1.1) sistemis 

amoxsnisas gafarToebuli matricis ija  elementebs Soris amoirCeva 

moduliT udidesi ( pqa ) elementi, romelsac mTavari elementim ewodeba, 

xolo striqons, romelic am elements Seicavs, mTavari striqoni. 
 gafarToebuli matricis mTavari striqonis elementebi mravldeba 

iq
i

pq

am a=  Tanamamravlze da akldeba i -uri striqonis Sesabamis 

elementebs ( i p≠ ). miiReba axali matrica, romlis q  svetSi yvela 
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elementi nulia, garda p  striqonis elementisa. Tu miRebuli 

matricidan amovSliT q -svets da p -striqons, miiReba axali 1( )M  
matrica, romelsac gaaCnia erTiT naklebi striqoni da sveti. 

 1( )M  matricisaTvis igive operaciebis ganmeorebiT miiReba 2( )M  
matrica da a.s. sabolood miiReba mimdevroba 

0 1 2 1( ) ( ) ( ) ( n )M , M , M ,...,M , −  
romlis bolo wevri Seicavs mxolod ori elementisagan Sedgenil 

striqons. am matricisTvis igi miiReba mTavar striqonad. (1.1) sistemis ix  

ucnobebis gamoangariSebisaTvis saWiroa miRebuli matricebis mTavari 
strqonebis Sesabamisi gantolebebis erT sistemaSi gaerTianeba 

dawyebuli 0( )M  matricis mTavari striqonidan. Semdeg ucnobebis rigis 
garkveuli SecvliT miiReba gantolebaa sistema samkuTxa matriciT. 

aRvniSnoT 1 2
* * *

nx , x ,..., x  -iT Secvlili rigiT dalagebuli ucnobebi. maSin 

miRebuli sistemis bolo gantolebidan advilad gamoviangariSebT *
nx   

ucnobs, boloswina gantolebidan 1
*
nx  −  ucnobs da a.S. pirveli 

gantolebidan 1
*x  ucnobs. 

 
 
 
 

§1. 2 wrfiv algebrul gantolebaTa sistemis 
amoxsnis gausis meTodi 

 
ganvixiloT Semdegi sistema 

11 1 12 2 1 1 1

21 1 22 2 2 2 1

1 1 2 2 1

n n ,n

n n ,n

n n nn n n,n

a x a x ... a x a
a x a x ... a x a
................................................
a x a x ... a x a

+

+

+

+ + + =⎧
⎪ + + + =⎪
⎨
⎪
⎪ + + + =⎩

 (2.1) 

 dauSvaT (2.1) sistemis ucnobebis koeficientebis matrica 
aragadagvarebulia. zogadobis SeuzRudavad SeiZleba vigulisxmoT, rom 

11 0a ≠  da (2.1) sistemis pirveli striqonis yvela koeficienti gavyoT 11a -

ze. miviRebT 
1 1 1 1

1 12 2 13 3 1 1 1
( ) ( ) ( ) ( )

n n ,nx a x a x ... a x a ++ + + + =  (2.2) 

sadac 1 1
1

11
1 2 1( ) j

j
aa ,    j , ,...,na= = + . 

 pirvel etapze (2.1) gantolebaTa sistemis danarCeni 

gantolebidan gamovricxoT 1x  ucnobi. amisaTvis (2.2) gantoleba 

gavamravloT 21a -ze da gamovakloT (2.1) sistemis meore gantolebas. 

analogiurad (2.2) gavamravloT  31a -ze da gamovakloT (2.1) sistemis 
mesame gantolebas da a. S. 
 Tu SemoviRebT aRniSvnebs 

11
1

11

2 3 1 2 1j( )
ij ij i

a
a a a ,   i , ,...,n;    j , ,...,n

a
= − ⋅ = = + , 

maSin miviRebT Semdeg sistemas. 
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1 1

2 1

1

1 1 1
1 12 2 1

1 1 1
22 2 2

1 1 1
2 2

,n

,n

n ,n

( ) ( ) ( )
n n

( ) ( ) ( )
n n

( ) ( ) ( )
n nn n

x a x ... a x a

      a x ... a x a

................................................
      a x ... a x a

+

+

+

⎧ + + + =
⎪

+ + =⎪
⎨
⎪
⎪ + + =⎩

 (2.3) 

analogiurad i -ur etapze 1 1 1( i n ), i< < − + -e gantolebidan dawyebuli 

ix  ucnobis gamoricxvisaTvis Tu visargeblebT formulebiT 

 

1

1 1 1ij

( i )
( i )
ij ( i )

ii

a
a ,     j i,i ,...,n

a

−

−= = + +  

 

1
1 1

1
ij

( i )
( i ) ( i ) ( i )
kj kj ki ( i )

ii

a
a a a ,

a

−
− −

−= −    (2.4) 

                                               1 1 1k i ,...,n ;    j i,...,n= + + = +  
miviRebT 

1 1

2 1

1 1 1 1 1 1
1 12 2 13 3 1 1 1 1 1

2 2 2 2 2 2
22 2 23 3 2 2 1 1 2

,n

,n

( ) ( ) ( ) ( ) ( ) ( )
i i ,i i n n

( ) ( ) ( ) ( ) ( ) ( )
i i ,i i n n

x a x a x ... a x a x ... a x a

      a x a x ... a x a x ... a x a

.........................................................

+

+

+ +

+ +

+ + + + + + + =

+ + + + + + =

11 1

1 1 1 1 1 1

n ,n

( i ) ( i ) ( i )
i i ,i i in n

( i ) ( i ) ( i )
i ,i i i ,n n i ,n

....................................
                                x a x ... a x a

                                    a x ... a x a
..............

++ +

+ + + + + +

+ + + =

+ + =

1 1 1
( i ) ( i ) ( i )
n ,i i n ,n n n,n

...............................................................................
                                   a x ... a x a+ + +

⎧
⎪
⎪
⎪
⎪
⎪
⎨
⎪
⎪
⎪
⎪
⎪ + + =⎩

 

procesis 1n − -jer ganmeorebiT sabolood gveqneba 

1 1

2 1

2 1

1 1 1 1
1 12 2 13 3 1

2 2 2
2 23 3 2

3 2 2
3 34 4 2

,n

,n

,n

( ) ( ) ( ) ( )
n n

( ) ( ) ( )
n n

( ) ( ) ( )
n n

x a x a x ... a x a

      x a x ... a x a

                  x a x ... a x a

.................................................................

+

+

+

+ + + + =

+ + + =

+ + + =

1 1
1

( n ) ( n )
n ,n n n,n

.........
                                a x a− −

+

⎧
⎪
⎪
⎪⎪
⎨
⎪
⎪
⎪ =⎪⎩

  (2.5) 

 amgvarad gausis meTodiT (2.1) sistema miiyvaneba eqvivalentur (2.5) 
sistemamde. (2.5) sistemis koeficientebis gamoTvlas ewodeba gausis 
meTodis pirdapiri svla, xolo samkuTxa sistemidan Semdeg ucnobebis 
mniSvnelobebis gamoangariSebas ki ukusvla. 
 gausis meTodis ukusvliT (2.5) sistemis bolo gantolebidan  

Tavdapirvelad miiReba nx  ucnobis mniSvneloba. 

 
1
1

1

( n )
n ,n

( n )n
n,n

ax a

−
+

−=   (2.6) 

Semdeg ki mimdevrobiT gamoiangariSeba 2 1n-1 nx , x ,...,x−  ucnobTa 

mniSvnelobebi Semdegi formulebis saSualebiT 

1
1

1 2
n

( k ) ( k )
k k ,n kj j

j k

x a a x ,      k n ,n ,...,n+
= +

= − = − −∑  (2.7) 

 pirdapiri svlis aRwerisas Cven dauSviT, rom 11 0a ≠ . im SemTxvevaSi, 

roca 11 0a = , SeiZleba movZebnoT i -uri gantoleba, romlisTvisac 1 0ia ≠ (es 
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SesaZlebelia, vinaidan koeficientebis matrica aragadagvarebulia) da 
SeucvaloT adgili pirvel da i -ur gantolebas. analogiurad SeiZleba 
moviqceT maSin, roca romelime wamyvani elementi nulis tolia. 
 SevniSnoT, rom arsebobs gausis meTodis sxvadasxva modifikacia 
specialuri saxis matricebisaTvis (simetriuli matrica, dedisebri 
matrica da a.S.) (ix. [2]) aseT SemTxvevas Cven ganvixilavT Semdeg TavSi. 
 sailustraciod ganvixilod Semdegi m a g a l i T i: 
amovxsnaT gausis meTodiT Semdegi sistema 

1 2 3 4

1 2 3 4

1 2 3 4

1 2 3 4

2 8 4 10 4
5 3 6 9

3 4 6 5 12
4 3 2 5 8

x x x x
x x x x

x x x x
x x x x       

+ + − =⎧
⎪ − + + =⎪
⎨− + + + =⎪
⎪ − + + =⎩

 (2.8) 

 gausis meTodis pirdapiri svla. 
avirCioT wamyvani gantoleba, vTqvaT (2.8) sistemis pirveli gantoleba da 
misi yvela koeficienti gavyoT 2-ze, miviRebT: 

1 2 3 44 2 5 2x x x x+ + − =  (2.9) 

(2.9) gantolebis saSualebiT gamovricxoT 1x  ucnobi sistemis yvela 

gantolebidan garda wamyvanisa. amisaTvis (2.9) gantoleba jer 
gavamravloT 5-ze da gamovakloT (2.8) sistemis meore gantolebas, Semdeg 
-3-ze da gamovakloT (2.8) sistemis mesame gantolebas da bolos 4-ze da 
gamovakloT (2.8) sistemis bolo gantolebas, miviRebT: 

1 2 3 4

2 3 4

2 3 4

2 3 4

2 8 4 10 4
23 9 31 1
16 12 10 18
19 6 25 0

x x x x
       x x x
        x x x
       - x x x       

+ + − =⎧
⎪ − + = −⎪
⎨ + − =⎪
⎪ − + =⎩

 (2.10) 

amiT gausis meTodis pirdapiri svlis pirveli etapi damTavrda. meore 

etapze gamovricxoT 2x  ucnobi (2.10) sistemis yvela gantolebidan garda 

pirveli da wamyvani gantolebisa. amisaTvis wina msjelobis analogiurad 
kvlav avirCioT wamyvani gantoleba, vTqvaT (2.10) sistemis meore 
gantoleba da misi yvela wevri gavyoT -23-ze, miviRebT: 

2 3 4
9 31 1
23 23 23

x x x+ − =  (2.11) 

 am gantolebis saSualebiT gamovricxoT 2x  ucnobi (2.10) sistemis 

mesame da meoTxe gantolebidan. amisaTvis (2.11) jer gavamravloT 16-ze, 
Semdeg (-19)-ze da gamovakloT Sesabamisad (2.10)  sistemis mesame da 
meoTxe gantolebas, miviRebT: 

1 2 3 4

2 3 4

3 4

3 4

2 8 4 10 4
23 9 31 1

132 266 398
23 23 23
33 14 19
23 23 23

x x x x
       - x x x

                x x

                 x x   

+ + − =⎧
⎪ − + = −⎪
⎪
⎨ + =
⎪
⎪

+ =⎪
⎩

  (2.12) 
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pirdapiri svlis mesame etapze unda gamoiricxos 3x  ucnobi. wina 

msjelobis analogiurad (2.12)-dan avirCioT wamyvani gantoleba, vTqvaT 

meoTxe da misi yvela koeficienti gavyoT 
33
23

, gveqneba: 

3 4
14 19
33 33

x x− =  (2.13) 

es gantoleba gavamravloT 
132
23

-ze da gamovakloT (2.13) sistemis mesame 

gantolebas, miviRebT: 

1 2 3 4

2 3 4

3 4

4

2 8 4 10 4
23 9 31 1

33 14 19
23 23 23

10626 10626
759 759

x x x x
       - x x x

             x x   

         x   

+ + − =⎧
⎪ − + = −⎪
⎪
⎨ + =
⎪
⎪

=⎪
⎩

  (2.14) 

amiT gausis meTodis pirdapiri svla damTavrda. axla iwyeba ukusvla anu 
ucnobebis TandaTanobiT povna. (2.14) sistemis bolo gantolebidan 

vpoulobT 4 1x = , Semdeg mas vsvamT (2.14) sistemis boloswina 

gantolebaSi, saidanac advilad miiReba 3 1x =  da a.S. sabolood 

vRebulobT, rom 2 11 1x ;      x= = . 

 
 

§1. 3  determinantis gamoangariSeba gausis meTodi 
 
 CamovayaliboT determinantis  ramodenime Tviseba (daumtkiceblad), 
romlebsac uSualod ukavSirdeba qvemoT gansazRvruli sakiTxi 
 T e o r e m a 1. Tu romelime striqons (svets) gavamravlebT 
(gavyofT) raime ricxvze, maSin TviT determinanti gaiyofa (gamravldeba) 
igive ricxvze. 

T e o r e m a 2. determinantis mniSvneloba ar Seicvleba Tu misi 
romelime striqonis  (svetis) elementebs daumatebT (gamovaklebT) sxva 
striqonis (svetis) Sesabamis elementebs gamravlebuls (gayofils) erTsa 
da imave ricxvze. 

T e o r e m a 3. samkuTxovani matricis determinanti diagonalze 
moTavsebuli elementebis namravlis tolia. 

vTqvaT mocemulia matrica 

 

11 12 1

21 22 2

1 2

n

n

n n nn

a  a ...a
a  a ...a

A
..................
a  a ...a

⎛ ⎞
⎜ ⎟
⎜ ⎟=
⎜ ⎟
⎜ ⎟
⎝ ⎠

 

aRvniSnoT misi determinanti det AΔ ≡ . 
determinantis gamoangariSeba gausis meTodiT (2.4) formulebiT 

daiyvaneba iseTi determinantis gamoangariSebaze, romlis diagonals 
qvemoT moTavsebuli elementebi nulis tolia. 

Tu visargeblebT §2-Si SemoRebuli aRniSvnebiT da determinantis 1-
2 TvisebiT, miviRebT 
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1 11 1
12 111 12 1 12 1

1 1
21 22 2 21 22 2 22 2

11 11

1
1 2 1 2 2

11 ( ) ( )( ) ( )
nn n

( ) ( )
n n n

( )
n n nn n n nn n

  a ...aa  a ...a    a ...a
a  a ...a a  a ...a 0   a ...a

a a
.................. .................. ..................
a  a ...a a  a ...a 0   a ...a

Δ = = =

1( )
nn

Y 

am procesis i -jer ganmeorebis Semdeg gveqneba  
1 1 1 1 1

12 13 1 1 1 1
2 2 2 2

13 2 2 1 2

1 2 1
11 22 33 1

1

1

1

( ) ( ) ( ) ( ) ( )
i i n

( ) ( ) ( ) ( )
i i n

( ) ( ) ( i ) ( i ) ( i )
ii ii in

   a  a ...a  a ...a

0        a ...a  a ...a
..........................................

a a a ...a 0     0    0 ...      a ...a

0

+

+

−
+Δ = ⋅ ⋅

1 1 1

1

( i ) ( i )
i ,i i ,n

( i ) ( i )
n,i n,n

     0    0 ...  0    a ...a
.........................................
0     0    0 ...  0    a ...a

+ + +

+

 

sabolood, procesis n -jer ganmeorebiT miviRebT 
1 1 1

12 13 1
2 2

1 2 1 13 2
11 22 33

1

1

1

( ) ( ) ( )
n

( ) ( )
( ) ( ) ( i ) n

nn

   a  a ...a

0        a ...aa a a ...a
.........................
0     0    0 ...  

−Δ = ⋅ ⋅  

determinantis me-3-e Tvisebis Tanaxmad 
1 2 1

11 22 33
( ) ( ) ( n )

nndet A a a a ...a −= Δ = ⋅ ⋅  (3.1) 

maSasadame, A  matricis determinanti tolia Sesabamisi gausis sqemis 
mTavari elementebis namravlisa. 
 (3.1) toloba §2-is (2.4) formulebTan erTad warmoadgens 
determinantis gamoangariSebisaTvis saWiro samuSao formulas. 
 m a g a l i T i: gamovTvaloT gausis meTodiT A  matricis 
determinanti 

3 2 7
3 7 5
2 1 6

 -    
A        

      

⎛ ⎞
⎜ ⎟= ⎜ ⎟
⎜ ⎟
⎝ ⎠

 

zemoT moyvanili msjelobis safuZvelze gveqneba 

2 72 7 1 2 71 13 33 2 7 3 3 3 32 73 7 5 3 3 7 5 3 3 3 7 3 5 3 3 0 9 2
3 3

2 1 6 2 1 6 7 42 7 02 2 1 2 6 2 3 33 3
2 71
3 3

227 0 1
9

0

          -             -      -      -    
                  -         -
                         -

  -    

        -

    

Δ = = = − + ⋅ ⋅ = =

− + ⋅ ⋅

=

2 7 2 7 2 71 1 1
3 3 3 3 3 3

2 2 50 227 0 1 27 0 1 27 0 1 50
9 9 27 9

7 4 7 7 4 7 2 50 0 0 10 0 0
3 3 3 3 3 3 9 27

     -              -      -    

                  -         -         -

                 -           

= = = ⋅ =

+ ⋅

 

amgvarad miviReT, rom 50det A .Δ = =  
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§1.4 gausis meTodiT Sebrunebuli  
matricis gamoangariSeba 

 ganvixiloT aragadagvarebuli A  matrica. 

11 12 1

21 22 2

1 2

n

n

n n nn

a  a ...a
a  a ...a

A
..................
a  a ...a

⎛ ⎞
⎜ ⎟
⎜ ⎟=
⎜ ⎟
⎜ ⎟
⎝ ⎠

 

misi Sebrunebuli matricis elementebi aRvniSnoT ijx -iT 
1

1 2ij i , j , ,...,nA ( x )−
==  

gansazRvris Tanaxmad 
1A A E,−⋅ =  

sadac E  aris erTeulovani matrici. 

 Tu A  da 1A−  matricebs CavwerT gaSlili saxiT da visargeblebT 

matricebis gamravlebis wesiT,  miviRebT n -cal gantolbaTa sistemas 2n  

raodenobis ijx  1 2i, j , ,...,n=  ucnobebis mimarT, 

1
1 2

n

ik kj ij
k

a x  ( i, j , ,...,n ),δ
=

= =∑  (4.1) 

sadac 

1
0ij

, i j
, i j

δ
=⎧

= ⎨ ≠⎩

 roca 

 roca 
 

fiqsirebuli j -Tvis (4.1)-dan miiReba wrfiv gantolebaTa sistema, 

romelSiac ucnobebi iqneba 1A−  saZiebeli matricis j -uri svetis 

1 2j j njx ,x ,...,x  elementebi. 

11 1 12 1 1

1 1 2 1

1 1 2 1

0

1

0

j j n nj

j j j j jn nj

n j n j nn nj

a x a x ... a x

..............................................
a x a x ... a x

...............................................
a x a x ... a x

⎧ + + + =
⎪
⎪
⎪ + + + =⎨
⎪
⎪
⎪ + + + =⎩

 (4.2) 

 maSasadame sxvadasxva j -ebisaTvis (4.2) sistemebis ucnobebis 

koeficientebis erTi da igivea, xolo marjvena mxareebi ki 
gansxvavebulia erTmaneTisagan, kerZod, j -ur striqonSi striqonSi 

moTavsebuli wevri 1-is tolia, danarCeni wevrebi ki nulia. 
 Tu fiqsirebuli j -saTvis TiTeul (4.2) sistemas amovxsniT gausis 

meTodiT, miviRebT SEbrunebuli matricis j -uri svetis elementebs.  

 meTodis sailustraciod ganvixiloT Semdegi m a g a l i T i. 
vipovoT gausis meTodiT Semdegi matricis ASebrunebuli matrica 

2 3 4
3 0 5
4 2 6

 -   
A        

 -   

⎛ ⎞
⎜ ⎟= ⎜ ⎟
⎜ ⎟
⎝ ⎠

 

aRvniSnoT Sebrunebuli matrica 
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11 12 13
1

21 22 23

31 32 33

x   x   x
A x   x   x

x   x   x

−

⎛ ⎞
⎜ ⎟= ⎜ ⎟
⎜ ⎟
⎝ ⎠

 

 visargebloT tolobiT 1A A E−⋅ =  da gamoviyenoT matricebis 
gamravlebis (4.1) formula, miviRebT Semdeg sam sistemas 

11 21 31

11 21 31

11 21 31

2 3 4 1
3 0 5 0
4 2 6 0

x x x
x x x
x x x

− + =⎧
⎪ + + =⎨
⎪ − + =⎩

 (4.3)   
12 22 32

12 22 32

12 22 32

2 3 4 0
3 0 5 1
4 2 6 0

x x x
x x x
x x x

− + =⎧
⎪ + + =⎨
⎪ − + =⎩

  (4.4) 

       

13 23 33

13 23 33

13 23 33

2 3 4 0
3 0 5 0
4 2 6 1

x x x
x x x
x x x

− + =⎧
⎪ + + =⎨
⎪ − + =⎩

    (4.5) 

am sistemebidan (4.3)–is amoxsna mogvcems saZiebeli matricis pirvel 
svets. (4.4)-is amoxsna meore svets, xolo (4.5)-is amoxsna ki mesame svets. 
 amovxsnaT (4.3) sistema gausis meTodiT (ix. §1.2). avirCioT wamyvani 
gantoleba, vTqvaT (4.3)-is pirveli gantoleba da gavyoT misi yvela wevri 
2-ze, miviRebT: 

11 21 31
3 12
2 2

x x x− + =   (4.6) 

(4.6) gantolebis saSualebiT gamovricxoT 11x  ucnobi (4.3) sistemis meore 

da mesame gantolebebidan, miviRebT 

11 21 31

21 31

21 31

2 3 4 1
9 3
2 2

2 2

x x x

         x x

          4x x

− + =⎧
⎪⎪ − = −⎨
⎪

− = −⎪⎩

 (4.7) 

axla avirCioT wamyvani gantoleba (4.7) sistemis meore da mesame 
gantolebebidan. vTqvaT es aris mesame gantoleba da misi yvela wevri 
gavyoT 4-ze, miviRebT 

21 31
1 1
2 2

x x− = −  (4.8) 

gamovricxoT (4.7) sistemis meore gantolebidan 21x  ucnobi. wina 

msjelobis analogiurad advilad miiReba Semdegi sistema 

11 21 31

21 31

31

2 3 4 1
4 2 2

5 3
4 4

x x x
           x x

                    x

⎧
⎪ − + =
⎪

− = −⎨
⎪
⎪ =
⎩

 

am ukanasknelidan gausis meTodis ukusvliT vRebulobT: 

21 11
3 1 1
5 531x ,   x ,   x= = − = − . 

 amgvarad, saZiebeli matricis pirveli sveti vipoveT. analogiurad 
Tu amovxsniT (4.4) da (4.5) sistemebs gausis meTodiT, miviRebT Sesabamisad 

-1A  matricis meore da mesame svets: 
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22 32
2 81
5 512x ,   x ,   x .= − = = −  

23 11
3 1 9
2 5 513x ,   x ,   x .= = − = −  

amgvarad, saZiebel -1A  matricas eqneba Semdegi saxe 

1

31 1
2

1 2 1
5 5 5
3 8 9
5 5 10

-        -        

A -          -

    -    -

−

⎛ ⎞
⎜ ⎟
⎜ ⎟
⎜ ⎟= ⎜ ⎟
⎜ ⎟
⎜ ⎟⎜ ⎟
⎝ ⎠

 

 
 
 

§1.5  matricis ganpirobebuloba. 
cudad ganpirobebuli sistemebi 

 
 ganvixiloT wrfiv algebrul gantolebaTa sistema Cawerili 
matricul-veqtoruli saxiT 

AX=B   (5.1) 

ismis kiTxva: 1
n

ij i , jA=(a ) =  matricis da 1
n

j iB=(b )=  veqtoris elementebis mcire 

cvlileba rogor gavlenas axdens (5.1) sistemis amoxsnaze. es sakiTxi 

metad mniSvnelovania, vinaidan praqtikaSi xSirad i,ja  da ib  

koeficientebis mniSvnelobebi miiReba miaxloebiT, garkveuli gazomvebiS 
Sedegad. 

 dauSvaT 1
* * n

i , j i , jA ( a ) ==  aris A  matricis elementebis miaxloebiTi 

mniSvnelobebisagan Sedgenili matrica. 1
* * n

j iB =(b )=  B  veqtoris elementebis 

mcired gansxvavebuli mniSvnelobebisagan Sedgenili veqtori, xolo 

1
* * n

i iX ( x )==  ki * * *A X =B  sistemis amonaxsni. 

 aRvniSnoT 

                               *
A ij iji i , j n

max a a ,ε
≤ ≤

= −  

                          *
B i ii i n

max b b ,ε
≤ ≤

= −  

                               *
X i ii i n

max x x .ε
≤ ≤

= −  

 SevniSnoT, rom  

X A X BC( A ) ,    C( B ) ,ε ε ε ε≤ ≤  

sadac C( A ) aris mudmivi, romelic damokidebulia mxolod A  matricaze. 
mudmivis saSualebiT xdeba wrfiv gantolebaTa sistemebis pirobiTi 
klasifikacia: 
 1 10C( A )≤ < -kargad ganpirobebuli sistemebi; 

 310 10C( A )≤ < -damakmayofileblad ganpirobebuli sistemebi; 

 3 510 10C( A )≤ < -cudad ganpirobebuli sistemebi; 

 510C( A ) > -TiTqmis gadagvarebuli sistemebi. 

 kargad ganpirobebuli sistemebis ASemTxvevaSi ija  da ib  elementebis 

mcire cvlilebebi umniSvnelo gavlenas axdens amonaxsnze. cudad 
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ganpirobebuli sistemebis SemTxvevaSi ki piriqiT, sistemis marjvena 
mxaris da koeficientebis mcire cvlilebebma SesaZlebelia didi gavlena 
moaxdinos sistemis amonaxsnze. 
 C( A ) mudmivis gansazRvra zogadad nebismieri matricis SemTxvevaSi 
rTuli amocanaa. simetriuli matricis SemTxvevaSi ki igi ganisazRvreba 
tolobiT 

1

2

C( A ) ,
λ
λ

=  

sadac 1λ  aris simetriuli matricis moduliT udidesi sakuTrivi ricxvi, 

xolo 2λ -moduliT umciresi sakuTrivi ricxvi. 

 ganvixiloT cudaT ganpirobebuli sistemis magaliTi 

1 2

1 2

1 01 2 01
1 01 1 02 2 03
x . x .
. x . x .
+ =⎧

⎨ + =⎩
 

am sistemis amonaxsnia 1 2 1x x= = . C( A ) mudmivis gansazRvrisaTvis vipovoT 

1λ  da 2λ  sakuTrivi ricxvebi.  

 ganvixiloT gantoleba 

21 1 01
1 1 02 1 01 0

10 1 1 02
   .

( )( . ) .
.      .
λ

λ λ
λ

−
= − − − =

−
 

ukanaskneli gantolebis amoxsniT miviRebT 

1 22 02005 0 00005 40401. ,   . ,   C( A )λ λ≈ ≈ ≈ . 

maSasadame, (5.2) sistema aris cudaT ganpirobebuli. ganvixiloT sistema, 
romelic miiReba (5.2) sistemisagan marjvena mxaris mcireodeni 
cvlilebiT 

1 2

1 2

1 01 2 0101
1 01 1 02 2 030298
x . x .
. x . x .
+ =⎧

⎨ + =⎩
  (5.3) 

(5.2) da (5.3) gantolebaTa sistemis marjvena mxareebis sxvaoba ar 

aRemateba 0 0002B .ε =  ricxvs. Tu amovxsniT (5.3) sistemas, miviRebT 1 3x ,=  

2 0 9801x .= − . es ki mniSvnelovnad gansxvavdeba (5.2) sistemis amonaxsnisagan. 

 am magaliTs SeiZleba mieces Semdegi geometriuli interpretacia: 
TiTqmis paraleluri wrfeebis ghadakveTis wertili mniSvnelovnad 
icvleba Tavisufali wevrebis mcireodeni cvlilebiT. 
 amgvarad, roca sistema cudad ganpirobebulia, cdomilebebis gamo 
Cven ar gvaqvs garantia aseTi sistemis amoxsna realurad asaxavdes ama 
Tu im process. 
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§1.6 wrfiv gantolebaTa sistemis amoxsnis  
iteraciuli meTodebi 

 
wrfiv gantolebaTa sistemis amoxsnis zust meTodebs Soris gausis 

meTodi erT-erTi ekonomiuri meTodia Casatarebeli operaciebis 
TvalsazrisiT. SeiZleba gamovTavloT, rom n -uri rigis sistemis 

amoxsnisaTvis Casatarebeli operaciebis ricxvi 3n -is proprciulia. 
sakmaod didi n -is SemTxvevaSi gamoTvlis procesSi damrgvalebiT 
gamowveuli cdomileba garkveul gavlenas axdens amonaxsnis sizusteze. 
mtkicdeba, rom kargad ganpirobebuli sistemebis SemTxvevaSi, 
damrgvalebiT gamowveuli cdomilebebi mcire gavlenas axdenen 
amonaxsnze, xolo cudad ganpirobebuli sistemebis SemTxvevaSi es 
gavlena SeiZleba didi iyos (ix. §1.5). 

zusti meTodebisagan gansxvavebiT, miaxloebiTi meTodebi amonaxsnis 
povnis saSualebas iZlevian mxolod miaxloebiT. amasTan amonaxsnis 
gamoangariSeba xdeba winaswar dasaxelebuli sizustiT, operaciebis 
garkveuli mimdevrobis ramdenjerme ganmeorebiT. operaciaTa es 
mimdevroba gansazRvravs erT iteracias. iteraciis ramdenjerme 
ganmeorebiT sawyisi miaxloebidan miiReba ufro zusti miaxloeba, im 
pirobiT, Tu iteraciuli meTodi krebadia amonaxsnisaken. 

iteraciul meTods zogierT SemTxvevaSi gaaCnia garkveuli 
upiratesobani zust meTodebTan SedarebiT: 

1. Tu iteraciuli procesi sakmaod swrafad krebadia, maSin 
amonaxsnis misaRebad saWiro dro mcirdeba. magaliTad gausis 

algoriTmisaTvis saWiro ariTmetikuli operaciebis raodenoba aris 3n -
is rigis, xolo TiTeuli iteraciis moqmedebis ricxvi zeidelis meTodis 

SemTxvevaSi 2n -is proporciulia.; 
2. iteraciuli meTodis dros damrgvalebiT gamowveuli 

cdomilebani gacilebiT nakleb gavlenas axdens amonaxsnze. garda amisa 
SemTxveviTi Secdomebi iteraciis Semdeg bijze swordeba. 

3. gansakuTrebiT xelsayrelia iteraciis meTodi maSin, roca 
koeficientebis didi nawili nulis tolia. aseTi sistemebi miiReba 
magaliTad sasazRvro amocanebis amoxsnisas sasruli sxvaobaTa meTodiT. 

gantolebaTa sistemis iteraciis meTodiT amoxsnisaTvis 
aucilebelia Semdegi: 1) mocemuli iqnas amonaxsnis sawyisi miaxloeba; 2) 
sistema miviyvanoT iteraciisaTvis xelsayrel saxeze; 3) miuTiTod erTi 
iteraciisaTvis saWiro moqmedebaTa erToblioba, romlis saSualebiT 
mocemuli miaxloebidan miiReba ufro zusti miaxloeba; 4) gavarkvioT, 
ikribeba Tu ara iteraciuli procesi sistemis amonaxsnisaken; 5) 
miuTiTod iteraciuli procesis damTavrebis piroba. 

pirvel punqtSi arsebiTi mniSvneloba araaqvs Tu romel veqtors 
aviRebT sawyis miaxloebad, vinaidan Tu iteraciuli procesi krebadia, 
maSin igi krebadi iqneba nebismieri sawyisi miaxloebisaTvis. amitom 
sawyis miaxloebad iReben an nulovan veqtors, an sistemis marjvena 

mxares. e.i. 0 0 0 0X( ) ( , ,..., )=  an 1 20 nX ( ) ( b ,b ,...,b )= . 

Tu cnobilia amonaxsnis ufro zusti miaxloeba, maSin igi SeiZleba 
aviRoT sawyis miaxloebad iteraciebis raodenobis Semcirebis mizniT. 

iteraciis xelsayrel saxemde miyvanisaTvis saWiroa AX B=  saxis 
sistema miviyvanoT Semdeg saxemde 

X Xα β= + ,  (6.1) 
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sadac 1
n

ij i , j( )α α ==  aris koeficientebis matrica, xolo β  aris n -

ganzomilebiani veqtori: 1 2 n( , ,..., ),β β β β=  1 2 nX ( x ,x ,...,x )= . 

 
§1.7 martivi iteraciis meTodi 

 
 ganvixiloT gantolebaTa sistema, romlis ucnobebis 
koeficientebis matrica aragadagvarebulia 

11 1 12 2 1 1

21 1 22 2 2 2

1 1 2 2

n n

n n

n n nn n n

a x a x ... a x b
a x a x ... a x b
...........................................
a x a x ... a x b

+ + + =⎧
⎪ + + + =⎪
⎨
⎪
⎪ + + + =⎩

 

am sistemis pirveli gantolebida ganvsazRvroT 1x -ucnobi danarCeni 

ucnobebis saSualebiT, meore ganolebidan 2x -ucnobi, mesamedan 3x  da a.S. 

miviRebT 

1 1 12 2 13 3 1
11

2 2 21 1 23 3 2
22

1 1 1 2 2 1 1

1 ( ... )

1 ( ... )

............................................................
1 ( ... )

n n

n n

n n n nn n
nn

x b a x a x a x
a

x b a x a x a x
a

x b a x a x a x
a − −

⎧ = − − − −⎪
⎪
⎪ = − − − −⎪
⎨
⎪
⎪
⎪ = − − − −⎪
⎩

 

 radgan A  matrica aragadagvarebulia, zogadobis SeuzRudavad 

SegviZlia vigulisxmoT, rom 11 0,  1, 2,..., .a i n≠ =  zogadad (7.1) tolobebi 

SeiZleba CavweroT Semdegi saxiT 
 

1

1 i=1,2,...,n
1 1

1 ( ) 
i n

i ij j ij j
j j iii

x b a x a x
a

−

= = +

= − −∑ ∑   (7.2) 

 martivi iteraciis meTodi (7.2) formulebis gamoyenebiT 
warmoidgineba Semdegnairad 
 

1
( 1) ( ) ( )

1 i=1,2,...,n
1 1

1 ( ),  
i j j

i n
k k k

ij ij
j j iii

x b a x a x
a

−
+

= = +

= − −∑ ∑  

sadac k  iteraciis bijis nomeria.  
 iteraciuli procesis damTavrebis pirobad am SemTxvevaSi SeiZleba 
aviRoT, mag., 

( 1) ( )

1
,   0,1, 2,...,max k k

i i
i n

x x k+

≤ ≤

− < ε =  (7.3) 

 praqtikaSi (7.3) pirobis nacvlad agreTve gvxvdeba sxva pirobebic. 
 martivi iteraciis meTodis kompiuterze realizaciis dros saWroa 
yovel etapze kompiuteris mexsierebaSi ori n -uri rigis masivis Senaxva 
k  da 1k +  iteraciebisaTvis, rac iwvevs garkveul mouxerxeblobas. am 
meTodis es uaryofiTi mxare moxsnilia zeidelis meTodSi.. 
 ganvixiloT Semdegi m a g a l i T i: 
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1 2 3

1 2 3

1 2 3

2 3 4 3
4 5 8

3 2 5 6

x x x
x x x

x x x

− + =⎧
⎪ + − =⎨
⎪− + + =⎩

  (7.4) 

 sistemis pirveli gantolebidan ganvsazRvroT 1x  ucnobi, meore 

gantolebidan 2x , xolo mesame gantolebidan 3x  ucnobi, miviRebT 

1 2 3

2 1 3

3 1 2

1 (3 3 4 )
2
1 (8 4 )
5
1 (6 3 2 )
5

x x x

x x x

x x x

⎧ = + −⎪
⎪
⎪ = − +⎨
⎪
⎪ = + −⎪⎩

 (7.5) 

 aviRoT raime sawyisi miaxloveba (0) (0) (0) (0)
1 2 3( , , ) (0,0,0)x x x x= =  da CavsvaT 

igi  (7.5) sistemis marjvena mxareSimiviRebTpirvel miaxloebas 

1

2

(1)

(1)

(1)
3

1 3(3 3 0 4 0)
2 2
1 8(8 4 0 0)
5 5
1 6(6 3 0 2 0)
5 5

x

x

x

⎧ = + ⋅ − ⋅ =⎪
⎪
⎪ = − ⋅ + =⎨
⎪
⎪ = + ⋅ − ⋅ =⎪⎩

  (7.6) 

SevamowmoT piroba   
( 1) ( )

1
max k k

i i
i n

x x+

≤ ≤

− < ε   (7.7) 

      0,1,2,...,k =  
Cvens SemTxvevaSi 

(1) (0)
1 1

3 0 0.1
2

x x− = − > ε =  

darRveulia (7.7) piroba. amitom procesi unda gavagrZeloT. pirveli 

miaxloeba (1) (1) (1) (1)
1 2 3

3 8 6( , , ) ( ,  ,  )
2 5 5

x x x x= =  

CavsvaT (7.5) sistemis marjvena mxareSi. miviRebT meore miaxloebas. 

1

2

(2)

(2)

(2)
3

1 8 6 3(3 3 4 )
2 5 5 2
1 3 6 16(8 4 )
5 2 5 25
1 3 8 73(6 3 2 )
5 2 5 50

x

x

x

⎧ = + ⋅ − ⋅ =⎪
⎪
⎪ = − ⋅ + =⎨
⎪
⎪ = + ⋅ − ⋅ =⎪⎩

 (7.8) 

SevamowmoT iteraciis Sewyvetis (7.7) piroba   

(2) (1)
1 1

3 3 0 0.1
2 2

x x− = − = <  

(2) (1)
2 2

16 8 24 0.1
25 5 25

x x− = − = >  

mesame 3x  ucnobisaTvis pirobas aRar vamowmebT, radganac ukve 

darRveulia (7.7) piroba. amitom iteraciuli procesi unda gavagrZeloT. 
miRebuli meore miaxloeba (7.8) CavsvaT (7.5) sistemis marjvena mxareSi. 
miviRebT mesame miaxloebas: 



 19

1

2

(3)

(3)

(3)
3

1 16 73 23(3 3 4 )
2 25 50 50
1 3 73 173(8 4 )
5 2 50 250
1 3 16 461(6 3 2 )
5 2 25 250

x

x

x

⎧ = + ⋅ − ⋅ = −⎪
⎪
⎪ = − ⋅ + =⎨
⎪
⎪ = + ⋅ − ⋅ =⎪⎩

 

Cven praqtikulad SevCerdeT aq. sinamdvileSi procesi unda 
Segvewyvita maSin, roca Sesrulebuli iqneboda (7.7) piroba. 
 
 
 

$1..8 zeidelis meTodi 
 

 zeidelis meTodi warmoadgens martivi iteraciis meTodis 

modifikacias. misi mTavari idea isaa, rom ,  1, 2,...,ix i n=  ucnobebis 1k +  

miaxloebis gamoTvlis dros gamoiyeneba 1 2 1, ,..., ix x x −  ucnobebisaTvis ukve 

gamoTvlili 1k +  miaxloebebi. maSasadame 

( 1) ( ) ( ) ( )
1 1 12 2 13 3 1

11

( 1) ( 1) ( ) ( )
2 2 21 1 23 3 2

22

( 1) ( 1) ( 1)
1 1 1 2 2

1 ( ... )

1 ( ... )

............................................................
1 ( ...

k k k k
n n

k k k k
n n

k k k
n n n n

nn

x b a x a x a x
a

x b a x a x a x
a

x b a x a x a
a

+

+ +

+ + +

= − − − −

= − − − −

= − − − − ( 1)
1 1 )k

n nx +
− −

⎧
⎪
⎪
⎪
⎪
⎨
⎪
⎪
⎪
⎪
⎩

 

 zogadaT es tolobebi TiTeuli ucnobisaTvis SeiZleba 
Semdegnairad warmovidgino: 

1
( 1) ( 1) ( )

1
1 1

1 ( ),    1, 2,..., ,     0,1, 2,...
i j j

i n
k k k

ij ij
j j iii

x b a x a x i n k
a

−
+ +

= = +

= − − = =∑ ∑  (8.1) 

 sazogadoT, Tu martivi da zeidelis iteraciuli procesebi 
krebadia, maSin zeidelis meTodi aris aranakleb swrafad krebadi, vidre 
martivi iteraciis meTodi.  
 SesaZlebelia iseTi SemTxvevebi, rodesac martivi iteraciis meTodi 
krebadia, magram zeidelis meTodi ar aris krebadi da piriqiT. 
 ganvixiloT m a g a l i T i: zeidelis meTodiT amovxsnaT 
gantolebaTa sistema miaxloebiT 0.001ε =  sizustiT. 

1 2 3

1 2 3

1 2 3

10 12
2 10 13
2 2 10 14

x x x
x x x
x x x

+ + =⎧
⎪ + + =⎨
⎪ + + =⎩

 

 a m o x s n a. es sistema miviyvanoT iteraciisTvis xelsayrel 
saxeze: 

1 2 3

2 1 3

3 1 2

1.2 0.1 0.1
1.3 0.2 0.1
1.4 0.2 0.2

x x x
x x x
x x x

= − −⎧
⎪ = − −⎨
⎪ = − −⎩

 

fesvis sawyis miaxloebad aviRoT (0) (0) (0)
1 2 31.2,  0,  0,  x x x= = =  

gamoviyenoT zeidelis meTodi TanmimdevrobiT, miviRebT: 
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(1)
1
(1)
2
(1)
3

1.2 0.1 0 0.1 0 1.2

1.3 0.2 1.2 0.1 0 1.06

1.4 0.2 1.2 0.2 1.06 0.948

x

x

x

⎧ = − ⋅ − ⋅ =
⎪

= − ⋅ − ⋅ =⎨
⎪ = − ⋅ − ⋅ =⎩

 

SevamowmoT procesis Sewyvetis piroba 
(1) (0)
1 1 1.2 1.2 0 0.001x x− = − = <  

(1) (0)
2 2 1.06 0 1.06 0.001x x− = − = >  

rogorc vxedavT dairRva procesis Sewyvetis piroba. amitom mesame 
koordinatze aRar vamowmebT da vagrZelebT Tvlas. 

(2)
1
(1)
2
(1)
3

1.2 0.1 1.06 0.1 0.948 0.9992

1.3 0.2 0.9992 0.1 0.948 1.00536

1.4 0.2 0.9992 0.2 1.00536 0.999

x

x

x

⎧ = − ⋅ − ⋅ =
⎪

= − ⋅ − ⋅ =⎨
⎪ = − ⋅ − ⋅ =⎩

 

kvlav SevamowmoT iteraciuli procesis Sewyvetis piroba 
(2) (1)
1 1 1.2 0.9992 0.2 0.001x x− = − = >  

isev ar Sesrulda iteraciis Sewyvetis piroba. kvlav unda gavagrZeloT 
Tvla. 
 gamoTvlebis SDedegad advilad miviRebT 

(3) (3) (3)
1 2 3

(4) (4) (4)
1 2 3
(5) (5) (5)
1 2 3

0.996,     1.0001,   1.0001

1.0000,   1.0000,   1.0000  

1.0000,    1.0000,   1.0000

x x x

x x x

x x x

= = =

= = =

= = =

 

 zusti amonaxsnia 1 2 31,   1,  1 x x x= = = . rogorc vxedavT iteraciis 

mesame da meoTxe bijze kvlav ar sruldeba iteraciis Sewyvetis piroba. 
(3) (2)
1 1

(4) (3)
1 1

0.9992 0.996 0.0032 0.001

0.9992 1.0000 0.004 0.001

x x

x x

− = − = >

− = − = >
 

meoTxe da mexuTe bijze miaxloebiTi amonaxsnebi zustad emTxvevian 
erTmaneTs da zust amonaxsnebs. amitom mexuTe bijze bunebrivia 
Sesrulebulia iteraciis Sewyvetis pirobac. 
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$ 1..9 iteraciuli procesebis krebadobis pirobebi da  
cdomilebis Sefaseba 

 
 vTqvaT gantolebaTa sistema Cawerilia Semdegi saxiT 

X Xα β= +      (9.1) 
samarTliania Semdegi 
T e o r e m a: nebismieri (9.1) sistemisaTvis iteraciuli procesi 
gansazRvruli formuliT 

( k ) ( k 1 )X X ,  k 1,2,3,...,α β−= + =      (9.2) 
krebadia sistemis erTaderTi amonaxsnisaken nebismieri sawyisi 
miaxloebisaTvis, Tu α  matricis romelime kanonikuri norma naklebia 

erTze. (e.i. 1α < ) ix. [1] 

 S e d e g i 1. iteraciuli procesi (9.1) sistemisaTvis krebadia, Tu 
Sesrulebulia erT-erTi Semdegi sami pirobidan. 

1
1

n

ijm i j
maxα α

=

= <∑   (9.3) 

1
1

n

ijl j i
maxα α

=

= <∑   (9.4) 

             
2

1 1
1

n n

ijk
i j

α α
= =

= <∑∑   (9.5)  

 Tu sistema Cawerilia AX B= saxiT, maSin zemoT moyvenili 
Teoremidan gamomdinareobs 

S e d e g i 2. iteraciuli procesi AX B=  gantolebaTa 
sistemisaTvis krebadia Tu Sesrulebulia erT_erTi piroba 

                  
n

ii ij
j 1
j i

a a ,             i 1,2,...,n,
=
≠

> =∑     (9.6) 

                  
n

jj ij
i 1
i j

a a ,            j 1,2,...,n,
=
≠

> =∑     (9.7) 

maSasadame iteraciuli procesi krebadia, roca ( )n

ij i , j 1
A a

=
=  matricis 

diagonalze moTavsebuli wevrebis absolituri sidideebi metia 
Sesabamisi striqonis (svetis) darCenili wevrebis absolitur sidideebis 
jamze. 

marTlac, Tu SevniSnavT, rom ( )ij
ij

a
a i j

aii
= − ≠  da iia 0≠ , maSin (9.6) 

pirobidan gamomdinareobs (9.3) pirobis samarTlianoba, xolo (9.7) 
pirobidan ki (9.4) piroba. 

analogiuri Teorema samarTliania zeidelis meTodisaTvis ix.[ ]. 
T e o r e m a: Tu (9.1) wrfiv algebrul gantolebaTa sistemisaTvis 

samarTliania erT_erTi (9.3), (9.4), da (9.5) pirobaTagan, maSin maSin 

zeidelis meTodiT agebuli veqtorTa ( )kX  mimdevroba krebadia sistemis 

erTaderTi amonaxsnisaken nebismieri ( )0X  miaxloebisaTvis. 
exla gadavideT martivi iteraciisa da zeidelis meTodis 

miaxloebis cdomilebis Sefasebaze. 

vTqvaT ( )kX  aris X Xα β= +  gantolebaTa sistemis amonaxsnis k -uri 

miaxloeba agebuli (9.2) formuliT. mtkicdeba, rom martivi iteraciis 
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dros (cxadia igulisxmeba, rom procesi krebadia) (9.1) sistemis zust X  

amonaxsns da ( )kX  miaxloebis gadaxras Soris adgili aqvs Sefasebas 

( )
n 1

nX X
1
α

β
α

+

− ≤
−

      (9.8) 

zeidelis meTodis SemTxvevaSi adgili aqvs Sefasebas 

( ) ( ) ( )
k

k 1 0

m m
X X X X

1
μ
μ

− ≤ −
−

   (9.9) 

sadac 
n

ij
j 1

i 1i

ij
j 1

max
1

α
μ

α

=
−

=

=
−

∑

∑
 

(9.8) da (9.9) utolobebidan gamomdinareobs, rom rac ufro mcirea α  

da μ  sidideebi, miT ufro swrafia krebadoba, e.i. naklebi iteraciebis 

saSualebiT miiRweva sasurveli sizuste. 
 

 
 

$ 1.10 matricis sakuTrivi veqtorebi da sakuTrivi 
 ricxvebi 

 

vTqvaT mocemulia kvadratuli matrica ( )n

ij i , j 1
A a

=
= . ganvixiloT 

wrfivi gardaqmna 
y Ax=          (10.1) 

sadac x  da y  raime n _ganzomilebiani veqtorebia. 

g a n s a z R v r e b a. x 0≠  veqtors ewodeba A  matricis sakuTari 
veqtori Tu am matrices x  veqtori gadahyavs veqtorSi 

Ax xλ=       (10.2) 
λ  ricxvs (10.2) tolobaSi ewodeba A  matricis sakuTrivi anu 

maxasiaTebeli ricxvi, romelic Seesabameba x  veqtors. 
mtkicdeba Semdegi 
T e o r e m a. yovel wrfiv gardaqmnas kompleqsur veqtorul 

sivrceSi aqvs aranakleb erTi mainc namdvili an kompleqsuri veqtori. 
(10.2) gantoleba SeiZleba gadavweroT Semdegi saxiT 

( A E )x 0λ− =      (10.3) 

sadac A Eλ−  matrices ewodeba maxasiaTebeli matrica, xolo 
determinants det( A E )λ−  maxasiaTebeli determinanti, gantolebas  

det( A E ) 0λ− =    (10.4) 
ki maxasiaTebeli gantoleba. gaSlili saxiT (10.4) gantoleba 

Caiwereba Semdegi saxiT 

11 12  1n

21 22  2n

n1 n2  nn

a  a ...  a
a   a   ...  a

0
............................

a  a ...  a

λ
λ

λ λ

−
−

=

− −

       (10.4) 

anu 
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n n 1 n 2 n 1 n
1 2 n 1 n... ( 1) ( 1) 0λ δ λ δ λ δ λ δ− − −

−− + − + − + − =        (10.5) 

polinoms, romelic dgas (10.5) gantolebis marcxena mxareSi ewodeba 

A  matricis maxasiaTebeli polinomi. misi koeficientebi ( )i i 1,2,...,nδ =  

ganisazRvreba Semdegi wesiT: 
n

1 ii
i 1

aδ
=

= ∑ . am ricxvs ewodeba A  matricis 

kvali da aRiniSneba 1 SpAδ = . 2δ  koeficienti tolia A  matricis yvela 

diagonaluri meore rigis minorebis jamis. zogadad kδ  koeficienti 

tolia A  matricis yvela diagonaluri k  _uri rigis minorebis jamis. 

bolos, Tavisufali wevri nδ  udris A  matricis determinants 

det Aδ =  
(10.5) maxasiaTebeli gantoleba aris n _uri xarisxis gantoleba λ _is 

mimarT da Sesabamisad, rogorc cnobilia algebridan aqvs aranakleb 

erTi namdvili an kompleqsuri fesvi. vTqvaT ( )1 2 m, ,... m nλ λ λ ≤   (10.5) 

gantolebis gansxvavebuli fesvebia. am fesvebs ewodebaT A  matricis 
sakuTari mniSvnelobebi anu maxasiaTebeli ricxvebi, xolo yvela 
sakuTrivi ricxvebis erTobliobas uwodeben A  matricis speqtrs. 

mtkicdeba, rom Tu (10.5) maxasiaTebeli gantolebis fesvebi 
erTmaneTisagan gansxvavebulia, maSin yovel sakuTriv ricxvs Seesabameba 
proporciulobis mudmivi mamravlis sizustiT mxolod erTi sakuTrivi 
veqtori. 

 
 
 
 
 

$1.11. matricis  moduliT udidesi sakuTrivi ricxvis 
gamoangariSebis iteraciuli meTodi 

 
dauSvaT mocemulia  n _uri rigis kvadratuli matrica A . vTqvaT 

misi sakuTrivi ricxvebia 1 2 n, ,...λ λ λ  da Sesabamisi sakuTrivi veqtorebi 

1 2 nu ,u ,...u . dauSvaT sakuTrivi ricxvebi ganlagebulia moduliT klebis 

mixedviT da 1λ  moduliT udidesi sakuTrivi ricxvi mkacrad metia 

danarCen sakuTrivi ricxvebis modulebze  

λ λ λ λ λ
−

≤ ≤ <3 2 1n n 1
."  

cxadia, rom aseT pirobebSi 1λ  sakuTrivi ricxvi iqneba namdvili. 

(kompleqsuri rom yofiliyo, maSin moduliT Tavisi SeuRlebulis toil 
iqneboda). wrfivi algebras kursidan cnobilia, rom nebismieri 

n _ganzomilebiani ( )0y  veqtori SeiZleba warmovidginoT rogorc 

1 2 nu ,u ,...u  sakuTrivi veqtorebis wrfivi kombinacia [ ] 

( )

=

= ∑
n

0
i i

i 1

y c u          (11.1) 

gavamarTloT A  matrici ( )0y  veqtorze da Sedegi aRvniSnoT ( )1y _iT 
( ) ( )=1 0y A y . 
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am tolobaSi SevitanoT ( )0y _is mniSvneloba (11.1)_dan da 

gaviTvaliswinoT, rom λ=i i iA u u  miviRebT 

( ) ( ) λ
= = =

= = = =∑ ∑ ∑
n n n

1 0
i i i i i i i

i 1 i 1 i 1

y Ay A c u c Au c u  

Tu am process k _jer gavimeorebT da avRniSnavT ( ) ( )−=k k 1y A y , 

miviRebT 

( ) ( ) ( ) λ−

=

= = ∑
n

k k 1 0k k
i i i

i 1

y Ay A y c u     (11.2) 

am tolobaSi frCxilebs gareT gavitanoT λ k
i , gveqneba 

( ) λ λλ
λ λ

⎛ ⎞⎛ ⎞ ⎛ ⎞
⎜ ⎟= + + +⎜ ⎟ ⎜ ⎟⎜ ⎟⎝ ⎠ ⎝ ⎠⎝ ⎠

k k
k k 2 n

i 1 1 2 2 n n
1 1

y c u c u c u"     (11.3) 

radgan 1λ  moduliT udidesi sakuTrivi ricxvia, amitom 

λ λ λ
λ λ λ

< < <2 3 n

1 1 1

1, 1, 1."  

aqedan gamomdinareobs, rom 
λ
λ

⎛ ⎞
→⎜ ⎟

⎝ ⎠

k

i

1

0 , roca →∞ =k ,i 2,3, ,n"  

maSasadame, (11.3) tolobaSi sakmarisad didi k _sTvis 2 3 nu ,u , u"  veqtorebis 

koeficientebi sididiT mcire ricxvebia da SeiZleba CavTvaloT, rom 
miaxloebiT 

( ) λ=k k
1 1 1y c u              (11.4) 

dauSvaT 

( )

( )

( )

( )

⎛ ⎞⎛ ⎞ ⎜ ⎟⎜ ⎟
⎜ ⎟⎜ ⎟
⎜ ⎟⎜ ⎟
⎜ ⎟= =⎜ ⎟
⎜ ⎟⎜ ⎟
⎜ ⎟⎜ ⎟
⎜ ⎟⎜ ⎟
⎜ ⎟⎝ ⎠ ⎝ ⎠

k
111

k
12 2

k
1

k
1 n n

yu
u y

. .u , y

. .

. .
u y

 

(11.4)_dan gamomdinareobs, rom  
( ) ( )λ− −≈k 1 k 1

1 1 1y c u  

am ukanaskneli Tanafardobidan miviRebT 
( )

( )

( )

( )
λ λ
λ− −≈ = =

k k
i 1 1 1
k 1 k 1

i 1 1 1

y c u i ,      i 1,2 , ,n .
y c u i

"   (11.5) 

maSasadame 1λ _is miaxloebiT mniSvnelobad SeiZleba aviRoT ( )ky  da 
( )−k 1y  veqtorebis Sesabamisi koordinatebis Sefardeba. (11.5) toloba miT 

ufro zustia, rac ufro didia k . xSir SemTxvevaSi 1λ _is miaxloebiT 

mniSvnelobad Rebuloben (11.5) tolobebis saSualo ariTmetikuls. 
(11.5) miaxloebiTi tolobidan gamomdinareobs, rom sakamrisad didi 

k _sTvis 1λ  sakuTrivi ricxvis Sesabamis sakuTriv veqtorad SeiZleba 

aviRoT ( )ky  veqtori. 
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( ) ( )λ λ λ≈ ≈k kk
1 1 1 1 1A y c u y . 

maSasadame, moduliT udidesi sakuTrivi ricxvi miaxloebiT SeiZleba 

gavigoT (11.5) tolobidan, sadac ( )ky  ganisazRvreba (15.2)_dan, xolo 

Sesabamis sakuTriv veqtorad SeiZleba aviRoT ( )ky  veqtori. 
ganvixiloT axali SemTxveva, roca moduliT udidesi sakuTrivi 

ricxvi aris jerad. 
dauSvaT 

λ λ λ= <1 2 r ,              r n"  

da 
Tu CavatarebT analogiur msjelobas da gamoviyenebT (15.2) tolobas, 

miviRebT 
( )

( )
λ λ λ

λ λ λ

λ λλ
λ λ

λ λ
λ λ

− − −−

+
+ +

−

+
+ +

+ + + +
= =

+ + + +

⎡ ⎤⎛ ⎞ ⎛ ⎞
+ + + + + +⎢ ⎥⎜ ⎟ ⎜ ⎟

⎢ ⎥⎝ ⎠ ⎝ ⎠⎣ ⎦=
⎛ ⎞

+ + + + + +⎜ ⎟
⎝ ⎠

k k k k
1 1 1 1i r r ri n n ni

k 1 k 1 k 1k 1
1 1 1i r r ri n n ni1

k k

r 1 n
1 1 1i 2 2 i r ri r 1 r 1 ,i n ni

1 1

k 1

r 1 n
1 1i 2 2 i r ri r 1 r 1 ,i

1

y c u c u c u
c u c u c uy

c u c u c u c u c u

c u c u c u c u

… …
… …

… …

… … ⎛ ⎞
⎜ ⎟
⎝ ⎠

k

n ni
1

c u

 

 

aqedan, Tu + + ≠1 1i r ric u c u 0…  da gaviTvaliswinebT, rom 
λ
λ

⎛ ⎞
→ ∞ >⎜ ⎟

⎝ ⎠

k

i

1

,i r  

miviRebT 
( )

( ) λ−→ ∞
=

k
i

1k 1k
i

ylim
y

            (11.6) 

maSasadame, sakmarisad didi k -saTvis  
( )

( )λ −≈
k

i
1 k 1

i

y
y

 

xolo Sesabamis sakuTriv veqtorad, iseve rogorc wina SemTxvevaSi, 

SeiZleba miviRoT ( ) ( )=k 0ky A y  veqtori. 

SevniSnoT, rom SesaZlebelia ar arsebobdes 
( )

( )−

k
i
k 1

i

y
y

 Sefardabis 

zRvari, roca →∞ =k i 1,2,...,n  e.i. azri ar hqondes (11.6) tolobas. am 

SemTxvevaSi saWiroa sawyisi ( )0y  veqtoris Secvla da procesis ganmeoreba 
Tavidan.  

SevniSnoT agreTve, rom Tu Tavidan mocemuli A  matrica 

simetriulia maSin misi yvela sakuTrivi ricxvi λ =i ,i 1,2 ,...,n  da 

Sesabamisi sakuTrivi veqtori 1u  aris namdvili. 

Sesabamisi sakuTrivi veqtorebi iqneba 

( )
⎛ ⎞
⎜ ⎟= ⎜ ⎟
⎜ ⎟
⎝ ⎠

10

4038939
y 1862460

539235
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normirebis Semdeg sabolood miviRebT 

⎛ ⎞
⎜ ⎟= ⎜ ⎟
⎜ ⎟
⎝ ⎠

0,90
x 0,42

0,12
 

 
 
 
 

$ 1.12 simetriuli matricis sakuTrivi ricxvebis 
da sakuTrivi veqtorebis gamoangariSeba 

 
vTqvaT mocemuli gvaqvs dadebiTad gansazRvruli simetriuli 

matrica 

( )
=

=
n

ij i , j 1
A a  

rogorc cnobilia ix.[ ]: 

1) matricis maxasiaTebeli polinomis ( ) ( )λ λ= −D det A E  fesvebi 

λ λ λ1 2 n, ,...,  dadebiTi namdvili ricxvebia; 

2) maxasiaTebeli veqtorebi ( ) ( ) ( )1 2 nX ,X ,...,X  SeiZleba aviRoT 
namdvili (veqtorebi gansazRvrulia midmivi mamravlis 
sizustiT) da isini akmayofileben orTogonalobis pirobas, e.i. 
Tu  

( )

( )

( )

⎛ ⎞
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟= =
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎝ ⎠

i
1

i
2

i

i
n

x

x
.X ,        i 1,2,...,n,
.
.

x

 

maSin 

( ) ( )

=

= ≠∑
n

i k
j j

j 1

x x 0,     i k  

gansazRvris Tanaxmad 
( ) ( )λ=1 1

1AX X  

Tu ukanasknel tolobas CavwerT koordinatebSi, miviRebT 

gantolebaTa sistemas ( )1X  veqtoris koordinatebis mimarT 

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

λ

λ

λ

⎧ − + + + =
⎪

+ − + + =⎪
⎨
⎪
⎪ + + + − =⎩

1 1 1
11 1 1 12 2 1n n

1 1 1
21 1 22 1 2 2n n

1 1 1
n1 1 n2 2 nn 1 n

a x a x ... a x 0

a x a x ... a x 0
..........................................................

a x a x ... a x 0

 

 
am sistemidan miviRebT 
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( ) ( ) ( ) ( ) ( )( )
( ) ( ) ( ) ( ) ( )( )

( ) ( ) ( ) ( )( )

( )

λ

λ

λ

λ

− − − −

= + + + +

= + + + +

= + + +

=

1 1 1 1 1
1 11 1 12 2 13 3 1n n

1

1 1 1 1 1
2 21 1 22 2 23 3 2n n

1

1 1 1 1
n 1 n 1, 1 1 n 1, 2 2 n 1, n n

1

1 1
n

1x a x a x a x ... a x

1x a x a x a x ... a x

.......................................................................
1x a x a x ... a x

1 a
x

( ) ( ) ( ) ( )( )

⎧
⎪
⎪
⎪
⎪
⎪⎪
⎨
⎪
⎪
⎪
⎪

+ + + +⎪
⎪⎩

1 1 1 1
n1 1 n2 2 n3 3 nn nx a x a x ... a x

         (12.1) 

 
sakuTrivi veqtorebis koordinatebi gansazRvrulia mudmivi 

mamravlis sizustiT, amitom veqtoris erT_erTi aranulovani koordinati 

SeiZleba aviRoT nebismierad. dauSvaT ( ) =1
nx 1 . 

(12.1) sistema SeiZleba amoixsnas iteraciis meTodiT. amisaTvis 

saWiroa davasaxeloT ( ) = −1
ix ,i 1,...n 1   da λ1  ricxvTa sawyisi 

mniSvnelobebi ( )1,0
ix  da ( )λ 0

1  da SevadginoT iteraciis formula Semdegi 

saxiT 

( )
( )

( )

( ) ( )

λ

λ

−
+

=

−
+ +

=

⎛ ⎞
+ = −⎜ ⎟

⎝ ⎠

= + =

∑

∑

n 1
1,k 1 1,k

i ij j ink
j 11

n 1
k 1 1,k 1

1 nj j nn
j 1

1x a x a ,   i 1,2,...n 1,

a x a ,     k 0,1,2...

 

Tu iteraciuli procesi krebadia, sakmarisad didi k _s SemTxvevaSi 

SeiZleba CavTvaloT, rom ( )λ λ≈ k
1 1   da  

( )

( )

( )

( )

λ

⎛ ⎞
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟≈
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎝ ⎠

1,k
1

1,k
2

1

1,k
n

x

x
.
.
.

x

 

meore sakuTrivi λ2  ricxvis da Sesabamisi sakuTrivi ( )2X   veqtoris 

mosaZebnad SevadginoT gantolebaTa sistema 
( ) ( ) ( ) ( )λ+ + + =2 2 2 2

i1 1 i2 2 in 2 ia x a x ... a x x        (12.2) 

 
=i 1,2,...n. 

orTogonalobis pirobidan 

( ) ( )

=

=∑
n

1 2
j j

j 1

x x 0  
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gamovsaxoT ( )2
nx   koordinati danarCeni ( )2

ix  koordinatebis 

saSualebiT da SevitanoT (12.2) gantolebaTa sistemaSi. maSin (12.2) 
gantolebaTa sistemidan miviRebT 

( ) ( ) ( )

λ

−

=

= = −∑
n 1

2 2 2
i ij j

j 12

1x a x ,i 1,2,...n 1, 

 

( )
( ) ( )λ

−

−
=−

= ∑
n 1

2 2
2 n 1, j j2

j 1n 1

1 a x
x          (12.3) 

am SemTxvevaSi CavTvaloT, rom ( )
− =2

n 1x 1 , vinaidan ( )2X  veqtori 

gansazRvrulia mudmivi mamravlis sizustiT, da (12.3) sistema amovxsnaT 
iteraciuli meTodiT. 

gavigebT λ2  sakuTrivi ricxvis miaxloebiT mniSvnelobas da 

Sesabamis ( )2X   veqtoris koordinatebs. analogiurad SeiZleba vipovoT 

danarCeni λ =i       i 3,4,...,n , sakuTrivi ricxvebi da Sesabamisi ( )iX  

veqtorebis koordinatebi. 
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T a v i 2 
  

diferencialuri gantolebis 
Semcvleli sasazRvro 

amocanebis ricxviTi amoxsnebi 
 
 

mravali sainJinro da fizikuri amocana miiyvaneba Cveulebriv da 
kerZo warmoebulian diferencialur gantolebebis Semcvel sasazRvro 
amocanebze. amitom udidesi mniSvneloba eniWeba aseTi amocanebis 
miaxloebiT amoxsnas. arsebobs aseTi amocanebis ricxviTi amoxsnis 
sxvadasxva meTodebi (variaciuli, integralur gantolebaTa, sasrul 
elementTa, sasrul_sxvaobaTa da a.S.) Cven arsebiTad ganvixilavT 
sasrul_sxvaobaTa meTods. am meTodis ganxilvisaTvis aucilebelia jer 
SeviswavloT Cveulebrivi da kerZo warmoebulebis aproqsimacia sasruli 
sxvaobebiT. 

 
 

$2.1 erTi cvladis funqciis warmoebulis aproqsimacia 
sasruli sxvaobebiT. 

 
sasazRvro amocanebis miaxloebiT amoxsnisaTvis saWiroa masSi 

Semavali funqciebis warmoebulebis Secvla garkveuli miaxloebiTi 
gamosaxulebebiT. 

ganvixiloT ( )0,l  intervalze warmoebadi y  funqcia. 
 

( ) → 1y : 0,l R  

vTqvaT x  raime wertilia am intervalidan. warmoebulis 
gansazRvridan gvaqvs 

( ) ( ) ( )
→

+ −
′ =

h 0

y x* h y x*
y x* lim

h
 

cxadia, rom sakmarisad mcire h _ sTvis 
( ) ( )+ −y x* h y x*

h
 

gamosaxuleba mcired gansxcvavdeba ( )′y x* _gan. 

advili SesamCnevia rom 

( ) ( ) ( )α β
+ −

′= =
y x* h y x*

tg ,     y x* tg
h

 

sadac β  aris x*  wertilSi mxebis daxris kuTxe absisaTa RerZis 
dadebiT mimarTulebasTan. advili SesamCnevia, rom mcire h _ sTvis α   

da β  kuTxeebi da maSasadame, maTi tangesebic mcired mcired 

gansxvavdebian erTmaneTisagan. e.i. SegviZlia davweroT 

( ) ( ) ( )+ −
′ ≈

y x* h y x*
y x*

h
            (1.1) 

miaxloebis rigis, anu rogorc amboben aproqsimaciis rigis 
dadgenisaTvis dagvWirdeba teiloris formula. am formulis Tanaxmad 
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( ) ( ) ( ) ( )ζ′ ′ ′′+ = + +
2hy x* h y x* hy x* y ,

2
 

sadac [ ]ζ ∈ +x*,x* h , maSasadame 

( ) ( ) ( ) ( )ζ+ −
′′= +

y x* h y x* hy x* y
h 2

         (1.2) 

SemdgomSi dagvWirdeba Semdegi  

g a n s a z R v r e b a. vityviT, rom ( )η h  funqcia aris ( )O h  roca 

→h 0  da davwerT ( ) ( )η =h O h , Tu sakmarisad mcire h_sTvis sruldeba 

utoloba 

( )η ≤h ch ,  

sadac c  _ raime mudmivia. 
(1.1)_is analogiuri formulis miReba SeiZleba ( )′′y x* _Tvisac. 

marTlac, meore rigis warmoebulis gansazRvris Tanaxmad 

( ) ( ) ( )
→

′ ′− −
′′ =

h 0

y x* y x h
y x* lim

h
 

da maSasadame, 

( ) ( ) ( )′ ′− −
′′ =

y x* y x h
y x*

h
 

Tu gamoviyenebT (1.1) formulas x*  da +x* h  wertilebisaTvis bolo 
formulis gaTvaliswibebiT miviRebT 

( ) ( ) ( ) ( )′ − + −
′′ = 2

y x* 2 y x* y x* h
y x*

h
     (1.3) 

teiloris mwkrivis saSualebiT gamovTvaloT (1.3)_is aproqsimaciis 
rigi. SegviZlia davweroT 

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

ζ

ζ

′ ′′ ′′′+ = + + + +

′ ′′ ′′′− = − + − +

2 3 4
1V

1

2 3 4
1V

2

h h hy x* h y x* hy x* y x* y x* y ,
2! 3! 4!

h h hy x* h y x* hy x* y x* y x* y ,
2! 3! 4!

 

sadac  

[ ] [ ]ζ ζ∈ + ∈ −1 2x*,x* h ,      x* h,x*  

Tu miRebul tolobebs CavsvamT (1.3)_Si miviRebT 
 

( ) ( ) ( ) ( ) ( ) ( )( ) ( )ζ ζ
′ − + −

′′ − = + +
2

1V 1V 2
1 22

y x* 2 y x* y x* h hy x* y y O h ;
h 24

 

roca →h 0 . maSasadame (1.3)_is aproqsimaciis rigia 2h .  

analogiurad SeiZleba damtkicdes, rom ( )1Vy x* _is aproqsimacia 

SeiZleba formuliT 

( ) ( ) ( ) ( ) ( )+ − + + − + −
≈1V

4

y x* 2h 4 y x* h 6 y x* h y x* 2h
y x*

h
 

amasTan aproqsimaciis rigia 4h . 
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advili saCvenebelia, rom ( )′y x*  SeiZleba aproqsimirebuli iqnas 

agreTve Semdegi sasruli sxvaobebiT: 

( ) ( ) ( ) ( ) ( ) ( )+ − − − − + − −y x* h y x* h y x* y x* h y x* h / 2 y x* h
,  ,  

2h h 3 / 2h
 

xolo ( )′′y x*  ki Semdegi sxvaobebiT: 

( ) ( ) ( ) ( ) ( ) ( ) ( )+ − + − + − − + + −
2 2

y x* 2h 2 y x* y x* 2h y x* 2h 2 y x* y x* h y x* h
,

4h 2h
 

SevniSnoT, rom  

( ) ( ) ( ) ( )+ − −
′ = 2y x* h y x* h

y x* +O h  
2h

          (1.4) 

ganvixiloT Semdegi m a g a l i T i. vTqvaT ( ) = − =2y x x 2,x* 1 . 
gamovTvaloT am funqciis 1 da 2 rigis warmoebulebis miaxloebiTi 

mniSvnelobebi x*  wertilSi. (1.1) formulis Tanaxmad gvaqvs 

( ) ( )+ −
′ ≈ =

2 21 0.01 1
y 1 2,01

0.01
 

xolo (2.3)_is Tanaxmad ki gveqneba: 

( ) ( ) ( )
( )

+ − + −
′′ ≈ =

2 2

2

1 0.01 2 1 0.01
y 1 2

0.01
 

SevniSnoT, rom ( ) ( )′ ′′= =y 1 1, y 1 2 . 

 
 
 
 

$2.2 ori cvladis funqciis kerZo warmoebulebis 
     aproqsimacia sasruli sxvaobebiT 
 
kerZo warmoebuliani gantolebis ricxviTi amoxsnisaTvis, iseve 

rogorc Cveulebrivi diferencialuri gantolebisatvis, saWiroa massi 
Semavali kerZo warmoebulebis Secvla miaxloebiTi gamosaxulebebiT. 

vTqvaT mocemulia ori cvladis ( )u x,t  funqcia, romelsac ( )x*,t*  

wertlis raime p  radiusian midamoSi aqvs sakmarisi raodenobis kerZo 

warmoebulebi. vigulisxmoT, rom h  da τ   p  _ze naklebi raime 
dadebiTi ricxvebia. masin iseve rogorc erTi cvladis SemTxvevaSi 
SegviZlia davweroT 

( ) ( ) ( )τ
τ

∂ + −
≈

∂
u x*,t* u x*,t* u x*,t*

,
t

                  (2.1) 

( ) ( ) ( )∂ + −
≈

∂
u x*,t* u x* h,t* u x*,t*

,
x h

                (2.2) 

( ) ( ) ( ) ( )τ τ
τ

∂ + − + −
≈

∂

2

2 2

u x*,t* u x*,t* 2u x*,t* x*,t*
,

t
     (2.3) 
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( ) ( ) ( ) ( )∂ + − + −
≈

∂

2

2 2

u x*,t* u x* h,t* 2u x*,t* u x* h,t*
,

x h
     (2.4) 

ganvixiloT axla Δ ∂ ∂
= +
∂ ∂

2 2

2 2

u uu
x t

laplasianis sasrul sxvaobiani 

aproqsimacia. (2.3) da(2.4) formulebSi dauSvebT, rom τ=h , SevkribavT da 
gaviTvaliswinebT maTi aproqsimaciis rigs, miviRebT 

 

( ) ( ) ( )

( ) ( ) ( ) ( )
Δ = + + − +⎡⎣

+ + + − − +⎤⎦

2

2

1u x*,t * u x* h,t * u x * h,t *
h

u x*,t * h u x*,t * h 4u x*,t * O h
 

maSasadame 
 

( ) ( ) ( ) ( ) ( ) ( )Δ ≈ + + − + + + − −⎡ ⎤⎣ ⎦2

1u x*,t * u x* h,t * u x * h,t * u x*,t * h u x*,t * h 4u x*,t *
h

 

rogorc ukanaskneli formulidan Cans, Δu  laplasianis 

gamosaTvlelad saWiroa ( )u x,t  funqciis mniSvnelobis codna xuT 

wertilSi: ( ) ( ) ( )± ±x* h,t * , x*,t * h , x*,t * . 

 
 
 
 
 
 
 
 
 
 
 

$2.3 sasrul sxvaobaTa meTodi 
 

ganvixiloT wrfivi diferencialuri gantoleba 

( ) ( ) ( ) ( ) [ ]′′ + = ∈y x q x y x f x ,          x a,b             (3.1) 

Semdegi sasazRvro pirobiT 

         ( ) ( )α β= =y a ,        y b                                 (3.2) 

sadac ( )q x  da ( )f x  mocemuli namdvili funqciebia, xolo α  da β  

mocemuli namdvili ricxvebi. 
am amocanis ricxviTi amoxsnis erT_erTi meTodia sasrul sxvaobaTa 

meTodi. am meTodis ZiriTadi idea mdgomareobs imaSi, rom [ ]a,b  segmentze 

uwyveti ( )y x  amonaxsnis nacvlad am amonaxsnis miaxloebiTi 

mniSvnelobebi sakmarisad didi raodenobis calkeul wertilebSi. 
bunebrivia velodoT, rom garkveul pirobebSi es mniSvnelobebi mogvcemen 
sakmarisad swor informacias amocanis zusti amonaxsnis Sesaxeb. 
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mocemuli [ ]a,b  segmenti davyoT n  tol (SevniSnoT, rom segmentis 

dayofa tol nawilebad araa savaldebulo) nawilad 
−

=
b ah

n
 bijiT, 

( )= =ix ih i 0,1,...n  wertilebs ewodebaT badis wertilebi anu kvanZebi. 

amasTan 0x  da nx  sasazRvro kvanZebia, xolo −1 2 n 1x ,x ,...x  ki Sida kvanZebi. 

(3.1) gantoleba ganvixiloT ( )= =i ix x i 1,2,...n  kvanZebisaTvis. Tu 

gaviTvaliswinebT meore rigis ( )′′ iy x  warmoebulisaTvis sasruli 

sxvaobebiT (1.3) aproqsimaciis formulas, maSin (3.1) da (3.2) amocana 
gardaiqmneba Semdeg sistemad: 

( ) ( ) ( ) ( )
( ) ( )α β

− +
⎧ + − + + ≈
⎪⎪ = =⎨
⎪ = −⎪⎩

2 2
i 1 i i i 1 i

0 n

y x 2 h q y x y x h f

y x ,        y x ,
i 1,2,...n 1.

        (3.3) 

sadac ( ) ( ) ( )= = =i i i iq q x ,    f f x    i 0,1,2,...,n aqedan gamomdinare SegviZlia 

davaskvnaT, rom Tu ( )y x  aris (3.1), (3.2) amocanis amonaxsni, misi 

mniSvnelobebi kvanZebSi akmayofileben (3.3) miaxloebiT tolobebs. 

vTqvaT axla 0 1 ny , y ,...y  ricxvebi akmayofileben Semdeg wrfiv 

algebrul gantolebaTa sistemas: 

( )
α β

− +
⎧ + − + + =
⎪⎪ = =⎨
⎪ = −⎪⎩

2 2
i 1 i i i 1 i

0 0

y 2 h q y y h f

y ,        y ,
i 1,2,...n 1.

      (3.4) 

maSin bunebrivia ganvixiloT 0 1 ny , y ,...y  rogorc miaxloebiTi 

mniSvnelobebi (3.1), (3.2) sasazRvro amocanis y  amonaxsnisa 0 1 nx ,x ,...x  

kvanZebSi e.i. ( ) ( )≈ =i iy x y    i 1,2,...,n . maSasadame, imisaTvis rom movnaxoT 

( ) ( )1 ny x ,..., y x _is miaxloebiTi mniSvnelobebi saWiroa amoixsnas (3.4) 

sistema. yovelive zemoTTqmulTan dakavSirebiT bunebrivia gairkves 
Semdegi sami sakiTxi: 1) gaaCnia Tu ara (3.4) sistemas namdvili amonaxsni; 
2) rogor movnaxoT faqtiurad es amonaxesni; 3) krebadia Tu ara es 
amonaxesni. (3.1), (3.2) amocanis zusti amonaxsnisaken, roca →h 0 . cxadia, 

rom es sakiTxebi dakavSirebulia ( )q x  da ( )f x    funqciis TvisebebTan. 

ilustraciis saxiT moviyvanoT zemoT dasmuli sakiTxebis 
gamokvlevis magaliTi. 

vTqvaT, ( )q x  da ( )f x    [ ]a,b  segmentze orjer uwyvetad warmoebadi 

funqciebia da, garda amisa, ( ) <q x 0 , roca [ ]∈x a,b . 

cxadia, rom (3.4) sistemis marcxena mxaris matricis yovel striqonSi 
diagonaluri elementis moduli metia danarCeni elementebis modulebis 
jamze. maSasadame (3.4) sistemas gaaCnia erTaderTi namdvili amonaxsni. 
misi gamoTvla SeiZleba mag. gausis an zeidelis meTodiT. magram, 
radganac matrica samdiagonaluria, amitom misi amonaxsni SeiZleba 
gamoTvlili iqnas ufro martivi e.w. gadadenis meTodiT, romelsac $ 
2.4_Si ganvixilavT. 
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rac Seexeba (3.4) sistemas ( )0 1 ny , y ,...y  amonaxsnis krebadobas (3.1), (3.2) 

amocanis zusti y  amonaxsnisaken, igi am SemTxvevaSi Tanabaria da adgili 

aqvs Semdeg Tanafardobas [2]. 

( ) ( )
=

− = 2
i ii 0 ,1,...,n

max y y x O h  

roca →h 0 . 
xSirad (3.4) sistemas (3.1), (3.2) sasazRvro amocanis Sesabamis 

sxvaobian sasazRvro amocanas uwodeben, xolo mis ( )0 1 ny , y ,...y  amonaxsns 

ki (3.1), (3.2) amocanis sxvaobian amonaxsns. 
sailustraciod ganvixiloT Semdegi m a g l i T i: 
amovxsnaT Semdegi sasazRvro amocana sasrul_sxvaobaTa meTodiT 

( ) ( ) ( )
( ) ( ) ( )
′′⎧ + + = +⎪

⎨
= − = =⎪⎩

2y x 3 4x y x 1                  3.5

y 1 2;     y 6 8;    n 5          3.6
 

Cven SemTxvevaSi [ ] [ ] − −
= = = =

b a 6 1a,b 1,6 ,      h 1
n 5

. movaxdinoT [1,6] 

Svaledis diskretizacia wertilebiT = + =ix a ih       i 0,1,2,...n . Cvens 

SemTxvevaSi: 
= + =
= + =
= + =
= + =
= + =
= + =

0

1

2

3

4

5

x 1 1.0 1
x 1 1.1 2
x 1 1.2 3
x 1 1.3 4
x 1 1.4 5
x 1 1.5 6

 

0x  da 5x  aris sasazRvro kvanZiTi wertilebi, romlebic emTxveva 

Cveni Svaledis boloebs. 1 2 3 4x ,x ,x ,x  ki Siga kvanZiTi wertilebia. 

yovel Siga =ix      i 1,2,3,4  kvanZiTi wertilebSi SevcvaloT (3.5) 

gantoleba Sesabamisi sasrul_sxvaobiani gantolebiT da 
gaviTvaliswinoT (3.6) sasazRvro piroba, miviRebT Semdeg 
sasrul_sxvaobian sasazRvro amocanas: 

( ) ( )

( )

+ −− +⎧ + + = +⎪
⎪

= − =⎨
⎪
⎪
⎩

2i 1 i i 1
i i i2

0 5

y 2 y y 3 4x y x 1            3.7
1

y 2;      y 8;                                             3.8
i=1,2,3,4

 

(3.7)_(3.8) sistema gadavweroT Semdegi saxiT: 

( )( ) ( )⎧ + +
⎪⎪ = − =⎨
⎪
⎪⎩

2 2 2
i+1 i i i-1 i

0 5

y + -2+1 3 4x y +y =1 x 1             

y 2;      y 8;      
i=1,2,3,4

 

miRebul sistemaSi i _ parametrs mivceT Sesabamisi mniSvnelobani 
miviRebT: 
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( )( ) ( ) ( )
( )( ) ( )
( )( ) ( )
( )( ) ( )

⎧ + − + + + − = +
⎪
⎪ + − + + + = +⎪
⎨

+ − + + + = +⎪
⎪

+ − + + + = +⎪⎩

2 2 2
2 1

2 2 2
3 2 1

2 2 2
4 3 2

2 2 2
4 3

y 2 1 3 4.2 y 2 1 2 1

y 2 1 3 4.3 y y 1 3 1

y 2 1 3 4.4 y y 1 4 1

8 2 1 3 4.5 y y 1 5 1

 

anu 

+ =⎧
⎪ + + =⎪
⎨ + + =⎪
⎪ + =⎩

2 1

3 2 1

4 3 2

4 3

y 9 y            7
y 13y y  10
y 17 y y  17
      21y y   26

             (3.9) 

am sistemis amoxsna Cven SegviZlia gausis meTodiT, magram imis gamo, 
rom es sistema aris samdiagonaluri, amitom ufro mosaxerxebelia is 
amovxsnaT specialuri aseTi sistemebisaTvis e.w. gadadenis meTodiT 
romelic gadmocemuli iqneba Semdeg $_Si. 

 
 

 
$ 2.4 gadadenis meTodi 

 
ganvixiloT gantolebaTa sistema 

− − − − − − −

− − − −

+ =
+ + =
+ + =

+ + =
+

1 1 1 2 1

2 1 2 2 2 3 2

3 2 3 3 3 4 3

n 2 n 3 n 2 n 2 n 2 n 1 n 2

n 1 n 2 n 1 n 1

c y b y                           f
a y c y b y                f
a y c y b y                f
......................................
a y c y b y f
a y c y             −

⎧
⎪
⎪
⎪⎪
⎨
⎪
⎪
⎪

=⎪⎩ n 1   f

     (4.1) 

sadac − − − −2 n 1 1 n 1 1 n 1 1 n 1a ,...a ,c ,...,c ,b ,...,b , f ,... f ,  mocemuli ricxvebia. 

cxadia (4.1) sistema warmoadgens zogadi saxis samdiagonalur 
sistemas. am sistemis amoxsnisaTvis moviyvanoT g a d a d e n i s  m e T o 
d i. 

(4.1) sistemis pirveli gantoleba SeiZleba CavweroT Semdegi saxiT 

= − +1 1
1 2

1 1

b fy y
c c

. avRniSnoT = − =1 1
1 1

1 1

b fK ,M
c c

 maSin = +1 1 2 1y K y M  sistemis 

meore gantolebidan vRebulobT, rom ( )+ + + =2 1 2 1 2 2 2 3 2a K y M c y b y f  anu  

−
= − +

+ +
2 2 2 1

2 3
2 1 2 2 1 2

b f a My y
a K c a K c

. 

avRniSnoT 
−

= − =
+ +

2 2 2 1
2 2

2 1 2 2 1 2

b f a MK ;M
a K c a K c

. maSin = +2 2 3 2y K y M . 

analogiurad sistemis mesame gantolebidan vRebulobT damokidebulebas 

= +3 3 4 3y K y M , sadac 
−

= − =
+ +

3 3 3 2
3 2

3 2 3 3 2 3

b f a MK ;M
a K c a K c

. Tu am process 

gavagrZelebT, miviRebT formulebs  
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−
+

− −

−
= + = = = −

+ +
i i i i 1

i i i 1 i i i
i i 1 i i i 1 i

b f a My K y M ;  K ;  M ;  i 2,3,...,n 2
a K c a K c

 

i iK ,M  gamoiTvleba − −i 1 i 1K ,M _ebis saSualebiT. e.i. viciT ra i iK ,M , maT 

ki Cven vgebulobT (4.1) sistemis pirveli gantolebidan, Cven SegviZlia 

TanmimdevrobiT ganvsazRvroT − −2 2 3 3 n 2 n 2K ,M ,K ,M ,...,K ,M  koeficientebis 

rekurentulad gansazRvris am process ewodeba gadadenis pirdapiri 
svla.  

(4.1) sistemis bolo gantolebidan 

− − − −= +n 2 n 2 n 1 n 2y K y M ; 
aqedan vRebulobT 

( )− − − − − − −+ + =n 2 n 1 n 2 n 1 n 1 n 1 n 1K y M a c y f  

anu 

− − −
−

− − −

−
=

+
n 1 n 1 n 2

n 1
n 1 n 2 n 1

f a My
a K c

 

amgvarad, Cven viciT ras udris −n 1y . exla TanmimdevrobiT 

ganvsazRvravT − −n 2 n 3 3 2 1y , y ,...y , y , y , amasTan gamoviyenoT damokidebuleba 

+= +i i i 1 iy K y M ;  romelSic iK  da iM  ukve cnobilia. −1 2 n 1y , y , y _ebis povnis 

am process ewodeba gadadenis uku svla. amgvarad ucnobebi napovnia, 
amocana amoxsnilia. 

m a g a l i T i:  amovxsnaT Semdegi sistema gadadenis meTodiT 
 

+ =⎧
⎪ + + =⎪
⎨ + + = −⎪
⎪ + =⎩

2 1

3 2 1

4 3 2

4 3

y 2 y            8
y 3y y  17
y 2 y y  3
     3y y   0

    (4.2) 

(4.2) sistemis pirveli gantolebidan ganvsazRvroT 1 2y , y _is 

saSvalebiT 

= − +1 2
1y y 4
2

               (4.3) 

miRebuli mniSvneloba CavsvaT (4.2) sistemis meore gantolebaSi da 

ganvsazRvroT 2 3y , y _is saSvalebiT 

= − +2 3
2 26y y
5 5

       (4.4) 

miRebuli mniSvneloba CavsvaT (4.2) sistemis mesame gantolebaSi da 

ganvsazRvroT 3 4y , y _is saSvalebiT, miviRebT 

= +3 4
5 41y y

12 12
          (4.5) 

Tu miRebul mniSvnelobas kvlav CavsvamT (4.2) sistemis bolo 

gantolebaSi advilad miviRebT, rom = −4y 1 es mniSvneloba CavsvaT 

(4.5)_Si, miviRebT =3y 3  Tavis mxriv am ukanasknelidan (4.4)_is gamoyenebiT 

vRebulobT =2y 4  da bolos (4.3) damokidebulebidan advilad miiReba, 

rom =1y 2 . 
amgvarad sabolood miviRebT, rom (4.2) sistemis amonaxsni yofila 

( ) ( )= = −1 2 3 4y y , y , y , y 2,4,3, 1 . 
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$ 2.5 puasonis gantolebisaTvis dirixles amocanis amoxsna 
sasrul sxvaobaTa meTodiT 

 
ganvixiloT puasonis gantolebisaTvis dirixles amocana  

( ) ( ) ( )Δ = ∈u x, y f x, y ;    x, y G    (5.1) 

               ( )Ι ϕ=Гu x, y                      (5.2) 

sadac f  da ϕ  ori cvladis mocemuli funqciebia, xolo G  are, ki 

warmoadgens marTkuTxeds: e.i. ( ){ [ ] [ ]}= ∈ ∈1 2 1 2G x, y : x a ,a ; y b ,b . am 

marTkuTxedis AB  gverdi davyoT N  tol nawilad, xolo AD  gverdi ki 

M  tol nawilad. bijebi Sesabamisad avRniSnoT 1h  da 2h  e.i. 

( ) ( )− −
= =1 2 1 2

1 2

a a b b
h ,     h

N M
. dayofis wertilebze gavataroT marTkuTxedis 

gverdebis paraleluri wrfeebi. maTi gadakveTis wertilebs ewodebaT 
badis kvanZiTi wertilebi. miRebuli badis R  Sida areSi moTavsebuli 

wertilebis raodenoba cxadia iqneba ( ) ( )− −N 1 M 1 , xolo mTeli badis 

wertilTa raodenoba ki ( ) ( )+ +N 1 M 1 ; 

nebismieri ( )P x, y  funqciisaTvis misi ( )1 2P ih , jh  mniSvneloba 

( ) ( )= =1 2ih , jh i 0,1,...N ; j 0,1,...M  kvanZiT wertilSi simartivisaTvis avRniSnoT 

ijP _iT, xolo TviT kvanZi ki ( )i, j _iT. 

sasazRvro amocanebis amoxsnis baduri meTodi mdgomareobs SemdegSi: 

ucnobi ( )u x, y  funqcia warmoidgineba Tavisi iju  mniSvnelobiT badis 

kvanZiTi wertilebis diskretul simravleze; diferencialuri 
gamosaxulebebi, sasazRvro pirobebi da marjvena mxareebi 
aproqsimicirdebian sasruli sxvaobebiT. amis Semdeg ixsneba baduri 
gantolebebiT miRebuli sistema.  

sxvaobian sqemas Cven vuwodebT sxvaobiani aproqsimaciisa da baduri 
gantolebebis sistemis amonaxsnis meTodis erTobliobas. 

g a n s a z R v r e b a. sxvaobian sqemas ewodeba krebiTi, Tu baduri 

gantolebebis sistemis ( )iju  amonaxsni miiswrafis zusti ( )iju*  

amonaxsnisaken, roca →1h 0  da →2h 0 . 

yvela sxvaobiani sqema, romelsac Cven qvemoT ganvixilavTkrebadia. am 
faqtis damtkicebas Cven aq ar moviyvanT. 

badis yovel wertilSi (5.1) gantoleba SevcvaloT sxvaobiani 
analogiT. amisaTvis gamoviyenoT meore rigis warmoebulebis sasrul 
sxvaobebis miaxloebiTi warmodgenis (2.3) da (2.4) formulebi Siga 
kvanZiTi wertilebisaTvis. miviRebT 

( ) + −− +∂
≈

∂

2
i 1, j ij i 1, ji i

2 2
1

u 2u uu x , y
x h

 

( ) + −− +∂
≈

∂

2
i , j 1 ij i , j 1i i

2 2
2

u 2u uu x , y
y h

 

= − = −i 1,2,...N 1; j 1,2,...M 1. 
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am tolobebis gaTvaliswinebiT dirixles amocanisaTvis miviRebT 
baduri gantolebis Semdeg sistemas 

+ − + −− + − +
+ =i 1, j ij i 1, j i , j 1 ij i , j 1

ij2 2
1 2

u 2u u u 2u u
f

h h
,       (5.3) 

                  ϕ=ij iju Г         (5.4)                        

(5.3) gantolebas azri aqvs mxolod Sida kvanZebisatvis, e.i. roca 

( )∈ −i 1,2,...N 1  da ( )∈ −j 1,2,...M 1 . rac Seexeba (5.4) gantolebas, igi 

sruldeba mxolod sazRvarze mdebare wertilebisaTvis (am 
wertilebisatvis =i 0  an =i N , xolo =j 0  an =j M ) aseT wertilebs 
konturis wertilebi ewodebaT. 

e.i. sabolood Cven miviReT ( ) ( )+ +N 1 M 1  gantolebaTa sistema 

( ) ( )+ +N 1 M 1  raodenobis ucnobebis mimarT. Cvens SemTxvevaSi, e.i. roca 

ganixileba pirveli sasazRvro amocana, ukanaskneli (5.4) gantolebebi 
ukve amoxsnilia (5.2) sasazRvro pirobebis gamo. SevniSnoT, rom sxva 
sasazRvro amocanebis dros es as ear aris. cxadia rom (5.3), (5.4) sistema 
SegviZlia CavweroT matricul_veqtoruli saxiT: 

              =AX B                                           (5.5) 

sadac A  aris 2n _matrica, xolo X  da B  ki n _ganzomilebiani 

veqtorebia ( ) ( )( )= − −n N 1 . M 1 . (5.3), (5.4) sistemis Cawera (5.5) saxiT 

SeiZleba sxvadasxva gziT, imisda mixedviT Tu 

( )= − = −iju i 1,2,...N 1; j 1,2,...M 1  ucnobebs rogori wesiT gavaerTianebY X  

veqtorSi. cxadia, A  matricis saxe damokidebulia  X  veqtoris 
struqturaze. 

Cven vigulisxmebT, rom ( )= 1 nX x ,...x  veqtoris pirveli −N 1 elementia 

Sesabamisad −11 21 N 1,1u ,u ,...,u  ucnobebi, me_2 −N 1 elementi - −12 22 N 1,2u ,u ,...,u  

ucnobebi da a. S. bolo −N 1 elementi ki Sesabamisad − − − −1,M 1 2,M 1 N 1,M 1u ,u ,...,u  

ucnobebia. maSasadame, SegviZlia davweroT: 

( )( ) ( )+ − − = = − = −iji N 1 j 1x u , i 1,2,...,N 1; j 1,2,...M 1 . 

am SemTxvevaSi ( )
=

=
n

ij i , j 1
A a  matricas eqneba Semdegi saxe: 

( ) ( )= − + =2 2
ii 1 2a 2 h h        i 1,2,...n , 

( )+ − + −= = = − +2
i ,i N 1 i N 1,i 1a a h i 1,2,...,n N 1 ,              (5.6) 

( )( )+ += = = − ≠ − = − =2
i ,i 1 i 1,i 2 ija a h i 1,2,...,n 1;i N 1 j; j 1,2,...,M 1 a 0  danarCeni i  da j  

indeqsebisaTvis; xolo ( )= 1 2 nB b ,b ,...,b  veqtors ki Semdegi saxe: 
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( )

( )( ) ( )

( )( ) ( ) ( )

( )( )

ϕ ϕ

ϕ

ϕ ϕ

ϕ
− − −

− − +

− − +

− − +

= − −

= − = −

= − −

= − = −

= = − = −

2 2 2 2
1 1 2 11 2 01 1 10

2 2 2
i 1 2 i1 1 i0

2 2 2 2
N 1 1 2 N 1 ,1 2 N 1 1 N 1 ,0

2 2 2
1 2 1 j 2 0 jj 1 N 1 1

2 2
1 2 ijj 1 N 1 i

j 1 N 1 N

b h h f h h ,

b h h f h      i 2 ,3 ,...,N 2 ,

b h h f h h ,

b h h f h   j 2 ,3 ,...,M 2 ,

b h h f   i 2 ,3 ,...,N 2 ; j 2 ,3 ,...,M 2 ,

b ( )

( )

( )

( ) ( )

( )

ϕ

ϕ ϕ

ϕ ϕ

ϕ

ϕ ϕ

−−

− −− − +

− −− − +

−− − +

− − − −− − + −

= − = −

= −

= −

= − = −

= − −

2 2 2
1 2 N 1 j 2 Nj1

2 2 2 2
1 2 1 M 1 2 0 M 1 1 1Mn N 1 1

2 2 2 2
1 2 1 M 1 2 0 M 1 1 1Mn N 1 1

2 2 2
1 2 iM 1 1 iMn N 1 1

2 2 2 2
1 2 N 1 M 1 2 NM 1 1 N 1 Mn N 1 N 1

h h f h   j 2 ,3 ,...,M 2 ,

b h h f h -h ,

b h h f h -h ,

b h h f h i 2 ,3,...,N 2 ,

b h h f h h ,

 

SevniSnoT, rom A  aris simetriuli lentiseburi matrica. 

ganvixiloT (5.5), roca ganvixiloT (5.5), roca 3, 4M N= = da 1 2h h h= = . am 

SemTxvevaSi (5.3), (5.4) miiRebs saxes: 

( )

2
21 01 12 10 11 11

2
31 11 22 20 21 21

2
41 21 32 30 31 31

2
22 02 13 11 12 12

2
32 12 23 21 22 22

2
42 22 33 31 32 32

0 0 4 4

0 0 3 3

4

4

4

4

4

4
,    1, 2

,     
j j j j

i j i i

u u u u u h f

u u u u u h f

u u u u u h f

u u u u u h f

u u u u u h f

u u u u u h f
u u j

u u i

ϕ ϕ

ϕ ϕ

+ + + − =

+ + + − =

+ + + − =

+ + + − =

+ + + − =

+ + + − =

= = =

= = =( )1,2,3

⎧
⎪
⎪
⎪
⎪
⎪⎪
⎨
⎪
⎪
⎪
⎪
⎪
⎪⎩

 

Tu SemoviRebT aRniSvnebs 
2

11 01 1011
2

21 2021
2

31 31 30
2

12 12 02 13
2

22 22 23
232

32 42 33

4 1 0 1 0 0
1 4 1 0 1 0
0 1 4 0 0 1

;        ;         
1 0 0 4 1 0
0 1 0 1 4 1
0 0 1 0 1 4

h fu
h fu

u h f
X B A

u h f
u h f
u h f

ϕ ϕ

ϕ

ϕ

ϕ ϕ

ϕ

ϕ ϕ

⎛ ⎞− −⎛ ⎞ −⎛ ⎞⎜ ⎟⎜ ⎟ ⎜−⎜ ⎟ −⎜ ⎟ ⎜⎜ ⎟⎜ ⎟ ⎜− −⎜ ⎟= =⎜ ⎟ ⎜⎜ ⎟ −− −⎜ ⎟ ⎜⎜ ⎟⎜ ⎟ ⎜ −−⎜ ⎟⎜ ⎟ ⎜⎜⎜ ⎟ ⎜ ⎟ −⎝ ⎠⎝ ⎠ − −⎝ ⎠

⎟
⎟
⎟
⎟
⎟
⎟
⎟⎟

, 

maSin ukanaskneli sistema Caiwereba (5.5) saxiT. 
m a g a l i T i. Semdegi sasazRvro amocana miviyvanoT wrfiv 

algebrul gantolebaTa sistemaze 
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( ) ( )

( )
( ) ( ) [ ] [ ]{ }

2 2
2

2 2

, ,
                     (5.7)

, 3                                                       (5.8)

, , : 1,3 , 1, 2.5

4; 3

x y x y
x y

x y
x y Г xy

G x y x y x y

M N

υ υ
υ

υ

⎧ ∂ ∂
Δ = + = +⎪ ∂ ∂⎪
⎪ =⎨
⎪ = ∈ ∈⎪
⎪ = =⎩

 

Cven SemTxvevaSi  

[ ] [ ] [ ] [ ] 1 2
3 1 2.5 1, 1,3 ,   , 1, 2.5 ,    0.5;   0.5

4 3
b aa b c d h h

M
− − −

= = = = = = =  

movaxdinoT G _aris diskretuli ariT Secvla. amisaTvis [1, 3] da [1, 
2.5] Svaledebi Sesabamisad davyoT wertilebiT 

1

j 2

1 1 0.5         0,1, 2,3, 4;
y 1_ 1 0.5       0,1, 2,3;

ix ih i i
jh j j

= + = + =

= = + =
 

miviRebT Sesabamisad  

0 1 2 3 41, 1 0,5.1 1.5 1 2.0,5 2 1 0,5.3 2,5 1 4.0,5 3x x x x x= + = = + = = + = = + =  

0 1 2 31 1 1,5.1 1,5 1 2.0,5 2 1 3.0,5 2,5y y y y= = + = = + = = + =  

dayofis wertilebSi aRvmarToT marTobebi, maTi gadakveTiT miiReba 
diskretuli baduri are 

( ){ }1 2, , : 1 0.5 ; 1 0.5 ; 0,1,..., 4; 0,1,...3h h i j i jG x y x i y j i j= + = + = =  

roca 0M = an 4M = aseve 0N =  an 3N =  vRebulobT sasazRvro 
kvanZiT wertilebs. Cven SemTxvevaSi esenia  

( ) ( )( ) ( ) ( ) ( )( ) ( )
( ) ( )( ) ( ) ( ) ( )( ) ( )
( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( )

0 0 1 0 2 0 3 0

4 0 4 1 4 2 4 3

3 3 2 3 1 3

0 3 0 2 0 1

, 1,1 , 1.5,1 , , 2,1 , 2.5,1

, 3,1 , 3.1,5 , , 3, 2 , 3, 2.5

, 2.5, 2.5 , , 2, 2.5 , , 1.5, 2.5

, 1, 2.5 , , 1, 2 , , 1,1.5

x y x y x y x y

x y x y x y x y

x y x y x y

x y x y x y

= = = =

= = = =

= = =

= = =

 

(5.7) gantolebaSi warmoebulebi SevcvaloT Sesabamisi meore rigis 
sasruli sxvaobebiT da gaviTvaliswinoT (5.8) sasazRvro piroba, 
miviRebT: 

1 1 1 1 2
2 2

2 2
            (5.9)

0.5 0.5
3                                                               (5.10)

1, 2,3;        1, 2;

i j ij i j ij ij ij
i j

ij i j

x y

Г x y

i j

υ υ υ υ υ υ

υ

+ − + −− + − +⎧
+ = +⎪

⎪⎪ =⎨
⎪ = =⎪
⎪⎩

 

miRebuli sistema gadavweroT Semdegi saxiT 

( )2
1 1 1 14 0.25

3

1,2,3;        1, 2;

i j ij ij i j ij i j

ij i j

x y

Г x y

i j

υ υ υ υ υ

υ

+ + − −
⎧ + − + + = +
⎪⎪ =⎨
⎪ = =⎪⎩

 

miRebul sasrul sxvaobian sasazRvro amocanaSi i da j parametrebs 
mivceT Sesabamisi mniSvnelobebi: 
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1  1
1  2
2  1
2  2
3  1
3  2

i j
i j
i j
i j
i j
i j

= =
= =
= =
= =
= =
= =

     

( )
( )
( )
( )
( )
( )

2
21 12 11 01 10 1 1

2
22 13 12 02 11 1 2

2
31 22 21 11 20 2 1

2
32 23 22 12 21 2 2

2
41 32 31 21 30 3 1

2
42 33 32 22 31 3 2

4 0.25

4 0.25

4 0.25

4 0.25

4 0.25

4 0.25

x y

x y

x y

x y

x y

x y

υ υ υ υ υ

υ υ υ υ υ

υ υ υ υ υ

υ υ υ υ υ

υ υ υ υ υ

υ υ υ υ υ

⎧ + − + + = +
⎪
⎪ + − + + = +
⎪
⎪ + − + + = +⎪
⎨

+ − + + = +⎪
⎪

+ − + + = +⎪
⎪

+ − + + = +⎪⎩

         (5.11) 

miRebul (5.11) sistemaSi 01 10 13 02 20 23 41 30 42 33, , , , , , , , ,υ υ υ υ υ υ υ υ υ υ _ warmoadgenen 

saZiebel funqciebs G da Г sazRvarze, amitom isini cnobilia da 
gamoiTvlebian (5.10) sasazRvro pirobiT 

( )
( )
( )
( )
( )
( )
( )

01 0 1 0 1

10 1 0 1 0

13 1 3 1 3

02 0 2 0 2

20 2 0 2 0

23 2 3 2 3

41 4 1 4 1

, 3 . 3.1.1,5 4,5

, 3. . 3.1,5.1 4,5

, 3 . 3.1,5.2,5 11,25

, 3 . 3.1.2 6

, 3 . 3.2.1 6

, 3. . 3.2.2,5 15

, 3. . 3.3.1,5 13

x y x y

x y x y

x y x y

x y x y

x y x y

x y x y

x y x y

υ υ

υ υ

υ υ

υ υ

υ υ

υ υ

υ υ

= = = =

= = = =

= = = =

= = = =

= = = =

= = = =

= = = =

( )
( )
( )

30 3 0 3 0

42 4 2 4 2

33 3 3 3 3

,5

, 3. . 3.2,5.1 7,5

, 3. . 3.3.2 18

, 3. . 3.2,5.2,5 18,75.

x y x y

x y x y

x y x y

υ υ

υ υ

υ υ

= = = =

= = = =

= = = =

 

CavsvaT miRebuli mniSvnelobani da ix  da ( )1,2,3; 1, 2iy i j= = _is 

Sesabamisi mniSvnelobani (5.11) sistemaSi: 

( )
( )

( )
( )
( )
( )

2
21 12 11

2
22 12 11

2
31 22 21 11

2
32 22 12 21

2
32 31 21

2
32 22 31

4 4,5 4,5 0, 25 1,5 1,5

11, 25 4 6 0, 25 1,5 2

4 6 0, 25 2 1,5

15 4 0, 25 2 2

13,5 4 7,5 0, 25 2,5 1,5

18 18,75 4 0, 25 2,5 2

υ υ υ

υ υ υ

υ υ υ υ

υ υ υ υ

υ υ υ

υ υ υ

⎧ + − + + = +
⎪
⎪ + − + + = +
⎪
⎪ + − + + = +⎪
⎨

+ − + + = +⎪
⎪

+ − + + = +⎪
⎪

+ − + + = +⎪⎩

 

martivi gamoTvlebis Semdeg vRebulobT: 

21 12 11

22 11 12

31 22 21 11

32 22 12 21

32 31 21

22 32 31

4 8,1875
4 16,1875
4 4,625

4 13,5                       (5.12)
4 19,0625
4 34,7875

υ υ υ
υ υ υ
υ υ υ υ
υ υ υ υ
υ υ υ
υ υ υ

+ − = −⎧
⎪ + − = −⎪
⎪ + − + = −⎪
⎨ − + + = −⎪
⎪ − + = −
⎪

− + = −⎪⎩

 

amgvarad miviRebT wrfiv gantolebaTa sistema 11 12 21 22 31 32, , , , ,υ υ υ υ υ υ  

ucnobebis mimarT. am ucnobebis povniT Cven vpoulobT saZiebeli ( ),x yυ  
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funqciis mniSvnelobebis Siga kvanZiT wertilebSi. Tu SemoviRebT 
aRniSvnebs  

 

11

12

21

22

31

32

4 1 1 0 0 0 8,1875
1 4 0 1 0 0 16,1875
1 0 4 1 1 0 4,625

; ;
0 1 1 4 0 1 13,5
0 0 1 0 4 1 19,0625
0 0 0 1 1 4 34,7875

A B X

υ
υ
υ
υ
υ
υ

− − ⎛ ⎞⎛ ⎞ ⎛ ⎞
⎜ ⎟⎜ ⎟ ⎜ ⎟− − ⎜ ⎟⎜ ⎟ ⎜ ⎟
⎜ ⎟⎜ ⎟ ⎜ ⎟− −

= = = ⎜ ⎟⎜ ⎟ ⎜ ⎟
− − ⎜ ⎟⎜ ⎟ ⎜ ⎟

⎜ ⎟⎜ ⎟ ⎜ ⎟− −
⎜ ⎟⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟ ⎜ ⎟−⎝ ⎠ ⎝ ⎠ ⎝ ⎠

 

maSin (5.12) sistema miiRebs saxes  

AX B=  
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T a v i  3 
 

arawrfiv gantolebaTa sistemebis 
miaxloebiTi amoxsnebi 

 
$ 3.1. niutonis meTodi 

 
ganvixiloT arawrfiv gantolebaTa sistema 

( )
( )

( )

1 1 2

2 1 2

1 2

, ,... 0

, ,... 0
............................

, ,... 0

n

n

n n

f x x x

f x x x

f x x x

=⎧
⎪

=⎪
⎨
⎪
⎪ =⎩

                  (1.1) 

 

sadac 1 2, ,... nf f f  namdvili funqciebia. SemoviRoT aRniSvnebi 

( ) ( ) ( )1 2 1 2, ,..., , , ,..., ,0 0,0,...,0n nx x x x f f f f= = =  

maSin (1.1) sistema Caiwereba Semdegi saxiT: 
( ) 0f x =     (1.1’) 

(1.1’) sistemis amoxsnisaTvis visargebloT TanmimdevrobiTi 
miaxloebis meTodiT. 

davuSvaT, rom napovni gvaqvs p-uri miaxloeba 
( ) ( ) ( ) ( )( )1 2, ,..., ,p p p p

nx x x x=  

(1.1’) veqtoruli gantolebis erT-erTi izolirebuli ( )1 2, ,..., nx x x x=  

fesvisa. maSin (1.1’) gantolrbis zusti fesvi SeiZleba warmovadginoT 
Semdegi saxiT. 

p px x e= +     (1.2) 

sadac pe  - Sesworebaa  (f e s v i s   n a z r d i). 
CavsvaT (1.2) gantoleba (1.1’) – gantolebaSi gveqneba: 

( ) ( )( ) 0p pf x e+ =  

davuSvaT, rom ( )f x  funqcia uwyvetad diferencirebadia x da ( )px   

wertilebis momcvel raime amozneqil areze. (1.3) gantolebis marcxena 

mxare gavSaloT teiloris mwkrivad, mcire ( )pε  veqtoris mimarT da 
SemovifargloT wrfivi wevrebis SenarCunebiT, 

( ) ( )( ) ( )( ) ( )( ) ( )' 0p p p p pf x f x f xε ε+ = + =             (1.4) 

(1.4) formulidan gamomdinareobs, rom ( )'f x  warmoebulis qveS unda 

gvesmodes 1 2, ,..., nf f f  funqciaTa sistemis i a k o b i s   m a t r i c i  

1 1 ,, ,..., nx x x  cvladebis mimarT, e.i.  
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( ) ( )

1 1 1

1 2

2 2 2

1 2

1 2

...

...

......................

...

n

n

n n n

n

f f f
x x x
f f f
x x xf x W x

f f f
x x x

∂ ∂ ∂⎡ ⎤
⎢ ⎥∂ ∂ ∂⎢ ⎥
∂ ∂ ∂⎢ ⎥
⎢ ⎥′ ∂ ∂ ∂= = ⎢ ⎥
⎢ ⎥
⎢ ⎥∂ ∂ ∂⎢ ⎥
⎢ ⎥∂ ∂ ∂⎣ ⎦

 

anu Semoklebuli formiT 

( ) ( ) ( ), , 1, 2,... .i

j

ff x W x i j n
x

⎡ ⎤∂′ = = =⎢ ⎥
∂⎢ ⎥⎣ ⎦

 

iakobis matricis gamoyenebiT (1.4) formula SeiZleba CavweroT 
Semdegi saxiT: 

( )( ) ( )( ) ( ) 0p p pf x W x ε+ =  

aqedan, vigulisxmoT rom matrica ( )( )pW x _ ara gadagvarebulia, 

miviRebT: 
( ) ( )( ) ( )( ).p p pW x f xε = −  

Sesabamisad,  
( ) ( ) ( )( ) ( )( ) ( )1 1 0,1, 2,...p p p px x W x f x p+ −= − =      (1.5) 

(niutonis meTodi) 
m a g a l i T i. niutonis meTodiT vipovoT Semdegi sistemis 

dadebiTi amonaxsni 
2 2 2

2 2

2 2

1
2 4 0
3 4 0

x y z
x y z
x y z

⎧ + + =
⎪

+ − =⎨
⎪ − + =⎩

 

sawyis miaxloebad aviRoTY 0 0 0 0,5x y z= = = . 

a m o x s n a. gvaqvs  

( )

2 2 2

2 2

2 2

1
2 4
3 4

x y z
f x x y z

x y z

⎡ ⎤+ + −
⎢ ⎥

= + −⎢ ⎥
⎢ ⎥− +⎣ ⎦

 

aqedan 

( )
0.25 0.25 0.25 1 0.25
0.50 0.25 2.00 1.25
0.75 2.00 0.25 1.00

f x
+ + − −⎡ ⎤ ⎡ ⎤

⎢ ⎥ ⎢ ⎥= + + − = −⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥− + −⎣ ⎦ ⎣ ⎦

 

SevadginoT iakobis matrica 

( )
2 2 2
4 2 4
6 4 2

x y z
W x x y

x z

⎡ ⎤
⎢ ⎥= −⎢ ⎥
⎢ ⎥−⎣ ⎦

 

gvaqvs  
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( )( )0

1 1 1
2 1 4
3 4 1

W x
⎡ ⎤
⎢ ⎥= −⎢ ⎥
⎢ ⎥−⎣ ⎦

 

da 

( )( )0

1 1 1
det 2 1 4 40

3 4 1
W x

⎡ ⎤
⎢ ⎥= − = −⎢ ⎥
⎢ ⎥−⎣ ⎦

 

vipovoT Sebrunebuli matrica 

( )( )01

3 1 1
8 8 815 5 5

1 7 1 314 2 6
40 20 20 20

11 7 1 11 7 1
40 40 40

W x−

⎡ ⎤
⎢ ⎥

− − −⎡ ⎤ ⎢ ⎥
⎢ ⎥ ⎢ ⎥= − − − = −⎢ ⎥ ⎢ ⎥
⎢ ⎥− − ⎢ ⎥⎣ ⎦

⎢ ⎥−
⎢ ⎥⎣ ⎦

 

(1.5) formulis gamoyenebiT vRebulobT pirvel miaxloebas 

( ) ( ) ( )( ) ( )( )1 0 0 01

3 1 1
8 8 80.5 0.25
7 1 30.5 1.25
20 20 20

0.5 1.0011 7 1
40 40 40

0.5 0.35 0.875
0.5 0 0.500
0.5 0.125 0.375

x x W x f x−

⎡ ⎤
⎢ ⎥

−⎡ ⎤ ⎡ ⎤⎢ ⎥
⎢ ⎥ ⎢ ⎥⎢ ⎥= − = − − − =⎢ ⎥ ⎢ ⎥⎢ ⎥
⎢ ⎥ ⎢ ⎥−⎢ ⎥⎣ ⎦ ⎣ ⎦

⎢ ⎥−
⎢ ⎥⎣ ⎦

⎡ ⎤ ⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥ ⎢ ⎥= + =⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥ ⎢ ⎥−⎣ ⎦ ⎣ ⎦ ⎣ ⎦

 

exla gamovTvaloT meore miaxloeba ( )2x . gvaqvs: 

( )( )
2 2

1 2 2

2 2

0.875 0.500 0.375 1 0.15625
2.0,875 0.500 4.0,375 0.28125

0.437503.0,875 4.0,500 0,375
f x

⎡ ⎤+ + − ⎡ ⎤
⎢ ⎥ ⎢ ⎥= + − =⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥− + ⎣ ⎦⎣ ⎦

 

da 

( )( )11

2.0,875 2.0,500 2.0,375 1.750 1 0.750
4.0,875 2.0,500 4 3.500 1 4
6.0,875 4 2.0,375 5.250 4 0.750

W x−

⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥= − = −⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥− −⎣ ⎦ ⎣ ⎦

 

aqedan 

( )( )1

1.750 1 0.750 1.750 1 0.750
det 3.500 1 4 1.750 0 4.750 64.75

5.250 4 0.750 12.250 0 3.750
W x = − = − = −

−
 

( )( )1
1

15.25 3.75 0.750
1 1.750 0 4.750

64.75
12.250 12.25 1.75

W x−

− − −⎡ ⎤
⎢ ⎥= − −⎢ ⎥
⎢ ⎥−⎣ ⎦

  

(1.5) formulis gamoyenebiT vRebulobT  
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( ) ( ) ( ) ( )( ) ( )( )2 1 1 1 1

0.875 15.25 3.75 4.75 0.1565
10.500 23.625 2.6250 9.625 0.28125

64.75
0.375 19.25 12.25 1.75 0.43750

0.875 0.08519 0.
0.500 0.00338
0.375 0.00507

x x W x f x−

− − −⎡ ⎤ ⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥ ⎢ ⎥= − = + − − =⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥ ⎢ ⎥− −⎣ ⎦ ⎣ ⎦ ⎣ ⎦

⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥= − =⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦

78981
0.4662
0.3693

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦

 

 
analogiurad gamoiTvleba danarCeni miaxloeba 

( ) ( )( )3 3

0.78521 0.000001
0.49662 ,                0.00004
0.3692 0.00003

x f x
⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥= =⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦

 

da a.S.  
Tu SemovizRudebiT mesame miaxloebiT, miviRebT: 

0.7852; 0.4966; 0.369x y z= = = . 

 
 
 
 

$3.2 martivi iteraciis meTodi 
 
 
vTqvaT mocemuli mocemuli gvaqvs specialuri saxis arawrfiv 

gantolebaTa sistema  

( )
( )

( )

1 1 1 2

2 2 1 2

1 2

, ,...,

, ,...,
................................

, ,..., ,

n

n

n n n

x x x x

x x x x

x x x x

ϕ

ϕ

ϕ

=⎧
⎪

=⎪
⎨
⎪
⎪ =⎩

             (2.1) 

sadac 1 2, ,... nϕ ϕ ϕ  funqciebi, sistemis izolirebuli ( )* * *
1 2, ,..., nx x x  

amonaxsnis raime ω raime midamoSi gansazRvruli uwyveti funqciebia.  
SemoviRoT veqtorebi 

( ) ( ) ( ) ( )( )1 2 1, ,...      ,...,nx x x x x x xϕ ϕ ϕ= =  

maSin (2.1) sistema Caiwereba ufro SemoklebiT 

      ( )x xϕ=                       (2.2) 

(2.2) gantolebis ( )* * * *
1 2, ,..., nx x x x=  veqtor_amonaxsnis povnisaTvis 

xSirad mosaxerxebelia gamoviyenoT i t e r a c i i s  m e T o d i  
( ) ( )( ) ( )1          0,1, 2,..., ,p px x pϕ+ = =          (2.3) 

sadac ( )0 *x x≈ . mtkicdeba, rom es procesi krebadia [1]. SevniSnoT, rom 
Tu (2.3) iteraciuli procesi krebadia, maSin zRvruli mniSvneloba  

( ) ( )lim 0,1,2,..., ,p

p
x pξ

→∞
= =             (2.4) 
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aucileblad iqneba (2.2) gantolebis amonaxsni. marTlac, dauSvaT, 
rom (2.4) damokidebuleba sruldeba da gadavideT (2.3) tolobaSi 

zRvarze, roca ( ).p xϕ→∞  funqciis uwyvetobis gamo gveqneba  

( ) ( )( )1lim limp p

p p
x xϕ+

→∞ →∞
=  

e.i.  

( )ξ ϕ ξ=  

amgvarad, ξ  aris (2.2) veqtoruli gantolebis fesvi. 

garda amisa, Tu yvela miaxloveba ( ) ( )0,1,2,...px p = ekuTvnis ϖ ares, 

maSin *x . e r T a d e r T i fesvia (2.2) sistemis am areSi da cxadia  
*xξ = . 

iteraciis meTodi SeiZleba aseve gamoyenebuli iqnas zogadi 
sistemebisaTvis 

( ) 0f x =              (2.5) 

sadac ( )f x _veqtor_funqcia gansazRvrulia da uwyvetia *x  

veqtor_amonaxsnis ϖ  izolirebul midamoSi. magaliTad, gadavweroT es 
sistema Semdegi saxiT: 

( ) ( )x x f x xϕ= + Λ =        (2.6) 

gveqneba: 
 

( )x xϕ=      (2.7) 

ukanasknel tolobaSi advilad gamoiyeneba (2.3) Cveulebrivi 
iteraciis meTodi. 

Tu ( )f x  funqcias uwyveti warmoebuli  ( )f x′ , maSin (2.6) formulidan 

gamomdinareobs: 

( ) ( )x E f xϕ′ ′= + Λ . 

 
mtkicdeba, rom iteraciis procesi (2.7) gantolebisaTvis swrafad 

ikribeba, roca ( )xϕ′  mcirea normiT. gaviTvaliswinoT es garemoeba da 

aviRoT Λ  ise, rom  
( )( ) ( )( )0 0 0x E f xϕ′ ′= + Λ =  

 

aqedan, Tu ( )( )0f x′  matrica aragadagvarebulia, gveqneba:  

( )( ) 1
0f x

−
⎡ ⎤′Λ = − ⎣ ⎦  

SevniSnoT, rom roca ( )( )0det 0f x′ =  unda aviRoT sxva sawyisi miaxloeba 

( )0x . 
m a g a l i T i. iteraciis meTodiT miaxloebiT amovxsnaT sistema 

2 2
1 2
3
1 2

1

0

x x

x x

⎧ + =⎪
⎨

− =⎪⎩
         (2.8) 

a m o x s n a. sawyis miaxloebad miviRoT: 
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( )0 0.9
0.5

x ⎡ ⎤
= ⎢ ⎥
⎣ ⎦

 

davuSvaT 

( )
2 2
1 2
3
1 2

1x x
f x

x x

⎡ ⎤+ −
= ⎢ ⎥

−⎢ ⎥⎣ ⎦
 

gveqneba:  

( ) 1 2
2
1

2 2

3 1

x x
f x

x
⎡ ⎤

′ = ⎢ ⎥−⎣ ⎦
 

aqedan  

( )( )0 1.8 1
2.43 1

f x ⎡ ⎤′ = ⎢ ⎥−⎣ ⎦
 

da 
( )( )0det 1.8 2.43 4.23f x′ = − − = −  

radganac ( )( )0f x′  matrica aragadagvarebulia, amitom arsebobs 

Sebrunebuli matrica 

( )( ) 1
0 1 11

2.43 1.84.23
f x

− − −⎡ ⎤⎡ ⎤′ = − ⎢ ⎥⎣ ⎦ −⎣ ⎦
 

amgvarad,  

( )( ) 1
0 1 11

2.43 1.84.23
f x

− − −⎡ ⎤⎡ ⎤′Λ = − = − ⎢ ⎥⎣ ⎦ −⎣ ⎦
 

dauSvaT 

( ) ( )
2 2

1 1 2
3

2 1 2

11 11
2.43 1.84.23

x x x
x x f x

x x x
ϕ

⎡ ⎤+ −⎡ ⎤ ⎡ ⎤
= + Λ = − ⎢ ⎥⎢ ⎥ ⎢ ⎥− −⎢ ⎥⎣ ⎦⎣ ⎦ ⎣ ⎦

 

maSin (2.8) sistema eqvivalenturi iqneba standartuli matriculi 
gantolebisa  

( )x xϕ=          (2.9) 

(2.4.) formulis gamoyenebiT (2.9) sistemis amonaxsnisaTvis 
TanmimdevrobiTi miaxloebiT vRebulobT: 

( )

( )

( ) ( )

( ) ( )3

0 02 20
1 211

0 0 0
2 1 2

11 11
2.43 1.84.23

0.9 1 1 0.060 0.9 0.0683 0.83171 ;
0.5 2.43 1.8 0.229 0.5 0.0630 0.56304.23

x xx
x

x x x

⎡ ⎤⎡ ⎤ + −⎡ ⎤
⎢ ⎥= − =⎢ ⎥ ⎢ ⎥− ⎢ ⎥⎣ ⎦⎢ ⎥ −⎣ ⎦ ⎣ ⎦

⎡ ⎤ ⎡ ⎤ ⎡ ⎤ ⎡ ⎤ ⎡ ⎤ ⎡ ⎤
= − = − =⎢ ⎥ ⎢ ⎥ ⎢ ⎥ ⎢ ⎥ ⎢ ⎥ ⎢ ⎥− −⎣ ⎦ ⎣ ⎦ ⎣ ⎦ ⎣ ⎦ ⎣ ⎦ ⎣ ⎦

 

 

( )
2 2

2
3

0.8317 1 1 0.8317 0.5630 11
0.5630 2.43 1.84.23 0.8317 0.5630

0.8317 0.0049 0.8268
;

0.5630 0.0003 0.5633

x
⎡ ⎤+ −⎡ ⎤ ⎡ ⎤

= − =⎢ ⎥⎢ ⎥ ⎢ ⎥− −⎣ ⎦ ⎣ ⎦ ⎣ ⎦
⎡ ⎤ ⎡ ⎤ ⎡ ⎤

= − =⎢ ⎥ ⎢ ⎥ ⎢ ⎥−⎣ ⎦ ⎣ ⎦ ⎣ ⎦
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( )

( )

3

4

0.8268 0.0007 0.8268
;

0.5633 0.0002 0.5631

0.8261 0.0000 0.8261
;

0.5631 0.0005 0.5636

x

x

⎡ ⎤ ⎡ ⎤ ⎡ ⎤
= − =⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎣ ⎦ ⎣ ⎦ ⎣ ⎦

⎡ ⎤ ⎡ ⎤ ⎡ ⎤
= − =⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎣ ⎦ ⎣ ⎦ ⎣ ⎦

 

da a.S.  
SemovisazRvroT meoTxe miaxloebiT, gveqneba fesvebi 

1 0.8261;x =        2 0.5636,x =   

amasTan 

( )
0.0000
0.0002

f x ⎡ ⎤
= ⎢ ⎥
⎣ ⎦

 

sizustiT 410−  
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T a v i  4  
 

pirveli rigisdiferencialuri gantolebisaTvis 
koSis amocanis amoxsnis ricxviTi meTodebi 

 
$ 4.1. eileris meTodi 

 
vipovoT pirveli rigis diferencialuri gantolebis 

( ),y f x y=  

amonaxsni, romelic akmayofilebs sawyis pirobebs: 

0
0x x

y y
=

=  

am amocanis ricxviTi amoxsna movZebnoT [ ]0 ,x B  Sualedze. davyoT es 

Sualedi n  Tanabar nawilad h  bijiT: 

1 .i ix x h+ − =       0,h >      0,1,... 1i n= −  

0 1 ... nx x x B< < < ≡  

[ ]0 1,x x  Sualedze AB integraluri wiri SevcvaloT A  wertilSi gamavali 

1AA  mxebis monakveTiT. mxebis gantolebaa 

( )

( ) ( )

0 0 0

0 0 0 0

;

, .

y y x x y

y y x x f x y

− −

− = −

 

CavsvaT masSi x -is nacvlad 1 0x x h= + , miviRebT ( )f x  saZiebeli amonaxsnis 

miaxloebiT mniSvnelobas 1x  wertilSi: 

( )1 0 0 0,y y hf x y= + . 

[ ]1 2,x x  Sualedze SevcvaloT integraluri mrudi ( )1 1 1,A x y wertilSi 

gamavali mxebis 1 2A A  monakveTiT. am mxebis gantoleba iqneba:  

( )

( ) ( )

0 1 1

0 1 1 1

;

, .

y y x x y

y y x x f x y

− = −

− = −

 

CavsvaT masSi x -is nacvlad 2 1x x h= + , miviRebT saZiebeli ( )y x  funqciis 

mniSvnelobas 2x  wertilSi: 

( )1 1 1,y hf x y+ . 

analogiurad miviRebT 

( )1 , ,

0,1, 2,..., 1

i i i iy y hf x y

i n

+ = +

= −
         (1.1) 

am meTods eileris meTodi ewodeba. 
m a g a l i T i. eileris meTodiT vipovoT 

2dy xy x
dx

= +  
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gantolebis amonaxsni [ ]0,1  Sualedze 0,1h =  bijiT, sawyisi pirobiT 0,x = . 

1y = . 
a m o x s n a. visargebloT (1.1) formuliT 

( )2
1 0 0 0 00.1 1y y x y x= + + =  

( ) ( )
( ) ( )
( ) ( )
( ) ( )

2 2
2 1 1 1 1

2 2
3 2 2 2 2

2 2
4 3 3 3 3

2 2
5 4 4 4 4

6 5 5 5

0.1 1 0.1 0,1.1 0,1 1,011

0.1 1.011 0.1 0,2.1,011 0,2 1,0352

0.1 1,0352 0,1 0,3.1,0352 0.3 1,0753

0.1 1,0753 0,1 0,4.1,0753 0,4 1,1343

0.1

y y x y x

y y x y x

y y x y x

y y x y x

y y x y

= + + = + + =

= + + = + + =

= + + = + + =

= + + = + +

= + +( ) ( )
( ) ( )
( ) ( )
( ) ( )

2 2
5

2 2
7 6 6 6 6

2 2
8 7 7 7 7

2 2
9 8 8 8 8

10 9 9

1,1343 0,1 0,5.1,1343 0.5 1,2160

0.1 1,2160 0,1 0,6.0,1,2160 0.6 1,3250

0.1 1,3250 0,1 0,7.1,3250 0,7 1,4668

0.1 1,4668 0,1 0,8.1,4668 0,8 1,6481

0.1

x

y y x y x

y y x y x

y y x y x

y y x

= + + =

= + + = + + =

= + + = + + =

= + + = + + =

= + ( ) ( )2 2
9 9 1,6481 0,1 0,9.1,6481 0,9 1,8774y x+ = + + =

 

 
eileris meTodi Zalian martivia, magram saWiroa amonaxsnis sizustiT 
misaRebad Zalian patara h , romlis drosac praqtikulad samuSaodrois 
did danaxarjs aqvs adgili. igi gvaZlevs uxeS miaxloebas Tu h  didia. 
 
 
 
 
 
 
 
 

$4.2 runge_kutas meTodi 
 

mocemulia pirveli rigis diferencialuri gantoleba 

( ),dy f x y
dx

=  

[ ]0x B  monakveTiT, h  bijiT, 0 0,x x y y= =  sawyisi pirobebiT. koSis am 

amocanis amoxsna SeiZleba runge_kutas meTodiT, romlis formulaa 

( )1 1 2 3 4
1 2 2 ,
6i iy y P P P P+ = + + + +  

sadac 

( )

( )

1

1
2

1
3

4 3

, ;

, ;
2 2

, ;
2 2
, ;

i i

i i

i i

i i

P hf x y

Php hf x y

Php hf x y

p hf x h y P

=

⎛ ⎞= + +⎜ ⎟
⎝ ⎠
⎛ ⎞= + +⎜ ⎟
⎝ ⎠

= + +
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am formulis naSTiTi wevri meoTxe rigisaa h  bijis mimarT, amitom es 
meTodi ufro efeqturia wina ganxilul meTodTan SedarebiT. 
 
 
 
 
 
 
 

T a v i V 
 

$ 5.1 funqciaTa miaxloebiTi integreba 
 

rogorc cnobilia Tu ( )y f x=  funqcia uwyvetia [ ],a b segmentze da ( )F x  

aris misi pirveladi am segmentze, maSin niuton_laibnicis formulis 
Tanaxmad  

( ) ( ) ( ) ( ).
b b

a
a

f x dx F x I F b F a= = −∫             (1.1) 

   xSir SemTxvevaSi ( )F x  ar gamoisxeba elementaluri funqciebis 

sasruli raodenobis wrfivi kombinaciiT, amitom (1) formuliT 
gansazRvruli integralis gamoTvla ar xerxdeba. amasTan, praqtikaSi 

umetes SemTxvevaSi, ( )f x  funqcia mocemulia ara analizurad aramed 

cxrilis saSualebiT, amitom funqciis pirveladis dadgena SeuZlebelia. 
analogiur situacias aqvs adgili jeradi integralebis gamoTvlebis 
SemTxvevaSic. amitom mniSvnelobas iZens gansazRvruli integralis 
miaxloebiTi da kerZod ricxviTi  meTodebiT gamoTvla. 
   sazogadod, funqciaTa ricxviTi integrebis amocana mdgomareobs 
gansazRvruli integralis mniSvnelobis dadgenaSi integralqveSa 
funqciis diskretuli mniSvnelobebiT saintegro Sualedidan. 
  formulebs, romelTa saSualebiT vpoulobT gansazRvruli integralis 
ricxviT mniSvnelobebs k v a d r a t u l  f o r m u l e b s  
vuwodebT. analogiur formulebs orjeradi integralebisaTvis vuwodebT 
k u b a t u r u l  f o r m u l e b s. 

kvadratuli formulebis misaRebad, [ ],a b  saintegro Sualedze mocemul 

( )y f x=  funqcias cvlian ( )xϕ  sainterpolacio polimoniT da weren 

( ) ( ) .
b b

a a

f x dx x dxϕ≈∫ ∫              (1.2) 

Tu ( )f x  funqcia mocemulia analizurad, maSin ismis sakiTxi (1.2) 

formulis cdomilebis Sefasebis Sesaxeb. 
moviyvanoT kvadratuli formulis miRebis meTodi lagranJis 

sainterpolacio formulis gamoyenebiT. ganvixiloT [ ],a b  segmentis 1n +  

wertili 0, 1,..., nx x x  iseTi, rom 0 1 ... .na x x x b≤ < < < = vTqvaT am wertilebSi 

( )y f x=  funqciis mniSvnelobebia  

( )i iy f x=      ( )0,1,...,i n=         (1.3) 
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mocemuli iy  mniSvnelobebiT avagoT lagranJis sainterpolacio 

polinomi  

( ) ( )
( ) ( )

1

0 1

n
n

n
i i n i

x
L x

x x x
+

= +

Π
=

′− Π∑                 (1.4) 

sadac 

( ) ( )( ) ( )1 0 1 ...n nx x x x x x x+Π = − − − , 

( ) ( ) ( )( ) ( )1 0 1 1... ...n i i i i i i nx x x x x x x x x+ − +′Π = − − − −  

cxadia 

( )n i iL x y=     ( )0,1, 2,...,i n= . 

Tu ( )f x  funqcias SevcvliT ( )nL x _iT, miviRebT 

( ) ( ) [ ]
b b

n n
a a

x dx L x dx R f= +∫ ∫        (1.5) 

sadac [ ]nR f  warmoadgens (1.5) kvadratuli formulis cdomilebas an 

naSTiT wevrs. (1.5)_dan (1.4)_is gamoyenebiT miiReba kvadratuli formula 

[ ]
0

b n

i i n
ia

ydx A y R f
=

= +∑∫               (1.6) 

sadac   

( )
( ) ( )

1

1

b
n

i
i n ia

x
A dx

x x x
+

+

Π
=

′− Π∫      ( )0,1, 2,...,i n=          (1.7) 

(1.6) formulas uwodeben  C a k e t i l i   t i p i s  k v a d r a t 
u l   f o r m u l a s, Tu saintegro Sualedis bolo wertilebi 
sainterpolacio kvanZebs warmoadgenen, winaaRmdeg SemTxvevaSi _ R i a    
t i p i s a s.  

SevniSnoT, rom iA  koeficientebis gamosaTvlelad mxedvelobaSi 

unda miviRoT: 

1. fiqsirebuli sainterpolacio kvanZebisaTvis iA  koeficientebi 

ar unda iyvnen damokidebuli ( )f x  funqciaze. 

2. lagranJis sainterpolacio formulis struqturidan 
gamomdinare, polinomebisaTvis romelTa xarisxic ar aRemateba 

n _s kvadratuli formula unda iyos zusti, e.i. [ ] 0nR f = . 

kerZod Tu ( )0,1, 2,...ky x k n= = , maSin 0k
nR x⎡ ⎤ =⎣ ⎦  da ( )0,1, 2,...,kA k n=  

koeficientebis gamosaTvlelad miiReba Semdegi sistema: 

0
0

1
0

2
2

0

2

0

.....................

n

i
i

n

i i
i

n

i i
i

n

n i n
i

I A

I A x

I A x

I A x

=

=

=

=

⎧ =⎪
⎪
⎪

=⎪
⎪
⎪

=⎨
⎪
⎪
⎪
⎪ =⎪
⎪
⎩

∑

∑

∑

∑

                 (1.8) 



 54

sadac  
1 1

1

b k k
k

k
a

b aI x dx
k

+ +−
= =

+∫       ( )0,1, 2,...,k n=  

(1.8) sistema Tavsebadia, vinaidan misi determinanti vandermondis 
determinantia da gansxvavebuli sainterpolacio kvanZebisaTvis igi 
gansxvavebulia nulisgan 

( ) 0i j
i j

D x x
>

= − ≠Π  

aqedan gamomdinare iA  ( )0,1, 2,...,i n=  koeficientebi ganisazRvrebian 

calsaxad. 
m a g a l i T i. SevadginoT kvadratuli formula kvanZebgisaTvis: 

0 1 0
1 2,    ,    1
3 3

x x x= = =  

( )
1

0 1 2
0

1 2 1
3 3

ydx A y A y A y⎛ ⎞ ⎛ ⎞= + +⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠∫      (1.9) 

a m o x s n a. (1.9) formulaSi vigulisxmoT 

( )    0,1, 2 .ky x k= =  

uSualo gamoTvlebiT miviRebT 
1 1 1

2
0 1 2

0 0 0

1 11, , .
2 3

I dx I xdx I x dx= = =∫ ∫ ∫  

am monacemebiT (1.8)_dan miiReba 0 1 2, ,A A A  koeficientebis 

gamosaTvleli sistema  

0 1 2

0 1 2

0 1 2

1
1 2 1
3 3 2
1 4 1
9 9 3

A A A

A A A

A A A

⎧
⎪ + + =
⎪
⎪ + + =⎨
⎪
⎪ + + =⎪⎩

 

romlis amoxsnac gvaZlevs 0 1 2
3 1, 0,     
4 4

A A A= = = . maSasadame,  

( )
1

0

3 1 1 1
4 3 4

ydx y y⎛ ⎞ +⎜ ⎟
⎝ ⎠∫  

es kvadratuli formula zustia im polinomebisaTvis, romelTa rigi 
ar aRemateba 2n = -s. 
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$5.2. niuton_kotesis kvadratuli formula 
 

vTqvaT gamosaTvlelia 

( )
b

a

f x dx∫       (2.1) 

davuSvaT, [ ],a b  segmenti dayofilia n  tol nawilad 
b ah

n
−

=  bijiT, 

sadac  

( )0 0,            1, 2,..., 1ix a x x ih i n= = + = −  

mocemul kvanZebSi ( ) ( )     0,1, 2,...,i iy f x i n= = . 

( )i iy f x=  funqciis Secvla lagranJis sainterpolacio formuliT 

mogvcems (naSTiTi wevri ukugdebulia)  

0
0

,
nx n

i i
ix

ydx A y
=

= ∑∫          (2.2) 

sadac iA  ucnobi koeficientebia. 

rogorc viciT 

( ) ( )
0

n

n i i
i

L x P x y
=

= ∑  

sadac  

( ) ( )( ) ( )( ) ( )
( )( ) ( )( ) ( )

0 1 1 1

0 1 1 1

... ...
... ...

i x n
i

i i i i i x i n

x x x x x x x x x x
P x

x x x x x x x x x x
− +

− +

− − − − −
=

− − − − −
      (2.3) 

Tu SemoviRebT aRniSvnas 

0x xq
h
−

=  

maSin 
[ ] ( ) ( )1 1 ...nq q q q n+ = − −  

da (2.2) formula miiRebs saxes 

( ) ( )
( )

[ ]1 1

0

1
! !

n nn

n i
i

qL x y
i n i q i

− −

=

−
=

− −∑                  (2.4) 

(2.1) da (2.4)_dan SegviZlia davweroT 

( )
( )

[ ]

0

1 11
! !

n nx n

i
x

qA dx
i n i q i

− +−
=

− −∫  

am ukanasknelidan 

nx xq
h
−

=        da        
dxdq
h

=  

gaTvaliswinebiT miviRebT 

( )
( )

[ ]
( )

1 1

0

1
       0,1,...,

! !

n n n

i
qA h dq i n

i n i q i

− +−
= =

− −∫         (2.5) 

mivceT (2.5)_s Semdegi saxe 

( )i iA b a H= −              

sadac 
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( )
( )

[ ]
( )

1 1

0

11 0,1,2,...,
! !

n n n

i
qH dq i n

n i n i q i

− +−
= =

− −∫          (2.6) 

iH _s ( )0,1, 2,...i n=  uwodeben k o t e s i s   k o e f i c i e n t e b s. 

(2.6)_is Tanaxmad (2.1) miiRebs saxes 

( )
0

b n

i i
ia

ydx b a H y
=

= − ∑∫             (2.7) 

sadac 
b ah

n
−

=  da ( )( )0,1,...iy f a ih i n= + = . 

advilad SegviZlia SevamowmoT, rom  

1. 
0

1
n

i
i

H
=

=∑  (Tu (2.7)_Si aviRebT 0,    1,   1a b y= = = ), 

2. i n iH H −=   (Tu (2.6) formulaSi n _s SevcvliT n i− _Ti) 

(2.7) formulebs (2.6) koeficientebiT uwodeben n i u t o n _ k o t e 
s i s  k v a d r a t u l  f o r m u l e b s.  
roca 3n = , (2.7) dan miiReba 

( )
3

0

0 1 2 3
3 3 3
8

x

x

hydx y y y y= + + +∫ , 

romlis naSTiTi wevri moicema formuliT 
 

( ) ( )
5

43
80
hR y ξ= − , 

sadac ( )0 3,x xξ ∈ . 

sazogadod, niuton_kotesis kvadratuli formulis naSTiTi wevri 

dadgenilia stefensenis [10] mier da ( )y f x=  funqciis moTxovnili 

sigluvisaTvis aris Semdegi rigis 

2 3
2
nE

R O h
⎛ ⎞+⎜ ⎟
⎝ ⎠

⎡ ⎤
= ⎢ ⎥

⎢ ⎥⎣ ⎦
 

sadac 
2
nE ⎛ ⎞

⎜ ⎟
⎝ ⎠

 aris 
2
n
 wiladis mTeli nawili. 

 
 
 
 
 

$ 5.3 marTkuTxedebis, trapeciis da simpsonis 
kvadratuli formulebi 

 
 
marTkuTxedebis formula SegviZlia miviRoT $5.2_is (2.6)_dan Tu 

masSi davuSvebT 0n =  da 0 1 0A x x h= − = . gveqneba  

( )
1

0

0

x

x

ydx hy R h= +∫ ,           (3.1) 

sadac 
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( )
01

0 0

0 0

hxx

x x

R h ydx hy ydx hy
+

= − = −∫ ∫  

(3.1) aris m a r T k u T x e d e b i s  f o r m u l a.  

naSTiTi wevris Sesafaseblad saWiroa ( )y f x=  funqcia iyos 

uwyvetad warmoebadi [ ]0 1,x x  SualedSi. 

cvladi zeda sazRvriani, integralis gawarmoebis wesis Tanaxmad 

( ) ( )
( )

( )b x

x x

F x f t dt= ∫  

gamosaxulebisaTvis gveqneba: 

( ) ( )( ) ( ) ( )( ) ( )F x f b x b x f a x a x′ ′= ⋅ −  

amitom Cvens SemTxvevaSi  

( ) ( ) ( ) ( )0 0 0,    R h y x h y R h y x h′ ′′ ′= + − = +  

radgan ( ) ( )0 0 0R R′= = , amitom saSualo mniSvnelobebis Teoremis 

Tanaxmad 

( ) ( ) ( ) ( ) ( )0 0 0
0

0 ,       ,
h

R h R y x t dt hy x x hξ ξ′ ′ ′ ′= + + = ∈ +∫  

an  

( ) ( ) ( ) ( )
2

0

0
2

h hR h R ty dt yξ ξ′ ′= + =∫        

e.i.  

( ) ( ) ( ) ( )
2

1 0
0 0,      ,

2
x x

R h y x x hξ ξ
−

′= ∈ +  

trapeciis formula miiReba $5.2_is (2.6)_dan Tu masSi 

0 11,      ,     n a x b x= = = . kerZoT, $5.2_is (2.7)_dan 

 

( )1 1

0 1
0 0

1 1 1;          
2 2

q q
H dq H qdq

q
−

= − = = =∫ ∫  

amitom 

( ) ( )
1

0

0 12

x

x

hydx y y R h= + +∫          (3.3) 

romelsac uwodeben t r a p e c i i s   f o r m u l a s 
naSTiTi wevri 

( ) ( )
1

0

0 12

x

x

hR h ydx y y= − +∫  

misi Sefasebis mizniT davuSvaT, rom ( ) ( ) ( ), ,f x f x f x′ ′′  uwyveti 

funqciebia [ ]0 1,x x _Si. naSTiTi wevri CavweroT 

 

( ) ( ) ( )( )
0

0

0 02

x h

x

hR h ydx y x y x h
+

= − + +∫  

( ) ( )02
hR h y x h′′ ′′= − +  
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radgan 

( ) ( )0 0,         0 0R R′= =  

amitom saSualo mniSvnelobis Teoremis Tanaxmad 

( ) ( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

0
0 0

2

0 0
0

2

0 0
0

10
2

1 ,        ,
2 4

0 ,      ,
12

h h

h

h

R h R R t dt ty x t dt

hy tdt y x x h

hR h R R t dt y x x h

ξ ξ ξ

ξ ξ

′ ′ ′′ ′′= + = − + =

′′ ′′= − = − ∈ +

′ ′′= + = − ∈ +

∫ ∫

∫

∫

 

amrigad, sabolood 

( ) ( ) ( ) ( )
22

1 0

12 12
x xhR h y yξ ξ
−

′′ ′′= − = −            (3.4) 

simpsonis kvadratuli formula miiReba $5.2_is (2.6)_dan Tu am 
ukanasknelSi 2n = , maSin $5.2_is (2.7) formulis mixedviT SegviZlia 
davweroT 

( )( )

( )

( )

2

0
0

2

1
0

2

2
0

1 1 1 8 11 2 6 4
2 2 4 3 6

1 22 ,
2 3

1 11 .
2 6

H q q dq

H q q dq

H q q dq

⎛ ⎞= ⋅ − − = − + =⎜ ⎟
⎝ ⎠

= − − =

= − =

∫

∫

∫

 

amasTan, Tu davuSvebT, rom 2 0 2x x h− = , gveqneba 

( ) ( )
2

0

0 1 24
3

x

x

hydx y y y R h= + + +∫          (3.5) 

sadac 

( ) ( )
2

0

1 1 24
3

x

x

hR h ydx y y y= − + +∫  

naSTiTi wevria. 
(3.3) formulas ewodeba s i m p s o n i s   k v a d r a t u r u l i  

f o r m u l a. 

moviTxovoT, ( ) ( ) ( ) ( ) ( ), , , , IVf x f x f x f x f x′ ′′ ′′′  funqciebis uwyvetoba 

[ ]0 2,x x  segmentze. naSTiTi wevri SevafasoT [ ]1 1,x h x h− +  simetriul 

SualedSi. gvaqvs 

( ) ( ) ( ) ( )( )
1

1

1 1 14
3

x h

x h

hR h ydx y x h y x y x h
+

−

= − − + + +∫  

zemoT gamoyenebuli gawarmoebis wesis Tanaxmad 
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( ) ( ) ( ) ( ) ( ) ( )1 1 1 1 1
2 4
3 3 3

hR h y x h y x h y x y x h y x h′ ′ ′= − + + − − − − + +⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦ , 

( ) ( ) ( ) ( ) ( )1 1 1 1
1
3 3

hR h y x h y x h y x h y x h′′ ′ ′ ′′ ′′= − − + + − − + +⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦ , 

( ) ( ) ( ) ( ) ( )
2

1 1 1 1 1
2         ,

3 3
IVh hR h y x h y x h y x h x hξ ξ′′′ ′′′ ′′′= − + − − = − ∈ − +⎡ ⎤⎣ ⎦  

radgan ( ) ( ) ( )0 0 0 0R R R′ ′′= = = , amitom saSualo mniSvnelobis Teoremis 

Tanaxmad 

( ) ( ) ( ) ( )

( ) ( )

( ) ( ) ( ) ( )

( ) ( )

2
1

0 0

2 3

0

3
1

0 0

3 4
1 1

0

20
3

2 2 ,
3 9

30
9

2 1 ,
9 18

h h
IV

h
IV IV

h h
IV

h
IV IV

R h R R t dt t y dt

y t dt h y

R h R R t dt t y dt

y t dt h y

ξ

ξ ξ

ξ

ξ ξ

′′ ′′ ′′′= + = − =

= − = −

′ ′ ′′= + = − =

= − =

∫ ∫

∫

∫ ∫

∫

 

 

( ) ( ) ( ) ( )

( ) ( ) ( )

4
1

0 0

5
4

1 1 1
0

10
18

1 ,        ,
18 90

h h
IV

h
IV IV

R h R R t dt t y dt

hy t dt y x h x h

ξ

ξ ξ ξ

′= + = − =

= − = − ∈ − +

∫ ∫

∫
 

amrigad, simpsonis formulis naSTiT wevrs eqneba saxe 

( ) ( ) ( )
5

0 2y ,          ,
90

IVhR h x xξ ξ= − ∈         (3.6) 

imisaTvis, rom (3.1), (3.3), (3.5) formulebi gamoviyenoT integralis 

gamosaTvlelad saWiroa [ ],a b  segmenti davyoT 
b ah

n
−

=  bijiT Tanabar 

[ ] ( )1,        0,1,..., 1i ix x i n+ = −  Sualedad, sadac 0a x=  da nb x= , Tu gvaqvs (3.1) da 

(3.3) formulebi; xolo 
2

b ah
n
−

=  bijiT _ [ ] ( )2 2 1,        0,1,..., 1i ix x i n+ = −  

Sualedebad, sadac 0a x=  da 2nb x= , roca saqme gvaqvs (3.5) formulasTan 

[ ]1,i ix x +  SualedisaTvis (3.1), (3.3) formulebis gamoyenebiT miviRebT 

Sesabamisad 

( ) ( ) [ ]0 1 2 1...
b

n n
a

f x dx h y y y y R f− −= + + + + +∫  

m a r T k u T x e d e b i s   f o r m u l a s, sadac  

[ ] ( ) ( ) ( )
2

,          ,
2

b a h
R t f a bξ ξ

−
′= ∈  

da  

( ) [ ]0
1 1...

2

b
n

n
a

y yf x dx h y y R t−

+⎛ ⎞= + + + +⎜ ⎟
⎝ ⎠∫  
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t r a p e c i i s   f o r m u l a s, sadac 

[ ] ( ) ( )2 ,         ,
12

b aR f h f a bξ ξ− ′′= ∈  

Tu TiToeuli [ ] ( )2 2 2,        0,1,..., 1i ix x i n+ = −  SualedisTvis gamoviyenebT 

(3.5) formulas, miviRebT e.w. s i m p s o n i s   f o r m u l a s. 

( ) ( ) ( ) ( ) [ ]0 2 1 3 2 1 2 4 2 24 ... 2 ...
3

b

n n n
a

hf x dx y y y y y y y y R f− −= + + + + + + + + +⎡ ⎤⎣ ⎦∫ , 

sadac 

[ ] ( ) ( ) ( )
4

,         ,
180

IVb a h
R f y a bξ ξ

−
= ∈  

 
 
 
 
 
 
 
 
 
 
 

$5.4  CebiSevis tipis kvadratuli formulebi 
 

 
CebiSevis tipis kvadratuli formulebs zogadad aqvs saxe 
 

( ) ( )
1

11

n

i i
i

f t dt B f t
=−

= ∑∫ ,          (4.1) 

sadac iB  _ mudmivi koeficientebia, amasTan it  abscisebi isea 

SerCeuli, rom  

1. ( )1, 2,...iB i n=  koeficientebi erTmaneTis tolia; 

2. (4.1) kvadratuli formula zustia polinomebisaTvis, romelTa 
xarisxi ar aRemateba n  ricxvs. 

amrigad, Tu 1 2 ... nB B B B= = = =  da ( ) 1f t ≡ , gveqneba 

1
2

n

i
i

B
=

=∑     an 
2B
n

= . 

maSasadame, CebiSevis kvadratul formulas aqvs saxe 

( ) ( )
1

11

2 n

i
i

f t dt f t
n =−

= ∑∫             (4.2) 

it  abscisebi gamoiTvleba im pirobiT, rom (4.1) formulebi zustia 

( ) ( )0,1, 2,...,kf t t k n= =  polinomebisaTvis. aqedan gamomdinare (4.2) 

formulebisaTvis gveqneba 
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( )
( )

1 2

2 2 2
1 2

1

1 2

... 0

...
3

...................................

1 1
...

2 1

n

n

n

n n n
n

t t t
nt t t

n
t t t

n

+

+ + + =⎧
⎪
⎪ + + + =
⎪⎪
⎨
⎪

⎡ ⎤⎪ − −⎣ ⎦⎪ + + + =
+⎪⎩

           (4.3) 

saidanac SeiZleba ganisazRvros ( )1, 2,...,it i n= . CebiSevma daamtkica, 

rom (4.3) sistemis amoxsna daiyvaneba n _uri xarisxis raRac algebruli 
gantolebis amoxsnaze. 

s. n. berSteinma aCvena, rom roca 8n =  da 10n ≥ , maSin (4.3) sistemas 
namdvili amoxsnebi ar gaaCnia. amitom aRniSnul SemTxvevebSi CebiSevis 
kvadratul formulebs azri ar aqvs.  

moviyvanoT CebiSevis formulis it _ abscisebis mniSvnelobaTa 

cxrili (cxr. 1). 
cxrili  1 

n  i  it  n  i  it  
2 
3 
 
4 
 
5 
 
 

1;2 
1;3 
2 
1;4 
2;3 
1;5 
3 

± 0,577350 
± 0,707107 

0 
± 0,794654 
± 0,1875592 
± 0,832498 
± 0,374541 

0 

6 
 
 
7 

1;6 
2;5 
3;4 
1;7 
2;6 
3;5 
4 

± 0,866247 
± 0,422519 
± 0,266635 
± 0,883862 
± 0,529657 
± 0,323912 

0 

 
 
m a g a l i T i . gamoviyenoT CebiSevis kvadratul formula 

3n = _saTvis. 

a m o x s n a. it _ abscisebis ( )1, 2,3i =  gamosaTvlelad miviRebT 

sistemas 

1 2 3
2 2 3
1 2 3
3 3 3
1 2 3

0

1

0

t t t

t t t

t t t

+ + =⎧
⎪

+ + =⎨
⎪ + + =⎩

               (4.4) 

(4.4)_is amosaxsnelad SemoviRoT Tanafardobebi 
 

 

1 1 2 3

2 1 2 1 3 2 3

3 1 2 3

c t t t
c t t t t t t
c t t t

= + +⎧
⎪ = + +⎨
⎪ =⎩

              (4.5) 

(4.5)_is gaTvaliswinebiT (4.4)_dan gveqneba 
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( ) ( ) ( )

( ) ( )( ) ( ) ( )

1

2 2 2 2
2 1 2 3 1 2 3

3 2 2 2 3 3 3
3 1 2 3 1 2 3 1 2 3 1 2 3

0
1 1 10 1
2 2 2
1 13 2 0 0 0 0
6 6

c

c t t t t t t

c t t t t t t t t t t t t

⎧
⎪ =
⎪
⎪ ⎡ ⎤= + + − + + = − = −⎨ ⎣ ⎦⎪
⎪ ⎡ ⎤= + + − + + + + + + + = − + =⎪ ⎣ ⎦⎩

 

aqedan caxadia, rom ( )     1, 2,3it i =  arian 3 2
1 2 3 0t c t c t c− + − =  an 3 1 0

2
t t− =  

gantolebis fesvebi. 
amrigad, saZiebeli abscisebisaTvis miiReba 

1 2 3
2 2,     0,      

2 2
t t t= − = =  

da CebiSevis kvadratuli formula miiRebs saxes 

( ) ( )
1

1

2 2 20
3 2 2

f t dt f f f
−

⎡ ⎤⎛ ⎞ ⎛ ⎞
= − + −⎢ ⎥⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟⎢ ⎥⎝ ⎠ ⎝ ⎠⎣ ⎦

∫  

gamoviyenoT CebiSevis kvadratuli formula ( )
b

a

f x dx∫  integralisaTvis, 

risTvisac movaxdinoT cvladTa gardaqmna 

2 2
b a b ax t− −

= + , 

romelic [ ],a b  monakveTs gadaiyvans [ ]1,1−  monakveTze. gardaqmnili 

integralisaTvis CebiSevis formulas eqneba saxe 

( ) ( )
1

b n

i
ia

b af x dx f x
n =

−
= ∑∫          (4.6) 

sadac 

2 2i i
b a b ax t+ −

= +             (4.7) 

da ( )     1, 2,3it i = _ (4.3) sistemis fesvebia (ix. cx. 1) 

 
 
m a g a l i T i .  CebiSevis kvadratuli formuliT gamovTvaloT 

1

0 1
xdxI

x
=

+∫  integrali ( )5n = _saTvis. 

 

a m o x s n a. avRniSnoT ( )
1

xf x
x

=
+

 , maSin  

( ) ( ) ( ) ( ) ( )1 2 3 4 5
1
5

I f x f x f x f x f x= + + + +⎡ ⎤⎣ ⎦ , 

sadac (4.7)_is Tanaxmad 
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( )

( )

( )

( )

1 1

2 2

3 3

4 4

5 5

1 1 1 1 0,83250 0,08375;
2 2 2 2
1 1 1 1 0,37454 0,31273;
2 2 2 2
1 1 1 1 0 0,5;
2 2 2 2
1 1 1 1 0,37454 0,68727;
2 2 2 2
1 1 1 1 0,83250 0,91625.
2 2 2 2

x t

x t

x t

x t

x t

= + = + − =

= + = + − =

= + = + ⋅ =

= + = + =

= + = + =

 

gamoTvlebis saboloo Sedegebi mocemulia cxrilSi (cxr. 2) 
 

                                                       c x r i l i 2. 

i  ix  iy  

1 
2 
3 
4 
5 

0,08375 
0,31273 
0.50000 
0,68727 
0,91625 

0,0773 
0,2382 
0,33333 
0,4073 
0,4781 

  1,5342 

 
amrigad, 

1 1,5342 0,3068
5

I = ⋅ =  

Sedarebis mizniT moviyvanoT igive integralis zusti mniSvneloba 
0,306846....I =  

 
 
 
 
 
 
 
 
 
 
 

$5.5 gausis kvadratuli formula 
 

gausis kvadratuli formulebis misaRebad ganvixiloT leJandris 
cnobili polinomebi  

 

( ) ( ) ( )21 1        0,1, 2...
2 !

n n

n n n

dP x x n
n dx

⎡ ⎤= − =⎢ ⎥⎣ ⎦
 

da moviyvanoT misi zogierTi Tviseba 

1) ( ) ( ) ( ) ( )1 1,      1 1      0,1, 2,...n
n nP P n= − = − =  
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2) ( ) ( ) ( )
1

1

0   n RP x Q x dx R n
−

= <∫ , sadac ( )RQ x  aris R  xarisxis nebismieri 

polinomi. 

3) ( )nP x  polinoms ( )1,1− , intervalSi gaaCnia n  gansxvavebuli 

namdvili fesvi. 
amrigad  

( )
( )

( ) ( )

( ) ( )

( ) ( )

0

1

2
2

3
3

4 2
4

1,

,
1 3 1 ,
2
1 5 3 ,
2
1 35 30 3
8

P x

P x x

P x x

P x x x

P x x x

=

=

= −

= −

= − +

 

 

gamoviyvanoT gausis kvadratuli formula [ ]1,1−  SualedisaTvis 

([ ],a b  segmentis SemTxveviT, martivi gardaqmnebiT daiyvaneba am 

SemTxvevaze). 

vTqvaT, ( )y f x=  mocemulia [ ]1,1−  segmentze. 1 2, ,..., nt t t  absxisebi da 

1 2, ,... nA A A  koeficientebi SevarCioT ise, rom kvadratuli formula  

( ) ( )
1

11

n

i i
i

f t dt A f t
=−

= ∑∫         (5.1) 

iyos zusti rac SeiZleba maRali xarisxis polinomisaTvis. vaCvenoT, 

rom es xarisxi 2 1n − _is tolia. marTlac, radgan it  da iA  ( )1,2,...,i n=  

mocemuli mudmivebis raodenobaa 2n , isini calsaxad gansaZRvraven 
swored 2 1n −  xarisxis polinoms.  

amrigad, (5.1) tolobis marTebulobisaTvis aucilebeli da 

sakmarisia, rom igi iyos WeSmariti roca ( ) 2 2 11,    , ,..., nf t t t t −= . 

marTlac, Tu davuSvebT 

( )
1

11

    0,1, 2,..., 2 1
n

R R
i

i

t dt At i R n
=−

= = −∑∫            (5.2) 

da 

( )
1 1

0

n
R

R
R

f t c t
−

=

= ∑ , 

miviRebT, rom  

( )

( )

1 12 1 2 1

0 0 11 1
2 1

1 0 1

n n n
R R

R R i i
R R i

n n n
R

i R i i i
i R i

f t dt c t dt c At

A c t A f t

− −

= = =− −

−

= = =

= = =

= =

∑ ∑ ∑∫ ∫

∑ ∑ ∑
 

Tu mxedvelobaSi miviRebT 

( ) 11

1

21 1  
1

1 0   

R
R R

t dt R
R R

+

−

⎧− − ⎪= = +⎨+ ⎪⎩
∫

roca luwia,

roca kentia,
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tolobas, maSin SeiZleba davaskvnaT, rom dasmuli amocanis 

gadasawyvetad sakmarisia it  da iA  iyvnen Semdeg gantolebaTa sistemis 

amonaxsnebi (gantolebaTa ricxvi 2n ):  

1

1

2 2

1

2 1

1

2

0

..........................
2

2 1

0

n

i
i
n

i i
i

n
n

i i
i

n
n

i i
i

A

At

At
n

At

=

=

−

=

−

=

⎧ =⎪
⎪
⎪

=⎪
⎪⎪
⎨
⎪
⎪ =

−⎪
⎪
⎪ =
⎪⎩

∑

∑

∑

∑

        (5.3) 

miviReT arawrfivi sistema, romlis amoxsnac did sirTuleebTan aris 
dakavSirebuli. arsebobs xelovnuri meTodi, romelic saSualebas 
gvaZlevs nawilobriv mainc aviciloT (5.3) sistemis arawrfivobasTan 
dakavSirebuli sirTuleebi. marTlac, ganvixiloT polinomi  

 

( ) ( ) ( )        0,1,2,..., 1= = −k
nf t t P t k n            (5.4) 

sadac ( )nP t  _ leJandris polinomebia. 

vinaidan (5.4) polinomebis xarisxi ar aRemateba 2 1−n  _s, amitom 
(5.3)_is Tanaxmad (5.4)_saTvis unda Sesruldes (5.1), e.i.  

( ) ( ) ( )
1

11

0,1,..., 1
=−

= = −∑∫
n

k k
n i i n i

i

t P t dt At P t k n          (5.5) 

meore mxriv leJandris polinomebis orTogonalobis Tvisebis gamo 
adgili aqvs tolobas 

( )
1

1

0
−

=∫ k
nt P t dt    roca <k n , 

amitom  

( ) ( )
1

0       0,1,..., 1
=

= = −∑
n

k
i i n i

i

At P t k n  

(5.6) tolobebi dakmayofildeba nebismieri iA _saTvis Tu davuSvebT 

rom 

( ) ( )0       1,2,...,= =np t i n  

amrigad, imisaTvis rom mivaRwioT (5.1) kvadratuli formulis maRali 

rigis sizustes, it  _ mniSvnelobebad unda aviRoT leJandris 

polinomebis nulebi. rogorc cnobilia (mesame Tviseba) es nulebi 

namdvili ricxvebia da moTavsebulni arian (-1,1) SualedSi. it  abscisebis 
saSualebiT (5.3) sistemis pirveli n   gantolebaTa sistemidan advilad 

SegviZlia ganvsazRvroT ( )   1,2,...,=iA i n  koeficientebi. radgan aRniSnuli 

qvesistemis determinanti aris vandermondis determinanti, amitom roca 

≠i jt t , maSin 

( ) 0
>

= ∏ − ≠i j
i j

D t t  

da iA  koeficientebi calsaxad ganisazRvrebian.  
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(5.1) formulebs, sadac it  arian leJandris polinomebis nulebi da 

( )    1,2,...,=iA i n  ganisazRvrebian (5.3) sistemidan, uwodeben g a u s i s      

k v a d r a t u l   f o r m u l e b s.  
m a g a l i T i . gamoviyvanoT gausis kvadratuli formula sami 

ordinatis SemTxvevaSi ( )3=n . 

 

a m o x s n a. vipovoT leJandris ( ) ( )2
3

1 5 3
2

= −P t t t  polinomis nulebi: 

1 2 3
3 30,7746;     0;     0,7746;
5 5

= − ≈ − = = ≈t t t  

romelTa gaTvaliswinebiT (5.3) sistemidan miviRebT 1 2 3, ,A A A    

koeficientebis ganmsazRvrel sistemas 

1 2 3

1 2 3

1 2 3

2

3 30 0
5 5

3 3 20
5 5 3

⎧
+ + =⎪

⎪
⎪− + ⋅ + =⎨
⎪
⎪

+ ⋅ + =⎪⎩

A A A

A A A

A A A

 

aqedan 

1 3 2
5 8,     
9 9

= = =A A A  

amitom sabolood miviRebT  

( ) ( )
1

1

1 3 35 8 0 5
9 5 5−

⎡ ⎤⎛ ⎞ ⎛ ⎞
= − + +⎢ ⎥⎜ ⎟ ⎜ ⎟

⎢ ⎥⎝ ⎠ ⎝ ⎠⎣ ⎦
∫ f t dt f f f  

gausis kvadratul formulebs, gamoyenebis TvalsazrisiT, aqvT 

erTgvari nakli, rac imaSi mdgomareobs, rom rogorc it  abscisebi, ise iA  

koeficientebi sazogadod iracionaluri ricxvebia. samagierod es nakli 
nawilobriv kompensirdeba aRniSnuli formulebis sakmaod didi 
sizustis gamo. 

gausis kvadratuli formulis gamovTvaloT integrali 

( )∫
b

a

f x dx  

Tu SemoviRebT 
2 2
+ −

= +
b a b ax t  gardaqmnas, miviRebT  

( )
1

12 2 2−

− + −⎛ ⎞= +⎜ ⎟
⎝ ⎠∫ ∫

b

a

b a b a b af x dx f t dt  

axla gausis kvadratuli formulis gamoyenebiT, SegviZlia davweroT 

( ) ( )
12 =

−
≈ ∑∫

b n

i i
ia

b af x dx A f x                      (5.8) 

sadac  

( )   1,2,...,
2 2
+ −

= + =i i
b a b ax t i n         (5.9) 

it  _ leJandris ( )nP t  polinomebis nulebia. 

nebismieri n _sTvis (5.8) formulis naSTiT wevrs eqneba saxe [ ]  
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( ) ( ) ( ) ( )
( ) ( )

( )
2 1 4 2

3

!
      

2 ! 2 1

ξ
ξ

+−
= < <

+⎡ ⎤⎣ ⎦

n n

n

b a n f
R a b

n n
, 

saidanac SegviZlia miviRoT 

( ) ( )

( ) ( )

( ) ( )

5
4

2

7
6

3

9
9

4

1 ,
135 2

1 ,
15750 2

1
3472875 2

ξ

ξ

ξ

−⎛ ⎞= ⎜ ⎟
⎝ ⎠

−⎛ ⎞= ⎜ ⎟
⎝ ⎠

−⎛ ⎞= ⎜ ⎟
⎝ ⎠

b aR f

b aR f

b aR f

 

 
moviyvanoT gausis formulis elementebis Sesabamisi cxrili (cxr.3) 
 

c x r i l i 3 

n  i  it  iA  

1 1 0 2 

0 1;2 ∓ 0,5773507 1 

3 

2 
 
2 
 
3 
 

-0,7749667 
 
0 
 

+0,77499667 

5 0,5555556
9
=  

8 0,88888889
9
=  

5 0,5555556
9
=  

4 
1;4 
2;3 

∓ 0,86113631 
∓ 0,3398104 

0,34785484 
0,65214516 

5 
1;5 
2;4 
3 

∓ 0,90617985 
∓ 0,53846931 

0 

0,23692688 
0,47862868 
0,56888889 

6 
1;6 
3;5 
1;4 

∓ 0,93246951 
∓ 0,66120939 
∓ 0,23861919 

0,17132450 
0,36076158 
0,46791394 

7 
1;7 
2;6 
3;5 

∓ 0,04910791 
∓ 0,74153119 
∓ 0,40584515 

0,12948496 
0,27970540 
0,41795918 

8 

1;8 
2;7 
3;6 
4;5 

∓ 0,96028986 
∓ 0,79666648 
∓ 0,52553242 
∓ 0,18343464 

0,10122854 
0,22238104 
0,31370664 
0,36268378 

 
m a g a l i T i . gausis kvadratuli formulis gamoyenebiT 3−n _sTvis 
gamovTvaloT integrali 

1

0

1 2= +∫I xdx  
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a m o x s n a. gvaqvs, 0,   1,= =a b   maSin (5.9) formulidan da me-
3cxrilidan gveqneba 

1 1

2 2

3 3

1 1 0,11270;
2 2
1 1 0,50000;
2 2
1 1 0,88730.
2 2

= + =

= + =

= + =

x t

x t

x t

 

(5.8) formulebis koeficientebisaTvis miviRebT; 

1 1

2 2

3 3

1 5 5 0,27778;
2 2 9 18

1 8 4 0,444444;
2 2 9 9

1 5 5 0,27778.
2 2 9 18

−
= = ⋅ = =

−
= = ⋅ = =

−
= = ⋅ = =

b ac A

b ac A

b ac A

 

aqve moviyvanoT Semdegi gamoTvlebis Sesabamisi cxrili (cxr.4) 
c x r i l i 4 

i  ix  iy  ic  i ic y  

6 
2 
3 

∑  

0,11270 
0,50000 
0,88730 

1,10698 
1,41421 
1,66571 

0,27778 
0,44444 
0,27778 

0,30747 
0,62853 
0,46270 
1,39870 

 
amrigad, saZiebeli integralis miaxloebiTi mniSvnelobaa 

3

1

1,39870,
=

≈ =∑ i i
i

I c y  

naSTiTi wevri gamoiTvleba formuliT 

( ) ( )
7

6
3

1 ,
15750 2

ξ−⎛ ⎞= ⋅ ⎜ ⎟
⎝ ⎠

b aR f    sadac ( )  ξ ∈ a b . 

radgan 

( ) ( )
1

21 2 1 2= + = +f x x x  

amitom 

( ) ( ) ( )

( )

116 62

11
2

1 1 3 5 7 9 1 2 2
2 2 2 2 2 2

945 1 2

−

−

⎛ ⎞⎛ ⎞⎛ ⎞⎛ ⎞⎛ ⎞= − − − − + ⋅ =⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟
⎝ ⎠⎝ ⎠⎝ ⎠⎝ ⎠⎝ ⎠

= − +

f x x

x
 

aqedan 
( ) ( )6

0 1
945max

≤ ≤

=
x

f x  

da 
7

3
945 1 1

15750 2 2000
⎛ ⎞≤ ≈⎜ ⎟
⎝ ⎠

R  

SevniSnoT, rom integralis uSualo gamoTvlis Sedegia 
13 1,39872
3

= − ≈I . 
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$ 5.6 zogierTi SeniSvnebi kvadratul formulaTa  
sizustis Sesaxeb 

 
rogorc am Tavis wina paragrafebidan Cans, Cvens mier ganxilul 
kvadraturul formulebs aqvT saxe: 

( ) ( ) [ ]
1

,
=

= +∑∫
b n

i i
ia

f x dx A f x R f           (6.1) 

sadac ( )1,2,...,=ix i n   arian [ ] a b   segmentidan aRebuli kvanZebi, 

( )    1,2,...,=iA i n  _ kvadraturuli formulebis koeficientebi, xolo [ ]R f  

_ naSTiTi wevri. 
moviyvanoT kvadraturuli formulebis sizustis damaxasiaTebeli 

zogierTi faqtori. 
ZiriTadad SemovifarglebiT Tanabarbijiani kvadraturuli 

formulebiT. aseT formulate ricxvs miekuTvneba martkuTxedebis, 
trapeciis, simpsonis, niuton_kotesis formulebi. am SemTxvevaSi 
kvadraturul formulate sizustis rigi aRebuli, h  bijis mimarT, 
ganisazRvreba 

( ) , −
= =m b aR O h h

n
            (6.2) 

formuliT, sadac n  _integrebis Sualedis dayofis ricxvia, xolo 
m  naturaluri ricxvi, naSTiTi wevris rigis maCvenebelia.  

magaliTad, trapeciis formulis naSTiTi wevria 

[ ] ( )2 ,      ,
12

ξ ξ− ′′= ∈
b aR f h f ab  

misi rigi 2=m . simpsonis wevris naSTiTi wevria  

[ ] ( ) ( )4 4 ,      , ,
180

ξ ξ−
= ∈

b aR f h f a b  

misi rigi 4=m . 
kvadratuli formula miT ufro zustia, rac ufro metia misi rigi. 

es faqtori gansakuTrebiT vlindeba maSin, roca biji mcirea rac igivea 
saintegro Sualedis dayofis ricxvi n  didia.  

S e n i S v n a. zemoTqmulidan ar gamomdinareobs, is rom nebismieri 
konkretuli magaliTisaTvis maRali sizustis mqone kvadratuli 
formula ufro zust Sedegs gvaZlevs. SegviZlia moviyvanoT magaliTi 
roca erTidaimave raodenoba kvanZebisaTvis da erTidaimave bijis 
SemTxvevaSi, ufro uxeSi kvadratuli formula ufro zust Sedegs 
gvaZlevs. am faqtis naTelsayofad ganvixiloT 

m a g a l i T i. gamovTvaloT integrali 

( )
1

2 4

1

5 27 15
−

− + −∫ x x dx  

a m o x s n a. uSualo gamoTvlebiT, e.i. niuton_laibnicis 
formulis gamoyenebiT miviRebT  

( ) ( )
1

1

2 5 9 3 2
−

= = − + − =∫I f x dx  
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1=h _saTvis trapeciis formulis gamoyenebiT miviRebT  

( ) ( ) ( )1 1 7 71 0 1 5 2
2 2 2 2

= − + + = − + =I f f f  

xolo igive bijisaTvis simpsonis formuliT miviRebT 

( ) ( ) ( ) ( )1 11 4 0 1 7 20 7 2
3 3

= − + + = − + = −⎡ ⎤⎣ ⎦I f f f  

amrigad, rogorc vxedavT gamosaTvleli integralis mniSvneloba 
miRebuli naklebi sizustis mqone trapeciis formuliT aris WeSmariti 
im dros roca imave integralis mniSvneloba gamoTvlili maRali 
sizustis mqone simpsonis mqone formuliT mcdaria. 

kvanZebis fiqsirebuli raodenobisaTvis kvadratuli formulebis 
sizuste didad aris damokidebuli kvanZebis ganlagebaze. kvanZebis 
aragonivrulma SerCevam SeiZleba mogvces uxeSi Sedegi.  

sazogadod, Tu integralqveSa ( )f x  funqcias saintegro SualedSi 

gaaCnia didi raodenobiT nulebi aseve didi raodenobiT eqstremumebi (e.i. 
integralqveSa funqciis warmoebulebs gaaCniaT nulebi), maSin es 
faqtorebi iwvevs kvadratuli formulebiT miRebuli Sedegebis 
gauaresebas. amitom integrebis biji h   ise unda SevarCioT, rom igi iyos 
gacilebiT naklebi funqciis mezobel nulebs, an mezobel eqstremumebs 

Soris manZilze. am mizniT mizanSewonilia mocemuli saintegro [ ],a b  

Sualedi davyoT iseT mcire [ ],α βi i  Sualedebad romlebSiac ( )f x  da 

( )′f x  funqciebi SeinarCuneben niSans da TiToeul miRebul Sualedze 

SerCeuli bijiT movaxdinoT integreba kvadratuli formulebiT. amiT 
SegviZlia mivaRwioT calkeul Sualedebze gamoTvlebis maRal sizustes, 

rac Tavis mxriv uzrunvelyofs sasurvel sizustes mocemul [ ],a b  

Sualedze. 
kvadratuli formulebis sruli cdomilebis dasadgenad 

mxedvelobaSi unda miviRoT agreTve moqmedebaTa cdomilebac. vTqvaT, 

TiToeuli miaxloebiTi ( )if x  sididis absolituri cdomileba ar 

aRemateba mocemul ε   sidides. vigulisxmoT, rom iA  koeficientebi 

mocemulia zustad, maSin moqmedebaTa cdomileba, kerZod Sekrebis 1R  

cdomileba Sefasdeba TanafardobiT 

1
1 1

ε ε
= =

≤ =∑ ∑
n n

i i
i i

R A A                   (6.3) 

radgan (6.1) kvadratuli formula zustia ( ) 1=f x  funqciisaTvis, 

amitom gveqneba 

1=

= − = ∑∫
b n

i
ia

dx b a A  

amitom, (6.3)_dan miviRebT 

( )1 ε≤ −R b a             (6.4) 

aqedan gamomdinare kvadratuli formulis sruli cdomileba 
damrgvalebis cdomilebis gauTvaliswineblad, gamoisaxeba formuliT 

( ) [ ]ε= − +R b a R f , 

sadac [ ]R f  kvadratuli formulis naSTiTi wevria. 
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da bolos SevniSnoT, rom Tu ( )=y f x   funqcia mocemulia cxrilis 

saxiT e.i. ( ) ( )      1,2,...,= =i iy f x i n , maSin faqtiurad SeuZlebelia 

kvadratuli formulis naSTiTi wevris dadgena. aseT SemTxvevaSi 
kvadratuli formuliT sargebloba mizanSewonilia SualedebSi, 
romelTa boloebs warmoadgenen kvanZebi. 

amrigad, kvadratuli formuliT sizustis zemoT CamoTvlili 
maxasiaTeblebi: naSTiTi wevris rigi, kvanZebis SerCeva, moqmedebaTa 
(Sekrebis) cdomileba, damrgvalebis cdomileba saSualebas gvaZlevs 
warmodgena viqonioT kvadratuli formulebiT miRebul srul 
cdomilebaze da aqedan gamomdinare gamoTvlebis Sedegebis saimedoobaze. 

aq moyvanili daskvnebi savsebiT marTebulia kubaturuli 
formulebisTvisac. 

 
s a v a r j i S o 

 

1. ( )=y f x   mocemulia cxriliT: 

 
i  ix  iy  i  ix  iy  

0 
1 
2 
3 
4 

0,00 
0,01 
0,02 
0,03 
0,04 

0,001 
1,618 
7,052 
14,451 
24,553 

5 
6 
7 
8 
9 

0,05 
0,06 
0,07 
0,08 
0,09 

36,825 
52,003 
64,156 
85,853 
100,352 

 
a) SeadgineT sasrul sxvaobaTa cxrili meeqvse rigamde CaTvliT. 

gamoTvaleT pirveli da meore rigis warmoebulebi 
0,00;   0,01;   0,02;   0,03=x  wertilebSi.  
b) gamoTvaleT funqciis pirveli rigis warmoebulebi 

0,00;   0,01;   0,02;   0,03=x  wertilebSi.  
 
 

2. ( )=y f x  funqcia mocemulia cxriliT: 

 
i  ix  iy  i  ix  iy  

0 
1 
2 
3 
4 
5 
6 
7 
8 
9 

0,02 
0,04 
0,06 
0,08 
1,0 
1,2 
1,4 
1,6 
1,8 
2,0 

0,5000 
1,5622 
2,6431 
3,6835 
6,9004 
7,2050 
7,8022 
9,0666 
10,1288 
11,5322 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 

2,2 
2,4 
2,6 
2,8 
3,0 
3,2 
3,4 
3,6 
3,8 
4,0 

12,0551 
12,8664 
13,5132 
14,2562 
15,3666 
16,4552 
17,6532 
18,2554 
19,3568 
20,5532 
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a) mexuTe rigamde sasruli sxvaobebis gamoyenebiT SevadginoT ′′y  

warmoebulis mniSvnelobaTa cxrili ( )0,4 0,2    1,2,...,12= + =kx k k  

wertilebSi. 
b) meoTxe rigamde sasruli sxvaobebis gamoyenebiT SevadginoT ′′y _is 

mniSvnelobaTa cxrili ( )0,2 0,2    1,2,...,10= + =kx k k  wertilebSi. 

g) gamovTvaloT ′y _is mniSvnelobebi ( )0,2 0,2    1,2,3,4= + =kx k k   

wertilebSi. 
 
 
3. marTkuTxedebis formuliT gamovTvaloT  

a) 
5

2

cos
∫

xdx
x

,                            b) 
9

2

7 1−∫ x dx . 

 
 
4. trapeciis formuliT gamovTvaloT 

a) ( )
1,6

2

0

ln 1+∫ x dx  ,                      b) 
2,3 2

1

sin
∫

x dx
x

. 

 
 
5. simpsonis formuliT gamovTvaloT 

a) 
3

1 1+∫
dx

x
 ,                           b) 

5

2

ln
∫

xdx
x

. 

 

6. CebiSevis kvadratuli formuliT gamovTvaloT ( )5=n   

a) 
1

0 1 3+∫
dx

x
,                             b) 

3

1 3 2+∫
xdx

x
. 

 

7. gausis kvadratuli formuliT gamovTvaloT ( )4=n  

a) 
1

0

1+∫ xdx ,                           b) 
5

1 1 4+∫
dx

x
. 
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