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w i n a T q m a 
 
 
     winamdebare wigni emyareba avtoris mier ukanaskneli 8-10 wlis man-

Zilze universitetis fizikis fakultetze wakiTxuli leqciebis masalas da am 
xnis ganmavlobaSi sagnis swavlebisas dagrovil pedagogiur gamocdilebas.  

    klasikuri meqanika Teoriuli fizikis sauniversiteto kursis pirveli 
disciplinaa. marTalia, meqanikuris garda fizika icnobs sxva saxis moZraobebs, 
romlebic martooden meqanikur moZraobaze ar daiyvanebian, magram klasikuri 
Teoriuli meqanika asrulebs ganmsazRvrel rols mTeli Teoriuli fizikis 
SenobaSi. klasikuri Teoriuli meqanikis meTodebi gamsWvalaven Teoriuli 
fizikis mTel kurss, uwyoben ra xels am disciplinaTa ukeT gagebas.  

    ukanaskneli 20-30 wlis manZilze mniSvnelovnad Seicvala Teoriuli 
fizikis swavlebis meTodika, gansakuTrebiT dasavleTis universitetebSi. wminda 
Teoriul sakiTxebTan erTad sagrZnobi aqcentia gadatanili praqtikul gamo-
yenebebze sxvadasxva sirTulis amocanebisa da savarjiSoebis saxiT. mxolod am 
ukanasknelSi – savarjiSoebisa da amocanebis amoxsnaSi mJRavndeba, Tu ramdenad 
Segnebulad aiTvisa studentma Teoriuli masala, ramdenad daeufla Teoriis 
maTematikur meTodebs da ramdenad unarianad iyenebs maT. 

     winamdebare kursSi uxvadaa gamoyenebuli evropisa da amerikis 
sxvadasxva universitetebis saxelmZRvaneloTa meTodika da ukve tradiciad 
qceuli Teoriuli sakiTxebis gadmocemis stili _ pirveladi cnebebidan gamom-
dinare ZiriTad qvakuTxed principebamde asvla da Semdeg ukve gadmoxedva am si-
maRleebidan. rogorc praqtika aCvenebs, es gza ufro advilad gasagebia stu-
dentebisaTvis, vidre pirdapiri aqsiomatikuri midgoma, radgan, am ukanasknel 
SemTxvevaSi  aqsiomebis fizikuri safuZvlebi, rogorc wesi, gaugebari rCeba.  

    asea, magaliTad, gadmocemuli Cveni kursis pirvel TavebSi lagranJis 
meTodi _ nabij-nabij gakvleulia gza hamiltonis qmedebis principisaken da 
Semdgom es principi ayvanilia qvakuTxedis rangSi, saidanac gamomdinareobs Te-
oriis ZiriTadi gantolebebi da Tanafardobebi. sakiTxebis SinaarsSi garkveva 
unda gaamartivos yovel etapze garCeulma magaliTebma da savarjiSoebma 
amoxsnili amocanebis saxiT, agreTve studentis damoukidebeli muSaobisaTvis 
gankuTvnilma amocanebma.      

    Teoriuli masalis gadmocemis stili eyrdnoba iseT klasikur sax-
elmZRvaneloebsa da monografiebs, rogoricaa j. goldsteinis “klasikuri 
meqanika”, d. grinvudis @”klasikuri dinamika”, v.greineris “klasikuri Teoriuli 
fizikis kursi”, agreTve j. makkelis “klasikuri meqanika”. Cveni kursis bolos 
moyvanilia am da sxva saxelmZRvaneloTa sruli nusxa. zemoaRniSnul wignebSi 
Teoriuli fizikis adrindeli tradiciuli kursebidan gadaxveva ZiriTadad 
ganpirobebulia imis mcdelobiT, rom studentisaTvis misaRebi formiT gada-
muSavdes maRal maTematikur doneze dawerili bolo periodis monografiebi, 
rogoricaa, magaliTad, v. arnoldis cnobili monografia  “klasikuri meqanikis 
maTematikuri meTodebi”, romelmac gasuli saukunis 60-iani wlebidan moyole-
buli,  udidesi zegavlena iqonia Teoriuli fizikis maTematikuri safuZvlebis 
ganviTarebaze da amave dros axali epoqis moTxovnebsac exmianeba. 

      rogorc mravalwlianma praqtikam gviCvena, universitetis bakalavri-
atis me-2 kursze 3-kreditiani saleqcio kursiT, yovelkvireuli 2-saaTiani 
praqtikuli mecadineobebis TanxlebiT saleqcio kursTan Sexamebulad, studen-
tobis udidesi nawilis mier sakmaod kargad daiZleva sagnis sirTuleebi. stu-
dentoba kargad eufleba klasikuri meqanikis SemoTavazebul meTodebs, ris 
Semdegac Teoriuli fizikis danarCen kursebSic avlens orientirebis gamax-
vilebul unar-Cvevebs. 
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    rogorc cnobilia, klasikuri Teoriuli meqanika ikiTxeba meqanikis 
zogadi kursis gavlis Semdeg, rac TavisTavad SesaniSnav Sedegs iZleva.  

    winamdebare kursSi gaZlierebulia yuradReba kavSirebze simetriebis, 
invariantulobis da Senaxvis kanonebs Soris, Setanilia iseTi sakiTxebi, rom-
lebic wina wlebSi ar ikiTxeboda da arc iyo gadmocemuli tradiciul sax-
elmZRvaneloebSi. aseT sakiTxTa rigs ganekuTvneba nioteris Teorema, kepleris 
da izotropuli oscilatoris amocanebis “faruli simetria”, bertranis Teo-
rema, usasrulod mcire kanonikuri gardaqmnebis meTodi da a.S. hamilton-
iakobis meTodi da gantoleba gadmocemulia kanonikuri gardaqmnebis WrilSi, 
rac fizikurad ufro gasagebs xdis rogorc erTs, ise meores.  

      winamdebare leqciebis kursi qarTul enaze zemoaRniSnuli tipis sax-
elmZRvanelos Seqmnis pirveli damoukidebeli cdaa. amitom is ganxiluli unda 
iqnes rogorc saxelmZRvanelos wanamZRvari. miT umetes, rom erTaderTi arse-
buli saxelmZRvanelo qarTul enaze, v. mamasaxlisovis da g. WilaSvilis av-
torobiT, ukve biblioTekur iSviaTobas warmoadgens. bunebrivia, rom leqciebis 
es kursi ver iqneba Tavisufali xarvezebisgan, amitom avtori siamovnebiT 
miiRebs yvela SeniSvnas Tu miTiTebas, risTvisac mkiTxvels winaswar uxdis 
madlobas.  

       avtori madlobas uxdis Teoriuli fizikis kaTedris ufros mas-
wavleblebs - olRa musxeliSvils da ilia lomiZes, agreTve doc. Teimuraz na-
dareiSvils, romlebmac praqtikul mecadineobebsa da kolokviumebze warmate-
biT gamoscades leqciaTa am kursis gansakuTrebuli  sakiTxebi da amiT fas-
daudebeli samsaxuri gauwies rogorc studentebs, aseve avtors. avtorisaTvis 
arsebiTi mniSvneloba hqonda nayofier diskusiebs baton ilia lomiZesTan, 
ramac sagrZnoblad gaaumjobesa kursis Sinaarsi. 

     avtori gansakuTrebiT kmayofilia Teoriuli fizikis kaTedris 
TanamSromelTa yuradRebiT, romlebmac leqciebis sakvanZo Tavebi sakmaod 
kritikulad ganixiles kaTedris tradiciul seminarebze.  

    amasTan dakavSirebiT avtori siamovnebiT aRniSnavs im mxardaWeras, ro-
melsac mudmivad grZnobda docent nugzar Citaias mxridan, gansakuTrebiT kom-
piuteruli uzrunvelyofis dros. 

    dabolos, avtori kidev erTxel madlobas uxdis doc. Teimuraz na-
dareiSvils, romelmac ikisra kursis redaqtoris urTulesi 
movaleoba_waikiTxa igi originalSi da miuTiTa avtors rigi xarvezebis Tao-
baze. 

   avtori gulwrfel madlobas uxdis profesor merab eliaSvils, romel-
mac gaswia kursis recenzireba.  

   Tavis droze nils bori aRniSnavda, rom maT (TviTon da misma skolam) 
imitom miaRwies esoden did Sedegebs, rom hyavdaT kargi meuRleebi. avtori 
Zalian Sors dgas nils borTan Sedarebisgan, magram ar SeuZlia didi pativiT 
ar moixsenios meuRlis (da saerTod, ojaxis wevrebis) mudmivi yuradReba da 
xelSewyoba. 

    imedi gvaqvs, rom leqciaTa ganaxlebuli kursi povebs Tavis adgils 
Teoriuli fizikis swavlebaSi da xels Seuwyobs student axalgazrdobas So-
ris Teoriuli azrovnebis ganviTarebas. 
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S e s a v a l i 
 
 
 
 Teoriuli fizika, rogorc damoukidebeli mecniereba, gamoiyo ga-

suli saukunis pirvel aTwleulSi. misi amocana iyo fizikuri movlene-
bis romelime sferos warmmarTveli zogadi kanonebis aRmoCena, erTi 
mxriv, xolo meore mxriv, imis gansazRvra, Tu am zogadi kanonebidan ga-
momdinare, rogor SeiZleba viwinaswarmetyveloT ama Tu im fizikuri sis-
temis yofaqceva.  

  
es amocanebi Cven mier bunebis Semecnebis Tanamedrove etapze imdenad 

rTulia da logikuri gaazrebis imdenad grZel jaWvebs moiTxoven, rom 
raime winsvla am gzaze SeuZlebelia mZlavri maTematikuri aparatis ga-
reSe. maTematizaciis maRali xarisxi, albaT aris Teoriuli fizikis 
pirveli damaxasiaTebeli atributi. zogisTvis es SeiZleba Znelad 
dasaZlevic ki aRmoCndes, magram miuxedavad amisa, mxolod am maTemati-
kur aparatze gadis yvelaze umartivesi gza imis gasarkvevad, Tu 
rogoraa mowyobili buneba. 

 
yovelive es, cxadia, ar niSnavs, rom Teoriuli fizika ganvixiloT 

rogorc maTematikis dargi. saqme isaa, rom Teoriul fizikas aqvs Tavisi 
specifikuri gansakuTrebulobani, romlebic mas ara Tu ganasxvavebs 
maTematikisagan, aramed xSirad bevri misi meTodi garkveuli SinaarsiT  
pirdapir sawinaaRmdegoa maTematikuri meTodisa. erTi cnobili fizikosi-
Teoretikosi ambobda: “maTematikosi iZleva mtkicebebs, fizikosi ki 
arwmunebs msmenels”. 

  
es gansxvaveba, cxadia, imiT ki ar aris ganpirobebuli, rom maTe-

matikosebs da fizikos-Teoretikosebs gansxvavebuli azrovneba aqvT, ara-
med amas TviT  kvlevis sagani ganapirobebs. maSin roca maTematikosi 
TviTon agebs kvlevis obieqtebs sakuTari survilis mixedviT da Semo-
sazRvrulia mxolod logikis moTxovnebis CarCoebiT, fizikosi swavlobs 
Cvengan damoukideblad arsebul bunebas, romelic erTaderTia da, ami-
tom, fizikosi valdebulia izrunos am erTaderTi obieqtisaTvis saWiro 
Sesatyvisi cnebebis SemotanisTvis. 

sxva sityvebiT rom vTqvaT, Teoriuli fizika maTematikas iyenebs 
rogorc damxmare saSualebas, romelic wisqvilis qvis msgavsad “fqvavs 
imas, rasac masze dayrian”. 

 
didi ingliseli fizikosi, kvanturi meqanikis erT-erTi fuZemdebeli 

pol diraki Tvlida, rom “swori fizikuri Teoria maTematikurad 
moxdenili unda iyos”. gamoCenili sabWoTa maTematikosi da fizikos-
Teoretikosi nikoloz bogoliubovi maTematikiT zedmetad moxiblul 
fizikosebs afrTxilebda xolme, rom maTematika marto imas mogcems, ra 
fizikur suraTsac CadebT masSi. swored amaSia Teoriuli fizikis, da 
saerTod fizikis didi Tavisebureba.  
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bunebis filosofiis umTavresi debulebebis Tanaxmad, sivrce da 
dro materiis arsebobis formebia. amasTan sivrcis da drois cnebebi Te-
oriuli fizikis ZiriTadi cnebebia. maTi Semotana unda emyarebodes cdi-
seul monacemebs. 

 
ar arsebobs cdebi, romlebic saSualebas mogvcemdnen ganvsazRvroT 

sxeulis mdebareoba sivrceSi an drois momenti, romelSic xdeba moce-
muli movlena _ eqsperimentulad Cven SegviZlia ganvsazRvroT mxolod 
manZilebi sxeulebs Soris an drois Sualedebi movlenebs Soris.  

 
cdebi gviCvenebs, rom erTi sxeulis mdebareobis gansazRvrisaTvis 

meoris mimarT raime masStabis meSveobiT unda CavataroT sami damoukide-
beli gazomva. es niSnavs, rom sivrce aris samganzomilebiani. sxvadasxva 
sxeulebs Soris manZilebis gazomvam da miRebuli Sedegebis analizma 
dagvarwmuna, rom Cveni sivrce aris evkliduri, da amitomac, mas ax-
asiaTebs erTgvarovneba da izotropuloba. 

 
klasikur, e.w. ararelativistur meqanikaSi miRebulia warmodgena ab-

solutur sivrcesa da droze. sxva sityvebiT, iTvleba, rom sxeulebs 
Soris manZilebi da movlenebs Soris  drois Sualedebi ar aris da-
mokidebuli aTvlis sistemis moZraobaze, romelSic es sidideebi 
ganixileba.  

 
amave warmodgenebiT materialur wertils drois yovel momentSi 

ukavia zustad gansazRvruli mdebareoba sivrceSi, rac SeiZleba dax-
asiaTdes sami koordinatis mocemiT an radius-veqtoriT, rogorc drois 
funqciiT: 

{ } .3,2,1)()(),,( =≡== αα trtrzyxrr rrr
 

yuradReba mivaqcioT imas, rom es aris fizikuri daSveba, romelic 
kvantur meqanikaSi ar sruldeba. vTvliT, rom radius-veqtoris (an koor-
dinatis) damokidebuleba droze aRiwereba sakmaod gluvi funqciebiT, e.i. 
maT gaaCniaT pirveli da meti rigis warmoebulebi (es kvlav fizikuri 
daSvebaa, rac ar aris samarTliani kvantur meqanikaSi). amis Sedegad Seg-

viZlia ganvmartoT materialuri wertilis siCqare  rdt
rd &r
rr

==υ  da aC-

qareba rdt
rd

dt
da &&r&r

rrr
==== υυ

2
2

. es veqtorebi arian materialuri wertilis 

mTavari kinematikuri maxasiaTeblebi.  
 
niutoniseul anu ararelativistur klasikur meqanikaSi wertilis 

(sxeulis) siCqare ar aris SemosazRvruli raime sididiT anu 
urTierTqmedeba sxeulidan sxeulze gadaecema myisierad (usasrulo siC-
qariT), gansxvavebiT fardobiTobis (relativisturi) Teoriisagan, sadac 
sinaTlis siCqare SesaZlo siCqaris zeda zRvaria.  

 
winamdebare leqciebis kursSi klasikuri Teoriuli meqanika gvesmis 

swored ararelativisturi fizikis SinaarsiT. esaa meqanika, romelic 
Camoyalibda da ganviTarda fardobiTobis specialuri Teoriis Seqmnamde. 
amave dros, rogorc zemoT iyo aRniSnuli, me-20 saukuneSi es dargi 
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damatebiT ganviTarda. qvemoT, pirvel rigSi,  gavixsenebT meqanikis Ziri-
Tad fizikur sidideebs da Tanafardobebs maT Soris. 

 
 
materialuri wertilis meqanikis fizikuri safuZvelia niutonis 

meore kanoni, romelic ganixileba an rogorc ZiriTadi postulati an 
rogorc Zalis ganmarteba. igi ase Caiwereba  

,
dt
pdF
rr

=  

sadac F
r
 aris materialur wertilze moqmedi ZalTa tolqmedi, xolo pr  

_ am wertilis moZraobis raodenoba an impulsi, romelic tolia wer-
tilis masis namravlisa mis siCqareze 

υrr mp =  
ararelativistur meqanikaSi ganxilul umetes SemTxvevaSi materi-

aluri wertilis (sxeulis) masa mudmivi sididea da niutonis meore ka-
noni iRebs saxes  

am
dt
dmF r
rr
==

υ
 

meqanikis mravali umniSvnelovanesi debuleba gamoixateba ama Tu im 
fizikuri sididis mudmivobis (Senaxvis) Teoremebis formiT. es Teoremebi 
gveubneba, Tu ra pirobebSi rCeba meqanikis zogierTi sidide droSi ucv-
leli. ase, magaliTad, niutonis meore kanonidan gamomdinareobs pirveli 
am TeoremaTagani: 

 
Teorema materialuri wertilis moZraobis raodenobis Senaxvis  

Sesaxeb. Tu sxeulze moqmedi F
r
 Zala nulis tolia, maSin ,0=p&r anu misi 

moZraobis raodenoba pr  inaxeba. 
 
impulsis momenti (an kinematikuri momenti) raime O  centris mimarT 

ewodeba veqtors  

prl rrr
×= , 

sadac rr _ materialuri wertilis radius-veqtoria  O  centris mimarT.  
 

F
r
 Zalis momenti O  wertilis mimarT (an am Zalis brunviTi momenti) 

ewodeba veqtors  

FrN
rrr

×=  
misTvis SegviZlia miviRoT moZraobis Semdegi gantoleba  

[ ]
dt
ldmr

dt
dN

r
rrr
=×= υ , 

risTvisac sakmarisia gamoviyenoT veqtoruli namravlis umartivesi 
Tvisebebi. 

 SevniSnoT, rom N
r
-ic damokidebulia O  centris arCevaze. SegviZlia 

miviRoT mudmivobis Semdegi Teorema:  
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materialuri wertilis kinetikuri momentis Senaxvis Teorema:  
 

Tu materialur wertilze moqmedi ZalTa momenti  N
r
 nulis tolia, 

maSin  0=l&
r

 da, amrigad, kinetikuri momenti inaxeba.  

ganvixiloT axla F
r
 Zalis mier materialur wertilze Sesrule-

buli muSaoba, romelic ganmartebis Tanaxmad tolia 

∫ ⋅=
2

1
12 sdFW rr

 

esaa 1 mdgomareobidan 2 mdgomareobaSi nawilakis gadatanisaTvis 
Sesrulebuli muSaoba. mudmivi masis SemTxvevaSi viRebT       

∫ ∫∫ =⋅=⋅ dt
dt
dmdt

dt
dmsdF )(

2
2υυυ r

r
rr

 

da, amitomac 

( )2
1

2
212 2

υυ −=
mW  

skalarul sidides 
2

2υm
 ewodeba materialuri wertilis kinetikuri 

energia da aRniSnaven T  asoTi. amrigad 
                     

1212 TTW −= , 
anu Sesrulebuli muSaoba tolia nawilakis kinetikuri energiis cvli-
lebisa.  

Tu ZalTa veli iseTia, rom nebismieri Caketili konturis irgvliv 
nawilakis Semotarebaze Sesrulebuli muSaoba nulis tolia, gveqneba 

∫ =⋅ 0sdF rr
 

 
aseT Zalebs ewodeba konservatiuli. fizikuri TvalsazrisiT naTe-

lia, rom xaxunis an sxva winaaRmdegobis Zalebis arsebobisas sistema 

konservatiuli ar iqneba, radgan am ZalebisaTvis sdF rr
⋅  yovelTvis uaryo- 

fiTi sidide gamodis da maTi ajamviT nuls ver miviRebT.  
stoqsis Teoremis Tanaxmad ZalTa konservatiulobis piroba 

SeiZleba ase CavweroT 

0=×∇≡ FFrot
rr

 
radgan gradientis rotori yovelTvis nulis tolia, Tuki sivrce 

martivad bmulia, Zalis veqtori SegviZlia warmovadginoT raime skala-
ruli funqciis gradientis saxiT 

VF −∇=
r

 
es debuleba mtkicdeba veqtoruli da tenzoruli analizis nebis-

mier kursSi. 
 
V  sidides ewodeba potenciali an potencialuri energia. bunebrivia, 

rom is calsaxad ar aris gansazRvruli. mas SeiZleba daematos nebis-
mieri mudmivi. amiT Zala da moZraobis gantoleba ar Seicvleba. es ara-
calsaxoba daiyvaneba potencialis nulovani donis arCevis Tavisufle-
baze.  
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konservatiuli sistemisaTvis Sesrulebuli muSaoba tolia 

∫∫ −=⋅∇−=⋅=
2

1
21

2

1
12 VVsdVsdFW rrr

 

Tu amas SevadarebT kinetikuri energiis cvlilebiT gamoxatul 
muSaobas, miviRebT 

122112 TTVVW −=−=  
anu 

2211 VTVT +=+ , 

rac niSnavs Teoremas materialuri wertilis energiis Senaxvis Sesaxeb: 
Tu materialur wertilze moqmedi Zalebi konservatiulia, maSin 

nawilakis sruli energia _ kinetikuri da potencialuri energiebis jami 
_ inaxeba.  

 
 
 
 
 
 

materialur wertilTa sistemis meqanika 
 
 
 
 
 
 
zemoT miRebuli Sedegebi advilad zogaddeba materialur wertilTa 

sistemis SemTxvevaze. oRond axla erTmaneTisgan unda gavarCioT gare da 
Sinagani Zalebi.  

gare (gareSe) Zalebad gvesmis mocemul materialur wertilTa siste-
maze garedan moqmedi Zalebi, xolo Sinagani Zalebi isinia, romlebiTac 
materialuri sistemis nawilakebi moqmedeben erTmaneTze.  

amitom  i -ur nawilakze moqmedi Zala (niutonis me-2 kanoni) ase Cai-
wereba: 

∑ +=
j

e
ijii FFp )(rr

&r  

sadac )(e
iF
r

 aRniSnavs i -ur nawilakze moqmed gare Zalas, xolo  jiF
r

 aris 

sistemis i -ur nawilakze j -uri nawilakis mxriv moqmedi Zala.  

CavTvliT, rom  jiF
r

 Zalebi emorCilebian niutonis me-3 kanons _ 

qmedebisa da ukuqmedebis tolobas, romlis Tanaxmad ori materialuri 
wertili erTmaneTze moqmedebs toli da urTierTsawinaaRmdegod mimar-
Tuli ZalebiT, romlebic moqmedeben maTi SemaerTebeli wrfis gaswvriv. 
unda aRvniSnoT, rom, magaliTad, eleqtromagnituri Zalebis SemTxvevaSi 
niutonis me-3 kanoni ar aris samarTliani. amitom aseTi sistemebis mi-
marT misi gamoyeneba moiTxovs garkveuli sifrTxilis gamoCenas.  

Tu niutonis me-2 kanons davwerT yvela wertilisaTvis da avjamavT, 
miviRebT 
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∑ ∑∑
≠

+=
i ji

ji
e

i
i

ii FFrm
dt
d rrr )(

2

2

                  (*)  

 
pirveli jami marjvena mxareSi aris mocemul sistemaze moqmedi 

yvela gare Zalebis tolqmedi, xolo meore wevri aris yvela Sinagani 
Zalebis jami, romelic nulis toli xdeba niutonis me-3 kanonis gamo-
yenebis Sedegad.  

 
Tu SemovitanT gasaSualoebul radius-veqtors 
 

M

rm

m

rm
R i

ii

i
i

i
ii ∑

∑
∑

≡=

rr
r

, 

 
romelic gansazRvravs sistemis masaTa centrs, maSin moZraobis (*) gan-
toleba ase gadaiwereba: 

∑ ≡=
i

ee
i FF

dt
RdM )()(
2

2 rr
r

, 

saidanac Cans, rom masaTa centri ise moZraobs, TiTqosda am wertilSia 
Tavmoyrili sistemis mTeli masa da modebulia yvela gare Zalebis 

tolqmedi  )(eF
r

, anu masaTa centris moZraobaze Sinagani Zalebi araviTar 
gavlenas ar axdenen.  
 
 

 
sistemis sruli impulsi ewodeba sidides 

∑ ==
i

i
i RM

dt
rd

mP &r
rr

 

amitom, gvaqvs Teorema masaTa centris moZraobis raodenobis Senax-
vis Sesaxeb: Tu sistemaze moqmedi gare Zalebis tolqmedi nulis tolia, 
maSin sistemis sruli moZraobis raodenoba (sruli impulsi) inaxeba.  

 
sistemis sruli moZraobis raodenobis momenti ewodeba jams 

∑ ×
i

ii pr rr
. advilad mowmdeba, rom 

[ ] [ ]∑ ∑ ∑ ×+×==×
i i ji

jii
e

iiii FrFrlpr
,

)(
rrrr&r&rr

 

magram niutonis me-3 kanonis ZaliT 

( ) jijiijjjii FrrFrFr
rrrrrrr

×−=×+×  

rac nulis tolia, radgan  ji rr rr
−  veqtori j -dan i  wertilisaken aris mi-

marTuli da  jiF
r

 Zalis kolinealuria. amitom miviReT, rom  

)(eN
dt
ld r
r

=  

da gvaqvs Teorema sistemis kinetikuri momentis Senaxvis Sesaxeb: 
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Tu  sistemaze moqmedi gare Zalebis sruli momenti nulis tolia, 

maSin sistemis sruli kinetikuri momenti  l
r
 rCeba droSi ucvleli.  

 
SevniSnoT, rom esaa veqtoruli Teorema, amitom Tu, magaliTad, 

sruli momentis mxolod romelime mdgenelia nuli, xolo danarCeni 
mdgenelebi nulisgan gansxvavdeba, Seinaxeba kinetikuri momentis Sesabam-
isi mdgeneli.  

 rogorc zemoT aRvniSneT, eleqtromagnitur velebSi ZalTa qmedeba-
ukuqmedebis toloba sazogadod ar sruldeba, da, amitom, sruli meqani-
kuri momenti ar rCeba mudmivi, magram mudmivi rCeba sistemis meqanikuri 
momentisa da eleqtromagnituri velis kinetikuri momentebis jami. ase 
rom sruli kinetikuri momentis Senaxvis kanons aqvs universaluri xasi-
aTi.  

 
 
axla ganvixiloT energiis gantoleba. gamovTvaloT sistemaze mo-

qmedi yvela Zalis muSaoba. sistemis sawyisi da saboloo mdgomareobani 
pirobiTad aRvniSnoT iseve, 1 da 2 simboloebiT. 
gvaqvs 

∑ ∑ ∑∫∫∫
≠

⋅+⋅=⋅=
i i ji

ijii
e

iii sdFsdFsdFW rrrrrr 2

1

2

1

)(
2

1
12  

 
moZraobis gantolebis gamoyenebiT viRebT 

∑∫ ∑∫ ∑∫ ⎟
⎠
⎞

⎜
⎝
⎛=⋅=⋅

i i i
iiiiiii mddtmsdF

2

1

2

1

2

1

2

2
1 υυυ rrrr

 

 
 

amrigad, Sesrulebuli muSaoba tolia saboloo da sawyisi kinetikuri 
energiebis sxvaobisa,      
 

1212 TTW −= , 

sadac T  sruli kinetikuri energiaa,   

∑=
i

iimT 2

2
1 υ .  

 
 
axla gareSe Zalebi CavTvaloT potencialurad da muSaobis formu-

laSi CavataroT saTanado gardaqmnebi: 

∑∫ ∑∫ ∑−=⋅∇−=⋅
i i i

iiiii
e

i VsdVsdF
2

1

2

1

2

1

)( rrrr
, 

sadac  i  indeqsi  ∇
r
 operatorTan aRniSnavs ir

r
 veqtoris mixedviT gawar-

moebas (gradients).  
 
Tu Sinagani Zalebic potencialuria, maSin isinic daukavSirdebian 

nawilakTa  ij  wyvilis potencialur energias: 
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)( jiijij rrVV rr
−=  

am dros  

( ) frrVF jiijiji
rrrr

−=∇−= , 

sadac f  aris manZilis raime skalaruli funqcia. amrigad, sruli 
muSaobisaTvis gvaqvs 

∫ ⋅∇+⋅∇− )( jijjijii sdVsdV vrrr
 

amitom, Tu aRvniSnavT ijji rrr rrr
≡− , CvenTvis saintereso gamosaxulebas 

gadavwerT ase: 

ijjijiji VV ∇−=∇=∇
rrr

    da     ijjiji rdrdrdsdsd rrrrr
=−=−  

da ij  indeqsiani wevri miiRebs saxes 

∫ ⋅∇− ijijij rdV rr
, 

xolo Sinagan ZalTa muSaoba toli iqneba  

∑∫ ∑
≠ ≠

−=⋅∇−
ji ji

ijijijij VrdV
2

1

2

1
2
1

2
1 rr

 

 
zemoTqmulidan naTeli xdeba, rom Tu Siga da gare Zalebi poten-

cialuria, maSin SegviZlia vilaparakoT sruli potencialuri energiis 
Sesaxeb, raSic gvesmis 

∑ ∑
≠

+=
i ji

iji VVV
2
1

 

 
amave dros sruli energia mudmivi sididea, rac azogadebs erTi ma-

terialuri wertilisaTvis miRebul Sedegs.  
niutonis meqanikis am mcireodeni Sesavlis Semdeg gadavideT    

nawilakTa sistemebis meqanikis Nsistematur Seswavlaze. 
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Tavi I 
 

klasikuri meqanikis ZiriTadi koncefciebi 
 
 
 
 

   (I-1).    materialuri sistemebi. bmebi da maTi klasifikacia 
 

 
materialur wertilTa erToblioba iwodeba materialur wer-

tilTa sistemad anu materialur sistemad, Tu TiToeuli nawilakis 
moZraoba damokidebelia danarCeni nawilakebis mdebareobasa da moZ-
raobaze. Ees niSnavs, rom  materialuri sistemis nawilakebs Soris 
arsebobs urTierTqmedebis Zalebi.  

 gavixsenoT, rom materialuri sistemis wertilebs Soris moqmed 
Zalebs ewodeba Sinagani Zalebi. Zalebs, romlebiTac moqmedeben sis-
temis wertilebze nawilakebi an sxeulebi, romlebic ar ekuTvnian mo-
cemul sistemas, ewodeba gare Zalebi. 

 materialur sistemas, romelSic  nebismier or nawilaks Soris 
manZili ar icvleba, ewodeba myari sxeuli. 

 nawilaki hqvia idealizebul materialur sxeuls, romlis masa 
Tavmoyrilia wertilSi. Nnawilakis moZraoba aris wertilis moZraoba 
sivrceSi. raki wertils geometriuli ganzomileba ar aqvs, ver vila-
parakebT nawilakis orientaciaze sivrceSi da mas ver mivawerT brun-
viT moZraobas. 

Tu materialuri sistemis yovel wertils SeuZlia sivrceSi ne-
bismieri mdebareoba daikavos da hqondes nebismieri siCqare, vityviT, 
rom aseTi sistema aris T a v i s u f a l i. 

Tavisufali materialuri sistemis  klasikuri magaliTia mzis 
planetaruli sistema. Yyvela planetasa da mzes Soris moqmedeben ni-
utonis msoflio mizidulobis Zalebi, TviT planetebis da mzis mde-
bareoba da siCqareebi ki arafriT ar aris SezRuduli. 

  Tu raime SezRudvebis (pirobebis) gamo materialuri sistemis 
nawilakebs da sxeulebs ar SeuZliaT daikavon nebismieri mdebareoba 
sivrceSi da hqondeT nebismieri siCqareebi, maSin materialur sistemas 
uwodeben  a r a T a v i s u f a l s. 

SezRudvebi (pirobebi), romlebic sistemis wertilebs ukrZalaven 
(ar aZleven saSualebas) daikavon nebismieri mdebareoba sivrceSi da 
hqondeT nebismieri siCqareebi, iwodebian b m e b a d.  

bmebi zRudavs wertilebis koordinatebis da siCqareebis cvlile-
bas. Ees SezRudvebi analizurad Caiwereba gantolebebis an utolobe-
bis saxiT. isini ar gamomdinareoben moZraobis gantolebebidan. 

∗ vTqvaT, materialuri sistema Seicavs N  wertils. Ddekartes 

koordinatebSi  i -uri nawilakis koordinatebi iyos ),,,( iiii zyxrr sadac 

,1=i 2, . . . , N .  … Tu materialur sistemaze dadebulia mxolod erTi 
bma, maSin igi zogadad SegviZlia CavweroT Semdegi analizuri saxiT:      
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              0);,,,,,( ≤tzyxzyxf iiiiii &&& ,                        (I-1.1)           

aq  

.
.

.
),...,2,1(,, Nizyx iii =&&&  aRniSnavs −i uri nawilakis siCqaris gegmilebs 

dekartes sistemis RerZebze, −t droa. 
am formulaSi tolobis niSnis SemTxvevaSi bmas uwodeben S e m - 

k a v e b e l s, utolobis SemTxvevaSi – a r a S e m k a v e b e l s. 
       magaliTi.  vTqvaT, ori nawilaki, romelTa mdebareoba 

moicema koordinatebiT   111 ,, zyx  da ,,, 222 zyx  dakavSirebulia erT-

maneTTan myari l sigrZis ReroTi. Aam SemTxvevaSi bma aris Semkavebeli 
da bmis gantolebas aqvs saxe: 

0)()()( 22
12

2
12

2
12 =−−+−+− lzzyyxx , 

rac niSnavs, rom am wertilebs Soris manZili yovelTvis rCeba mud-
mivi. 

∗  Tu Reros SevcvliT gluvi uWimvadi ZafiT, wertilebi miiRe-
ben daaxloebis saSualebas, magram, rogorc adre, kvlav ver daSorde-
bian erTmaneTs −l ze meti manZiliT. Aam SemTxvevaSi bma araSemkavebeli 
iqneba da Caiwereba utolobis saxiT: 

0)()()( 22
12

2
12

2
12 ≤−−+−+− lzzyyxx .M     

 ∗  Tu Semkavebeli bmis gantoleba cxadi saxiT Seicavs  t  dros, 
maSin bmas uwodeben r e o n o m u r s  an  a r a s t a c i o n a-    
r u l s, xSirad - k i n e m a t i k u r s a c, 

0);,,;,,( =tzyxzyxf iiiiii &&&                     (I-1. 2) 

aseTi bmis magaliTi SeiZleba iyos ori materialuri wertili, Seer-
Tebuli araxisti ReroTi, romelic Tavis sigrZes icvlis raime moce-

muli wesiT, mag.,  tlll sin01 += . 

Tuki bmis gantoleba dros cxadad ar Seicavs, e.i. aqvs saxe  

0),,;,,( ; =iiiii zyxzyxf
i

&&&  

bmas uwodeben s k l e r o n o m u l s  anu  s t a c i o n a -  
r u l s. 

  bmas, romlis gantoleba koordinatebis warmoebuls ar Seicavs, 
e.i. zRudavs marto koordinatebs, 

0);,,( =tzyxf iii ,              (I-1.3) 

ewodeba g e o m e t r i u l i   anu  h o l o n o m u r i. 
  Tu kinematikuri bmis (I-1.2) gantoleba  integraciiT ar SeiZleba 

miviyvanoT  (I-1.3) saxeze, maSin bmas uwodeben a r a h o l o n o m u r s      
anu a r a i n t e g r e b a d s.  

  Tuki kinematikuri bmis integraciiT xerxdeba siCqareTa mTlianad 
gamoricxva, bma arsebiTad holonomuri Yyofila.  

  magaliTi: vTqvaT, kinematikur bmas aqvs saxe 

∑
=

=++
N

i
iiiiii zzyyxx

1
0)( &&& , 

integraciis Semdeg miviRebT  
 

∑
=

=++
N

i
iii Czyx

1

222 )(  
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(C- integraciis nebismieri mudmivia). Aamrigad, mocemuli bma yofila ge-
ometriuli. 

∗ Tu materialur sistemaze dadebulia k -raodenobis bma, maSin 

gveqneba bmebis k gantoleba: 

            ( ) 0,,,,, =iiiiiij zyxzyxf &&&                 ),...,2,1( kj =  

aqac Tu gantolebaTa sistema integrebadia, bmebi holonomuri iqneba, wi-
naaRmdeg SemTxvevaSi – araholonomuri.  

bmebis xasiaTi gansazRvravs materialur sistemasac – is an holono-
muria an araholonomuri.  

Cven holonomur bmebs yovelTvis CavwerT  warmoebulebis gareSe ase: 

        0);,,( =tzyxf iiij        ),...,2,1( kj =            (I -1.4) 

    magaliTi 1: 1M nawilakTan l sigrZis uWimvadi Reros saSualebiT 

mierTebulia 2M nawilaki. 1M nawilaks SeuZlia brunva wrewiris rkalis 
gaswvriv, romelic vertikalur sibrtyeSi Zevs (ix. Nnaxazi 1). 
Bbmebis gantolebebia:    
                                     
                                                      

0)()()(

0

0

22
12

2
12

2
12

22
1

2
1

2
1

1

=−−+−+−

=−++

=

lzzyyxx

Rzyx

z

       

                                                      naxazi 1.   
rogorc vxedavT, bmebi geometriulia (holonomuri). 
 
 

magaliTi 2:   Rero vertikaluri RerZis irgvliv brunavs Tanabrad 

ω  kuTxuri siCqariT. 1M  da  2M  erTmaneTTan zambariTaa dakavSirebuli 
(nax. 2). 

  naTelia, rom bma iqneba arastacionaruli. Bbmebis gantolebebia: 
 

        

0
,0

0cossin
0cossin

2

1

22

11

=
=

=−
=−

z
z

tytx
tytx
ωω
ωω

  

    
                                                     naxazi 2. 
orive magaliTSi holonomuri bmaa. 

meore magaliTSi bmebis gantolebebi Seicaven t  dros (reonomuri). 
 
 
 
 
 magaliTi 3: ori nawilaki erTmaneTs xisti ReroTi ukavSirdeba. 

nawilakebs SeuZliaT xaxunis gareSe sriali horizontalur sibrtyeSi. 
cxadia, rom aseTi sistema aris holonomuri. axla davadoT Semdegi 
damatebiTi piroba: Reros masaTa centri lursmniT davaWedoT sibrtyeSi, 
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maSin Reros aekrZaleba moZraoba Reros gaswvriv da amitom darCeba  
brunviTi moZraobis SesaZlebloba Reros perpendikularulad masaTa 
centris garSemo (nax. 3). 

 

 
                              
                             naxazi 3 
 
cxadia, am damatebiTi SezRudviT sistema gaxdeba araholonomuri. 

marTlac, jer CavweroT konfiguracia TiToeuli nawilakis dekartes 
koordinatebiT. gvaqvs ori damoukidebeli bmis gantoleba (holonomuri) 

ttgxxyy

lyyxx

ωθθ =−=−

=−+−

,)(

)()(

1212

22
12

2
12

 

romlebic gamoxataven Reros sigrZesa da mis orientacias. garda amisa, 
gvaqvs araholonomuri bmis gantoleba  

,0sin)(cos)( 2121 =+++ tyytxx ωω &&&&  
romelic zRudavs Reros centris siCqares Reros perpendikularuli mi-
marTulebiT.  

    Tu SemovitanT Reros centris koordinatebs ),( yx   aseTi gar-
daqmniT: 

tlyy

tlxx

tlyy

tlxx

ω

ω

ω

ω

sin
2
1

cos
2
1

sin
2
1

cos
2
1

2

2

1

1

+=

+=

−=

−=

 

araholonomuri bmis gantoleba ase gadaiwereba 
 

0sincos =+ tytx ωω &&             

gansaxilavi sistema marTlac rom araholonomuria, ukeT gamoCndeba 
Semdegi magaliTis ganxilvidan, romelSic warmoiqmneba agreTve difer-
encialuri saxis SezRudvebi. 
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magaliTi 4: (goldsteini) 
diski migoravs srialis gareSe horizontalur xy  sibrtyeze. bma 

iseTia, rom diskis sibrtye mTeli moZraobis ganmavlobaSi rCeba verti-
kalurad. xaxuni ar gvaqvs. (nax. 4) 

                                        
 
 
 
 
 
 
                        naxazi  4 
 
 

     koordinatebad SeiZleba aviRoT diskis centris koordinatebi x , y , 
diskis Tavisi RerZis irgvliv mobrunebis ϕ kuTxe, agreTve diskis RerZsa 

da vTqvaT, x RerZs Soris Sedgenili kuTxe θ . 
gorvis pirobis Tanaxmad diskis centris siCqaris moduli iqneba 

.
−ϕ& is proporciuli: 

                             
.
ϕυ &R=  

(R - diskis radiusia). Aam siCqaris mimarTuleba iqneba diskis RerZis per-
pendikularuli. Ggvaqvs:  

.

.
cos

sin

θυ

θυ

−=

=

y

x

&

&

 

aqedan, wina tolobis gaTvaliswinebiT miviRebT bmebisaTvis or 
diferencialur gantolebas 

               
0cos
0sin

=+
=−

ϕθ
ϕθ

dRdy
dRdx

                        ( *  ) 

am gantolebebs ver vaintegrebT, sanam amocana bolomde ar iqneba 
amoxsnili.  aseTi araintegrebadi bmebi – araholonomuri bmebis kerZo 
SemTxvevaa. 

   ( * ) sistema marTlac araintegrebadia. AamaSi dasarwmuneblad is 
gadavweroT ase 

                       0sincos =+ dydx θθ .                        (**) 
vxedavT, rom es SezRudva emTxveva wina magaliTis analogiur Sez-

Rudvas. amitom maT erTdroulad ganvixilavT. es gamosaxuleba ar aris 
sruli diferenciali, anu ar moiZebneba  iseTi funqcia   ),,( θyxΦ , rom 
misTvis (**) gantolebas hqondes saxe: 

0=
∂
Φ∂

+
∂
Φ∂

+
∂
Φ∂

=Φ θ
θ

ddy
y

dx
x

d  

 sazogadod, diferencialur gantolebaTa Teoriidan cnobilia, rom 
Tu gvaqvs gantoleba 

,0=++ θθ dadyadxa yx  
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misi integrebadobis pirobaa  

0=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂

∂
−

∂
∂

+⎟
⎠

⎞
⎜
⎝

⎛
∂
∂

−
∂
∂

+⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

−
∂

∂

x
a

y
a

a
a

x
a

a
y

aa
a yxx

y
y

x θ
θθ

θθ
, 

sadac  −a ebi arian ( ) −θ,, yx s funqciebi. Aam kriteriums Tu mivuyenebT 

(**) gantolebas, davrwmundebiT, rom es gamosaxuleba ar aris integre-

badi, radgan aqedan miiReba gantoleba  0sincos 22 =+ θθ , rac SeuZlebelia. 
 
 
 
 
 
                     AMOAAMAAAa m o c a n e b i:  

1. sxeuli mosrialebs daxril  sibrtyeze xaxunis gareSe. 
daxris kuTxe icvleba drois mixedviT (nax. 5). gamoark-
vieT sistemaze dadebuli bmis xasiaTi. ra Seicvleba, Tu 
xaxunsac gaviTvaliswinebT? 

  
 

 
naxazi   5. 

 
  2.  gamoarkvieT bmebis xasiaTi Semdeg sistemebSi: 

(a). mcire zomis birTvi Camogordeba xaxunis gareSe didi        
zomis birTvis wveridan gravitaciuli velis moqmedebiT. 

             
(b) cilindri Camogordeba aragluv daxril sibryeze. 
(g)  nawilaki srialebs brunviTi paraboloidis Sida aragluv 

zedapirze.           
(d) nawilaki moZraobs Zalian grZel Reroze xaxunis gareSe. 

amavdroulad Rero brunavs ω  kuTxuri siCqariT verti-
kalur sibrtyeSi horizontaluri RerZis irgvliv. 

(e). bmebis gantolebebs aqvT saxe 

               
( )
( ) 0

0
22

22

=++

=++

yzdzdyxy
xzdzdxyx

  

aCveneT, rom erTad es bmebi holonomuria.  
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                ∗  Tavisuflebis xarisxTa ricxvi 
 

holonomuri materialuri sistemis Tavisuflebis xarisxTa ricxvi 
ganisazRvreba im damoukidebel parametrTa raodenobiT, romlebic savse-
biT axasiaTeben sistemis konfiguracias, e.i. gansazRvraven sistemis yvela 
wertilis mdebareobas.  

Tu N  nawilakisgan Sedgenil sistemaze dadebulia (I-1.3) tipis k  
bma, es niSnavs, rom dekartes yvela koordinata ar aris erTmaneTisagan 
damoukidebeli. marTlac, N3  koordinataze bmebis k  damoukidebeli gan-
tolebaa dadebuli. Aam gantolebebidan romelime k  koordinatebs Tu 
gamovxatavT danarCenebis saSualebiT, dagvrCeba kN −3  damoukidebeli 
koordinata, romlebic savsebiT daaxasiaTebs sistemas. Aamrigad, Tavisu-

flebis xarisxTa raodenoba tolia kNn −= 3 .  

magaliTi: nawilaki moZraobs elifsze ),( yx  sibrtyeSi. elifsis 
naxevarRerZebi fiqsirebulia. gadadiT polarul koordinatebze 
da daadgineT Tavisuflebis xarisxTa ricxvi. 

 
 
 
   I-2. virtualuri gadaadgilebebi. virtualuri siCqareebi 
 
 
holonomuri bmebis zogadi Tvisebebis Seswavla mWidrod 

ukavSirdeba cnebebs: SesaZlo, namdvili da virtualuri gadaadgilebebi. 
meqanikur sistemaze moqmedi yoveli bma zRudavs misi wertilebis 

usasrulod mcire gadaadgilebebs, romlebic sruldeba drois usasru-
lod mcire intervalSi tΔ . 

marTlac, Tu sistemaze dadebulia k  raodenobis holonomuri bma 

    ,0);,...,,( 21 =trrrf Nj
rrr

     ),...,2,1( kj =     (I-2.1) 

maSin misi wertilebis siCqareebi daakmayofileben Semdegi saxis k  
pirobas 

     ,0
1

=
∂

∂
+

∂

∂
= ∑

= t
f

r
f

dt
df j

i

j
N

i
i

j
r

rυ     ),...,2,1( kj =     (I-2.2) 

amitom sistemis wertilebis usasrulod mcire gadaadgilebebi   

tr ii Δ=Δ υrr
aRmoCndebian erTmaneTTan Sebmuli Semdegi TanafardobebiT 

      ∑
=

=Δ
∂

∂
+Δ

∂

∂N

j

j
i

i

j t
t
f

r
r
f

1

,0r
r         ),...,2,1( kj =     (I-2.3) 

sistemis nawilakebis usasrulod mcire gadaadgilebebs, romlebic 
Tavsebadia maTze dadebul bmebTan, e.i. akmayofileben (I-2.3) gantolebebs, 
ewodeba sistemis S e s a Z l o  gadaadgilebebi. rac Seexeba wertilTa 
n a m d v i l gadaadgilebebs, ase ewodeba marto im SesaZlo 
gadaadgilebebs, romlebic (I-2.3) tolobebTan erTad moZraobis gantole-
bebsac akmayofileben. Uusasrulod mcire namdvili gadaadgilebebi ga-
mowveulia sistemaze aqtiuri da reaqciis Zalebis moqmedebiT. isini aRi-

niSneba diferencialiT, irdr .  
naTqvamis sailustraciod warmovidginoT aseTi magaliTi: materi-

aluri wertili moZraobs raime mocemul zedapirze, e.i. misi SesaZlo 
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gadaadgilebebi drois nebismier momentSi Zevs am zedapiris mxeb 
sibrtyeSi. mxolod erTi maTgani, romelic nawilakis moZraobis 
traeqtoriis mxebs mihyveba, iqneba namdvili gadaadgileba. 

ganvixiloT axla raime wertilis ori usasrulod maxlobeli 

SesaZlo gadaadgileba: ir
r

Δ  da ..ir ′Δ
r

 am ori gadaadgilebis sxvaobas 

uwodeben materialuri wertilis v i r t u a l u r gadaadgilebas. 

misTvis SemoRebulia aRniSvna ,ir
rδ  e.i. 

                  iii rrr rrr
Δ−′Δ=δ     (I-2.4) 

(I-2.3) Tanafardobidan cxadia, rom sistemis virtualuri  
gadaadgilebebi akmayofileben Tanafardobebs: 

                 ∑
=

=
∂

∂N

i
i

i

j r
r
f

1

,0s
r δ       ),...,2,1( kj =     (I-2.5) 

(amis misaRebad (I-2.3) Tanafardobani unda CavweroT orjer ir
r

Δ  da ir
r′Δ  

SesaZlo gadaadgilebebisaTvis da erTmaneTs davakloT es ori Tanafar-
doba). 

(I-2.3) Tanafardobebi Tanxvdeba gantolebebs, romlebsac daakmayo-

fileben sistemis SesaZlo ir
r

Δ  gadaadgilebebi, Tu maTze dadebuli bmebi 

aris stacionaruli. Aamrigad virtualuri gadaadgilebebi xSirad gani-
marteba rogorc sistemis wertilebis potencialurad SesaZlo 
gadaadgilebebi drois mocemuli momentisaTvis ,constt =  e.i. drois moce-

mul momentSi bmebi TiTqos “gaiyina” da Sewyvita cvlileba. 
virtualuri gadaadgilebebi ar aris gamowveuli raime Zalebis mo-

qmedebiT da amitom ar gaaCniaT xangrZlivoba. Aamis gamo sistemis virtu-
aluri gadaadgilebebis Sesaxeb warmodgena wminda geometriulia da 
xasiaTdeba sistemaze dadebuli bmebis struqturiT. 

stacionaruli bmebis SemTxvevaSi SesaZlo da virtualuri 
gadaadgilebebis cnebebi erTmaneTs emTxveva.  

maTematikaSi (I-2.4)-is msgavss sidideebs uwodeben funqciis v a r i a-  

c i a s. ase magaliTad, ir
rδ  aris saTanado materialuri wertilis )(tri

r
 

radius-veqtoris variacia, amasTan 

iiii zkyjxir δδδδ
rrrr

++=  (I-2.6) 

amave dros )(tx  funqciis variaciaSi  esmiT am funqciis mcire nazrdi ,xδ  
romelic ar aris dakavSirebuli misi t  argumentis cvlilebasTan 
(radgan .)constt = , aramed gamowveulia TviTon am funqciis varirebiT, e.i. 

)(tx  funqciidan masTan maxlobel )(tx′  funqciaze gadasvliT. (ix. Nnax. 6). 

maszeve warmodgenilia gansxvaveba funqciis diferencialisagan dx . 
 

 
                            
 
 
 
 
 
 

 
                           naxazi 6 
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variaciis cnebasTan dakavSirebiT mizanSewonilia virtualur 
gadaadgilebebTan erTad ganvixiloT virtualuri siCqareebic. 

 
jer ganvixiloT erTi materialuri wertili, romlis moZraobasac 

edeba bma 
                0);,,( =tzyxf     (I-2.7) 

davuSvaT, rom cnobilia am nawilakis moZraobis kanoni: 
         )(),(),( tzztyytxx ===    (I-2.8) 

Tu amas gaviTvaliswinebT, bmis gantoleba igiveobad gadaiqceva 
  0));(),(),(( =ttztytxf ,  (I-2.9) 

romlis gawarmoeba drois mixedviT gvaZlevs 

0=
∂
∂

+
∂
∂

+
∂
∂

+
∂
∂

t
fz

z
fy

y
fx

x
f

&&&   (I-2.10) 

davuSvaT, rom drois raRac 0tt =  fiqsirebul momentSi materialuri 

wertilis koordinatebi iyo .,, 000 zyx  drois am momentisaTvis zeda gan-

toleba miiRebs saxes: 

0
0000
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⎠
⎞

⎜
⎝
⎛
∂
∂
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⎠
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⎜⎜
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∂

+⎟
⎠
⎞

⎜
⎝
⎛
∂
∂

t
fz

z
fy

y
fx

x
f

&&& ,  (I-2.11) 

sadac 0 indeqsi miuTiTebs, rom warmoebulebi gamoTvlilia 0tt = mo-

mentSi, roca .,, 000 zzyyxx ===  am pirobebSi Semavali warmoebulebic 

zyx &&& ,,  Seesabamebian 0t  moments. 

(I-2.11) aris gamosaxuleba, romelsac unda akmayofilebdnen 0tt =  mo-

mentSi wertilis siCqareebis proeqciebi .,, zyx zyx &&& === υυυ  siC-

qares 

  kzjyix
r
&

r
&

r
&

r
++=υ   (I-2.12) 

uwodeben n a m d v i l siCqares (raki zyx ,,  arian moZraobis gantolebis 
amoxsnebi).  
    bma stacionaruli rom yofiliyo, misi gantoleba iqneboda  

     0),,( =zyxf  (I-2.13) 
da (I-2.11) piroba gamartivdeboda 

0
000
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⎛
∂
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fx
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f

&&&  (I-2.14) 

    SemovitanoT aseTi veqtori 

    ∗∗∗∗ ++= zkyjxi &
r

&
r

&
rrυ   (I-2.15) 

da moviTxovoT, rom misi proeqciebi akmayofilebdnen (I-2.14) pirobas, e.i. 
imaves, rasac namdvili siCqaris proeqciebi stacionaruli bmisas. 

amrigad, Tu bma arastacionarulia, maSin Cven mier Semotanili ∗υr  
siCqareebi drois mocemul momentSi warmoadgenen kinematikurad SesaZle-

bel siCqareebs bmebis myisieri gayinvisas, e.i. ∗υr  esaa bmebTan Tavsebadi 
siCqareebi, oRond maT ar aqvT bmebis deformaciiT (cvlilebiT) gamow-
veuli mdgenelebi. 

aseT  ∗υr  siCqareebs uwodeben v i r t u a l u r siCqareebs.  
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magaliTi:  vTqvaT wertili moZraobs raime zedapirze, romelic Ta-
vis mxriv gadaadgildeba sivrceSi. wertilis namdvili siCqare iqneba 2 

mdgenelis jami: mdgeneli ∗υr , romelic moTavsebulia mocemul momentSi 
nawilakis mdebareobis wertilze zedapirisadmi gavlebul mxeb 
sibrtyeze da ganisazRvreba (I-2.15) gantolebiT da mdgeneliT, romliTac 
gadaadgildeba zedapiri. 
     virtualuri siCqareebi moTavsebuli iqneba mxolod mxeb sibrtyeSi. 
(I-2.12) da (I-2.15) pirobebis Sedarebidan gamomdinareobs, rom arastaciona-
ruli bmebis SemTxvevaSi namdvili siCqare ar Tanxvdeba virtualur siC-
qares. stacionaruli bmis dros ki namdvili siCqare daemTxveva erT-erT 
virtualur siCqares. 

 materialur wertilTa sistemis SemTxvevaSi, roca gvaqvs k  
holonomuri bma 

                     ,0);,,( =tzyxf iiij      ( ;,...,2,1 Ni =    kj ,...,2,1= ) 

virtualuri siCqareebi drois mocemul momentSi akmayofileben gan-
tolebaTa sistemas: 
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namdvili siCqareebis proeqciebi ki _ 
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es niSnavs, rom arastacionaruli bmebis SemTxvevaSi namdvili siC-
qareebi sazogadod ar emTxveva virtualur siCqareebs. 

stacionaruli bmebisas bolo gantoleba iRebs saxes 
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&&& ,              ( kj ,...,2,1= ) 

rac garegnulad emTxveva ( )∗  gantolebebs. Aamitom am SemTxvevaSi 
namdvili siCqareebi emTxvevian virtualur siCqareTa erT-erT krebuls. 

 
magaliTi:   ganvixiloT bma 

         ( ) ( ) ( ) 022
12

2
12

2
12 =−−+−+− lzzyyxx  

( )∗  piroba iRebs saxes 

      ( ) ( ) ( ) ( ) ( ) ( ) 0121212121212 =−⋅−+−⋅−+−⋅− ∗∗∗∗∗∗ zzzzyyyyxxxx &&&&&&  
an veqtoruli formiT 

          ( ) ( ) 01212 =−⋅− ∗∗ υυ rrrr rr . 
es toloba gveubneba, rom ori wertilis fardobiTi virtualuri siCqare 
yovelTvis perpendikularulia fardobiTi radius-veqtorisa. Nnamdvili 
siCqareebisaTvis es faqti kargadaa cnobili kinematikidan. 

materialuri wertilis namdvili gadaadgileba, rogorc cnobilia, 
ewodeba veqtors 

                   ,dtrd υrr
=  

romlis gegmilebi, rogorc vxedavT, akmayofileben gantolebas 
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∗  sistemis materialuri wertilebis namdvil gadaadgilebas uwodeben 
veqtorebs: 

                       dtrd ii υrr
=  

naTelia, rom  maTi gegmilebi unda akmayofilebdnen gantolebebs 
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1
,0       ( kj ,...,2,1= ). 

ganvixiloT axla kavSiri virtualur gadaadgilebasTan. vTqvaT 
wertili imyofeba zedapirze 

                             0),,( =zyxf  
drois fiqsirebul t  momentSi wertilis mdebareobas gansazRvravs ra-

dius-veqtori .kzjyixr
rrrr

++=  ganvixiloT axla wertilis usasrulod max-
lobel mdebareobaTa simravle, romelic dasaSvebia bmiT am fiqsirebul 
momentSi da davuSvaT, rom es usasrulod maxlobeli mdebareobebi gani-
sazRvreba radius-veqtoriT 

        ( ) ( ) ( ) ,)()( kzzjyyixxrtrtr
vrrvrr δδδδ +++++=+=′  

sadac zyx δδδ ,,  arian rrδ veqtoris mdgenelebi. 

rrδ  veqtori aris )(trr  radius-veqtoris usasrulod mcire nazrdi 

wertilis warmodgeniTi gadaadgilebisas )(trv  radius-veqtoriT gansaz-

Rvruli wertilidan )(tr ′r  radius-veqtoriT gansazRvrul wertilSi. Mmas 
ewodeba v i r t u a l u r i  gaaadgilebis veqtori. Eesaa usasrulod 
mcire veqtori, romelic saSualebas iZleva warmodgeniT (azrobrivad), 
bmebis daurRvevlad gadavitanoT wertili usasrulod maxlobel wer-
tilSi drois imave momentSi. rrδ -s rr -veqtoris v a r i a c i a s a c 
uwodeben. 

naTelia, rom )(tr ′r -veqtoris mdgenelebma igive (I-2.7) xasiaTis bmis 
gantoleba unda daakmayofilon: 

                   0);,,( =+++ tzzyyxxf δδδ  
Tu am gantolebas usasrulod mcire sidideTa mwkrivad gavSliT, ga-

viTvaliswinebT, rom 0),,( =zyxf  da SemovifarglebiT pirveli rigis  
usasrulod mcire sidideebiT, miviRebT koordinatebis variaciebze dade-
bul pirobas: 
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f δδδ                      (I-2.16) 

radgan am gantolebebis misaRebad dro fiqsirebulad iTvleboda, 
zyx δδδ ,, variaciebs uwodeben i z o q r o n u l s. 

rogor davukavSiroT  virtualuri gadaadgilebebi virtualur siC-
qareebs? SemovitanoT drois ganzomilebis mqone parametri  τ  da masze  

gavamravloT ( )∗  Tanafardobis TiToeuli wevri. amavdroulad Semovi-
tanoT aRniSvnebi 

     τδτδτδ ∗∗∗ === zzyyxx &&&
~,~,~

 
miviRebT Tanafardobas 
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aqedan gamomdinareobs, rom τυδδδδ ∗=++=
rrrrr kzjyixr ~~~~

 veqtoris gegmilebi ak-
mayofileben (I-2.12) pirobas. Tuki axla τ  parametrs ise SevarCevT, rom 
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rrδ~  gadaadgilebebi Tavsebadi iyvnen bmasTan (amisaTvis τ -s unda hqondes 

simcire, aranakleb zyx δδδ ,,  sidideebisa), maSin, radganac zyx δδδ ~,~,~
 

sidideebi akmayofileben     (I-2.16) pirobas, rrδ~ -veqtorebi warmoadgenen 

virtualur gadaadgilebebs, e.i. .~ rr rr δδ = Tanafardobidan τυδ ∗=
rrr~

 gamodis, 
rom virtualur gadaadgilebaTa veqtorebs aqvT virtualuri siCqareebis 
mimarTuleba. 

Tu bma, romelsac emorCileba materialuri wertilis moZraoba, aris 

stacionaruli, maSin rdr namdvili gadaadgilebis gegmilebi ( )dzdydx ,,  da-

akmayofileben gantolebas: 

                    0=
∂
∂

+
∂
∂

+
∂
∂ dz

z
fdy

y
fdx

x
f

 

es ki niSnavs, rom stacionaruli bmis SemTxvevaSi namdvili 
gadaadgilebis veqtori daemTxveva erT-erT virtualur gadaadgilebas. 

 (I-2.16) pirobas SegviZlia mivceT TvalsaCino geometriuli inter-
pretacia. Bbmis gantolebas 0),,( =zyxf  SeiZleba vuyuroT (drois 
fiqsirebul momentSi) rogorc zedapiris gantolebas. maSin (I-2.12)-dan ga-
momdinareobs, rom rrδ virtualuri gadaadgilebebi arian veqtorebi, rom-
lebic mdebareoben materialuri wertilis mdebareobaze mocemuli zed-
apirisadmi gatarebul mxeb sibrtyeSi (ix.nax. 7 ). 

 
                                 naxazi 7 
 

materialur wertilTa sistemis SemTxvevaSi virtualur gadaadgile-
bebs uwodeben usasrulod mcire veqtorTa erTobliobas: 

           kzjyixr iiii

rvvr δδδδ ++=        ( )ni ,...,2,1=     (I-2.17) 

maTi proeqciebi akmayofileben gantolebaTa sistemas 
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1
0δδδ      ),...,2,1 kj =     (I-2.18) 

 
stacionaruli bmebis SemTxvevaSi namdvili gadaadgilebis veqtore-

bis mdgenelebi aseTsave saxis pirobebs akmayofileben. amitomac am dros 
namdvili gadaadgilebani Tanxvdebian erT-erT virtualur gadaadgile-
baTa erTobliobas. 

 
Tu materialuri sistema Sedgeba N  nawilakisagan, mas eqneba 

N3 koordinatTa variacia. Mmagram Tu sistemaze dadebulia k  bma, koor-
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dinatTa es variaciebi aRar arian urTierTdamoukidebeli. bmebis gan-
tolebebi ase gamoiyureba: 

       0
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=⎟⎟
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f
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f

x
x
f

δδδ ,      ( kj ,...,2,1= ).               (I-

2.19) 
 

am gantolebebs Tu amovxsniT koordinatTa k  variaciis mimarT, ga-
movxatavT maT danarCeni kN −3  variaciiT. Aamrigad, damoukidebel varia-
ciaTa raodenoba iqneba kN −3 , e.i. koordinatTa damoukidebeli variacie-
bis raodenoba emTxveva sistemis Tavisuflebis xarisxTa ricxvs.  

 
 
 
 
   I-3.   virtualuri muSaoba. idealuri bmebi                                 
 
     Tu materialuri sistemis wertilebze drois mocemul fiqsire-

bul momentSi moqmedeben Zalebi ,,...,, 21 NFFF
rrr

 xolo sistemis wertilebis 

virtualuri gadaadgilebebi, Sesabamisad, aris ,,...,, 21 Nrrr δδδ rr
 maSin  v i r 

t u a l u r i  m u S a o b a ewodeba am Zalebis muSaobas sistemis vir-
tualur gadaadgilebebze, e.i.  

                         ∑
=

⋅=
N

i
ii rFA

1

rr
δδ     (I-3.1) 

anu  Tu  ),,( iiii ZYXF =
r

,  maSin 

          ∑
=

++=
N

i
iiiiii zZyYxXA

1
)( δδδδ     (I-3.2) 

ganvsazRvroT axla idealuri bmebis cneba. idealuri iseT bmebs ewodeba, 
romlebisTvisac bmebis reaqciebis virtualuri muSaoba nebismier virtu-
alur gadaadgilebaze nulis tolia, e.i. 

                  ∑
=

=⋅
N

i
ii rR

1
0rr

δ     (I-3.3) 

aq  iR
r
 aris −i ur nawilakze modebuli bmis reaqciis Zala. 

Zalian bevr SemTxvevaSi bmis reaqciis Zalebi perpendikularulia 

moZraobis mimarTulebisa, da amitom ii rR rr
δ⋅  namravli nulis tolia. ma-

galiTad, Tu wertilovani masa iZulebulia imoZraos mocemul sivrcul 
mrudze, misi moZraobis mimarTuleba yovelTvis mrudis mxebadaa; bmis 
reaqcia ki mrudis mxebis marTobulia. 

 magram aris iseTi SemTxvevebic, roca calkeuli bmis reaqciebis 
Zalebi asruleben aranulovan muSaobas, magram yvela maTganis muSaobaTa 
jami nulis toli xdeba. aseTi magaliTia ZafiT mbrunav RerZze 
(idealuri bloki) gadakidebuli ori masiuri sxeuli. Zafis daWimulo-
bani arian am magaliTSi reaqciis Zalebi, romlebic individualurad 
erTmaneTis tol da sawinaaRmdego niSnis muSaobas asruleben.A 

ganvixiloT kidev aseTi magaliTi (nax. 8): 
sistema warmoadgens or erTnair borbals, 
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                                         naxazi 8  

 
romlebzec moTavsebulia ficari (dafa). borblebs SeuZliaT gorva 
xaxunis gareSe uZrav horizontalur sibrtyeze. dafis sriali bor- 
blebze akrZalulia raime pirobiT - D  da K  wertilebis wanacvleba 
borbalze da ficarze pirveli rigis sizustiT erTnairia.  

dafa da borbali urTierTqmedebs sididiT toli da sawinaaRmdegod 

mimarTuli Sinagani reaqciis    ZalebiT, DR
r

  da  KR
r

. virtualur muSao-
baTa jami nulis tolia. 

 
∗   davubrundeT kvlav (I-3.3) gantolebas.  
visargebloT am pirobiT bmebis reaqciebis gamosaricxavad. CavweroT 

igi jer ase: 
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iiziiyiix zRyRxR

1
0)( δδδ                  (I-3.4) 

da gavixsenoT, rom koordinatebis variaciebi emorCilebian gantolebebs: 
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TiToeuli es gantoleba gavamravloT e.w. lagranJis ganusazRvrel mam-

ravlebze  ,,...,, 21 kλλλ  romlebic SeiZleba iyvnen koordinatebisa da 

drois funqciebi, 
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SevkriboT  miRebuli gamosaxulebebi da SevcvaloT ajamvis Tanmimdev-
roba,  
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es gamosaxuleba davakloT (I-3.4) gatolebas, 
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rogor davakmayofiloT es piroba? radganac (I-3.5) gantolebebis Tanaxmad 

damoukidebeli variaciebis raodenoba aris kN −3 , avirCioT lagranJis jλ  

mamravlebi ise, rom pirveli k  variaciis win mdgomi koeficientebi 
gadaiqcnen nulad. danarCen gamosaxulebebSi (I-3.7)-dan kN −3  variacia 
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ukve iqneba damoukidebeli da amitom maTTan mdgomi koeficientebic 
agreTve nulis toli unda iyos, e.i. 

   ∑ ∑∑
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.,, λλλ     (I-3.8) 

 
moviyvanoT idealuri bmebis magaliTebi:  

 
 
 
magaliTi 1.    

or  1M  da  2M  materialur wertilebs Soris bmas axorcielebs ab-

soluturad xisti Rero (nax. 9).  

                                      
naxazi 9 

 

1R
v
 da  2R

r
 iyos bmebis reaqciebi  )( 12 RR

vr
−= . Tu 

∗
1υ
r

 da 
∗

2υ
r

 arian saTanado 
virtualuri siCqareebi, maSin am wertilebis virtualuri gadaadgilebebi 

iqneba  τυδ ∗= 11
rrr    da  τυδ ∗= 22

rrr . 
reaqciebis ZalTa muSaoba wertilTa virtualur gaaadgilebaze to-

lia: 

0)()( 2112112211 =−=−=⋅+⋅ ∗∗ τυυδδδδ rrrrrrrrrr
RrrRrRrR    

radgan  
∗∗ − 21 υυ rr
 sxvaoba perpendikularulia Reros mimarTulebisa (ix. 

magaliTi wina paragrafSi), xolo 1R
r
 - mimarTulia Reros gaswvriv. 

 
 
magaliTi 2.  
wertili moZraobs brunviTi hiperboloidis 

            0),,( 22 =−+= azyxzyxf   
Sida zedapirze, romelic absoluturad gluvia.  

cxadia, sigluvis gamo reaqcia mimarTulia zedapiris normalis 
gaswvriv da virtualuri gadaadgilebebi moTavsebulia zedapiris mxeb 

sibrtyeSi, e.i. 0=⋅ rR rr
δ . 

moviyvanoT axla sxva mtkiceba lagranJis mamravlis gamoyenebiT. 
radgan reaqcia mimarTulia zedapiris normalis gaswvriv, SeiZleba 
davweroT  
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bmebis gantolebis Tanaxmad unda gvqondes 

            0=
∂
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+
∂
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+
∂
∂ z

z
fy

y
fx

x
f δδδ  

anu 

            0022 =⋅⇒=−+ rRzayyxx rr
δδδδ  

maSasadame, bma yofila idealuri. 
 
 
 
    I-4. araTavisufali (bmebiani) meqanikuri sistemebis 
        moZraobis Seswavlis amocanis dasma 
 
bmebiani meqanikuri sistemebisaTvis moZraobis Seswavlis amocana 

mdgomareobs SemdegSi: sistemis nawilakebze moqmedi cnobili aqtiuri iF
r
 

Zalebis da sistemaze dadebuli bmebis gantolebebis meSveobiT unda 

ganisazRvros moZraobis kanonebi da bmebis reaqciebis iR
v
 Zalebi. 

Ppraqtikulad amocana daiyvaneba moZraobis diferencialur gantolebaTa 
sistemisa da bmebis gantolebebis erTobliv amoxsnaze. moZraobis gan-
tolebebs aqvT saxe: 

   ( )NiRFrm iiii ,...,2,1, =+=
rr

&&r                                (I-4.1) 

amave dros sistemaze dadebulia k  holonomuri bma 

              ( )kjtrrrf Nj ,...,2,1,0);,...,,( 21 ==
rrr

                   (I-4.2) 

garda amisa, cnobili unda iyos bmebTan Tavsebadi sawyisi pirobebi. 
bunebrivia, rom fizikurad sainteresoa mxolod is SemTxveva, roca  

,3Nk <  xolo iF
r
 ZalebSi  igulisxmeba rogorc Sinagani (nawilakebs So-

ris moqmedi), aseve gare aqtiuri Zalebi, maSin roca iR
r
-Si igulisxmeba  

geometriuli jami i -ur nawilakze moqmedi romelime ),..,2,1( kjj =  bmis pi-
robiT gamowveuli yvela reaqciis ZalTa geometriuli jami 

                           ∑
=

=
k

j
iji RR

1

rr
 

amrigad, Sesaswavlia kN +3 gantolebisgan Sedgenili sistema (I-4.1,2), 
romelic Seicavs N6  ucnobs: N3  nawilakTa koordinatas da N3  
reaqciis Zalebis gegmilebs. Aamitom zogad SemTxvevaSi ase Camoyalibe-
buli amocana gansazRvruli ar aris. 

qvemoT Cven davrwmundebiT, rom amocana gaxdeba maTematikurad ko-
reqtuli holonomuri sistemebisaTvis idealuri bmebiT. marTlac, 
rogorc wina paragrafSi davrwmundiT, idealuri bmebis SemTxvevaSi 



 33

reaqciis Zalebi SegviZlia gamovxatoT bmebis pirobebis meSveobiT la-
granJis ganusazRvreli mamravlebis meTodiT (ix. I-3.8). am TanafardobaTa 
gaTvaliswinebiT moZraobis (I-4.1) gantolebebi ase gadaiwereba  

          ( )∑
=

=
∂

∂
+=

k

j i

j
jiii Ni

r
f

Frm
1

,...,2,1,r
r

&&r λ            (I-4.3) 

axla bmebis (I-4.2) gantolebebTan erTad gvaqvs sul kN +3  skalarul 
gantolebaTa sistema, romelSic saZiebelia kN +3  ucnobi: sistemis 
nawilakTa N3  koordinata da k  raodenobis lagranJis ganusazRvreli 

mamravlebi .,...,, 21 kλλλ  amrigad amocana savsebiT gansazRvruli gaxda _ 

imdeni gantoleba gvaqvs, ramdenic saZiebeli ucnobia. 
 (I-4.3) gantolebaTa sistemas uwodeben pirveli gvaris lagranJis 

gantolebebs. maTi saSualebiT erTdrulad moiZebneba nawilakTa yvela 
koordinata da yvela reaqciis Zala. 

magaliTi: vaCvenoT am gantolebaTa gamoyeneba erTi Tavisuflebis 
xarisxis mqone sistemis SemTxvevaSi, rogoricaa brtyeli maTematikuri 
saqani, romelic asrulebs  moZraobas vertikalur xy  sibrtyeSi (nax.10).   

 

                              
 
                                 naxazi 10     
 

bmebis gantolebebs aqvT saxe                                
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(I-4.3)-is safuZvelze miiReba moZraobis Semdegi gantolebebi  
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radganac .0=z  am gantolebebidan vpoulobT      
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,0 12 y
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== λλ    ( )∗∗∗    

 

CavataroT axla saWiro algebruli gardaqmnebi: gavamravloT ( )∗∗ -is 
pirveli gantoleba y -ze da davakloT mas x -ze gamravlebuli meore 

gantoleba, miviRebT 

                       mgyxyyxm =− )( &&&&                 ( )∗∗∗∗  
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Semdgomi msvlelobisaTvis mizanSewonilia polarul koordinatebze 
gadasvla: 

             
ϕϕ sin,cos lylx ==
 

maSin ( )∗∗∗∗  gantoleba miiRebs cnobil saxes  

             
0sin =+ ϕϕ

l
g

&&
 

am gantolebis integracia sawyisi pirobiT: 0)0(,0)0( ϕϕϕ && ==== tt , 

gvaZlevs pirvel integrals 

                  )cos1(22
0

2 ϕϕϕ −−=
l
g

&& . 

axla movZebnoT Zafis reaqcia. (I-3.8) formulebis Tanaxmad 
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xymxR &&&& λλ  
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ϕϕ &&&
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radgan       ,sinϕϕ
l
g

−=&&  

xolo 2ϕ&  gansazRvruli gvaqvs zemoT, miiReba 

   )cos32(cos)cos1(2 2
0

2
0 ϕϕϕϕϕ −−=+−−=

l
gml

l
g

l
gmlR &&  

am gantolebidan Cans, rom Zafis bma iqneba Semkavebeli, Tu, roca ,0=ϕ  

gveqneboda .0≥R  es moxdeba maSin, Tu sawyisi kuTxuri siCqare akmayo-
filebs utolobas  

                          .52
0 l

g
≥ϕ&  

 
 
 
∗  meqanikuri moZraobis zemoT dasmuli zogadi amocanis gadawy-

vetis meore gza aris axali koordinatebis Semotana, romelTa raodenoba 
emTxveva sistemis Tavisuflebis xarisxs. Aam koordinatebze gadasvlis 
meSveobiT SesaZlebeli xdeba gantolebaTa sistemis dayvana   kN −3  gan-
tolebisgan Semdgar sistemaze, romelic cxadi saxiT aRar Seicaven 
reaqciis Zalebs. Aam gantolebebs lagranJis me-2 gvaris (an ubralod, 
lagranJis) gantolebebs uwodeben. 

 
gadavideT am meTodis ganxilvaze. 
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I-5. ganzogadebuli koordinatebi. Gganzogadebuli Zalebi 
 
 

 
adre davadgineT, rom Tu materialuri sistemis mdebareoba emor-

Cileba k Hholonomur bmas, maSin misi mdebareoba ganisazRvreba kNn −= 3  
damoukidebeli dekartes  koordinatiT.  Mmagram, bevr SemTxvevaSi 
dekartes koordinatebis gamoyeneba rTul gamoTvlebTan aris dakavSire-
buli. Aamitom, xSirad sistemis mdebareobis dasaxasiaTeblad ufro 

mosaxerxebelia sxva urTierTdamoukidebeli  nqqq ,...,, 21  parametrebis ga-

moyeneba. maT SeiZleba hqondeT sxvadasxva ganzomileba – SeiZleba iyvnen 
kuTxeebi, rkalis sigrZeebi, farTobebi da a.S. yvela N3  dekartes koor-
dinata SeiZleba gamoixatos Semoyvanili parametrebiT (radgan damou-
kidebelia mxolod kN −3 ) 

     

.3),,...,2,1();,...,,(
),;,...,,(
),;,...,,(

21

21

21

kNnNitqqqzz
tqqqyy
tqqqxx

nii

nii

nii

−===
=
=

    (I-5.1) 

     es funqciebi bmebis gantolebebsac akmayofileben, Tuki aseTni 
dadebuli iyo sistemaze: 

             ( )kjtzyxf iiij ,...,2,10);,,( ==  

Cven davuSvebT, rom materialuri sistemis bmebTan Tavsebadi yoveli 

mdebareoba calsaxad ganisazRvreba (I-5.1) funqciebiT ,,...,, 21 nqqq parame-

trebis raime mniSvnelobebis dros. 

   am urTierTdamoukidebel parametrebs nqqq ,...,, 21 ,sadac n _ Tavisu-

flebis xarisxTa ricxvia, uwodeben g a n z o g a d e b u l koordi-
natebs.  

magaliTi:  dekartes koordinatebidan ganzogadebul koordinatebze 
gadasvlis magaliTad ganvixiloT nawilaki, romlis moZraoba Sez-
Rudulia a  radiusiani wrewiriT (nax. 11) 

bmis gantolebas aqvs saxe  ( ) axx =+
2/12

2
2
1    

 
                               naxazi 11 

1q  iyos erT-erTi ganzogadebuli koordinata – polaruli kuTxe. meore 
ganzogadebul koordinatad aviRoT bmis piroba, 

                       aq =2  

gardaqmna xdeba ase 

                       
122

121
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qqx
qqx

=
=

 

am gardaqmnis iakobiania 
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amitom −q ebi SeiZleba gamoisaxos rogorc −x ebis funqciebi yvela wer-

tilSi, garda nulovani iakobianisa, .02 =q  am dros wris radiusi nulis 

tolia da amitom kuTxe 1q  ganusazRvrelia. es gardaqmnebia 

                        ( ) 2/12
2

2
12

1

2
1 , xxq

x
xarctgq +==  

sadac nebismierad aviReT    ∞<<<≤ 21 0,20 qq π , raTa −q ebi iyvnen 

−x ebis calsaxa funqciebi. gardaqmnis es gantolebebi gamodgeba ( )21 , xx  
sibrtyis yvela wertilSi saTavis garda. am magaliTSi davrwmundiT, rom 
axali koordinatebis aseTi Semotanisas sistemis aRwera SesaZlebelia 

marto erTi, 1q  cvladiT. 

∗   cxadia, rom (I-5.1) gantolebebi veqtoruli formiTac SeiZleba 
Caiweros: 

     );,...,,( 21 tqqqrkzjyixr niiiii
rrvrr

=++=                   (I-5.2) 

stacionaruli bmebis SemTxvevaSi funqciebi SeiZleba ise SeirCes, rom 
isini ar Seicavdnen dros cxadad, e.i. hqondeT saxe: 

          ),...,2,1(),...,,( 21 Niqqqrr nii ==
rr

          (I-5.3) 

(I-4.1,2,3) arian ir
r
 cvladebidan iq  cvladebze gardaqmnis gantolebebi. maTi 

gaxilva SeiZleba agreTve rogorc { }ir
r

 cvladebis parametruli war-

modgena. Ddekartes koordinatebisgan gansxvavebiT ganzogadebuli koor-
dinatebi ar caldeba sam jgufad, raTa Seqmnan saTanado veqtorebi. 

magaliTi:   l  sigrZis sferuli saqani SeiZleba davaxasiaToT 

kuTxeebiT  ., 21 ϕθ == qq     (nax. 12). 

 
 

naxazi 12. 
 

gardaqmnis formulebs aqvT saxe: 
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ganzogadebuli koordinatebi xSirad Tavisufali (bmebis gareSe) 
sistemebisTvisac mosaxerxebelia. Aase magaliTad, sferuli simetriis 
velis amocanaSi an sxva tipis simetriul amocanebSi. 

gamovTvaloT axla (I-5.1) funqciebis diferencialebi im daSvebiT, 
rom t  dro fiqsirebulia. maT aqvT saxe (aRvniSnoT Tavze xaziT): 
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,,  

movZebnoT axla diferencialebi bmebis pirobebisa, romlebic moZraobis 
gantolebebsac akmayofileben, anu bmebis igiveobebisa: 

                 ),...,2,1(0);,,( kjtzyxf iiij ==  

aq t  fiqsirebulia. maTSi (I-5.1) Casmis Semdeg gvaqvs 
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es ki Tanxvdeba (I-2.15)-s. vaskvniT, rom iii zdydxd ,,  diferencialebi Tanx-

vdeba koordinatebis variaciebs (radgan orive erTdroulia) .,, iii zyx δδδ  am 

gziT Cven davadgineT koordinatebis variaciebis gamoTvlis ”receptura”. 
saxeldobr, rogorc stacionaruli, aseve arastacionaruli varia-

ciebi koordinatebisa gamoiTvleba formulebiT: 
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sadac ),....,2,1( nmqdq mm ==δ sidideebs ewodeba ganzogadoebuli koordi-

natebis variaciebi. 
aSkaraa, rom virtualuri gadaadgilebebisaTvis miiReba: 
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CavsvaT es gamosaxuleba virtualuri muSaobis formulaSi: 
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gadajgufebis Semdeg 
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    (I-5.4) 

uwodeben  ganzogadebul Zalebs.   

yovel ganzogadebul koordinatas mq  virtualuri muSaobis for-

mulaSi eTanadeba Tavisi ganzogadebuli Zala  mQ , e.i. 

                  ∑
=

=
n

m
mm qQA

1

δδ     (I-5.5) 

es gamosaxuleba iZleva ganzogadebuli Zalis Semdeg ganmartebas: 
ganzogadebuli Zalebi ewodeba virtualuri muSaobis formulaSi gan-
zogadebuli koordinatebis variaciebTan mdgom koeficientebs. 
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 magaliTi:  zemoT ganxilul sferuli saqanis magaliTSi movZebnoT 
ganzogadebuli Zalebi. 

Aamoxsna: am amocanaSi .2,1 == nN  ganzogadebuli koordinatebia 

,, 21 ϕθ == qq  xolo ganzogadebuli Zalebi moicema ase: 

           

ϕϕϕ

θθθ

∂
∂

+
∂
∂
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∂
∂
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∂
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+
∂
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+
∂
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zZyYxXQ

zZyYxXQ

2
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sadac ZYX ,,  arian saqanze moqmedi F
r
 Zalis mdgenelebi: 

PmgZYX ==== ,0 . 
zemoT amowerili gardaqmnis formulebis mixedviT vpoulobT: 

amrigad       

0,sin

0;sin

21 =−=

=
∂
∂

−=
∂
∂

QPlQ

zlz

ϕ

ϕ
θ

θ
 

cxadia, igive Sedegs miviRebT, Tu ganzogadebul Zalebs ganvsaz-
RvravT virtualuri muSaobiT. marTlac      

              zPzZyYxXA δδδδδ =++=  
raki 

                   ,sinθδθδ lz −=  
amitom 

                   ,sinθδθδ PlA −=  

amrigad,             0,sin 21 =−= QPlQ θ . 
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Tavi II 
 
klasikuri dinamikis ZiriTadi principebi da moZraobis 
                           gantolebebi 
 

    II-1. virtualur gadaadgilebaTa principi 
E 
esaa meqanikis principi, romelic awesebs materialuri sistemis wo-

nasworobis (maT Soris, uZraobis) aucilebel da sakmaris pirobebs. 
vTqvaT, materialuri sistema emorCileba k  holonomur staciona-

rul bmas: 

                   ),...,2,1(0),,( kjzyxf iiij ==  

aseTi araTavisufali sistemis moZraobis gantolebebi Semdegi saxisaa: 

              ( )NiRFam iiii ,....,2,1=+=
rrr

                     (II-1.1) 

iF
r
 da iR

r
 arian i -ur wertilze modebuli yvela aqtiuri da bmebis 

reaqciebis Zalebis tolqmedebi. 
materialuri sistemis wonasworobaSi (uZraobaSi) gvesmis misi iseTi 

mdebareoba, romelSic sistema iqneba mTeli drois ganmavlobaSi, Tu mas 
sawyis momentSi hqonda ra nulis toli siCqareebi, imyofeboda am mde-
bareobaSi.  sxva sityvebiT, wonasworobis mdebareobaSi sistemis yvela 
wertilis siCqare da aCqarebebi nulis tolia: 

                    ),....,2,1(0,0 Niaii ===
rrυ       

an moZraobis gantolebebis Sesabamisad 

                ),...,2,1(00 NiRF iii ==+=
rrrυ              (II-1.2) 

CamovayaliboT axla virtualur gadaadgilebaTa principi: 
 
∗ holonomuri sistemis wonasworobis aucilebeli da sakmarisi pi-

roba, romelzec idealuri bmebia modebuli, mdgomareobs yvela aqtiuri 
Zalebis mier nebismier virtualur gadaadgilebaze Sesrulebuli muSao-
bis nulTan tolobaSi, e.i. 

                         ∑
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=⋅
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i
ii rF
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δ .                            (II-1.3) 

garda amisa, wonasworobis ganmartebis Sesabamisad,  ,0)( 0 =tiυ
r

 ),,...,2,1( Ni =  

sadac 0t  drois sawyisi momentia.  

 
aucilebloba:  
e.i. sruldeba pirobebi (II-1.2). meore maTgani skalarulad gavamravloT 
−i uri nawilakis virtualuri gadaadgilebis veqtorze, 

              ,0)( =+⋅ iii RFr
rrrδ  

romelic samarTliania sistemis yvela wertilisaTvis. avjamoT axla es 
gamosaxulebebi: 
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radgan pirobis Tanaxmad sistemaze dadebuli bmebi arian idealuri, 

∑
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=⋅
N

i
ii rR

1

,0δ
r

  da amitomac gvrCeba 

                       ∑
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=⋅
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i
ii rF

1
0rr

δ           (r.d.g.) 

 sakmarisoba:    
unda davamtkicoT, rom (II-1.3)-dan gamomdinareobs (II-1.2). Tanafardoba (II-

1.3) gadavweroT ase (mdgenelebSi,  )),,( iiiii ZYXFF
rr

=     

           ∑
=

=++
N

i
iiiiii zZyYxX

1
0)( δδδ .               (II-1.4) 

amave dros koordinatebis variaciebi emorCilebian k  gantolebas: 
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gamoviyenoT lagranJis ganusazRvreli  kλλλ ,...,, 21  mamravlebis meTodi. 

gvaqvs: 
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es gamosaxuleba SevkriboT (II-1.4)-Tan, miiReba: 
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avarCioT jλ  mudmivebi ise, rom  k  koordinatebis variaciebTan mdgomi 

koeficientebi nulad gadaiqcnen. maSin nulad gadaiqceva danarCen kN −3  
variaciebTan mdgomi koeficientebic am variaciebis urTierTdamoukide-
blobis gamo. Aamrigad, miviRebT gantolebebs: 

   ∑
=

=
∂

∂
+

k

j i

j
ji x

f
X

1

,0λ         ∑
=

=
∂

∂
+

k

j i

j
ji y

f
Y

1

,0λ          ∑
=

=
∂

∂
+

k

j i

j
ji z

f
Z

1

0λ  

aqedan (I_3.8) formulebis gaTvaliswinebiT gveqneba 
 

       0,0,0 =+=+=+ iziiyiixi RZRYRX     ),...,2,1( Ni =  

es ki (II-1.2) gantolebebia.    (r.d.g.) 
 mtkicebis orive nawilSi sawyisi siCqareebi yvelgan nulia. 
 
virtualur gadaadgilebaTa principi saSualebas iZleva araTavisu-

fali materialuri sistemis wonasworobis mdebareoba ganvsazRvroT ise, 
rom Par SemovitanoT ucnobi reaqciis Zalebi. 

amavdroulad es principi SeiZleba gamoviyenoT idealuri bmebis ga-
momwvevi reaqciebis sapovnelad. 
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amisaTvis unda gadavagdoT bma da SevcvaloT reaqciebis moqmedebiT, 
amis Semdeg es reaqcia CavrToT aqtiuri Zalebis ricxvSi. amasTan unda 
gvaxsovdes, rom bmebis gadayriT vzrdiT sistemis Tavisuflebis 
xarisxTa ricxvs. roca dadebuli bmebi ar arian idealuri, maSin prin-
cips aseT sistemebs pirdapir ver mivuyenebT. Aam dros reaqcia mdgenele-
bad unda davSaloT da aranormaluri (araperpendikularuli) mdgeneli 
CavrToT aqtiuri Zalebis ricxvSi.  

 
magaliTi:  

l2 sigrZis mZime erTgvarovani Rero Sualeduri wertiliT eyrdnoba 
kedlis kuTxes B wertilSi.Mmeore bolo ki Sekavebulia l  sigrZis 
uwonadi ZafiT, romelic kidia Werze  O  wertilSi. mocemulia agreTve, 
rom  .lOBOA ==  (nax. 13)  

ipoveT  ϕ    kuTxe, romelsac Rero adgens horizontTan wonas-
worobis dros.   

                            
                               naxazi 13 
 

amoxsna:  
aqtiuri Zala marto erTia – Reros wona  ,mgP =  romelic modebu-

lia Reros simZimis centrSi .C  amitom virtualur gadaadgilebaTa prin-
cipis Tanaxmad  Reros wonasworobis piroba ase gamoiyureba 

                00 =⇒==⋅ CCC xxPrP δδδr
r

 

magram 

                  ϕϕ sin2sin llxC −=  

amitom 

            
0)cos2cos2( =−= δϕϕϕδ lxC  

magram, radgan δϕ  nebismierad aiReba, unda CavTvaloT   ,0≠δϕ  e.i. 

             02coscos4,0cos2cos2 2 =−−⇒=− ϕϕϕϕ  
aqedan  

             842.0
8

3211cos ≈
++

=ϕ       (kuTxe napovnia) 

 
 
 
 

II-2. virtualur gadaadgilebaTa principi ganzogadebul 
koordinatebSi 

   
virtualur gadaadgilebaTa principi yalibdeba gantolebebiT: 
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   ( ) ∑ =⋅===
N

i
iii rFANit 0,,...,2,10)( 0
rrr δδυ  

es ukanaskneli gamosaxuleba gadawerili gvaqvs ganzogadebul koordi-
natebSi (ix. Ggant. (I-5.5)): 

                 0...2211 =+++ nn qQqQqQ δδδ  

aq  −iqδ ebi erTmaneTisgan damoukidebelia, amitom yvela gan-

zogadoebuli Zala erTdroulad nulis toli unda iyos: 

                 ),....,2,1(,0 niQi ==         (II-2.1) 

    amrigad, holonomuri stacionaruli sistemis wonasworobis au-
cilebeli da sakmarisi piroba iqneba sistemis yvela wertilis siCqaris 
nulTan toloba da yvela ganzogadebuli Zalis nulTan toloba. 

ganvixiloT konservatiuli Zalebis SemTxveva. rogorc cnobilia, 
konservatiuli Zalebi gamoixatebian potencialuri energiis gradientis 
meSveobiT 

    
i

i
i

i
i

i z
VZ

y
VY

x
VX

∂
∂

−=
∂
∂

−=
∂
∂

−= ,,           (II-2.2) 

CavsvaT es ganzogadebuli Zalis formulaSi  )4.5( ′−I  da gavixsenoT 
ganzogadebul koordinatebze gadasvlis formulebi (I-5.1): 

  ∑
=

=
∂
∂

−=⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

∂
∂

∂
∂

+
∂
∂

∂
∂

+
∂
∂

∂
∂

−=
N

i jj

i

ij

i

ij

i

i
j nj

q
V

q
z

z
V

q
y

y
V

q
x

x
VQ

1
),...,2,1(,    (II-2.3) 

amrigad, konservatiuli Zalebis SemTxvevaSi  jq  ganzogadebuli koordi-

natis Sesabamisi ganzogadebuli Zala jQ  aris minus niSniT aRebuli po-

tencialuri energiis kerZo warmoebuli am koordinatiT. 
aSkaraa, rom (II-2.1) wonasworobis piroba am SemTxvevaSi ase Caiwereba 

                    ),...,2,1(,0 nj
q
V

j

==
∂
∂

        (II-2.4) 

anu wonasworobis mdebareobaSi sistemis potencialur energias gaaCnia 
eqstremaluri mniSvneloba.  

  
 
 

II_3. wonasworobis mdebareobis mdgradoba 
 
savsebiT bunebrivia, rom wonasworobis yvela mdebareobis reali-

zacia ar xerxdeba. 
magaliTad, adre ganxiluli sferuli saqanisaTvis ganzogadebuli 

Zalebi ase gamoiyureboda: 

            0,sin 21 =−= QPlQ θ  
amitom wonasworobis pirobas eqneba saxe 

    ,....)2,1,0(,,0sin ±±==⇒= nnPl πθθ               
am pirobas praqtikulad wonasworobis 2 mdebareoba Seesabameba: qveda 

)0( =θ  da zeda  ).( πθ =     



 43

qveda mdebareobisTvis damaxasiaTebelia is, rom mcire gadaxrebisas 
da sakmaod mcire siCqaris miniWebisas saqani Seasrulebs moZraobebs wo-
nasworobis mdebareobis maxloblad. 

zeda mdebareobisTvis ki ragind mcire gadaxrisas an ragind mcire 
siCqaris miniWebisas saqani mxolod daSordeba wonasworobis mdebareo-
bas. 

amrigad, gvaqvs mdgradi da aramdgradi wonasworobis mdebareobani. 
SeiZleba arsebobdes agreTve e.w. ganurCeveli wonasworobis mdebareoba, 
roca aqedan gamoyvanili sistema arc dabrunebas ecdeba da arc daSore-
bas. Aamisi magaliTia burTulas wonasworoba horizontalur sibrtyeze. 
a.m. liapunovma Camoayaliba mdgradobis mkacri gansazRvra: ∗ sistemis 
mdgradi wonasworobis mdebareoba ewodeba mis iseT mdebareobas, roca 
misgan sakmaod mcire gadaxrisas da sakmaod mcire sawyisi siCqaris mini-
Webisas sistemis yvela wertili, eqneba ra ragind mcire siCqare, imoZ-
ravebs ise, rom yoveli maTgani ar gava Tavisi wonasworuli mdebareo-
bidan winaswar dasaxelebul manZilze Sors, ragind mcire ar unda iyos 
es ukanaskneli. 

wonasworobis mdgradobis xasiaTis garkvevaSi dagvexmareba 
lagranJis da dirixles Teorema: Tu materialuri sistemisaTvis, ro-
melic konservatiul ZalTa velSi imyofeba da holonomur idealur 
bmebs emorCileba, potencialur energias wonasworobis mdebareobaSi aqvs 
minimumi, maSin wonasworobis mdebareoba aris mdgradi.  

 
 
 
 II-4.    dalamberis principi da lagranJis gantolebebi 
 
 
virtualur gadaadgilebaTa princips xSirad virtualur muSaobaTa 

principsac uwodeben. zemoT es principi gamoviyeneT sistemis wonas-
worobis Sesaswavlad. 

gvWirdeba principi zogadi SemTxvevisaTvis.Aamitom gamoviyenoT 
xerxi, romelic SemoTavazebuli iyo jer kidev iakob bernulis mier da 
ganaviTara dalamberma. 

−i uri nawilakis moZraobis gantoleba CavweroT ase 

                0=−+ iii pRF &r
rr

                                (II_4.1) 

da SeiZleba gaviazroT rogorc sistemis i -uri nawilakis wonasworobis 

gantoleba, romelzec realuri iF
r
 da iR

r
 Zalebis garda moqmedebs “iner-

ciis” Zala  ip&r− . aseTi gziT dinamikis amocana dagvyavs statikaze. 

axla SevadginoT kvlav virtualur muSaobaTa jami: 

             ( )∑
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iiii rpRF

1
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δ  

anu, raki bmebi idealuria, dagvrCeba 

             ( )∑
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iii rpF
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0r&r
r

δ                                    (II-4.2) 

am tolobas xSirad dalamberis princips uwodeben. is ase yalibdeba: 
materialuri sistemis moZraobis yovel momentSi aqtiuri Zalebis da in-
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erciis Zalebis virtualur muSaobaTa jami nulis tolia. esaa dinamikis  
zogadi principi. xandaxan dalamberis princips uwodeben xolme (II_4.1) 
gantolebas: moZraobis nebismier momentSi aqtiuri Zalis, reaqciis Zalis 
da inerciis Zalis jami nulis tolia. 

SemdgomSi Cven ase vuwodebT (II_4.2)-s. 
mosaxerxebeli formiT moZraobis gantolebebis misaRebad SemoviRoT 

ganzogadebuli iq  koordinatebi da (II_4.2) iseT saxeze miviyvanoT, ro-

melic Seicavdes am koordinatebis damoukidebel variaciebs. MmaSin Ti-
Toeuli misi koeficientis nulTan gatolebiT unda miviRoT moZraobis 
gantolebebi ganzogadebul koordinatebSi. 

gadasvla ii qr →
r

 xdeba formulebiT (aq ufro mosaxerxebelia vis-

argebloT veqtoruli eniT): 

              );,...,,( 21 tqqqrr nii
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am SemTxvevaSi siCqareebisTvis gvaqvs 
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axla 
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am tolobaSi ar Sevida drois variacia tδ , radganac ganmartebiT virtu-
aluri gadaadgilebebi ganisazRvreba mxolod q -ebis cvlilebiT. Uunda 

gardavqmnaT (II-4.2). pirveli wevria virtualuri muSaoba, romelic ukve 
gvaqvs gadawerili ganzogadebuli koordinatebiT, (I-5.4): 

                  ∑ ∑
= =

=⋅
N

i

n

j
jjii qQrF

1 1
δδr

r
                           (II-4.5) 

 

aq                     ∑
= ∂

∂
⋅=

N

i j

i
ij q

r
FQ

1

rr
 

ganvixiloT  gantolebis meore wevri: 
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gardavqmnaT axla jami igivurad 
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da am gamosaxulebaSi gaviTvaliswinoT siCqaris (II-4.3) formulidan ga-
momdinare Tanafardoba 
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maSin zemoT moyvanili jami ase gadaiwereba 
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amis gamo CvenTvis saintereso wevri gantolebaSi miiRebs saxes 
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kinetikuri energia ∑
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1 υ  aRvniSnoT  T  asoTi. sabolood dalamberis 

princips ase CavwerT: 
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axla gamoviyenoT sistemis holonomuroba (aqamde ar gamogviyenebia). ma-

Sin  jqδ variaciebi urTierTdamoukidebeli iqneba. Aamitom (II-4.6) toloba 

mxolod maSin Sesruldeba, Tu yvela −jqδ is win mdgomi TiToeuli koe-

ficienti gadaiqceva nulad, rac mogvcems   gantolebebs: 
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am gantolebebs Cveulebriv lagranJis me-2 gvaris gantolebebs uwodeben.         
 
axla CavTvaloT, rom sistemaze moqmedi Zalebi arian konservatiuli. 

rogorc ukve gamovarkvieT zemoT, (II_2.3), am SemTxvevaSi  
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j q
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da lagranJis gantolebebi miiReben saxes 
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SevniSnoT agreTve, rom sistemis potencialuri energia V  damokide-
bulia mxolod sistemis nawilakebis mdebareobaze da, amitom, mxolod 
ganzogadebul koordinatebze da ara maT warmoebulebze. Aamis gamo 

miRebul gantolebaSi kerZo warmoebuli 
jq

T
&∂

∂  SeiZleba SevcvaloT ga-

mosaxulebiT  
jq

VT
&∂

−∂ )(  da miiReba 
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SemovitanoT axali funqcia _ lagranJiani 
                     L );,(, tqqLLVTL &=−=                   (II-4.8) 
misi gaTvaliswinebiT lagranJis gantolebebi gadaiwereba tra-

diciuli formiT: 
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     (II-4.9) 



 46

amis Semdeg, Tu specialurad ar aris naTqvami, (II-4.9) gantolebebs vu-
wodebT lagranJis meore gvaris gantolebebs, an ubralod lagranJis 
gantolebebs. Aamrigad, eseni miiReba  potencialuri Zalebis SemTxvevaSi.   

 
amocana: aCveneT, rom lagranJis (II-4.9) gantolebaTa forma damou-

kidebelia ganzogadebuli koordinatebis SerCevaze. 
 
moZraobis aRweris lagranJis meTodis sailustraciod gavarCioT 

erTi aseTi amocana: 
amocana:  zambariani saqani. 
m   masis mcire zomis sxeuli dakidebulia zambarian saqanze. zamba-

ris sixistea k . gaswvrivi rxeviTi moZraobis garda zambara saqanTan er-
Tad asrulebs rxevebs (nax.14). aageT lagranJiani, miiReT moZraobis gan-
toleba da ganixileT miRebuli Sedegi. 

 

 
 

naxazi 14 

 
     amoxsna: 
SemovitanoT polaruli koordinatebi sibrtyeze: 

   
ϕϕϕϕ
ϕϕϕϕ
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cossin,sin
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kinetikuri energiaa 

         ( ) ( ).
2
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2
1 22222 ϕ&&&& rrmyxmT +=+=  

zambaris sigrZe wagrZelebis gareSe aRvniSnoT 0r -iT. potencialuri 

energia iqneba 
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2
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ϕ
                                  amitom 

lagranJiani ase gamoiyureba 
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     ( ) 2
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222 )(
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2
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VTL

−−++=
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ϕϕ&&
 

 
axla pirdapir amovwerT lagranJis gantolebebs 

ϕϕ sin)( 2 mgrmr
dt
d

−=&  

es sxva araferia, Tu ara kuTxuri momentis wesi koordinatTa saTavis mi-
marT. gaSlili saxiT es ase gamoiyureba 

ϕϕϕ &&&& rmmgmr 2sin −−=  
marjvena mxareSi bolo wevri aris koriolisis Zala, gamowveuli saqanis 
r  sigrZis cvlilebiT.  

radialuri koordinatisaTvis vipoviT gantolebas 

)(cos 0
2 rrkmgmrrm −−+= ϕϕ&&&  

aq pirveli wevri marjvniv warmoadgens radialur aCqarebas, meore 
wevri gamomdinareobs simZimis Zalis radialuri komponentidan, xolo me-
same wevri hukis kanons gamoxatavs. mcire amplitudebisTvis (mcirea gad-
axris kuTxe )ϕ  moZraoba warmoidgineba, rogorc ϕ,r -sibrtyeSi harmo-
niuli vibracia. 

 
 
 
 
II-5. siCqareze damokidebuli potenciali da disipaciuri funqcia 
 
 
gantolebebi (II-4.9) formiT miviReT konservatiuli sistemebisaTvis. 

Turme roca sistema ar aris konservatiuli, maSinac SeiZleba lagranJis 
gantolebebis warmodgena amave formiT. 

es im SemTxvevebSi xerxdeba, rodesac ganzogadebuli Zalebi jQ  spe-

cialuri saxisaa. saxeldobr, roca isini miiRebian raRac ),( jj qqU &  fun-

qciebisagan Semdegi tolobiT 
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                  (II-5.1) 

am SemTxvevaSi uSualo CasmiT mowmdeba, rom (II-4.7) gantolebebidan 
miiReba (II-4.9) formis gantolebebi, Tu lagranJians ganvmartavT ase 

                     UTL −=                       (II-5.2) 
sidides  U , romelic ganzogadebuli koordinatebis garda maT 

droiT warmoebulebzec aris damokidebuli, uwodeben ganzogadebul po-
tencials an “siCqareze damokidebul potencials”. 

orad or SemTxvevaSi _ potencialuri Zalebi an ganzogadebuli po-
tencialis saTanado Zalebi _ miiReba erTnairi formis lagranJis gan-
tolebebi.  

      
zemoT moyvanili ganzogadebuli potencialis ganxilva ar aris 

raime ganyenebuli amocana. aseTi amocanebis klass miekuTvneba fizikurad 



 48

iseTi mniSvnelovani SemTxveva, rogoricaa eleqtromagnitur ZalTa 
velSi damuxtuli nawilakis moZraoba. 

ganvixiloT es SemTxveva Uufro dawvrilebiT. aq Cven SevxvdebiT 
veqtoruli analizis martiv gamoyenebebs. 

damuxtuli nawilakis moZraoba eleqtromagnitur velSi, rogorc 
cnobilia, aRiwereba maqsvelis gantolebebiT. erTeulTa e.w. gausis sis-
temaSi maT aqvT saxe: 
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eleqtrul q  muxtze veli moqmedebs rogorc eleqtruli, aseve mag-

nituri ZaliT (lorencis ZaliT) 
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radganac 0=⋅∇ B
rr

, magnituri induqciis veqtori B
r
 warmoidgineba rogorc 

raime veqtoruli A
r
 velis rotori ( A

r
 _ veqtoruli magnituri poten-

ciali): 
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rac Seexeba eleqtrul vels E
r
, is aRar ganisazRvreba marto skalaruli 

ϕ  potencialiT. Tu B
r
-s gamosaxulebas gaviTvaliswinebT maqsvelis (1) 

gantolebaSi, miviRebT 

       )1(0)(1
t
A

c
EA

tc
E

∂
∂

+×∇⇒=×∇
∂
∂

+×∇
rrrrrr

=0  

rac saSualebas iZleva CavTvaloT, rom frCxilebSi moTavsebuli ga-
mosaxuleba aris raime skalaruli funqciis gradienti 
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minus niSans  iReben fizikuri mosazrebebiT moxerxebulobisaTvis. amri-
gad gvaqvs Semdegi gamosaxuleba eleqtruli velis daZabulobisaTvis 
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r 1ϕ                           (II-5.3) 

axla SevecadoT lorencis Zalis gamosaxvas Semotanili potencialebiT. 
gvaqvs 
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                     (II_5.4) 

am tolobaSi Semavali wevrebi SeiZleba ufro mosaxerxebeli saxiT 
gadaiweros, risTvisac gamoviyenoT veqtoruli algebris cnobili 
Tanafardobebi. jer movZebnoT Zalis x -mdgeneli. naTelia, rom 
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bolo striqonis misaRebad wina striqonSi CavatareT igivuri operacia, 

saxeldobr, davamateT da davakeliT wevri 
x
Ax

x ∂
∂

υ . 

axla calke ganvixiloT xA -is sruli warmoebuli droiT: 
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gaviTvaliswinoT es wina tolobaSi: 
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amitom xF  aseT saxes iRebs (ix. (II-5.4)): 
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bolo wevris miRebis dros gaTvaliswinebulia, rom iA -ebi marto koor-

dinatebzea damokidebuli da ara siCqareebze, xolo amave dros siCqaris 
sxvadasxva mdgeneli erTmaneTisgan damoukidebelia. amis gamo bolo 

wevrSi kvadratuli frCxili ase SegviZlia SevcvaloT ⎟
⎠
⎞

⎜
⎝
⎛ ⋅−− A

c
c

rrυϕ 1
. 

garda amisa, radgan skalaruli potenciali ϕ  damoukidebelia agreTve 

siCqareze, Zalis x -mdgenels ase gadavwerT 
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                             (II-5.5) 

amrigad, U  yofila ganzogadebuli potenciali (II-5.1) SinaarsiT da 
amitom eleqtromagnitur velSi moZravi damuxtuli nawilakis lagranJi-
ans hqonia saxe: 

               υϕ rr
⋅+−= A

c
qqTL                                (II-5.6) 

∗ SevniSnoT, rom Tu sistemaze moqmed ZalTagan potencialuria 
(Cveulebrivi an ganzogadebuli SinaarsiT) mxolod zogierTi, xolo dan-
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arCens, romelTac aRvniSnavT Q~ -iT, ar aqvs  potenciali,   maSin lagran-
Jis gantolebebi ase Caiwereba: 
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sailustraciod ganvixiloT meqanikuri sistema, romelzec poten-
cialuri (an ganzogadebul-potencialuri) Zalebis garda moqmedeben e.w. 
disipaciuri Zalebi anu blanti xaxunis Zalebi, romlebic iwveven sis-
temis meqanikuri energiis gafantvas. CavTvaloT, rom xaxunis Zala wer-
tilis moZraobis siCqaris proporciulia. Aase, rom misi x -mdgeneli ga-
moixateba tolobiT 

                        xxx kF υ−=    

am SemTxvevebSi xaxunis Zalebi Turme SegviZlia gamovxatoT releis 
disipaciuri funqciiT, romelsac aqvs saxe 
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aqedan Cans, rom romelime wertilze moqmedi xaxunis Zala miiReba siC-
qaris mixedviT gawarmoebiT 
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disipaciur funqcias SeiZleba mieces Semdegi fizikuri interpre-
tacia. rogorc cnobilia, sistemis mier xaxunze Sesrulebuli muSaoba 
tolia 
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amrigad, Φ2  sidide gamoxatavs sistemis mier dakarguli (gafantuli) en-
ergiis siCqares. xaxunis ZaliT gamowveuli ganzogadebuli Zalebia: 
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xolo lagranJis gantolebebi miiRebs saxes 

              0=
∂
Φ∂

+
∂
∂

−⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

∂
∂

jjj qq
L

q
L

dt
d

&&
    ),...,2,1( nj =    (II-5.8) 

 
 
 
 



 51

 
 
 

II-6.  lagranJis gantolebebis magaliTebi 
 
     Tu sistema iseTia, rom misTvis SeiZleba lagranJianis ageba (e.i. 

sistema holonomuria da gaaCnia potenciali – Cveulebrivi an ganzogade-
buli), maSin gvaqvs aseTi sistemebisaTvis moZraobis gantolebebis miRe-
bis metad mosaxerxebeli (lagranJis) meTodi. 

lagranJis gantolebebis miRebisas Cveni mizani iyo gamogvericxa 
bmis reaqciebi. Pparalelurad miviReT sxva sasargeblo Sedegebic. 

roca  niutonis kanonebs viyenebT moZraobis gantolebebad, saqme 
gvaqvs Zalebisa da aCqarebebis bevr veqtorTan. lagranJis meTodis gamo-
yenebisas ki vemyarebiT mxolod 2 skalarul funqcias, V  da ,T  rac 
sagrZnoblad amartivebs dasmul amocanas. moZraobis gantolebaTa 
Sedgenis es meTodi zogadia meqanikis yvela amocanisaTvis. saWiroa Cai-
weros mxolod es ori funqcia ganzogadebuli koordinatebis saSuale-
biT, Sedges maTgan L  lagranJiani da, (II-4.9)-Si CasmiT miviRoT moZraobis 
gantolebebi. amasTan, dekartes koordinatebidan ganzogadebul koordi-
natebze gadasvla ganvaxorcieloT (I-5.1) gardaqmnis formulebiT. 

 
a) kinetikuri energia (Tavisufali materialuri wertilis lagranJiani) 

 
dekartes koordinatebSi nawilakis an nawilakTa sistemis kinetikuri 

energiis formula kargad aris cnobili: 
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am gamosaxulebis dasabuTeba advilad SegviZlia galileis gardaqm-
nebis mimarT invariantulobis moTxovniT. jer ganvixiloT usasrulod 
mcire gardaqmnebi: Tu K  inerciuli sistema moZraobs K ′ inerciuli 
sistemis mimarT usasrulod mcire ε

r
 siCqariT, maSin 
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+=′  

radgan aTvlis yvela aseT sistemaSi moZraobis gantolebebs erTi da 
igive saxe unda hqondeT, lagranJianebi am or sistemaSi erTmaneTs unda 
daemTxves (an gansxvavdebodnen maqsimum drois mixedviT sruli warmoe-
buliT _ daamtkiceT es debuleba !  e.i. daamtkiceT, rom lagranJianisaT-
vis drois mixedviT sruli warmoebulis damateba ar cvlis lagranJis 
gantolebebs): 
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cxadia, lagranJiani unda iyos siCqaris kvadratze damokidebuli skala-
ruli funqcia. gavSaloT es gamosaxuleba ε

r
-is xarisxebad da davitovoT 

mxolod pirveli rigis usasrulod mcire sidideebi, miviRebT 
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am gamosaxulebis marjvena nawilSi meore wevri iqneba drois mixedviT 

sruli warmoebuli mxolod im SemTxvevaSi, Tu 2υr∂
∂L

 ar aris siCqareze 
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damokidebuli, anu roca lagranJis funqcia siCqaris kvadratis propor-
ciulia, rac ase CavweroT: 

                     2

2
υrmL = , 

sadac proporciulobis koeficienti (dadebiTi ricxvi) aRebulia spe-
cialuri saxiT. Aaxla advilad davrwmundebiT, rom lagranJis funqcia 
invariantuli aRmoCndeba galileis sasrulo gardaqmnebis mimarTac. esaa 
zogadi Tviseba, romelic axasiaTebs nebismier uwyvet gardaqmnebs da sa-
fuZvlad udevs e.w. lis jgufebs, romlebsac SevxvdebiT Teoriuli 

fizikis Semdgom kursebSic. sasrulo V
r
 mudmivi siCqariT gardaqmnisas 

gveqneba: 
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e.i. damatebiTi wevri aris sruli warmoebuli drois mixedviT. m  
sidides uwodeben nawilakis masas. 

Tu meqankuri sistema ori nawilakisgan Sedgeba 1 da 2, TiToeuli 
maTganis kinetikuri energia (lagranJiani, roca isini Tavisufalia) aris 

1L  da 2L . maSin zRvarSi, roca es nawilakebi daSorebulia ise Zalian, 
rom maT Soris urTierTqmedeba SeiZleba ugulvebelvyoT, mTeli sistemis 
lagranJis funqcia miiswrafis zRvarisaken 

                         21lim LLL
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∞→

 

es aris lagranJianis aditiurobis Tviseba da gamoxatavs im ubralo 
faqts, rom TiToeuli araurTierTqmedi nawilakis gantolebebi ar 
SeiZleba Seicavdnen sidideebs, romlebic ganekuTvnebian sistemis sxva 
nawilakebs. 

amitomac sistemis kinetikuri energia Caiwereba ( )∗  saxiT, rac 
daemTxveva araurTierTqmedi nawilakebis sistemis lagranJians. 

gamovxatoT axla kinetikuri energia ganzogadebuli koordinatebiT. 
gvqonda 
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sadac indeqsebi miuTiTeben ganzogadebuli siCqareebis romeli rigis 
erTgvarovani formebia saTanado wevrebi. cxadi saxiT: 
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SevniSnoT, rom ijm  da ia , iseve rogorc 0T , sazogadod, arian q -s da t -s 
funqciebi: 
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Tu ganzogadebul koordinatebze gadasvlis formulebi dros cxadi 

saxiT ar Seicaven (bmebi skleronomulia), maSin 010 == TT  da  T  kineti-

kuri energia iqneba ganzogadebuli siCqareebis erTgvarovani kvadratuli 
forma. aseTi saxis kinetikuri energiis formas uwodeben normalurs.  

 
 

b) moZraobis gantolebis forma 
 
ganvixiloT ufro cxadad lagranJis gantolebebidan gamomdinare 

moZraobis gantolebaTa forma.  
sidides 

                      
i
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ewodeba ganzogadebuli impulsi. 
wina punqtis formulebidan aSkaraa, rom 

                   ∑
=

+=
∂
∂

=
n

j
ijij

i
i aqm

q
Lp

1

&
&

,                   (II-6.5) 

sadac, rogorc ukve iTqva, ijm  da ia  koeficientebi sazogadod arian gan-

zogadebuli koordinatebisa da drois funqciebi. aqedan gamomdinareobs, 
rom moZraobis gantolebebSi  q&&  Seva wrfivad. marTlac, 
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sadac      
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aSkaraa, rom Tu lagranJis gantolebis meore wevrsac, 
iq

L
∂
∂

,  ga-

movTvliT amave gziT, advilad davrwmundebiT, rom ganzogadebuli 
koordinatis meore rigis warmoebuli droiT aRarsad warmoiqmneba. Aami-
tom gantolebis Sedgenis Semdeg igi SegviZlia amovxsnaT q&& -is mimarT. es 
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ar aris rTuli, radgan igi Seva wrfivad da Sedegi gamoixateba gan-
zogadebuli koordinatebisa da drois mixedviT maTi pirveli rigis war-
moebulebis saSualebiT. Aamrigad lagranJis gantolebebs hqoniaT Sem-
degi uzogadesi saxe: 

                  ( )njtqqq jj ,...,2,1,,0);,( ==+ &&& ϕ             (II-6.6) 

rogorc mosalodneli iyo, moZraobis gantoleba aris drois mixed-
viT meore rigis Cveulebrivi diferencialuri gantoleba. cxadia, moZ-
raobis gansazRvrisaTvis saWiro iqneba kidev sawyisi pirobebis mocema. 
ase, rom gvaqvs maTematikaSi kargad cnobili koSis Cveulebrivi amocana. 

 
II_7.  araholonomuri sistemebi da lagranJis gantolebebi 
 
Cven ZiriTadad vixilavdiT holonomur sistemebs, rodesac bmebis 

gantolebebs hqondaT geometriuli saxe an miiyvanebodnen am saxeze 

          kjtrrrf Nj ,....,2,1,0),...,,( ;21 ==
rrr

            (II_7.1)  

aRvniSneT, agreTve, rom yvela iseTi bma, romelic am saxeze ar miiyvaneba, 
iwodeba araholonomurad. aseve iwodeba Sesabamisi meqanikuri sistemebi. 
roca holonomuri sistema gvaqvs, bmis gantolebebis geometriuli xasi-
aTis gamo yovelTvis SegviZlia gamovricxoT k  koordinati da gamovxa-
toT isini kNn −= 3  damoukidebeli ganzogadoebuli jq  koordinatebiT. 

araholonomuri bmebis SemTxvevaSi es SeuZlebelia, radgan damatebiTi 
pirobebi edeba diferencialuri formiT 
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     (II_7.2) 

sazogadod, es gantolebebi SeiZleba araintegrebadi iyos, amitom 
ver SevZlebT  k  damokidebuli koordinatis gamoricxvas am diferen-

cialuri formidan. viqceviT ase: dekartes koordinatebs ir
r
 ubralod ga-

movsaxavT N3  ganzogadebuli koordinatiT iq . oRond axla yvela maT-

gani ar iqneba damoukidebeli, aramed SeizRudeba (II_7.2)-is msgavsi pi-
robebiT, rac ganzogadebul koordinatebSi SegviZlia ase CavweroT: 
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virtualuri iqδ  gadaadgilebebisaTvis, roca 0=tδ , es pirobebi ase 

Caiwereba 
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am saxiT es damatebiTi pirobebi SegviZlia imave formiT Caweril 
lagranJis gantolebebTan erTad ganvixiloT, saxeldobr, 
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am Cawerisas, iseve rogorc (II_5.7) gantolebaSi, konservatiuli Zalebi 

igulisxmeba lagranJianSi CarTulad. (II_7.4) pirobebis gamo yvela iqδ  

araa urTierTdamoukidebeli. amis gasaTvaliswineblad gamoviyenoT kvlav 
lagranJis ganusazRvrel mamravlTa meTodi _ gavamravloT (II_7.4) jer-

jerobiT ucnob jλ  mamravlebze da avjamoT j -is mixedviT, 
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am bolo ori tolobis Sekreba iZleva 
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yvela N3 variaciebs Soris mxolod kN −3  SeiZleba avirCioT nebis-
mierad, radgan  k  damatebiTi piroba kvlav unda Sesruldes. davnomroT 

jqδ  ise, rom maTgan swored pirveli k  iyos damokidebuli; danarCeni 

kN −3  ki iyos nebismieri. axla, rogorc Cveulebrivad, nebismieri jλ  

koeficientebis SerCeviT ise, rom pirvel k  jqδ  variaciebTan mdgomi 

koeficientebi nulis toli gaxdes, miviRebT k  gantolebas 
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      kj ,...,2,1=        (II_7.8) 

amitom (II_7.7) gantoleba daiyvaneba Semdegze 
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am gantolebaSi ukve Tavisuflad SegviZlia avirCioT jqδ  sidideebi. ami-

tom frCxilebSi mdgomi gamosaxuleba nuls gautoldeba TiToeuli j -
saTvis, e.i. 
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axla vxedavT, rom gantolebaTa ori sistema (II_7.8) da (II_7.10) erTnairi 
formisaa da maTi martivi kombinireba SeiZleba. Sedegad miiReba: 
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        (II_7.11) 

amrigad, miviReT N3  gantoleba, romlebic Semdegi k  damatebiTi pi-
robiT unda Seivsos   
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yvelaferi es erTad gansazRvravs kN +3  ucnobs, saxeldobr N3  koordi-

natas iq  da k  lagranJis mamravls iλ . amitom ( )iiq λ, sidideebis sruli 

raodenoba aris kN +3 , rac emTxveva (II_7.11) da (II_7.12) gantolebebis 
raodenobas da, amrigad, gansazRvravs maT. 

lagranJis mamravlebis fizikuri Sinaarsi kidev ufro ukeT SeiZleba 
gaviazroT, Tu (II_7.11) gantolebis bolo wevrs gavigebT rogorc damate-
biT Zalas, saxeldobr, 
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es axali Zalebi arian bmis reaqciebi, romlebic warmoiqmnebian 
damatebiTi pirobebiT sistemis moZraobis SezRudvis gamo. marTlac, Tu 

movxsniT SezRudvebs,   ( )0=ija , maSinve gaqreba bmis reaqciebic,  0
~~

=jQ . 

adrindeli gantoleba (II_7.4) axla ase gadaiwereba 
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da SegviZlia gavigoT, rogorc bmebis reaqciebis Zalebis mier Sesrule-
buli virtualuri muSaobebis jamis nulTan toloba. 

savsebiT bunebrivia, rom aq gamoyenebuli lagranJis mamravlis me-
Todi gamodgeba holonomuri sistemisTvisac. marTlac  Hholonomuri 
bmebis gantolebebi (II_7.1) SegviZlia aseTive warmatebiT gadavweroT 
diferencialuri formiT 
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mas aqvs zustad araholonomuri sistemis saxe, (II_7.3). amis Semdeg 
lagranJis mamravlebis meTodi Cveulebrivad imoqmedebs. Sedegad vipoviT 

kN +3  gadabmul gantolebebs, maSin roca zemoT gamoyenebulma 
gamoricxvis meTodma mogvca mxolod  kN −3  gantolebaTa sistema. dan-

arCeni k2  gantolebiT ganisazRvreba bmis reaqciebis Zalebi,  jQ
~~

,rogorc 

(II_7.13) formulaSia, yovelgvari sirTuleebis gareSe.  
araholonomuri sistemis magaliTebi ganxiluli iyo wina TavSi. ax-

lac ganvixiloT ramdenime amocana. 
 

 
 

naxazi 15 

 
amocana: myari cilindri Camogordeba  h  simaRlisa da α  daxris 

kuTxis mqone sibrtyeze. gorvis piroba aris holonomuri piroba, magram, 
miuxedavad amisa, gamogvadgeba meTodis ilustraciisaTvis (nax. 15). 

or ganzogadoebul koordinatad aviRoT s  da ϕ . bmis piroba ase 

ikiTxeba  
                    sR && =ϕ  an   0=− dsRdϕ   

am gantolebaTa pirdapiri integracia advilad Catardeba. miiReba                
                         .constsR +=ϕ  

amitom bma yofila holonomuri. magram am magaliTzec SegviZlia lagran-
Jis mamravlebis meTodis ilustrireba. am gziT Cven bmis reaqciebsac vi-
poviT.  bmebSi monawile koeficientebi tolia  

                  Raas =−= ϕ,1 , 

rac Cans (II_7.3)-Tan SedarebiT. kinetikuri energia  T  tolia masaTa cen-
tris da brunvis kinetikur energiaTa jamisa 
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sadac gamoviyeneT, rom myari cilindris inerciis momentia  
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                    2

2
1 mRJ =  

potencialuri energia tolia 
                    αsinmgsmghV −=  

amitom 
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2 shmgRsmVTL −−⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+=−= &&  

unda SevniSnoT, rom am lagranJianis pirdapiri gamoyeneba moZraobis gan-
tolebis misaRebad ar SeiZleba, radgan koordinatebi  s  da ϕ  ar arian 

erTmaneTisgan damoukidebeli. amrigad, ϕ  ar aris ignorirebadi, Tumca 
cxadi saxiT ar Sedis lagranJianSi.  

radgan mxolod erTi bma gvaqvs, mxolod erTi lagranJis mamravli 
gvWirdeba. zemoT moyvanili koeficientebiT vpoulobT lagranJis Semdeg 
gantolebebs 
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0sin
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RRm
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λϕ
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romlebic  sR && =ϕ  SezRudvasTan erTad qmnian 3 gantolebis sistemas 3  

ucnobi sididisaTvis   .,, λϕ s  bolo formulis gawarmoebiT drois mixed-
viT vpoulobT 

                      ,sR &&&& =ϕ  
saidanac me-2 gantolebasTan erTad miiReba 

                          
                      λ2=sm &&  

amitom, pirveli gantoleba ase Seicvleba     
                      λα 3sin =mg  

aqedan vpoulobT lagranJis mamravls 

                      αλ sin
3
1 mg=  

xolo ganzogadebuli bmis reaqciebia 

          αλαλ ϕ sin
3
1,sin

3
1 Rmgamgas =−=  

pirveli maTgani aris xaxuniT gamowveuli reaqcia, xolo meore – am 
ZaliT generirebuli wneva, romelic ganapirobebs cilindris gorvas. 
lagranJis mamravlis Casma pirvel gantolebaSi gvaZlevs diferencialur 
gantolebas 

                  αsin
3
2 gs =&&  

xolo ϕ -sTvis miiReba 

                  αϕ sin
3
2

R
g

=&&  

  
am magaliTis ganxilviT Cven davinaxeT, rom lagranJis mamravlebis me-
Todi ara marto moZraobis saZiebel gantolebebs iZleva, aramed bmebis 
reaqciebsac, romlebic saerTod ar Sedian lagranJianSi.  
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rogorc araholonomuri bmebis SemTxveva, ganvixiloT axla Semdegi 
amocana: vipovoT M  masisa da R  radiusis wriuli diskis moZraobis 

gantoleba da bmebis reaqciebi, romelic srialis gareSe migoravs  yx, -

sibrtyeze (nax. 16). diski mudam unda idges am sibrtyis perpendikularu-
lad. esaa Cvens mier wina TavSi ganxiluli goldsteinis amocana.  

 
 

     
 
               (a)                                          (b)  
                         

naxazi 16                                        
jer gaverkveT, Tu rogor CamovayaliboT maTematikurad amocanis 

moTxovnebi. es niSnavs, rom diskis centri zustad sibrtyesTan Sexebis  
),( yx  wertilis Tavzea (diski dgas perpendikularulad), xolo diskis 

centris wriuli siCqare Φ&R  tolia Sexebis wertilis siCqarisa (Φ  aris 
diskis Tavisi RerZis irgvliv Semobrunebis kuTxe).  es ukanaskneli niS-
navs,  rom ar gvaqvs sriali. Tu SemovitanT Θ  kuTxes diskis RerZsa da 
x - RerZs Soris, termini “srialis gareSe” maTematikurad ase ikiTxeba 

ΘΦ−=ΘΦ= cos,sin &&&& RyRx  
diferencialuri formiT ki 

0cos
0sin

=ΦΘ+
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dRdy
dRdx

 

tradiciuli  (II_7.12) formiT es pirobebi ase gadaiwereba 
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(II_7.13) gantolebebis Tanaxmad bmebis reaqciebi tolia 
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diskis kinetikuri energiaa 
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sadac 21 , JJ  arian diskis inerciis momentebi, Sesabamisad, diskis centrze 
misi sibrtyis perpendikularulad gamavali RerZis, da centrze da Sexe-
bis wertilze gamavali RerZis mimarT. axla lagranJis gantolebebi 
cxadi saxiT ase Caiwereba: 
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am gantolebebSi iQ -ebi arian SesaZlo gare Zalebi. SeviswavloT 

SemTxveva am Zalebis gareSe. maSin gveqneba gantolebebi 
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am bolo gantolebis pirdapiri integracia iZleva 

0Θ+=Θ tω  

Casma bmis pirobebSi siCqarisaTvis gvaZlevs meore warmoebulebis 
gamoTvlis saSualebas, saidanac ganisazRvrebian lagranJis mamravlebi: 
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axla amas CavsvamT mesame gantolebaSi da miviRebT: 
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e.i.  

( ) 02
1 =Φ+ &&MRJ , 

rac iZleva  0=Φ&&  da amitom  .const=Φ&  amis Semdeg ukve SegviZlia 
CavweroT bmebis reaqciis Zalebi cxadi saxiT: 
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bmebis reaqciebis es Zalebi unda moqmedebdnen, raTa diski SeinarCunon 
vertikalur mdgomareobaSi   yx,  sibrtyeze. Tuki diski igorebda wrfis 

gaswvriv )0( =ω , bmebis reaqciebi aRar gveqneboda.  
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Tavi III 
 

variaciuli principebi da lagranJis gantolebebi 
 
 
III-1. izoqronuli variaciis Tvisebebi. Hhamiltonis qmedebis funqcia 
 
 
gadavxedoT kidev erTxel lagranJis gantolebebs gansxvavebuli 

poziciidan. Ees gantolebebi Cawerilia lagranJis funqciisaTvis, ro-
melic aris ganzogadebuli koordinatebis da maTi droiTi warmoe-
bulebis (ganzogadebuli siCqareebis) skalaruli funqcia: 

                 ),...,2,1(),;,( nitqqLL ii == &       

gamovTvaloT am funqciis variacia 

                 ∑ ∑
= = ∂

∂
+

∂
∂

=
n

i

n

i
i

i
i

i

q
q
Lq

q
LL

1 1

&
&
δδδ  

SeviswavloT warmoebulis variacia  iq&δ (ix.nax.17).  

 

 
             
 

naxazi 17 
 

rogorc viciT,  
                           )()( tqtqq −′=δ  

xolo warmoebuli ganimarteba ase 

t
tqttq

dt
dqq

ot Δ
−Δ+

==
→Δ

)()(lim&  

aSkaraa, rom 
 

t
tqtqttqttq

dt
qd

Δ
−−Δ++Δ+

=
′ )()()()( δδ

 

anu 
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)()()(lim
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dt
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Tavis mxriv, am Tanafardobis marcxena mxareSi dgas ⎟
⎠
⎞

⎜
⎝
⎛

dt
dqδ , 

e.i. izoqronuli variacia gadasmadia gawarmoebasTan: 
            

                q
dt
dq δδ =&            (III-1.2) 

aseve 
                qddq δδ =  

es faqti gamoviyenoT zemoT moyvanil Lδ -Si, sadac meore wevri ase 
gadavweroT: 
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amis gamoyenebiT lagranJianis variacia ase gadaiwereba 
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                 (III-1.3) 

davuSvaT axla, rom iq -ebi namdvil moZraobas Seesabamebian, e.i. 

adgili aqvs lagranJis gantolebas. maSin (III-1.3)-Si pirveli wevri nulis 
toli iqneba da namdvili moZraobisaTvis dagvrCeba 

                 ⎟⎟
⎠

⎞
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⎝

⎛
∂
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= ∑
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n

i
i

i

q
q
L

dt
dL

1

δδ
&

                             (III-1.4) 

amrigad, lagranJianis izoqronuli variacia namdvili moZraobisaT-
vis yovelTvis raime funqciis sruli diferenciali gamodis. am faqtiT 
SegviZlia visargebloT moZraobis Sesaswavlad drois raime sasrulo 

intervalSi SerCeul 1t  da 2t  momentebs Soris. ganzogadebuli koordi-

natebi da siCqareebi arian drois raRaca funqciebi namdvili moZrao-
bisas. Dizoqronuli variaciebi SegviZlia movceT drois yovel momentSi 
ise, rom miviRoT drois uwyveti da diferencirebadi funqciebi 

).(),( tqtq ii &δδ  maSin  Lδ -ic iqneba drois diferencirebadi funqcia. (III-1.4) 

tolobis orive mxare gavamravloT dt -ze da vaintegroT 1t -dan 2t -mde: 
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integraciis sazRvrebi fiqsirebulia, maTi varireba ar xdeba. amitom 
variaciis da droiT integraciis operaciebis urTierTgadasma SeiZleba 
tolobis marcxena mxareSi, marjvena mxareSi ki integracia tardeba mar-
tivad. miiReba Tanafardoba: 

             ∫ ∑
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                        (III-1.5) 
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radgan, yvelaferi aq Seexeba namdvil moZraobas, intervalis kideebze 
koordinatebis variacia ar xdeba, e.i. 

                   0)()( 21 == tqtq ii δδ  

amitom, viRebT hamiltonis principis gamosaxulebas: 

              ∫ =
2

1

0);,(
t

t

dttqqL &δ                              (III-1.6) 

integrals   

                   ∫ ≡
2

1

t

t

SLdt                               (III-1.7) 

uwodeben hamiltonis qmedebis funqcias. is aris funqcionali, romlis 
ricxviTi mniSvneloba damokidebulia lagranJis funqciis saxeze. miRe-
buli Sedegi ase SeiZleba CamovayaliboT: 
namdvili moZraobis dros holonomuri sistemis hamiltonis qmedeba 
iRebs stacionarul mniSvnelobas, Tu yvela aqtiuri Zala aris poten-
cialuri, xolo ganzogadebuli koordinatebis variaciebi nulis tolia 
integraciis aris boloebze. 

swored esaa hamiltonis principi. 
roca gamogvyavda lagranJis gantolebebi, vixilavdiT sistemis myis-

ier mdebareobas da mis mcire virtualur cvlilebas, e.i. Cven amovdio-
diT `diferencialuri principidan~, rogoricaa dalamberis principi. 

magram lagranJis gantolebebis miReba SeiZleba sxva principidanac, 
romelSic ganixileba sistemis moZraoba drois sasrulo intervalSi da 
mdebareobis mcire cvlilebebi am intervalSi. am saxis principebs 
uwodeben `integralur principebs~. 

jer davazustoT fraza _`sistemis moZraoba drois sasrulo inter-
valSi~. 

sistemis konfiguracia yovel mocemul drois momentSi ganisaz-

Rvreba  nqqq ,...,, 21  ganzogadebuli koordinatebis mniSvnelobebiT da Tu 

amaT SevxedavT rogorc dekartes koordinatebs n - ganzomilebian sivr-
ceSi, maSin sistemis yovel konfiguracias Seesabameba am sivrcis wer-
tili. aseT n -ganzomilebian sivrces vuwodebT konfiguraciul sivrces. 
Ddrois ganmavlobaSi sistemis mdebareoba icvleba da am mdebareobis ga-
momxatveli wertili konfiguraciul sivrceSi aRwers raRaca mruds _ 
`sistemis moZraobis traeqtorias~. Aamitom, sistemis moZraoba SegviZlia 
ganvixiloT rogorc gamomsaxveli wertilis moZraoba raRac traeqto-
riis gaswvriv konfiguraciul sivrceSi, xolo t  dro SegviZlia gan-
vixiloT rogorc parametri. traeqtoriis yovel wertils Seesabameba am 
parametris erTi an ramdenime mniSvneloba. 

aSkaraa, rom konfiguraciebis sivrce sazogadod ar iqneba 
Cveulebrivi 3-ganzomilebiani sivrce, romelSic xdeba sistemis moZraoba. 
am traeqtoriasac ar eqneba msgavseba WeSmarit traeqtoriasTan. 

konfiguraciul sivrceSi traeqtoriis yoveli wertili gamoxatavs 
am sistemas drois romelime momentSi. 

CamovayaliboT axla hamiltonis integraluri principi konserva-
tiuli sistemisaTvis (mas adgili aqvs agreTve   sistemebisTvis, romleb-
Sic moqmedeben ganzogadebuli potencialuri Zalebic): 
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sistemis WeSmariti moZraoba drois sasrulo intervalSi iseTia, 
rom integrals 

∫=
2

1

t

t

LdtS (III-1.8) 

(sadac )VTL −=   aqvs eqstremumi. 
amrigad, gamomsaxveli   wertilis  yvela   SesaZlo   moZraobebidan 

1t  momentSi misi mdebareobidan mdebareobamde 2t  momentSi WeSmariti 
iqneba is moZraoba, romlisTvisac (III-1.8) integrals aqvs minimumi an 
maqsimumi (eqstremumi)  

anu                                                   

∫ ==
2

1

0);,...,,,...,( 11

t

t
nn tqqqqLS &&δδ (III-1.9) 

 
 

 
naxazi 18. gamomsaxveli wertilis 

traeqtoria konfiguraciul sivrceSi. 
 

 

zemoT vaCveneT, rom hamiltonis principi gamomdinareobs lagranJis 
gantolebebidan. Aaxla moviqceviT piriqiT _ lagranJis gantolebebs ga-
moviyvanT hamiltonis principidan. 

amiT naCvenebi iqneba, rom konservatiuli sistemebis meqanika SeZleba 
avagoT, Tu gamovalT hamiltonis principidan, rogorc ZiriTadi postu-
latidan, romelic Secvlis niutonis kanonebs. 

amisaTvis, jer gavecnoT variaciuli aRricxvis zogierT elementebs. 
 
 
 

III-2. variaciuli aRricxvis zogierTi meTodi 
  
(III-1.9) integralis eqstremumis amocanaSi mTavari mizania moiZebnos 

mrudi, romlisTvisac mocemul wiriT integrals eqneba eqstremaluri 
mniSvneloba. 
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ganvixiloT es amocana pirvelyovlisa erTganzomilebiani formiT, 
rogorc amas ganixilavs e.w. variaciuli aRricxva: unda vipovoT iseTi 

mrudi )(xyy = , romelic intervalSi 21 xxx ≤≤  aniWebs eqstremums wiriT 

integrals mocemuli funqciidan  ( )xxyxyf ),(),( ′ , sadac dx
dyy =′  . sxva 

sityvebiT, saZiebeli )(xy  funqciisaTvis integrals 

         ( )∫ ′=
2

1

),(),(
x

x

dxxxyxyfI                               (III-2.1) 

unda hqondes eqstremumi. x  asrulebs t  droiTi parametris rols. amas-
Tan Cven vixilavT marto iseT )(xy  mrudebs, romlebisTvisac 

.)(,)( 2211 yxyyxy ==   (nax. 19) 

 

 
 

naxazi 19 

 
amocanis gadasawyvetad saWiroa I  warmovadginoT iseTi formiT, rom 

misTvis diferencialuri aRricxvis Cveulebrivi aparatis gamoyeneba Seg-
veZlos, romelic saSualebas mogvcems dasaSveb funqciaTa klasSi vipo-

voT iseTi )(xy∗  funqcia, romelic integrals mianiWebs stacionarul 
mniSvnelobas. 

SemovitanoT mrudebis erTparametriani ojaxi ),( xy α . am ojaxis 
sxvadasxva wevri ganisazRvreba α  parametris sxvadasxva mniSvnelobiT 
da davuSvaT, rom, magaliTad, am parametris nulovan mniSvnelobas 
eTanadebodes saZiebeli mrudi, anu es ojaxi ase davaxasiaToT: 

               )()()(),0(),( * xxyxxyxy αηαηα +=+= ,          (III-2.2) 

sadac )(xη  aris x -is nebismieri funqcia, romelic intervalis boloebze 
0-is toli xdeba 

                            0)()( 21 == xx ηη                  (III_2.3) 

am moTxovnis Semdeg (III-2.2) gaxdeba )(xy  mrudebis erT-erTi SesaZlo 
ojaxi.  
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Tu ),( xy α -s (araaucileblad (III-2.2) saxiT) CavsvamT (III-2.1) gamosax-
ulebaSi, maSin aSkaraa, rom es ukanaskneli gadaiqceva α -s Cveulebriv 
funqciad: 

              ( )∫ ′==
2

1

));,(,,()(
x

x

dxxxyxyfII ααα                 (III-2.4) 

amis Semdeg naTelia, rom eqstremumis piroba miRebs saxes: 
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radgan integraciis sazRvrebi damoukidebelia α -sgan, SegviZlia gawar-
moeba CavataroT integralis niSnis qveS: 
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marjvena mxareSi meore wevri ase gardavqmnaT 

    ∫ ∫ =
∂∂

∂
′∂

∂
=

∂
′∂

′∂
∂2

1

2

1

2x

x

x

x

dx
x

y
y
fdxy

y
f

αα
CavataroT nawilobiTi integracia = 

          ∫ ∫ =
∂
∂

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
′∂

∂
−

∂
∂

′∂
∂

=⎟
⎠
⎞

⎜
⎝
⎛
∂
∂

∂
∂

′∂
∂

=
2

1

2

1

2

1

x

x

x

x

x

x

dxy
y
f

dx
dy

y
fdxy

xy
f

ααα
 

    ∫ ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
′∂

∂
−

′∂
∂

=
2

1

2

1

)()(
x

x

x

x

dx
y
f

dx
dxx

y
f ηη  

aSkaraa, rom (III-2.3)-is gamo pirveli Sesakrebi nulis tolia. (nulis 

tolebia agreTve ,
2,1 xxx

y
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⎠
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∂
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α  radganac ganxiluli ojaxis yvela wiri 

gadis bolo wertilebze. SegveZlo arc ki gamogveyenebina aq (III-2.2) war-
modgena). 

amrigad, dagvrCenia moviTxovoT eqstremumi 
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   (III-2.5) 

radganac 
α∂
∂y

 aris nebismieri, yyd δ
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,         (III-2.6) 

yδ -is nebismierobis gamo aqedan vaskvniT, rom integralis eqstremumisaT-
vis aucilebeli piroba yofila Semdegi gantolebis Sesruleba: 
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   (III-2.7) 

aSkaraa, rom es piroba sakmarisicaa, radgan Tu is sruldeba, maSin (III-
2.6)-Si integrali nulis tolia. es ki sxva araferia, Tu ara  

( ) ,)(
0
αααδ

α
dII

=∂
∂=  anu  .0=Iδ  
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 (III-2.7)-s variaciul aRricxvaSi uwodeben eiler-lagranJis gantole-
bebs. isini pirvelad eilerma miiRo 1744 wels, da, mogvianebiT lagranJma 
miuyena meqanikur sistemebs. 

ganvixiloT eqstremumis moZebnis am meTodis zogierTi magaliTi. 
 
magaliTi 1. 
ganvsazRvroT sibrtyis or wertils Soris umoklesi manZili. 
Aamoxsna: 
Bbrtyeli wiris rkalis elementis sigrZe udris 

,1 222 ydxdydxds ′+=+=  xolo 1 da 2 wertilebis SemaerTebeli brtyeli 

wiris sruli sigrZea  

∫ ∫ ′+==
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21 dxydsl  

amrigad L l  unda iyos minimaluri, raTa manZili iyos umoklesi. mivediT 
eqstremumis zemoT dasmul amocanaze, romelSic 

21);,( yxyyf ′+=′  

unda SevadginoT eiler-lagranJis gantoleba, risTvisac ga-
movTvaloT 
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amrigad, eiler-lagranJis gantolebas aqvs saxe 
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anu 
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aSkaraa, rom am tolobas adgili mxolod maSin eqneba, Tu y′  iqneba mud-
mivi 

         .
1 2

consta
c

cy =≡
−

=′  

am gantolebis amonaxsnia mrudi: 
,)( baxxyy +==  

sadac b  integrebis axali mudmivia.  
miviReT, rom saZiebeli mrudi yofila wrfe. integraciis mudmivebi a  

da b  ganisazRvrebian im pirobidan, rom wrfem unda gaiaros mocemul or 

wertilze, ( )11 , yx  da ( )22 , yx . 
 
 

magaliTi 2. braqistoqronis problema 
 
esaa variaciuli aRricxvis erT-erTi klasikuri problema.  
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unda moiZebnos  )(xy  wiri O  wertilsa da raRac ( )11 , yx  wertils  Soris 

iseTi, rom nawilaki, iwyebs ra O  wertilSi uZraobis mdgomareobidan, 
moZraobs erTgvarovani gravitaciuli velis gavleniT (winaaRmdegobis 

gareSe), unda miaRwios ( )11 , yx  wertils (nax. 20) minimalur droSi (e.i. 

gravitaciuli Zalis gavleniT sxeuli xaxunis gareSe “curavs” raRaca 
wirze).  

                        
 

naxazi 20 

 
    siCqare advilad moiZebneba energiis Senaxvis kanonidan 
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saZiebeli droa 
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amrigad, variaciul-integralqveSa funqcia axla aris 
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2
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romelic y -s ar Seicavs cxadad. Aamitom eiler-lagranJis gantoleba 
iqneba 
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gadavweroT ase 
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xgc

xgcy
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amosaxsnelad mosaxerxebelia SemovitanoT axali cvladi 
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24
1),cos1(
gc

aax ≡−= θ  

miiReba 

∫ −= θθ day )cos1(  

es integrali cxadad aiReba da 
)sin( θθ −= ay  

integraciis mudmiva 0-is tolia, radgan nawilaki moZraobas iwyebs 
saTavidan.  

miviReT cikloidas parametruli gantoleba. 
 
magaliTi 3. movZebnoT umoklesi wiri or mocemul wertils Soris       

r  radiusis sferos organzomilebian zedapirze. 
amoxsna:  

gamoviyenoT sferuli ( )φθ ,  cvladebi. sigrZis diferencialuri ele-

mentia 
222222 sin φθθ drdrds +=  

anu 
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2sin1 ⎟
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avirCioT fesvis win niSani ise, rom s -is yoveli cvlileba ds  iyos 
dadebiTi. maSin wiris sigrZea 

θ
φφθθφ

θ

θ d
ddrs ≡′′+= ∫ ,sin1

2

1

22  

miviReT funqcionalis standartuli saxe, saidanac gvaqvs: 

θφ 22 sin1 ′+=f , 

rac cxadad ar aris damokidebuli φ -ze, amitom am cvladis mimarT 
eiler-lagranJis gantolebas eqneba saxe: 
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amovxsnaT es Tanafardoba −′φ isaTvis da gamovTvaloT  
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saidanac 
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anu 

       θφφ ctg
c

c
20

1
)cos(

−
=− , 

sadac 0φ  aris integrebis mudmiva. 

miRebuli Sedegi ukeT rom aRviqvaT, davubrundeT dekartes koordi-
natebs. zogierTi martivi trigonometriuli gardaqmnebis Semdeg miviRebT 
gantolebas: 
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               0
1

sincos
200 =

−
−+ z

c
cyx φφ . 

Ees ki aris saTaveze gamavali sibrtyis gantoleba. Ees sibrtye 
gadakveTs sferos did wrewirze, romelic am magaliTSi aris geodezi-
uri. 

 
 

Mmravali cvladis SemTxveva 
 

unda vipovoT funqciebi )(),...,(),( 21 xyxyxy n , romlebic eqstremalur 

mniSvnelobas mianiWeben integrals: 
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nn dxxyyyyyyfI &&&                      (III-2.8) 

sadac TiToeul  )(xyi  funqcias aqvs fiqsirebuli mniSvneloba integra-

ciis aris bolo wertilebze ., 21 xx  
avirCioT funqciaTa klasebi erTi cvladis SemTxvevis analogiurad: 

               

),()(*)(),0(),(
.
.

),()()(),0(),(
),()()(),0(),(

22222

11111

xyxyxxyxy

xyxyxxyxy
xyxyxxyxy

nnnnn δαηα

δαηα
δαηα

+=+=

+∗=+=
+=+= ∗

 

 

sadac  .0)( 2,1 =xiη         

advilad davinaxavT, rom I-integrali (III-2.8) gadaiqceva mxolod α -s 

funqciad )(xiη  funqciebis mocemuli sistemisaTvis. amitom wina 

SemTxvevis analogiurad gamoviyvanT: 
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meore wevrSi nawilobiTi integraciiT am gamosaxulebas miviyvanT 
saxeze: 
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saidanac )(xiη  funqciebis nebismierobis gamo, viRebT eiler_lagranJis 

gantolebaTa sistemas: 
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                (III-2.9) 

es gantolebebi aris swored I - integralis eqstremumis aucilebeli 
da sakmarisi piroba. 

axla naTelia, rom hamiltonis principis gamoyenebiT SegviZlia la-
granJis gantolebebis gamoyvana, risTvisac mogviwevs mivuyenoT mas mra-
vali cvladis SemTxveva.  

hamiltonis qmedebis integrals aqvs saxe: 
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                ∫=
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11 );,...,;,...,( dttqqqqLS nn &&                   (III-2.10) 

vxedavT, rom (IV-2.8)-dan es miiReba formaluri SecvliT 

       ),,();,(,, tqqLxyyfqytx iiiiii && →→→  

amis gamo eiler-lagranJis gantolebebi gadadian lagranJis moZrao-
bis gantolebebSi: 
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     (III-2.11) 

axla es gantolebebi miRebulia Hhamiltonis principidan: 
 
konfiguraciul sivrceSi realuri wiri, romelsac miyveba holono-

muri dinamikuri sistema fiqsirebuli  21 , tt  intervalis ganmavlobaSi 
aris iseTi, romelzec integrali 

                      ∫=
2

1

t

t

LdtS  

aris eqstremaluri wirebis im variaciebis mimarT, romlebic nulis to-
lia intervalis bolo wertilebSi. 
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Tavi IV 
  

simetriebis Tvisebebi. Senaxvis (mudmivobis) kanonebi 
  
 
   IV-1. ganzogadebuli impulsebi. cikluri koordinatebi 
         
aqamde ZiriTadad dakavebuli viyaviT moZraobis gantolebebis gamoy-

vaniT da TiTqmis araferi gviTqvams maTi amoxsnebis meTodebis Sesaxeb, 
rac, sazogadod, maTematikis amocanaa. 

Cven vnaxeT, rom n  Tavisuflebis xarisxTa mqone sistema aRiwereba 
drois mixedviT meore rigis n  diferencialur gantolebaTa sistemiT. 
TiToeuli aseTi gantolebis amoxsna moiTxovs orjerad integracias, 
rac gamoiwvevs sul n2  nebismieri mudmivis gaCenas. Yyovel konkretul 

SemTxvevaSi es mudmivebi unda ganisazRvron sasazRvro pirobebiT,  e.i. jq  

koordinatebis sawyisi mniSvnelobebiT (sul n  cali) da n  ganzogadoe-
buli jq&  siCqareebis sawyisi mniSvnelobebiT. 

zogierT kerZo SemTxvevaSi integracia elementarul funqciebSi ad-
vilad xerxdeba. Mmagram umravles SemTxvevaSi gantolebebi araintegre-
badia am SinaarsiT da saWiro xdeba integraciis miaxloebiTi ricxviTi 
meTodebis gamoyeneba Tanamedrove kompiuterebze.   

savsebiT bunebrivia, rom ricxviTi meTodebis garda ganviTarebulia 
sistemis moZraobis gansazRvris sxvadasxva efeqturi meTodebi, raTa 
yvela SemTxvevaSi SevZloT sakmarisi informaciis miReba fizikuri su-
raTis Sesaxeb. Aam informacias zogjer ufro meti mniSvneloba aqvs 

fizikuri suraTis dasadgenad, vidre )(tq j  funqciebis codnas. 

Aamitom, arsebiTia SegveZlos rac SeiZleba meti codnis miReba mo-
cemuli sistemis moZraobis Sesaxeb gantolebaTa integraciis gareSe. 
aseT SemTxvevebSi pirvelxarisxovani mniSvneloba eniWeba simetriis 
Tvisebebs da maTgan gamomdinare moZraobis integralebis miRebas. 

SeiZleba arsebobdnen ganzogadebuli koordinatebisa da ganzogade-
buli siCqareebis iseTi kombinaciebi (funqciebi), romlebic a r  i c v l 
e b i a n  drois mixedviT. maT uwodeben moZraobis gantolebebis pirvel 
integralebs. Eesaa Semdegi saxis Tanafardobebi: 

             ( ) .;,...,,,,..., 212,1 consttqqqqqqf nn =&&&               (IV-1.1) 

es Tanafardobebi TviTon warmoadgenen pirveli rigis diferencialur 
gantolebebs. maT garkveuli interesi aqvT, radgan sistemis moZraobaze 
zogierT fizikur monacems Seicaven. 

ganvixiloT jer konservatiuli sistema (potenciali marto mde-
bareobazea damokidebuli). gamoviyenoT dekartes koordinatebi. ga-
movTvaloT  Semdegi sidide: 
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sadac ixp  aris Cveulebrivi meqanikuri impulsis x  komponenta. 
am Tanafardobaze dayrdnobiT SegviZlia ganvazogadoT impulsis 

cneba: 
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ganzogadebuli impulsi ewodeba sidides 

                      
i
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Lp
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=                        (IV-1.2) 

amrigad, yovel iq  koordinatas Seesabameba ganzogadebuli impulsi ip . 

xSirad mas kanonikur impulssac uwodeben. 

roca A iq Aar aris dekartes koordinata, maSin ip -s, sazogadod, ar 

eqneba Cveulebrivi impulsis ganzomileba. Ggarda amisa, roca potenciali 

damokidebulia siCqareze, iq  dekartes koordinatac rom iyos, ganzogade-

buli impulsi ar daemTxveva Cveulebriv meqanikur impulss.A asea, ma-
galiTad, zemoT ganxilul eleqtromagnitur velSi nawilakis moZraobis 
SemTxvevaSi, roca 
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am gamosaxulebaSi, cxadia,  iQ  aris i -uri nawilakis eleqtruli muxti. 

naTelia, rom 
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e.i. meqanikur impulss daemata wevri. 
Tu sistemis lagranJiani ar Seicavs romelime koordinatas (am dros 

is SeiZleba Seicavdes Sesabamis siCqares iq& ), maSin am koordinatas 

uwodeben ciklurs an ignorirebads. aseTi koordinatisTvis lagranJis 
gantoleba 
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miiRebs saxes 

                    0=⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

∂
∂

jq
L

dt
d

&
     

anu 

                     .const
q
Lp

j
j =

∂
∂

=
&

                  (IV-1.4) 

amrigad, cikluri jq koordinatis saTanado ganzogadebuli impulsi jp  

aris mudmivi. 
(IV-1.4) toloba aris (IV-1.1) tipis pirveli integrali da SeiZleba ga-

moviyenoT cikluri koordinatis formaluri gamoricxvisaTvis. aseTi 
gamoricxvis Semdeg amocana daiyvaneba erTiT naklebi cvladis Semcveli 
moZraobis gantolebis Seswavlaze. 

lagranJis formalizmSi ignorirebadi koordinatis koncefciis ukeT 
gagebisaTvis ganvixiloT erTi magaliTi, romlis danadgari naCvenebia 
nax. 21-ze.  
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naxazi 21 

magaliTi: 
ori masa m  da M  dakavSirebulia erTmaneTTan srl +=  sruli 

sigrZis mqone ZafiT, romlis masa ugulebelvyoT. m  masas SeuZlia 
brunva sibrtyeSi ZafTan erTad cvladi parcialuri sigrZiT .r  
sibrtyeSi brunvis ω  kuTxuri siCqaris sidideze damokidebulebiT Zafs 
SeuZlia sriali zeviT da qveviT. amitom M  masa moZraobs mxolod z -
RerZis gaswvriv. sistemis damaxasiaTebeli bmebi arian holonomuri da 
skleronomuli. sistemas aqvs ori Tavisuflebis xarisxi. maTi Sesabamisi 
ganzogadebuli koordinatebi ϕ  da s  calsaxad axasiaTeben sistemis 

moZraobas. 
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sistemis kinetikuri energiisTvis vpoulobT 
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xolo potencialuri energiaa      MgsV −= . 
lagranJiani 
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axla SevadginoT lagranJis gantolebebisTvis saWiro wevrebi 
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aq ϕ  aris cikluri anu ignorirebadi koordinata, raki mas lagranJiani 
ar Seicavs. amitom lagranJis gantoleba misTvis daiyvaneba Semdegze 
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an 

             .~)( 2 constLmsl ==− ϕ&  

sadac  L~  aris mbrunavi m  masis kuTxuri momenti. 
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ase, rom moZraobis pirveli integrali aq niSnavs kuTxuri momentis 
Senaxvis kanons. 

lagranJis gantoleba meore cvladisaTvis ase gamoiyureba 

          0)()( 2 =−−++ MgmslsMm ϕ&&&  

an s& -ze gamravlebis Semdeg, 
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es gantoleba SegviZlia uceb vaintegroT da vipovoT moZraobis kidev 
erTi pirveli integrali  
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anu sistemis sruli energia inaxeba. es sistema iqneba wonasworobis 
mdgomareobaSi, roca aCqareba nulis tolia,  0=s&& . 

    

⎥
⎦

⎤
⎢
⎣

⎡
−

−
+

=

=
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−

−−
+

==

msl
LMg

Mm

msl
LmslMg

Mm
s

3

2

2

2

)(

~1

)(

~
)(10 &&

 

Sedegi gveubneba, rom s  unda darCes mudmivi. fiqsirebuli 0s  manZili-

saTvis wonasworoba warmoiqmneba garkveuli kuTxuri momentisaTvis  
3

00 )(~~ slmMgLL −== . 

roca ,~~
0LL >  mTeli sistema srialebs zeviT; roca ,~~

0LL <  sistema 

srialebs qveviT. roca gvaqvs toloba,  ,~~
0LL =  sistema wonasworobaSia. 

Zalian kerZo SemTxvevaSi, roca 0~ =L , e.i. 0( =ϕ& ), aRar gvaqvs brunva 

sibrtyeSi, ubralod gvrCeba vardna M  masisa.  
∗ cikluri koordinatebis gancalebasTan dakavSirebiT sainteresoa 

rausis meTodi, romelic lagranJianis iseTi modifikaciaa, romlis 
drosac qreba cikluri koordinatebis saTanado siCqareebis funqciebi da 
maT nacvlad Semodian saTanado ganzogadebuli impulsebi. 

 
 

IV-2.  rausis funqcia da rausis gantoleba 
     
rausis meTodiT lagranJis gantolebebidan gamoiricxeba cikluri 

koordinatebi da gamoricxul koordinatTa raodenobis tolfasad 
mcirdeba damoukidebel gantolebaTa raodenoba.  

Tu arc erTi koordinata ar aris cikluri, maSin lagranJiani  
yvela maTganis funqciaa da am dros gvaqvs  n  gantoleba 
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davyoT axla cvladebi or jgufad: ( )rj ,...,2,1=  da ( )nrri ,...,2,1 ++= . 

jerjerobiT es dayofa sruliad nebismieria. Ppirveli )( nrr ≤  warmoebu-
lisaTvis SemoviRoT ganzogadebuli impulsebi: 
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maSin lagranJis gantolebebis safuZvelze gvaqvs: 
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gamovTvaloT axla lagranJis funqciis sruli diferenciali 
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romelic (IV-2.1,2) Tanafardobebis gamoyenebiT ase gadavweroT: 
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SemovitanoT e.w. rausis funqcia 
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es funqcia principSi SeiZleba damokidebuli iyos yvela argumentze. 
maSin misi sruli diferencialisTvis vwerT: 
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am ukanasknelis SedarebiT zemoT moyvanili frCxilis diferen-
cialTan vaskvniT, rom unda Sesruldes Semdegi Tanafardobebi: 
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  (IV-2.4) 
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garda amisa 
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axla gavaanalizoT miRebuli Tanafardobebi. Ppirobidan 
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gamomdinareobs, rom rausis R  funqcia pirvel r  ganzogadebul siC-
qareze ar aris damokidebuli. Ees arc aris gasakviri, radgan rausis 
funqciis ganmarteba (IV-2.3) praqtikulad aris e.w. leJandris gardaqmna, 
romelic gamoricxavs siCqaris cvladebze damokidebulebas (ix. qvemoT). 
Tu zemoT miRebul Tanafardobebs lagranJis gantolebebSi gaviTvalis-
winebT, miiReba Semdegi gantolebebi rausis funqciisaTvis: 
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da 
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rogorc vxedavT, moxerxda gantolebaTa gancaleba cvladebis ori kre-
bulisaTvis, romelTa Semoyvana iyo savsebiT nebismieri. Aaxla davu-
brundeT cikluri koordinatebis amocanas da meTodi misTvis gamovi-
yenoT. 

vTqvaT, pirveli r  ganzogadebuli koordinata ( )rqqq ,...,, 21  aris cik-
luri. maSin  
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amis Sedegad (IV-2.8) gantolebebidan miviRebT 
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amrigad rausis funqciidan gandevnilia damokidebuleba cikluri koor-
dinatebis warmoebulebze saTanado ganzogadoebuli impulsebis sasarge-
blod: 

        ( )tpppqqqqqqRR rnrrnrr ;,...,;,...,,;,..., 2,1212,1 &&& ++++=  

es niSnavs, rom cikluri koordinatebi da maTi warmoebulebi ar Sedian 
rausis funqciaSi. rac Seexeba rausis gantolebebs (IV-2.7), romelTa saxe 
emTxveva lagranJis gantolebebs, maTi raodenoba ukve r -iT naklebia da 
amosaxsnelad gvrCeba rn −  gantoleba.   xolo cikluri koordinatebi, 
(IV-2.9)-is gamo,  ganisazRvrebian ubralo integrebiT: 
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magaliTi: 
rausis meTodis sailustraciod ganvixiloT materialuri wertilis 

moZraoba gravitaciul velSi. gamoviyenoT polaruli koordinatebi 
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vxedavT, rom  φ  cikluri koordinataa. Aamitom  
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SevadginoT rausis funqcia 
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e.i. mTlianad ganidevna cikluri cvladi  φ  da misi warmoebuli φ& . 
axla rausis gantolebebis Sesadgenad gvWirdeba sidideebi: 
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SevadginoT rausis gantoleba (am SemTxvevaSi, erTi) 
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esaa gantoleba )(trr = funqciis gansazRvrisaTvis. 
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sadac r -is nacvlad unda Caisvas (*) gantolebis amonaxsni. 
 
 
IV-3.  sivrce-droiTi simetriebi da Senaxvadi fizikuri sidideebi 
 

a) impulsi 
impulsis Senaxvis kanoni warmoiqmneba sivrcis erTgvarovnebasTan 

dakavSirebiT. 
sivrcis erTgvarovneba niSnavs, rom sivrceSi yvela wertili abso-

luturad tolfasia. aTvlis sistemis saTave SeiZleba nebismier wer-
tilSi movaTavsoT da, amitom, Caketili sistemis Tvisebebi ar icvleba 
sistemis, rogorc mTlianis, paraleluri gadatanis (translaciis) dros.  

amasTan dakavSirebiT ganvixiloT usasrulod mcire ε
r
 veqtorze 

translacia (wanacvleba) da moviTxovoT, rom am gardaqmnisas sistemis 
lagranJiani ar icvlebodes.Ggardaqmnas aqvs saxe (ganzogadebul koordi-
natebad avirCioT dekartes koordinatebi): 
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ganvixiloT lagranJianis variacia am gardaqmnis dros 
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rac gveubneba, rom Caketili sistemisaTvis Semadgeneli nawilakebis im-
pulsebis jami aris mudmivi: 

∑ ∑
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              (IV-3.1) 

e.i. Senaxvadi sidide – kanonikuri impulsi SegviZlia avagoT invariantu-
lobidan. amave dros naTelia impulsis aditiurobis Tviseba: sistemis 
sruli impulsi udris calkeuli nawilakebis impulsebis jams miuxeda-
vad urTierTqmedebebisa, romelic maT Soris SeiZleba arsebobdes. 

Semotanil sidides rom marTlac impulsis Sinaarsi aqvs, SeiZleba 
advilad davrwmundeT. ganvixiloT raime sistema da SemoviRoT misTvis 

ganzogadebuli jq  koordinatebi ise, rom misi jdq  diferenciali toli 

iyos gansaxilavi sistemis, rogorc mTlianis, gadaadgilebisa mocemuli 
mimarTulebiT. 

aseTi koordinatis magaliTia sistemis masaTa centris dekartes 

koordinata. maSin naTelia, rom jq  ar Seva T  kinetikuri energiis ga-

mosaxulebaSi, radgan sistemis, rogorc mTlianis wanacvleba gavlenas 

ar axdens misi wertilebis siCqareebze. Aamitom .0=∂
∂

jq
T  amis garda, 

sistemis potencialuri energiac SegviZlia CavTvaloT siCqareze damou-
kideblad. maSin am koordinatisaTvis lagranJis gantolebidan gvaqvs: 
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vaCvenoT axla, rom es gantoleba gamoxatavs Teoremas impulsis Sesaxeb, 

e.i. jQ  aris jq -is mimarTulebiT yvela Zalebis tolqmedi, xolo jp _ 

amave mimarTulebiT sistemis impulsis mdgeneli. 

rogorc viciT,    ∑
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magram, radgan Cven SemTxvevaSi jdq  aris sistemis gadaadgileba 

raime RerZis gaswvriv, )( ji qrr  da )( jji dqqr +
r

 veqtorebi ganlagebuli iqne-

bian naxazze gamoxatuli wesiT. Aamitom ir
v
-is diferencirebisas jq -iT 

miviRebT                    

naxazi 22 
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sadac nr  aris erTeulovani veqtori jdq  wanacvlebis mimarTulebiT. am-

rigad 
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anu jQ  yofila sruli F
r
 Zalis mdgeneli nr  mimarTulebaze. 

axla ganvixiloT mtkicebis meore nawili. Kkinetikur energias aqvs 
saxe 
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amitom jq  koordinatis Sesabamisi ganzogadebuli impulsi ase Caiwereba 
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amrigad, davamtkiceT debulebis meore nawilic _ jp  aris sruli impul-

sis mdgeneli nr - mimarTulebaze. 

davuSvaT axla, rom Cven mier ganxiluli jq  koordinata aris cik-

luri. maSin is ar unda Sevides potencialur energiaSi da 
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am dros miviRebT Cveulebriv Teoremas impulsis Senaxvis Sesaxeb _ 

Tu sruli F
r
 Zalis erT-erTi mdgeneli udris nuls, maSin impulsis 

saTanado mdgeneli iqneba mudmivi. 
 
 
 

b) impulsis momenti 
 

sivrcis izotropulobas ukavSirdeba impulsis momentis Senaxvis 
Teorema. izotropuloba niSnavs, rom Caketili sistemis meqanikuri   
Tvisebebi ar icvleba sistemis, rogorc mTlianis, nebismieri mobrunebis 
dros. 

am SemTxvevaSi cikluri koordinata jq  iseTi unda iyos, rom jdq  

Seesabamebodes sistemis brunvas raime RerZis irgvliv. maSin Tanafar-

doba constp j =  gamoxatavs Teoremas kinetikuri momentis Senaxvis Sesaxeb. 

aqac Tu gavimeorebT a) punqtSi naTqvams: jq  koordinata ar SeiZleba 

Sediodes kinetikur energiaSi, radgan sistemis mTliani mobruneba ar 

moaxdens gavlenas nawilakTa siCqareebis sidideze, anu .0=∂
∂

jq
T aseve  

.0=∂
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V

& amitom isev eqneba adgili lagranJis gantolebebs Semdegi 

saxiT: 
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magram radgan axla jq  aris kuTxuri cvladi, unda vaCvenoT, rom 

ganzogadebuli Zala jQ  iqneba yvela Zalebis jamuri momenti brunvis 

RerZis mimarT, xolo jp  _ sruli kinetikuri momenti imave RerZis mi-

marT. 

ganzogadebul ZalaSi Semaval 
j

i
q

r
∂

∂& faqtors axla sxva ge-

ometriuli Sinaarsi aqvs.   jq -is cvlileba axla niSnavs ir
r
 veqtoris 

usasrulod mcire mobrunebas misi sigrZis Seucvlelad. amitom  gveqneba 
(nax. 23)  

                        
                                     naxazi 23 
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amasTan am veqtoris mimarTuleba iqneba ir
r
 da nr  veqtorebis per-
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rac asabuTebs Cveni mtkicebis pirvel nawils.    

zustad analogiurad gardavqmniT jp  sididesac: 
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amrigad, Tu kuTxuri koordinata jq  iqneba cikluri, maSin ganzogade-

buli Zala jQ  (yvela moqmedi Zalis momenti nr -RerZis mimarT) nulis 

toli iqneba. 
sistemis kinetikuri momenti nr -RerZis mimarT am dros mudmivi iqneba, 

e.i. davamtkiceT Teorema kinetikuri momentis Sesaxeb, miviReT ra cik-
luri koordinatebisaTvis damtkicebuli Senaxvis zogadi Teoremidan. 

aSkaraa, rom lagranJianis invariantulobidan mobrunebebis mimarT 
unda gamoiyvanebodes sruli kinetikuri momentis Senaxvis kanoni 
dekartes koordinatebSi. 

marTlac, mobrunebisas lagranJianis variaciaa: 
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sadac gamoyenebulia veqtoris cvlilebis wesi mobrunebisas 
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amrigad, impulsis da kinetikuri momentis Senaxvis Sesaxeb Teoremebi 
mWidrod ukavSirdeba sistemis simetriis Tvisebebs. 

Cven qvemoT SesaZlebloba gveqneba davamtkicoT zogadi Teorema 
sistemis simetriis Tvisebebsa, invariantulobasa da Senaxvis kanonebs 
Soris. jerjerobiT ki ganvixiloT kidev erTi Senaxvis kanoni.  

 
g) Teorema konservatiuli sistemis sruli energiis Senaxvis           

Sesaxeb 
nawilakTa sistemisaTvis SemoviRoT damatebiTi SezRudva: poten-

cialebi damoukidebeli iyvnen droze cxadad, maSin lagranJianic ar 
iqneba cxadad droze damokidebuli.  

esaa e.w. drois erTgvarovnebis Tviseba anu invariantuloba drois 

aTvlis momentis SerCevis mimarT:   .0ttt +→  

rogorc adre iTqva, lagranJianisTvis es niSnavs 
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lagranJis gantolebis gamoyenebiT am formulas ase gadavwerT 
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da frCxilSi moTavsebuli gamosaxuleba aris moZraobis integrali. aRv-
niSnoT ase: 
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miviReT, rom H  aris moZraobis gantolebis pirveli integrali. Seg-
viZlia vaCvenoT, rom es sidide ukavSirdeba sistemis srul energias. 

marTlac, konservatiuli sistemisaTvis 
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wina masalidan viciT, rom Tu bmebi droze damoukidebelia, maSin 
ganzogadebul koordinatebze gadasvlis formulebic ar Seicaven dros. 

Aam SemTxvevaSi sistemis kinetikuri energia aris iq& -is kvadratuli fun-

qcia. 
gavixsenoT eileris Teorema _ yoveli erTgvarovani )(xf  fun-

qciisaTvis samarTliania toloba 
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sadac k  aris f  funqciis erTgvarovnebis maCvenebeli. Kkinetikuri ener-

giisaTvis  2=k . Aamitom 
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da 
               VTVTTLTH +=−−=−= )(22  

es ki sistemis sruli energiaa. Aam Teoremis miRebisas ZalTa konserva-
tiulobis garda unda moviTxovoT bmebis damoukidebloba droze (bmebis 
skleronomuloba). 

literaturaSi moZraobis am integrals xSirad iakobis integrals 
uwodeben da aRniSnaven ase: 
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radgan sazogadod kinetikuri energia SeiZleba ar iyos mxolod kvad-
ratuli funqcia ganzogadoebuli siCqareebisa: 

                    012 TTTT ++=  

amitom  

                     VTTh +−= 02  

iakobis integrals aqvs energiis ganzomileba. Aamrigad, Tu konserva-
tiuli sistemebisTvis ganzogadebul koordinatebze gadasvlis for-

mulebi  ( ir
r
 da iq -ebis damakavSirebeli gardaqmnis gantolebebi) dros 

cxadad Seicaven (es SesaZlebelia), iakobis integrali h  ar daemTxveva 
energias. 

bunebrivs uwodeben sistemebs, romlebisTvisac ∑==
ji

jiij qqmTT
,

2 2
1

&& , sa-

dac inerciis koeficientebi ijm  damoukidebelia droze. Mmxolod aseTi 

sistemebisaTvis iakobis integrali emTxveva srul energias.   
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IV- 4.     nioteris Teorema 
 
lagranJianis izoqronuli variaciisaTvis miRebuli gvqonda (III-1.4) 

formula, roca nagulisxmevi iyo agreTve namdvili moZraoba. Cveni Sem-
dgomi miznebisaTvis es formula ase gamoviyenoT: CavTvaloT, rom varia-
cia eTanadeba ganzogadebuli koordinatebis usasrulod mcire gardaqm-
nebs. sxva sityvebiT, axal sakoordinato sistemaSi gadasvlas usasru-
lod mcire gardaqmnebiT, rogoricaa, magaliTad,  sistemis saTavis 
wanacvleba, RerZebis mobrunebebi da a.S. es mcire gardaqmnebi davaxasia-
ToT saTanado uwyveti parametriT, α , romelic SeiZleba iyos mobrune-
bis kuTxe an sxva geometriuli sidide. Tu uwyveti parametris nulovani 
mniSvneloba eTanadeba igivur gardaqmnas, mis maxloblobaSi pirveli 
variacia SegviZlia ase aviRoT 
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aseTi ganmarteba araerTxel gamogviyenebia zemoT. 
 (III-4) formulis Tanaxmad hamiltonis qmedebis cvlileba tolia 
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romelic moZraobis gantolebebis gamoyenebiT advilad miiyvaneba Semdeg 
saxeze 
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        (IV-4.1) 

drois mixedviT integracia aqac Catarda imis gamo, rom rogorc sawyisi, 
aseve misgan usasrulod mcired gansxvavebuli (gardaqmnili) amonaxsnebi 
akmayofileben lagranJis gantolebebs or sxvadasxva sakoordinato sis-
temaSi – orive amonaxsni aris erTidaigive dinamikis aRwera konfigu-
raciul sivrceSi. SevniSnoT, rom qmedebis cvlileba, gamowveuli uwyveti 
gardaqmnis parametris cvlilebiT fiqsirebul momentSi aris Semdegi 
sidideebis sxvaoba 
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pG ,                         (IV-4.2) 

gamoTvlili drois or gansxvavebul momentSi, 1t   da  2t . zeda for-
mulebSi lagranJianis indeqsi miuTiTebda mikuTvnebaze ama Tu im sa-
koordinato sistemisaTvis.  

Cven axla momzadebuli gvaqvs yvelaferi, raTa CamovayaliboT 
kavSiri simetriasa, invariantulobasa da Senaxvis kanonebs Soris. 

rogorc cnobilia, lagranJiani aris ganzogadebuli koordinatebisa 
da siCqareebis skalaruli funqcia nebismieri wertilovani gardaqmnebis 
mimarT (e.i. gardaqmnebisa, romlebic axal koordinatebs gamosaxaven 
Zveli koordinatebis meSveobiT).  
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skalaruli funqcia niSnavs, rom is iRebs erTi da imave ricxviT 
mniSvnelobebs gardaqmnis Sedegad dakavSirebul or sxvadasxva wer-

tilSi, anu   ),,(),( , tqqLtqqL ′′′=′ & .  

rac Seexeba invariantulobas, es kidev ufro zRudavs SesaZleb- 
lobebs: es niSnavs, rom TviT funqciebi ar icvleba, .LL ′=  

am nabijze moviTxovoT mxolod, rom  invariantuli iyos qmedeba. 
zemoT moyvanili Tanafardobebis ZaliT qmedebis invariantuloba 

gardaqmnis parametris usasrulod mcire δα  variaciebis dros iZleva 
mudmivobas sididisa 
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α ,           (IV-4.3)            

rac Senaxvis kanons warmoadgens!  
esaa nawilakTa meqanikaSi kargad cnobili nioteris Teoremis Si-

naarsi da gamoxatavs im mWidro kavSirs, romelic arsebobs simetriebsa, 
invariantulobasa da Senaxvis kanonebs Soris, dinamikuri sidide G  
inaxeba sistemis namdvili traeqtoriebis gaswvriv konfiguraciul sivr-
ceSi, Tuki uwyveti  usasrulod mcire gardaqmnebi sistemis qmedebas 
toveben invariantuls.  

Cven mier zemoT ganxiluli Senaxvis kanonebi aris nioteris Teore-
mis kerZo gamovlineba. marTlac, gavixsenoT ganxiluli magaliTebi ukve 
nioteris Teoremis kuTxiT: 

1.  Tu lagranJiani invariantulia usasrulod mcire wanacvlebebis 

mimarT raime  jq   RerZis gaswvriv,  δα+→ jj qq , konfiguraciul sivr-

ceSi, rac igivea, rom  L  damoukidebelia  jq  koordinataze, maSin    

0=∂
∂

jq
L   da Sesabamisi Senaxvis kanoni ubralod  jp  ganzogadebuli im-

pulsis  Senaxvas niSnavs. Sesabamisi kanonikuri jp impulsis Senaxva evk-

lidur sivrceSi am Sedegis kerZo SemTxvevaa. 
Tavisufali nawilakis lagranJiani dekartes koordinatebSi  

                       2

2
xmL &=  

invariantulia koordinatTa saTavis gadatanis mimarT, α−=′→ xxx  da 
Sesabamisi impulsi xmp &=  inaxeba. am kanonis safuZveli geometriulia – 
evkliduri sivrcis erTgvarovneba: x -RerZi yvelgan erTnairad gamoiy-
ureba, rac igivea vTqvaT, rom evklidur sivrceSi sakoordinato RerZze 
yvela wertili tolfasovania, roca Tavisufali nawilakis moZraobas 
vixilavT.  

simetria geometriulia, invariantuloba aris algebruli anu anal-
izuri – obieqtis Sesabamisi funqcia aris invariantuli, is ar icvleba 
koordinatebis gardaqmnisas.  

2. ganvixiloT axla N -nawilakovani sistemis myari brunva evklidur 
sivrceSi. zogadobis daurRvevlad SegviZlia gamoviyenoT dekartes 
koordinatebi da vabrunoT koordinatTa sistema, magaliTad, z -RerZis 
irgvliv saaTis isris sawinaaRmdego mimarTulebiT: 
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amitom usasrulod mcire gardaqmnebs, gamoTvlils igivuri gardaqmnebis 
maxloblad, eqnebaT saxe 
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dekartes koordinatebSi, sistemis kinetikuri energiaa 
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xolo dekartes koordinatebis saTanado impulsebia  

iiziiiyiiixi zmpympxmp &&& === ,, ,                            

romelTa Casma nioteris Teoremis SedegSi (IV-4.3), sadac gameorebuli 
(munji) indeqsebiT igulisxmeba ajamva, gvaZlevs, rom 
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am Tanafardobis marcxena mxare aris N -nawilakovani sistemis sruli 

kuTxuri momentis z -mdgeneli, zL . sxva sityvebiT, lagranJianis invarian-

tulobidan brunvebis mimarT miviReT Senaxvadi dinamikuri sidide – 
kuTxuri momenti. am SemTxvevaSi kanoni emyareba carieli evkliduri 
sivrcis izotropulobis Tvisebas: sivrce erTnairad gamoiyureba yvela 
mimarTulebiT. 

am Sedegis ukeT gaazrebisaTvis SevxedoT problemas gansxvavebuli 
kuTxidanac, saxeldobr, vupasuxoT kiTxvas: ras niSnavs lagranJianis in-
variantuloba brunvebis mimarT? raki gvaqvs arCevis Tavisufleba, mo-
brunebis kuTxe θ  avirCioT ganzogadebul koordinatad konfiguraciul 
sivrceSi, maSin 

                          
θθ &∂
∂
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Lp      da    

θθ ∂
∂
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Lp&  

brunvebis mimarT invariantuloba niSnavs, rom   ,0=∂
∂

θ
L  amitom lagran-

Jis gantolebebis Tanaxmad Sesabamisi ganzogadebuli impulsi  θp  kon-

stantaa. gamovTvaloT axla  θp  dekartes koordinatebSi: 
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xolo brunvebis usasrulod mcire warmodgenis (IV-4.5) gamoyenebiT da-
vaskvniT, rom    

             ∑
=

=−=
N

i
ziiiii Lxyyxmp

1
)( &&θ                          (IV-4.7) 

konfiguraciul sivrceSi  ii qq ′→   gardaqmnebis mimarT invariantuloba, 

rogorc araerTxel iTqva, niSnavs lagranJianis ucvlelobas   
).,,(),,( tqqLtqqL && =′′  amis gamo lagranJis moZraobis gantolebebic ucv-

lelia. amis umartives magaliTad Cven ganvixileT Tavisufali nawilaki 
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dekartes sxvadasxva sistemaSi: nebismier maTganSi moZraobis diferen-

cialuri gantoleba erTnairia .0
)(
=

dt
md iυ
r

 esaa niutonis fardobiTobis 

principi da agreTve gamoxatavs absoluturi evkliduri sivrcis 
simetrias, saxeldobr, mis indeferentulobas siCqaris (da ara aCqarebis) 
mimarT. yvelafers erTad Tu SevajamebT, SegviZlia vTqvaT, rom myari 
gadatanebis (translaciebis), myari brunvebis, drois translaciebis da 
inerciul sistemebs Soris gardaqmnebis erToblioba qmnis invariantu-
lobas, romelsac galileis invariantuloba hqvia.  

konfiguraciul sivrceSi lagranJis gantolebebi aris veqtoruli 
gantolebebi. gardaqmnebis klasi, romelic veqtorul gantolebebs 
tovebs ucvlelad, gansazRvravs kovariantulobas am gardaqmnebis mimarT. 
amis sapirispirod, gardaqmnaTa garkveuli klasi, romelic ar cvlis 
skalarul funqciebs, gansazRvravs maT mimarT invariantulobas. vaCveneT, 
rom lagranJianis invariantuloba aris garkveuli Senaxvis kanonebis sa-
fuZveli. am invariantulobas araferi saerTo ar aqvs lagranJis gan-
tolebebis zogad kovariantulobasTan. gardaqmnebis specialuri klasi, 
romelic lagranJians tovebs invariantuls, warmoadgens simetriis oper-
aciebs am lagranJianiT gansazRvrul fizikur sistemaze. maTematikis 
klasikosTa (kleini, li da sxv.) ganmarteba  geometriisa gardaqmnebis 
jgufiT, romelic mocemuli sivrcis geometriul obieqtebs tovebs in-
variantuls, suliskveTebiT Zalze axlosaa nioteris TeoremasTan. ( emi 
nioteri, germaneli maTematikosi qali, 1882 – 1935).  

qvemoT, Semdgom TavebSi  kidev SevxvdebiT simetriisa da invarian-
tulobis sakiTxebs. 
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Tavi V 

 
 

Senaxvis kanonebisa da dinamikis ZiriTadi gantolebebis gamo-
yeneba  moZraobis gantolebaTa integraciisaTvis 

 
 
 
 

(V-I).            erTganzomilebiani moZraoba 
 
meqanikaSi (fizikaSi) ase uwodeben nebismieri konservatiuli sis-

temis moZraobas erTi Tavisuflebis xarisxiT, roca misi sruli energia 
SeiZleba warmovadginoT Semdegi saxiT: 

 

                     constxVxm
=+=Ε )(

2

2&
                       (V-1.1)  

sadac  V(x) aris sistemis potencialuri energia gareSe velSi, xolo x – 
aRwers am sistemis mdebareobas sivrceSi. igi nebismieri parametria. 

erTganzomilebiani moZraobis magaliTebad SeiZleba moviyvanoT m  
masis materialuri wertilis wrfivi moZraoba V(x) potencialuri ener-
giis velSi. erTganzomilebianad SeiZleba CaiTvalos agreTve brtyeli 
maTematikuri saqanis (an fizikuri saqanis) moZraoba m  masis nawilakisa 
dedamiwis mizidulobis erTgvarovan velSi (nax. 24) 

 
 

naxazi 24 

am ukanasknel amocanaSi sistemis sruli meqanikuri energia ase war-
moidgineba: 

                        ϕϕ cos
2

22

mglmlE −=
&

 

rac (V-1.1) –is analogiurad gamoiyureba. 
amrigad, sazogadod x da m (V-1.1) gamosaxulebaSi aucileblad ar 

igulisxmeba raime nawilakis dekartis koordinata da masa. dadebiT m 
parametrs davarqmevT sistemis kinematikur parametrs (magaliTad, 
brtyeli maTematikuri saqanisaTvis am parametris rolSi gamodis iner-

ciis momenti 2ml ). 
erTganzomilebiani amocanis analizuri amoxsnisaTvis ar aris au-

cilebeli mivmarToT saTanado moZraobis gantolebas, aramed SesaZle-
belia daveyrdnoT uSualod moZraobis pirvel integrals (V-1.1). marT-
lac, Senaxvis am kanons SegviZlia SevxedoT rogorc pirveli rigis 
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diferencialur gantolebas da masSi dx/dt siCqaris amoxsnisa da cvladTa 
gancalebis Semdeg miviRoT: 

                     
)(2 xVE

dxmdt
−

= ,                           (V-1.2) 

saidanac integraciiT miiReba 

                    ∫ −
==+

)(2
),(0 xVE

dxmExFtt .                (V-1.3) 

SevniSnoT, rom am formulebSi sazogadod integralis win unda iyos 
ori niSani   “± ”. Cven davtoveT marto erTi _ dadebiTi. niSnis arCeva 
xdeba sawyisi siCqaris mimarTulebis mixedviT, )0(xx && = > an < 0. 

   Eesaa amocanis zogadi amonaxsni, romelSic nebismieri mudmivebis 
rols asruleben sruli E energia da integraciis t0 mudmiva. Ees ori 

ricxvi SegviZlia gamovsaxoT sawyisi monacemebiT x0 =x(0) da )0(0 x&=υ , anu 

sawyisi koordinatiT da sawyisi siCqariT. marTlac, gvaqvs (Tu zemo 
Tanafardobebs sawyis momentSi ganvixilavT): 

                        )(
2 0

2
0 xU

m
E +=

υ
                          (V-1.4) 

                        ),( 00 ExFt =  

aseTia erTganzomilebiani moZraobis zogadi amonaxsni, romelic 
Seicavs srul (amomwurav) informacias gareSe V(x) velSi sistemis yo-
faqcevis Sesaxeb. amave dros unda aRvniSnoT, rom energiis Senaxvis ka-
noni TavisTavad ukve gvaZlevs saSualebas gamovaaSkaraoT sistemis yo-
faqcevis Taviseburebani mocemul gareSe V(x) velSi zogadi amoxsnis ga-
moyenebis gareSe. aseTi Tvisebrivi gamokvleva xandaxan metad mizanSe-
wonilia da sakmaod bevr fizikur informacias iZleva. 

moZraobis Tvisebrivi gamokvlevisas Cveulebriv gvainteresebs Sem-
degi sakiTxebis jgufi: 

1. E sruli energiis rogori mniSvnelobebisaTvis principSi 
SesaZlebelia moZraoba V(x) velSi? 

2. damoukidebeli cvladis mniSvnelobaTa rogor areSia 
SesaZlebeli moZraoba? aseT areebs uwodeben klasikurad dasaSveb 
areebs (e.i. iseT areebs, romlebSic dasaSvebia moZraoba klasikuri 
meqanikis kanonebis moxedviT).. 

3. rogoria moZraobis xasiaTi TiToeul dasaSveb areSi? 
am kiTxvebze pasuxis gasacemad energiis Senaxvis kanoni 

gadavweroT ase: 

                          ,0)(
2

2

≥−= xVExm&
 

radgan sistemis kinetikuri energia arsebiTad dadebiTi sididea. 
amrigad, mocemuli  E sruli energiisas klasikurad dasaSveb 

areebSi izRudeba potencialuri energia 
                            ExV ≤)(                           (V-1.5) 
wertilebi, romlebSic potencialuri energia udris srul ener-

gias 
                                                      V(x)=E 

iwodebian sistemis gaCerebis (zogjer mobrunebis) wertilebad. am 
wertilebSi sistemis x&  siCqare xdeba nulis toli da icvlis Tavis 
niSans. es wertilebi aris sazRvrebi, romlebic ganacalkeveben erT-
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maneTisgan klasikurad dasaSveb da akrZalul areebs (romlebSic (V-
1.5) piroba ar sruldeba). 

naTelia, rom erTganzomilebiani moZraoba sruli E energiis 
marto im mniSvnelobebisTvisaa SesaZlebeli, romlebisTvisac Tundac 
erTi dasaSvebi are iarsebebs, romelic ar daiyvaneba wertilze. nax. 
25-ze mocemulia V(x) potencialuri energiis sanimuSo mrudi. imave 
naxazze sruli energiis sxvadasxva mniSvnelobebi SeiZleba gamovs-
axoT abscisTa RerZis paraleluri wrfeebiT.   

       

 

 
naxazi 25 

 
aSkaraa, rom mocemuli sistemis moZraoba SeiZleba mxolod maSin, 

roca ,1VE >  radgan am pirobebSi miiReba Tundac erTi klasikurad 
dasaSvebi are. 

ganvixiloT axla E sruli energiis raime mniSvneloba, romelic 

moTavsebulia 0-sa da max2 VV ≡    Soris. mocemuli E – sTvis meqanikur 

sistemas uCndeba 2 dasaSvebi are: ),( 21 xx  da ),( 3 +∞x  da ori 

akrZaluli are: ),( 1x−∞  da ),( 32 xx . dasaSveb ares ),( 21 xx  uwodeben   

potencialur ormos, xolo akrZalul ),( 32 xx ares – potencialur bar-

iers (jebirs). mocemuli E energiiT meqanikuri sistemis moZraoba 

SeiZleba erT-erT dasaSveb areSi: ),( 21 xx  an ),( 3 +∞x . Tu romelSi – 

damokidebulia koordinatis sawyis mniSvnelobaze x(0), sadac ki mox-
vdeba es ukanaskneli. gadasvla ),( 21 xx  aridan ),( 3 +∞x  areSi SesaZloa 

marto im SemTxvevaSi, Tu sistemas mivaniWebT damatebiT kinetikur en-

ergias .2 EVT −≥Δ  barierisqveSa gadasvlebi klasikuri (niutonis) 
meqanikis Tanaxmad, damatebiTi kinetikuri energiis miniWebis gareSe 
akrZalulia energiis Senaxvis kanoniT (aseTi gadasvlebi dasaSvebia 
mxolod kvantur meqanikaSi, sadac nawilakebs (mikroobieqtebs) tal-
Ruri Tvisebebic gaaCniaT korpuskulurTan erTad. Aam movlenas kvan-
tur meqanikaSi uwodeben gvirabis efeqts an tunelirebas).  

   Tu dasaSvebi are Semofarglulia ori mobrunebis wertiliT 

(rogorc mag., ),( 21 xx  are), moZraoba warmoebs sivrcis Semofarglul 
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areSi da moZraobas ewodeba finituri (SemosazRvruli). amis sawi-
naaRmdegod, sistemis moZraobas areebSi, romlebsac ar gaaCniaT mo-
brunebis wertilebi an marto cal mxares gaaCniaT aseTi, aris infini-
turi (SemousazRvravi), radganac am SemTxvevaSi sistemas SeuZlia was-
vla usasrulobaSi. 

erTganzomilebian potencialur ormoSi finitur moZraobas aqvs 
rxeviTi xasiaTi: sistema asrulebs periodul (ganmeorebad) moZraobas 

1x  da 2x  mobrunebis wertilebs Soris. am rxevis periodi SegviZlia 

ganvsazRvroT, rogorc gaorkecebuli dro, romelic sistemas esaWi-

roeba 12 xx −  monakveTis gasavlelad. (V-1.3) –is mixedviT es dro iqneba 

                 
)(

2)(
2

1
xUE

dxmET
x

x −
= ∫                       (V-1.7) 

sadac )(11 Exx =  da )(22 Exx =  arian (V-1.6) gantolebis fesvebi. 

rogorc vxedavT, erTganzomilebiani meqanikuri sistemis rxevis 
periodi sazogadod damokidebulia mis srul energiaze da amrigad, 
mTlianad ganisazRvreba sawyisi pirobebiT. 

arsebobs mxolod erTi erTganzomilebiani meqanikuri sistema, 
romlis periodi energiaze araa damokidebuli. aseTia wrfivi harmo-
niuli oscilatori, romlis sruli energia ase warmoidgineba 

                   
22

22 kxxmE +=
&

 

amitom periodi tolia 

                  ∫
−

=
)(

)(
2

2

1 2/
2)(

Ex

Ex kxE
dxmET  

Tu aq gamoviyenebT tipur cxrilis integrals, 

                  ∫ >>=
−

0,0,arcsin1
222

ba
a
bx

bxba
dx

 

xolo saintegracio sazRvrebs movZebniT pirobidan 
2

2kxE = , martivi 

gamoTvliT MmiviRebT, rom 

                         
k
mET π2)( =  

magaliTi: gamoTvaleT m masis nawilakis rxevis periodi Semdeg   
erTganzomilebian potencialur ormoSi (nax.26) 

                     ⎩
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≥
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=
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naxazi 26 
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aseTi potenciali aqvs  usasrulo Tanabrad damuxtuli sibrtyis 

eleqtrostatikur vels. 

Aamoxsna: am velSi rxevis periodi tolia OX RerZze saTavidan 0x  

mobrunebis wertilamde gasavlelad saWiro drois gaoTxkecebuli 
mniSvnelobisa. vpoulobT: 

,242422)(
0

00
0 00

0

0

F
mExFE

F
m

xFE
dxmET x

x

=−−=
−

= ∫  

radgan 0x moiZebneba pirobidan .00 xFE =    

am martivi meTodiT mkiTxvels eZleva amosaxsnelad Semdegi amo-
canebi (Л.Д.Ландау,Е.М.Лифщиц. Механика, gv.41). 

amocana 1. gansazRvreT brtyeli maTematikuri saqanis (m nawilaki 
dakidebuli l sigrZis Zafze simZimis Zalis velSi) rxevebis periodis 
damokidebuleba amplitudaze. 

 
amocana 2. gansazRvreT m masis nawilakis rxevebis periodi T(E) 

Semdeg potencialur velebSi: 

                      a) 
nxAV =  

                      b) ,2
0

xch
V

V
α

−=      00 <<− EV  

                      g) ,2
0 xtgVV α=  

                      d) xthVV α20=  

                      e) 2

2

x
l

x
kV +−=       0<E  

 
 
amocana 3. oscilatori irxeva Semdegi potencialuri funqciis 

gavleniT: 

                      4
2

2
xkxV ε+=      1<<ε  

isargebleT ε -is simciriT da miiReT periodis miaxloebiTi ga-
mosaxuleba, rogorc amplitudis funqcia (pirvel rigSi ε -is mixed-
viT). 

 
 
 
 
 

V – 2.   Sebrunebuli speqtraluri amocanis cneba 
 
  

Tu eqsperimentulad an raime sxva mosazrebebidan cnobilia rxevis 
periodis damokidebuleba srul energiaze, e.i. funqcia ),(ETT = maSin 
(V_I.7) tolobas  SeiZleba SevxedoT, rogorc integralur gantolebas 
ucnobi )(xV  funqciis mimarT. Aamis gamo SegviZlia CamovayaliboT e.w. Se-

brunebuli speqtraluri amocana, e.i. V(x) potencialuri energiis mrudis 
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saxis aRdgenis amocana potencialuri ormos areSi, ),( 21 xx , cnobili T(E) 
speqtraluri funqciis saSualebiT. 

pirvel rigSi gamovikvlioT yovelTvis aqvs Tu ara am amocanas 
calsaxa amoxsna. (V–1.7) gantoleba miekuTvneba abelis integralur gan-
tolebaTa klass, romelic SedarebiT iolad amoixsneba (anu, rogorc 
ityvian, iZleva V(x) funqciis gansazRvris saSualebas). Ggantolebis 
amosaxsnelad, upirveles yovlisa, unda gadavsvaT V da x cvladebis 
rolebi, saxeldobr, V ganvixiloT damoukidebel cvladad, xolo x - mis 
funqciad, e.i. x=x(V). SevniSnoT, rom V(x) funqciisgan gansxvavebiT x(V) 
funqcia aris orsaxa: V-s yovel mniSvnelobas Seesabameba  x(V) funqciis 2 
mniSvneloba (nax. 27) 

 
 

 
 

naxazi 27 
 

 
naxazis mixedviT am funqciis erT–erTi Sto, romelic Zevs dadebiT 

naxevarsibrtyeSi, aRvniSnoT )(2 Vx -iT, xolo uaryofiT naxevarsibrtyeSi 

moTavsebuli Sto - )(1 Vx -iT. naTelia, rom V cvladze gadasvlisas inte-

grali (V–I.7) formulaSi unda davyoT 2 nawilad. amasTan V-s mixedviT 
integraciis sazRvrebad saWiroa aviRoT 0 da E. 

naTqvamis gaTvaliswinebiT Cveni gantoleba ase gadavweroT: 
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axla gamoviyenoT abelis meTodi: am gantolebis orive mxare gavam-

ravloT funqciaze 
E−α

1
, sadac α  raime damxmare parametria da Cava-

taroT integracia energiiT ),0( α  intervalSi 

              
))((

)(
2
1

0

12

00 VEE
dV

dV
dx

dV
dx

dE
E

dEET
m

E

−−
⎟
⎠
⎞

⎜
⎝
⎛ −=

− ∫∫∫ αα

αα

 

marjvena mxareSi SevcvaloT integrebis rigi maTematikur analizSi 
cnobili wesis mixedviT. gvaqvs 

            ∫ ∫ ∫ −−
⎟
⎠
⎞

⎜
⎝
⎛ −=

−

E

V VEE
dEdV

dV
dx

dV
dx

E
ET

m 0 0

12

))((
)(

2
1 α α

αα
 



 93

axla marjvena mxareSi energiiT integrali ukve advilad aiReba 
Semdegi cxrilis integralis gamoyenebiT: 

            ;2arcsin1
))((∫ −
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=
++ bcaf

bcafbfx
bffxcbxa

dx
    0<bf  

Cveni SemTxvevisaTvis: 
               1,;1,, =−=−=== fVcbaEx α   da  01<−=bf  
amitom integrali toli iqneba 
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α α =+=
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22
2arcsin VV
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amrigad, trivialurad SegviZlia CavataroT darCenili dV integra-
ciac, radgan integralqveS sruli diferencialia. amitom miiReba 

                    [ ]∫ −=
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α

ααπ
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12 )()()(
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1 xx
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dEET

m
  

aq nebismieri α -s nacvlad SegviZlia aviRoT V. miviRebT abelis 
gardaqmnis saboloo formulas: 

                ∫ −
=−

V

EV
dEET

m
VxVx
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12
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1)()(
π

          (V – 2.1) 

amrigad, cnobili T(E) speqtraluri funqciis mixedviT zogad 

SemTxvevaSi SeiZleba ganisazRvros mxolod sxvaoba )()( 12 VxVx − . TviT 

1x (V) da )(2 Vx funqciebi rCebian ganusazRvreli. Ees niSnavs, rom arsebobs 

V(x) potencialuri mrudebis usasrulo raodenoba, romlebic mogvcemen 
erTidaigive T(E) funqcias. yvela es mrudi SegviZlia miviRoT Tuki erT-
erT maTganze ganvaxorcielebT calmxrivi wanacvlebis deformacias, 
romlis drosac nebismieri V-sTvis mobrunebis wertilebs Soris manZili 
ar Seicvleba. 

amitom Sebrunebuli speqtraluri amocanis calsaxa amoxsnis sapov-
nelad unda gvqondes raime damatebiTi piroba. 

kerZod, aracalsaxoba qreba im SemTxvevaSic, roca cnobilia, rom 
saZiebeli potencialuri V(x) mrudi simetriulia ordinatTa RerZis mi-

marT, e.i. Tu ).()()( 12 VxVxVx =−= am kerZo SemTxvevaSi  (V – 2.1) formula 
iZleva amocanis calsaxa amoxsnas: 

                        ∫ −
=

V

EV
dEET

m
Vx

0

)(
22

1)(
π

              (VI – 2.2) 

gvecodineba ra )(Vx  funqcia, misi SebrunebiT vipoviT V(x)  poten-
cialur energias.  

amrigad, )(ET  funqcia calsaxad gansazRvravs )(xV  funqciis 
mxolod simetriul nawils misi minimumis wertilis mimarT, an-
tisimetriuli nawili rCeba nebismieri.  

magaliTi: ganvixiloT harmoniuli oscilatoris umartivesi 

SemTxveva, roca constT
k
mT =≡= 02π  anu speqtraluri funqcia aris mud-

mivi. 
maSin gvaqvs 
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sadac gamoviyeneT elementaruli cxrilis integrali 
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                   ,2
∫ +=

+
bxa

bbxa
dx

     1, −== bVa  

wina formulidan miiReba harmoniuli oscilatoris potenciali 

                             
2

2kxV =  

 
amocanebi: gamoiyeneT (V–2.2) formula da aRadgineT simetriuli po-

tencialuri ormos saxe periodis Semdegi T(E) funqciebisaTvis: 
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V-3.  mcire rxevebi 

 
 

Sesavali. lagranJis gantolebebis gamoyenebis erT-erTi um-
niSvnelovanesi SemTxvevaa konservatiuli meqanikuri sistemis mcire moZ-
raobis analizi wonasworul konfiguraciebTan. Tumca moZraobis gan-
tolebebi SeiZleba sxva gzebiTac miviRoT, magaliTad, niutonis kanone-
biT, lagranJis meTodi iZleva moZraobis gantolebebs iseTi formiT, ro-
melic sistemis simetriis Tvisebebs ukeT amJRavnebs. amitom Cven mcire 
rxevebs SeviswavliT lagranJis meTodiT.  

yuradReba mivaqcioT imas, rom mcire rxevebis Teoria gamoyenebas 
poulobs fizikis uamrav sferoSi, rogoricaa, magaliTad, akustika, 
talRebi, molekuluri speqtrebi, eleqtruli konturis rxevebi da maTi 
urTierTqmedeba. garda amisa mcire rxevebis Seswavla Segvamzadebs 
velebis da uwyveti garemos meqanikisaTvis.  

am paragrafSi Cven ganvixilavT mxolod im rxevebs, romlebic aRiZ-
vreba wonasworobis mdebareobidan sistemis mcire gadaxrebis dros. ami-
tom Cveni ganxilva aris mxolod safuZveli rTuli rxeviTi da talRuri 
movlenebis Sesaswavlad.  

amocanis dasma.  
ganvixiloT bunebrivi sistema, romlis konfiguracia ganisazRvreba 

n  damoukidebeli ganzogadebuli koordinatiT  .,...,, 21 nqqq  amave dros 

CavTvliT, rom dekartes koordinatebidan ganzogadebulze gadasvla ar 
Seicavs dros, e.i. sistemaze dadebuli bmebi iyos stacionaruli. amitom 
sistemis potencialuri energia aris mxolod ganzogadebuli koordi-
natebis funqcia.  

vityviT, rom sistema wonasworobaSia, Tu masze moqmedi ganzogade-
buli Zalebi nulis tolia (ix. saTanado paragrafi, II-3) 
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sxva sityvebiT, wonasworobis dros sistemis potencialur energias aqvs 
eqstremumebi. Tu sistemis sawyisi konfiguracia aris wonasworuli da 
misi nawilakebis sawyisi siCqareebi nulis tolia, sistema SemdegSic 
darCeba wonasworobaSi.  amasTan dakavSirebiT SegviZlia gavixsenoT sis-
temis wonasworobis kriteriumebi, romlebic ganvixileT (II-3) paragrafSi. 

iq davadgineT, rom Tu  V  funqciis eqstremumi aris misi minimumi, 
maSin wonasworoba mdgradia. Cven davinteresdebiT sistemis moZraobiT 
mdgradi wonasworobis uSualo maxloblobaSi. amitom, am mdebareobidan 
gadaxras CavTvliT mcired da sxvadasxva fizikuri sidideebis saTanado 
funqciebis am mdebareobasTan teiloris gaSlis mwkrivSi Semovifargle-
biT udablesi rigis wevrebiT. 

CavTvaloT, rom  

                            iii qq η+= 0                       (V-3.2) 

sadac iq0  aris iq  koordinatebis mniSvneloba wonasworobis mdebareo-

baSi. CavTvaloT agreTve, rom iη  arian axali ganzogadebuli koordi-

natebi da gavSaloT potencialuri energia iq0 -ebis maxloblad. miviRebT 
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am mwkrivSi wonasworobis (V-3.1) pirobis gamo iη -is proporciuli wevrebi 

ganuldeba. rac Seexeba pirvel (mudmiv) wevrs, ),...,,( 00210 nqqqV , misi ugul-

vebelyofa SegviZlia, rac niSnavs, rom potencialuri energiis aTvlas 
vawarmoebT misi wonasworuli mniSvnelobidan. amitom potencialuri en-
ergiis pirveli aratrivialuri miaxloebis saxiT gvrCeba 
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sadac meore warmoebulebi aRvniSneT ijV -iT. cxadia, jiij VV =  adgens 

simetriul matricas. 
zustad analogiurad SegviZlia gavSaloT mwkrivad kinetikuri ener-

giac. radgan ganzogadebuli koordinatebi droze cxadad ar arian da-

mokidebuli, sistemis kinetikuri energia iqneba ganzogadebuli  iq&  siC-
qareebis erTgvarovani kvadratuli funqcia 
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                  (V-3.5) 

sadac ijm  koeficientebi iq  koordinatebis raRac funqciebia. gavSaloT 

isinic teiloris mwkrivad: 
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radgan (V-3.5) toloba kvadratulia iη& -s mixedviT, imisaTvis, rom 

miviRoT pirveli nulisgan gansxvavebuli miaxloveba T -sTvis, am 

mwkrivSi unda CamovuSvaT yvela wevri, garda pirvelisa. amrigad, Tu ijT -

iT aRvniSnavT  ),...,( 001 nij qqm  mudmivebs, kinetikuri energiisaTvis miviRebT: 
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aSkaraa, rom  ijT  simetriul matricas Seadgens. 

miRebuli Tanafardobebis Tanaxmad gansaxilavi sistemis lagranJi-
ans eqneba saxe: 
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amitom Tu iη -s ganzogadebul koordinatebad CavTvliT, miviRebT 

lagranJis Semdeg gantolebaTa sistemas: 
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gamoyvanisas gamoyenebulia aq Semavali koeficientebis simetriu-
loba.  

amrigad, miviReT n  diferencialuri gantolebisgan Sedgenili sis-
tema, romelic gansazRvravs sistemis moZraobas wonasworobis mdebareo-
bis maxloblad. 

moZraobis gantolebaTa Seswavla.  
zemoT miRebul moZraobis gantolebaTa sistemas xSirad matriculi 

saxiT Caweren xolme: 

                         0ˆˆ =+ ηη VT && ,                        (V-3.9) 
sadac 
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matricaTa gamravlebis standartuli wesis gamoyenebiT advilad davrw-
mundebiT, rom moZraobis gantolebaTa es orive Cawera erTmaneTis tol-
fasia. miRebuli moZraobis gantolebebi aris  meore rigis wrfivi 

diferencialuri gantolebebi (sistema)  mudmivi koeficientebiT. T̂  da  

V̂  matricebi simetriulia. SevniSnoT, rom Tu niutonis kanonebs gamovi-
yenebdiT moZraobis gantolebaTa misaRebad, maSin es matricebi, sa-
zogadod, simetriuli ar iqneboda. magram, miuxedavad amisa, gantolebaTa 
simetriis aRdgenas maSinac SevZlebdiT gantolebaTa gamravlebiT sa-
Tanadod SerCeul mudmivebze da maTi kombinaciebis ganxilviT. es ar 
Secvlida amonaxsnebis Tvisebebs. lagranJis meTodis upiratesoba am 
SemTxvevaSi swored isaa, rom is yovel etapze inarCunebs amocanisTvis 
damaxasiaTebel simetriebs.  

axla SevudgeT gantolebaTa miRebuli sistemis Seswavlas.  
davuSvaT, rom mis amonaxsnebs aqvT saxe: 
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                       )cos( iii tCA ϕωη += ,    ( )ni ,...,2,1=      (V-3.12) 

sadac amplitudad aviReT mudmivebis namravli CAi . aq  C  gamoxatavs iη -

ebis saerTo skalas, maSin roca iA -ebi _ maT fardobiT sidideebs.  

Tu am sacdel amonaxsns CavsvamT (V-3.8) gantolebaSi, miviRebT 
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2 ,....,2,1,0)cos( ϕωω        (V-3.13) 

saerTo mamravli ( )itC ϕω +cos  ar SeiZleba iyos nuli garda trivi-

aluri SemTxvevisa, roca yvela iη  nulia, rac ar aris saintereso. ami-

tom aratrivialuri amonaxsnis arsebobisaTvis unda davaskvnaT, rom  
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n

j
jijij ATV ω ,         ),...,2,1( ni = .           (V-3.14) 

esaa wrfivi erTgvarovani algebruli gantolebebis sistema mudmivi koe-
ficientebiT. amitom aratrivialuri amonaxsnis arsebobisaTvis misi koe-
ficientebisgan Sedgenili determinanti nulis toli unda iyos: 

 

      0

..,..........,.........,
...............................................................................

.,..........,.........,

.,..........,.........,

2
2

2
21

2
1

2
2

222
2

2221
2

21

1
2

112
2

1211
2

11

=

−−−

−−−

−−−

nnnnnnnn

nn

nn

TVTVTV

TVTVTV

TVTVTV

ωωω

ωωω

ωωω

         (V-3.15) 

 

am determinantis gamoTvlis Sedegad miiReba n -uri rigis gantoleba 2ω -
is mimarT. misi fesvebi gansazRvraven im sixSireebs, romlebisTvisac (V-

3.12) iqneba moZraobis gantolebaTa sistemis amoxsna. Tavis mxriv jA  am-

plitudebi unda ganisazRvron (V-3.14) sistemidan 2ω -is TiToeuli napovni 

mniSvnelobisaTvis (ufro zustad, yvela jA  amplituda gamoixateba erT-

erTi maTganiT).  
 (V-3.15)-s uwodeben maxasiaTebel an saukunoebriv gantolebas, xolo 

mis n  fesvs ( )nkk ,...,2,1,2 =ω  uwodeben maxasiaTebel anu sakuTar 

mniSvnelobebs. isini warmoadgenen bunebrivi sixSireebis kvadratebs.  

matricebis Teoriidan cnobilia, rom  2
kω  fesvebi arian namdvili da 

sasrulo sidideebi, Tu T̂   da  V̂  arian namdvili simetriuli matricebi. 

amasTan T̂  unda iyos dadebiTad gansazRvrulic. (V-3.15) gantolebis 
amonaxsnis namdviloba da dadebiToba winaswarve naTelia fizikuri mo-
sazrebebidan gamomdinare. marTlac,  ω -s rom hqondes warmosaxviTi 
nawili, amoxsnaSi gaCndeboda eqsponancialurad zrdadi an eqsponen-
cialurad klebadi mamravli. magram aseTi mamravli dauSvebelia, radgan 
es gamoiwvevda sistemis sruli VTE +=  energiis cvlilebas, rac ewi-
naaRmdegeba energiis Senaxvis kanons.  

amaSi advilad davrwmundebiT wminda maTematikuri gziTac. amisaTvis 

(V-3.14) gantoleba gavamravloT sidideze •
iA  da CavataroT ajamva i -s 

mixedviT. miviRebT gantolebas: 
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am gamosaxulebis mricxveli da mniSvneli namdvilia ijT  da ijV  koe-

ficientebis simetriulobis da namdvilobis gamo. marTlac, 
   

        ∑∑∑∑ •••

•

• ===⎟⎟
⎠

⎞
⎜⎜
⎝

⎛

ji
jiij

ji
ijji

ji
jiij

ji
jiij AATAATAATAAT

,,,,

 

e.i. es gamosaxuleba namdvilia. amave dros igi dadebiTad gansazRvruli-

caa. marTlac, Tu kompleqsur iA  sidideebs gadavwerT zogadi kom-

pleqsuri ricxvis saxiT  iii iA βα += , gadamravlebis Semdeg miviRebT 
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sadac orive wevri aSkarad dadebiTia. zustad igive exeba mricxvelSi 

moTavsebul gamosaxulebasac,. amitom 2ω  arsebiTad dadebiTia.  

davubrundeT kvlav (V-3.14)-s. vxedavT, rom yoveli 2
kω -isaTvis Seg-

viZlia davweroT n  algebrul gantolebaTa sistema, romelSic Seva n  
gansasazRvravi amplituda  )(k

jA . radgan gantolebebi erTgvarovania, uc-

nobebisTvis calsaxa amoxsnebs ver avagebT. vipoviT mxolod maT Soris 
fardobebs. moxerxebulobisaTvis amoxsnebi gamovxatoT pirveli ampli-

tudiT, 1A , romelic erTis tolad aviRoT, .11 =A  darCenili ( )1−n  uc-
nobi amplitudis amosaxsnelad gamoviyenoT danarCeni gantolebebi, rom-
lebidanac amovagdeT, magaliTad, pirveli gantoleba:  

 

      ( )[ ]{ } ( ){ }11
2)(2

iik
k

jijkij VTATV −=− ωω ,          ( )nji ,...,3,2, =  

sadac frCxilSi gamovxateT tipiuri matriculi elementi TiToeuli 
SemTxvevisaTvis. qveda indeqsebi miuTiTeben sawyis striqonebs da svetebs. 

am ukanaskneli gantolebebidan )(k
jA  amplitudebis amoxsniT miviRebT: 

         { } ( )[ ] ( ){ }11
212)(

iikijkij
k

j VTTVA −−=
− ωω ,      ( )nji ,...,3,2, =   (V-3.16) 

sadac Cven davuSviT, rom sakuTari mniSvnelobebi urTierTgansxvavebulia 

da .0)(
1 ≠kA  am daSvebiT uzrunveyofilia amonaxsnis agebisas gamoyenebuli 

matricis Sebrunebis SesaZlebloba. im SemTxvevaSi, roca ,0)(
1 =kA  sxva 

nulisagan gansxvavebuli amplituda SegviZlia avirCioT amosaval (sa-
bazo) amplitudad da misTvis gavimeoroT yvelaferi.  sazogadod Seg-
viZlia gamoviyenoT amplitudebis nebismieri normireba, oRond unda 
SevinarCunoT swori fardobiTi mniSvnelobebi. 

n  amplitudebis srul sistemas, erTeulovani sabazo amplitudis 
CaTvliT, ewodeba  sakuTari veqtorebi an modaluri svetebi. gvaqvs Ti-

Toeuli 2
kω -is Sesabamisi sakuTari veqtori )(ˆ kA . amplitudebis es sistema 
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ganixileba rogorc mocemul sixSiresTan dakavSirebuli moda. yoveli 

bunebrivi sixSire kω  Tavis Sesabamis sakuTar )(ˆ kA  veqtorTan erTad gan-

sazRvravs vibraciis (rxevis) bunebriv modas, romelsac xandaxan uwode-
ben mTavar an normalur modas. 

Cven mier ganxiluli bunebrivi sistemebisaTvis 2
kω  aris namdvili da 

saTanado amplitudac namdvilia. Tu sistema asrulebs rxevebs erT mo-
daSi, nacvlad zogadi SemTxvevisa, roca gvaqvs modebis superpozicia, 
maSin yvela koordinati asrulebs sinusoidalur moZraobas Tanxvedri 
sixSiriT (martivi moda).  

nulsixSiriani modebi xandaxan gamorCeulia fizikurad imiT, rom ar 
xdeba drekadi deformaciebi. am mizeziT isini cnobilia rogorc 
myarsxeulovani modebi. kinetikuri da potencialuri energiebi arian 
calk-calke mudmivebi, rac gamoixateba erTgvarovan translaciur da 
rxeviT moZraobaSi.  

 
mTavari (normaluri) koordinatebi. rogorc zemoT davrwmundiT, 

bunebriv wrfiv sistemas n  Tavisuflebis xarisxiT aqvs n  sakuTari 
mniSvneloba anu bunebrivi sixSire. sistemas SeuZlia Seasrulos martivi 
rxeva, Tu sawyis pirobebs saTanadod SevarCevT; magaliTad, Tu yvela 
sawyisi siCqareebi nulia da sawyisi gadaxrebi proporciulia mocemuli 

modis )(k
jA  amplitudebisa. magram sazogadod saWiro xdeba sxvadasxva 

modebis superpoziciebis ganxilva. ase, magaliTad, Cven mier miRebuli 
amonaxsnebi aseTia  (ix. (V-3.12, 16) 

                 ),cos(
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kkk

n

k
jkj tCA ϕωη += ∑

=

                    (V-3.17) 

sadac )(k
jjk AA ≡  warmoadgenen (V-3.16)-Si matricis Sebrunebisas warmoqmnil 

minorebs (ix. wrfivi algebris nebismieri kursi).   
axla SemovitanoT aRniSvna  

           )cos( kkkk tC ϕω +=Θ                                (V-3.18) 

maSin amonaxsni ase Caiwereba 

               k

n

k
jkj A Θ=∑

=1
η                                   (V-3.19) 

amrigad, sistemis TiToeuli koordinatis cvlileba drois mixedviT 

warmoidgineba  n  martivi nΘΘΘ ,...,, 21  perioduli rxevebis zeddebiT ne-

bismieri amplitudebiT da fazebiT, oRond mkacrad garkveuli sixSiree-
biT. 

bunebrivad ismis kiTxva: xom ar SeiZleba ise avirCioT ganzogade-
buli koordinatebi, rom TiToeuli maTgani asrulebdes erT martiv 
rxevas mkacrad garkveuli harmoniuli kanoniT? am kiTxvaze pasuxs gvkar-
naxobs TviTon zogadi amonaxsnis forma, (V-3.19). 

marTlac, Tu am gamosaxulebebs SevxedavT rogorc gantolebaTa 

sistemas n  ucnobi sididisaTvis kΘ , SegviZlia es sidideebi nΘΘΘ ,...,, 21  

gamovxatoT nηηη ,...,, 21 koordinatebiT. amrigad kΘ  sidideebs SegviZlia 

SevxedoT, rogorc axal ganzogadebul koordinatebs. am koordinatebs 
uwodeben normalurs (an mTavars), xolo maT mier Sesrulebul martiv 
periodul rxevebs _ sistemis normalur rxevebs.  
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am TanafardobiT gansazRvruli kΘ  normaluri koordinatebi akmay-

ofileben gantolebebs 
            

02 =Θ+Θ kkk ω&& ,      ( )nk ,...,2,1=                (V_3.20) 

raSic advilia darwmuneba maTi ganmartebidan gamomdinare. es niSnavs, 
rom normalur koordinatebSi moZraobis gantolebebi ixliCeba erT-
maneTisgan damoukidebel n  calkeul gantolebad, e.i. sistemis nor-
maluri rxevebi urTierTdamoukidebelia.  

naTqvamidan naTelia, rom normaluri koordinatebiT Cawerili la-

granJiani iqneba kω  sixSiris Sesabamisi wevrebis jami, anu eqneba saxe 
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222 ,
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sadac km  _ dadebiTi mudmivebia. maTematikuri TvalsazrisiT es niSnavs, 

rom (V-3.19) gardaqmniT orive kvadratuli forma (V-3.5) da (V-3.6) _ ki-
netikuri da potencialuri energiebi _ erTdroulad miiyvaneba di-
agonalur saxeze. amaSi darwmuneba Zalze advilia matricebis Teoriis 
elementaruli meTodebis gamoyenebiTac.  

normalur koordinatebs, rogorc wesi, ise irCeven xolme, rom la-
granJianSi siCqareebis kvadratebTan koeficientad 1/2½ idges. axla amas 
mivaRwevT ubralo gadanormviT 

                      kkk mQ Θ=                         (V-3.22) 

maSin 
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yovelive zemoT gadmocemuli TiTqmis ar Seicvleba, roca maxasiaTe-
beli (V-3.15) gantolebis fesvebs Soris gvxvdeba jeradi fesvebi. 
amonaxsnis zogadi saxe ucvleli rCeba. gansxvaveba mxolod isaa, rom 

jeradi fesvebis Sesabamisi jkA  koeficientebi determinantis sxva mi-

norebs daukavSirdeba da unda calke ganisazRvron. TiToeul jerad (an, 
rogorc amboben, gadagvarebul) sixSires esabameba imdeni sxvadasxva 
normaluri koordinati, rasac udris gadagvarebis jeradoba. magram am 
normaluri koordinatebis arCeva calsaxad veRar xdeba, radgan kineti-
kur da potencialur energiebSi normaluri koordinatebi (erTnairi six-
Siris Sesabamisi) Sedian diagonaluri kvadratuli formebis saxiT, ami-
tom maTze SeiZleba nebismieri wrfivi gardaqmnis Catareba, romelic in-
variantuls datovebs kvadratebis jams. 

ganvixiloT amocana: 
movZebnoT 2 Tavisuflebis xarisxis mqone sistemis sakuTari six-

Sireebi kinetikuri da potencialuri energiebis (V-3.5-6) kvadratuli 
formebis kanonikur (diagonalur) saxeze miyvaniT.  

amoxsna:  normaluri koordinatebi SemovitanoT Semdegi Tanafardo-
bebiT: 

                     212211 , Θ+Θ=Θ+Θ= βηαη , 

sadac βα , - ganusazRvreli mudmivebia. CavsvaT es kinetikuri da poten-
cialuri energiebis formulebSi, miiReba: 
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2
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2
1

Θ+++

+ΘΘ++++Θ++=

VVV
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ββ
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avirCioT axla βα ,  mudmivebi ise, rom aradiagonaluri wevrebi ganuld-
nen  

             
( )
( ) 01

01

221211

221211

=+++
=+++

VVV
TTT
βαβα
βαβα

      

am sistemis amonaxsni ase warmoidgineba 

   ( ) ( )12222212

22111122

11121211

22111122

2
,

2 TVTV
ATVTV

TVTV
ATVTV

−
+−

=
−

+−
= βα  

sadac  

       ( ) ( )( )2
122211

2
122211

2
121211222211 42 TTTVVVTVTVTVA −−−−+=  

amitom sistemis lagranJis funqcia miiyvaneba saxeze 

            ( ) ( )2
2

2
2

2
2

22
1

2
1

2
1

1

22
Θ−Θ+Θ−Θ= ωω && MML  

sadac           
22

2
12112

221211
2

1

2

2

TTTM

TTTM

ββ

αα

++=

++=
 

da 

          ( )2
122211

1212112222112
2,1 2

2
TTT

ATVTVTV
−

−+
=

m
ω ,  

xolo normaluri rxevebis formebi (Sebrunebuli gardaqmna) ganisaz-
Rvreba TanafardobebiT: 

       22212122121111 , ηηηη RRRR +=Θ+=Θ , 

sadac 

       
αβ
α

αβαβ
β

−
−=

−
==

−
−=

1
,

1
1,

1 22211211 RRRR  

 
ganvixiloT kidev erTi amocana. 
amocana: 

samatomiani molekulis Tavisufali rxevebi 
ganvixiloT wrfivi samatomiani molekula, romlis modeli naCvene-

bia naxazze 28. 
 

 
 

naxazi 28. wrfivi simetriuli samatomiani molekulis modeli 
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kidura atomebis masebi iyos m -is toli, xolo Sua atomisa  M− . 

wonasworobis mdebareobaSi kidura atomebs Soris manZili iyos b2 . si-
martivisaTvis ganvixilavT atomebis rxevas mxolod maTi SemaerTebeli 
wrfis gaswvriv (gaswvrivi rxevebi). amasTan atomebs Soris kavSiri war-
movidginoT maTi SemaerTebeli ori uwonadi zambaris saxiT, romlebsac 
erTnairi  k  sixiste aqvT. am atomebis mdebareobis ganmsazRvrel koor-
dinatebad aviRoT maTi abscisebi. maSin sistemis potencialuri energia  
V  toli iqneba  

 

             ( ) ( )2
23

2
12 22

bxxkbxxkV −−+−−=  

SemovitanoT agreTve atomebis wanacvlebebi wonasworobis mdebareobebis 
mimarT 

                      iii xx 0−=η , 

sadac 

                 02030102 xxbxx −==−  

maSin gvaqvs 

              ( ) ( )2
23

2
12 22

ηηηη −+−=
kkV  

an 

         ( )3221
2
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2
2

2
1 222

2
ηηηηηηη −−++=

kV  

amitom potencialis V̂  matricas aqvs saxe 
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kidev ufro martivad gamoiyureba sistemis kinetikuri energia 
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ηηη &&&
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romlis matrica diagonaluria 
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amitom sistemis saukunoebrivi gantoleba aseT saxes miiRebs 

          0
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TV
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rac gvaZlevs gantolebas 

                ( ) ( )[ ] 02 222 =−+− MmmMkmk ωωω  
misi amonaxsnebia 

               ⎟
⎠
⎞

⎜
⎝
⎛ +===

M
m

m
k

m
k 21,,0 321 ωωω  

aqedan pirveli amonaxsni, 01 =ω , ucnaurad gamoiyureba, radgan is ar 
eTanxmeba warmodgenas rxeviTi moZraobis Sesaxeb, rameTu nulovani six-
Sirisas saTanado mTavari koordinati ar Seasrulebs rxeviT moZraobas, 
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aramed daakmayofilebs gantolebas,  ,0=Θ&&  rac Tanabar moZraobas 
eTanadeba da ara rxevas. es arc aris gasakviri, radgan molekulas, 
rogorc mTlians, SeuZlia Seasrulos gadataniTi moZraoba. am dros misi 
potencialuri energia ar Seicvleba. amitom iyo, rom nulovani sixSiris 
modas davarqviT myarsxeulovani moda. 

2ω -is zogadi amonaxsnidan Cans, rom am SemTxvevas adgili eqneba, 
roca potencialuri energia ar aris dadebiTad gansazRvruli. 

swored aseT SemTxvevasTan gvaqvs axla saqme, radgan zemoT moyva-

nili potencialuri energia gadaiqceva nulad, roca 321 ηηη == , anu 

molekulis Tanabari gadataniTi moZraobis dros.  

raki 01 =ω  sixSire Cvens amocanaSi fizikurad saintereso ar aris, 
sasurvelia misi gamoricxva, anu amocanis iseTnairi modificireba, rom 
es nulovani fesvi aRar gvqondes. amas yvelaze iolad mivaRwevT, Tu 
moviTxovT, rom molekulis, rogorc mTlianis, gaswvrivi wanacvleba  ar 
xdebodes, anu, rac igivea, molekulis masaTa centri iyos uZravi (vTqvaT, 
mudmivad imyofebodes koordinatTa saTaveSi). maSin gveqneba piroba 

                   ( ) 0321 =++ Mxxxm  

am pirobis gamoyenebiT lagranJianidan SegviZlia gamovricxoT erT-erTi 
koordinati da miviRoT amocana ori Tavisuflebis xarisxiT. davubrun-
deT axla zemoT miRebuli sakuTari sixSireebis gamokvlevas. advilad 

mivxvdebiT, rom  2ω  SegviZlia ganvixiloT rogorc  k  sixistis zam-
baraze damagrebuli m  masis nawilakis rxevis sixSire. amitom moveliT, 

rom am sixSiriT irxevian mxolod kidura atomebi, xolo SuaTana am 
dros uZravi rCeba. es molodini marTldeba normaluri koordinatebis 
ganxilvisas molekulis lagranJianSi: 

            ( ) ( ) ( )[ ]2
23

2
21

2
2

2
3

2
1 222

xxxxkxMxxmL −+−−++= &&&  

SemovitanoT isini Semdegi TanafardobebiT: 

                   3131 , xxxx sa −=Θ+=Θ  

an Sebrunebulad; 

                   ( ) ( )sasa xx Θ−Θ=Θ+Θ=
2
1,

2
1

31  

Casmis Sedegad miiReba 

              22
2

2
22

4444 sasa
k

M
km

M
mL Θ−Θ−Θ+Θ=

μμ &&  

aqedan miRebuli lagranJis gantolebebi iZlevian Semdeg moZraobis gan-
tolebebs: 

               0=Θ+Θ ss m
k&& , 

               
( ) 02

=Θ
+

+Θ aa mM
Mmk&& . 

vxedavT, rom am (normaluri) koordinatebis rxevebis sakuTari sixSireebi 
zustad emTxveva zemoT (saukunoebrivi gantolebidan) miRebul six-
Sireebs. amave dros aRar gvaqvs nulovani moda.  
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V – 4.         ori sxeulis amocana 
 
 
 
ase ewodeba ori nawilakisagan Semdgari Caketili meqanikuri sis-

temis moZraobis amocanas. amasTan nawilakebi urTierTqmedeben erT-
maneTTan maT Soris manZilze damokidebuli ZalebiT. 

Teoriuli TvalsazrisiT es amocana imiTaa saintereso, rom mra-
vali (2-ze meti) sxeulis amocanisgan gansxvavebiT uSvebs srul da 
zust amoxsnas zogad SemTxvevaSi. rac Seexeba amocanis praqtikul 
Rirebulebas, misi mniSvneloba Zalzed didia. ori sxeulis amocana 
safuZvlad udevs ciur meqanikas da xelovnuri Tanamgzavrebis moZ-
raobas, nawilakTa dajaxebisa da gafantvis procesebs. ori sxeulis 
amocanis klasikuri amoxsnebis dros gamoyenebuli ideebi war-
moadgenen kvanturi meqanikis safuZvlebs da gvexmareba atomuri da 
birTvuli fizikis bevri mniSvnelovani amocanis gaazrebaSi. 

gadauWarbeblad SeiZleba iTqvas, rom ori nawilakis amocana aris 
mTeli fizikis fundamenturi amocana.   

qvemoT am amocanas ganvixilavT jer moZraobis gantolebaTa da 
Senaxvis kanonebis gamoyenebiT, xolo SemdgomSi kvlav davubrundebiT 
mas lagranJis da hamiltonis meTodebis farglebSi. 

amrigad, vixilavT 2 nawilakis Caketil sistemas masebiT 1m  da 

2m , romelTa radius-veqtorebi nebismieri aTvlis sistemis mimarT 

iyos 1r
r
 da 2r

r
. rogorc iTqva, maTi urTierTqmedebis Zalebi damokide-

bulia maT Soris manZilze: )( 2112 rrF rrr
−  da )( 2121 rrF rrr

− . amitom nawilakTa 

moZraobis (niutonis) gantolebebs eqnebaT saxe: 

                        =11rm &&r )( 2112 rrF rrr
−                     (V – 4. 1) 

                =22rm &&r −=− )( 2121 rrF rrr
)( 2112 rrF rrr

−             (V –4. 2) 
am gantolebaTa SekrebiT miiReba: 

                          02211 =+ rmrm &&r&&r ,                    (V – 4. 3) 
rac niSnavs, rom Tu SemovitanT e.w. masaTa centris radius- 

veqtors cR
r
, TanafardobiT: 

                     
M

rmrmRc
2211
rrr +

=  ,             21 mmM +=  

maSin (V – 4. 3) gveubneba 

                                                  0=cRM &&r  
  Aanu sistemis masaTa centri moZraobs mudmivi siCqariT: 

                            constRV cc == &rr
 

aqedan martivad vpoulobT masaTa centris radius-veqtoris cvli-
lebis kanons: 

                            cocc RtVR
rvr

+⋅=                       (V – 4. 4) 
e.i. sistemis, rogorc mTlianis moZraobis kanoni cnobilia. dagvrCa gan-
vsazRroT nawilakTa urTierTmoZraobis anu fardobiTi moZraobis ka-
noni. 

nawilakTa fardobiT moZraobas aRwers radius-veqtori 

                        21 rrr rrr
−=                                (V – 4. 5)  
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amrigad, amocanis gasaanalizeblad nacvlad 1r
r
, 2r
r
 cvladebisa mizan-

Sewonilia SemovitanoT sxva ori cvladi: ),( rRc
rr
 zemoT moyvanili 

TanafardobebiT. am Tanafardobebidan SegviZlia cvladTa gardaqmna 
CavweroT pirdapiri saxiTac: 

                         r
M
mRr c

rrr 2
1 +=   

                                                          (V – 4. 6) 

                     r
M
mRr c

rrr 1
2 −=   

xolo moZraobis (V–4.1, 2) gantolebebs ase movepyraT: pirveli maTgani ga-

vamravloT  2m -ze, meore 1m -ze da gamovakloT miRebuli gantolebebi. 
axali cvladebis gamoyenebiT gantolebebis sxvaoba ase Caiwereba 

                         )(1221 rFMrmm rr
&&r =  

anu Tu SemovitanT e.w. dayvanil masas 

                           
M
mm 21=μ   

fardobiTi moZraobisaTvis dagvrCeba gantoleba: 

                           ( )rFr rr
&&r

12=μ                           (V – 4. 7) 
rac niSnavs, rom fardobiTi radius-veqtori iseTive gantolebas akmayo-
filebs, rasac μ  dayvanili masis nawilaki imave Zalis velSi. 

amrigad, axali cvladebis SemotaniT Cven movaxerxeT 2 nawilakis 
amocanaSi cvladTa gancaleba, rac niSnavs ori moZraobis gancalebas – 
masaTa centrisa da fardobiTi moZraobisa. radgan masaTa centri moZ-
raobs wrfivad da Tanabrad, galileis fardobiTobis principis Tanaxmad 
inerciul sistemad gamodgeba sistema, romelic uZravia masaTa centris 
mimarT.  Tu ase avirCevT AaTvlis sistemas, maSin Sesaswavli dagvrCeba 
mxolod fardobiTi moZraoba, romelic aRiwereba (V–4.7) gantolebiT. am-
rigad, ori nawilakis amocana praqtikulad davida erTi dayvanili masis 
nawilakis moZraobis Seswavlaze ZalTa velSi. 

SevniSnoT, rom roca nawilakebs Soris moqmedi Zalebi potencialu-
ria 

                           ( )
r
V

r
VrrF rr

rrr

∂
∂

−=
∂
∂

−=−
1

2112 ,   

fardobiTi moZraobis gantolebas eqneba saxe 

                           
( )
r
rVr r&&r

∂
∂

−=μ                         (V – 4. 8) 

    SevniSnoT agreTve, rom advilad SegviZlia davakavSiroT 1m Eda 2m  

realuri nawilakebis 1υ
r
 da 2υ

r
 siCqareebi fiqtiuri μ  masis nawilakis υr  

siCqaresTan, risTvisac sakmarisia gavawarmooT drois mixedviT (V – 4. 6) 
Tanafardoba. miiReba 

                υυ rrr

M
mVc

2
1 += ,          υυ rrr

M
mVc

1
2 −=          (V – 4. 9) 

masaTa centris sistemaSi ( )0=cV
r

 es Tanafardoba kidev ufro mar-

tivdeba 

                  υυ rr

M
m2

1 = ,      υυ rr

M
m1

2 −=  
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bunebrivia, rom υr  emTxveva fardobiTi moZraobis siCqares: 

                               21 υυυ rrr
−=  

SemdegisaTvis mizanSewonilia axal cvladebSi gamovxatoT sistemis 
ZiriTadi dinamikuri sidideebi: 

Aa) sruli energia 

               ( ) ( )rV
MV

rVmmE c ++=++=
2222

222
22

2
11 μυυυ

 

b) impulsis momenti 

               [ ] [ ] [ ] [ ]υμυυ rrrrrrrrr
,,,, 222111 rVRMrmrml cc +=+=  

 
rogorc vxedavT, am sidideebSic xdeba masaTa centrisa da fardobiTi 
moZraobebis gancaleba. masaTa centris sistemaSi 

 

                ( )rVE +=
2

2μυ
   da  [ ]υμ rrr

,rl =                (V – 4. 10)    

masaTa centris sistemaSi gamoTvlil inerciis moments xSirad sis-
temis sakuTar moments (spins) uwodeben. 

advili saCvenebelia, rom sruli energiisa da impulsis momentis 
mudmivobidan gamomdinareobs maTi mudmivoba fardobiTi moZraobisTvisac. 

Tu amovxsniT amocanas fardobiTi moZraobisaTvis, e.i. ganvsazRvravT 

fardobiT radius-veqtors )(trr rr
= , realuri 1m  da 2m  nawilakebisaTvis 

koordinatTa gardaqmnis formulebis gamoyenebiT SegveZleba gan-
vsazRvroT maTi radius-veqtorebic. 

ganvixiloT ramdenime kerZo SemTxveva: 

a) 21 mm <<  (aseTi Tanafardoba xorcieldeba, magaliTad sistemaSi 
“planeta – mze”, “wyalbadismagvari atomi”). am SemTxvevaSi radius- 
veqtorebis da dayvanili masis mniSvnelobebi SegviZlia miaxloebiT ase 
warmovadginoT (masaTa centris sistemaSi): 

            r
m
m

r rr
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
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1
1 1 ;  r

m
mr rr

2

1
2 −≈ ,  ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
−≈

2

1
1 1

m
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mμ  

zRvarSi, roca ∞→2m  , gvaqvs 

                     rr rr
=1 ;    02 =rr ,    m=μ  

amrigad, 2 nawilakis sistemaSi moZraoba daiyvaneba msubuqi 1m  

nawilakis moZraobaze uZravi 2m  mZime nawilakis mimarT. 

b) mmm == 21  (aseTi Tanafardoba gvxvdeba zogierT ormag 

varskvlavebSi, agreTve elementarul nawilakTa sistemebSi “neitroni – 
protoni”, “eleqtroni – pozitroni” da a.S.). 

am dros 

                    rr rr

2
1

1 = ,   rr rr

2
1

2 −= , 
2
m

=μ  

rogorc SemdgomSi davinaxavT, gravitaciul velSi garkveul pi-
robebSi SesaZlebelia fiqtiuri μ  nawilakis mdgradi moZraoba wriul 

orbitaze. am dros realuri nawilakebi toli masebiT imoZraveben er-
Tidaimave wriul orbitaze, TiTqosda misdeveno erTmaneTs. astro-
nomiuli dakvirvebebi aCveneben, rom aseT situacias aqvs adgili didi 
daTvis Tanavarskvlavedis ormag varskvlavebSi. 
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(V-5).                   moZraoba centraluri simetriis velSi   

 
 

rogorc vnaxeT, ori 1m  da 2m  nawilakis moZraobis gamokvlevis 

amocana daiyvaneba mis ekvivalentur amocanaze – dayvanili 
21

21

mm
mm
+

=μ  

masis erTi nawilakis moZraobaze gareSe velSi. Tuki am velis poten-
cialuri energia )(rV r

 damokidebulia marto centramde r  manZilze, maSin 
saqme gvaqvs nawilakis moZraobis amocanasTan centraluri simetriis 

velSi. rogorc aRvniSneT, Tu mmm ≡>> 12 , maSin SegviZlia vilaparakoT 
msubuqi m  nawilakis moZraobaze centraluri simetriis velSi, romel-

sac qmnis uZravi mZime nawilaki 2m . swored aseTi SemTxvevis ganxilvaze 

gadavdivarT. 
amrigad, ganvixiloT m  masis wertilovani nawilakis moZraoba cen-

traluri simetriis velSi, romelSic mis potencialur energias aqvs 
saxe )(rVV = , sadac r  aris manZili raime uZrav O  wertilamde, romelsac 
uwodeben velis (an ZalTa) centrs. 

   Aam amocanis ganxilvisas bunebrivia gamoviyenoT Senaxvis ka-
nonebi. saxeldobr, radgan veli )(rVV =  stacionaluria, Seinaxeba 

nawilakis sruli energia E , xolo, centraluri simetriis gamo, l
r
 mo-

menti velis centris mimarT. l
r
 veqtoris mimarTulebis Senaxva niSnavs 

imas, rom nawilakis moZraoba iqneba brtyeli: nawilakis traeqtoria Zevs 

l
r
 veqtoris perpendikularul sibrtyeSi, radgan 0=⋅ lr

rr
. 

momentis veqtori SegviZlia ufro mosaxerxebeli saxiT gadavweroT, 

risTvisac gavixsenoT siCqaris veqtoris gaSla radialur rυ
r
 da brunviT 

ϕυ
r
 mdgenelebad, rac advilad gamoisaxeba, Tuki radius – veqtors war-

movadgenT misi r  modulisa da mis gaswvriv erTeulovani 0̂r
r
 veqtoris 

namravlis saxiT (ix. mag., maTe mirianaSvili; zogadi fizikis kursi, 

nawili I, meqanika, Tsu, 1973), 0̂rrr rr
⋅= . maSin  

    ϕυυυ rrr
+= r ,     

dt
drrr 0̂

rr
=υ ,      

dt
rd

r 0̂
r

r
=ϕυ ,     ϕ&

r

=
dt
rd 0̂ ,   2222 ϕυ && rr += , 

sadac gamoyenebuli gvaqvs polaruli cvladebi ϕ,r . 
maSin naTelia, rom 

                 [ ] [ ]ϕϕ υυυ rrrrrr
,, rmrml r =+= , xolo   ϕ&

r
2mrll =≡   

aq Cven gamoviyeneT cxadi Tanafardobani rr υrr ||  da ϕυ
rr

⊥r . amrigad, ( )ϕ,r  

polaruli sistemis poluss Tu avirCevT ZalTa O centrSi, xolo pola-
ruli RerZis mimarTulebebs jerjerobiT nebismierad CavTvliT, 
nawilakis V(r) velSi moZraobis Seswavla daiyvaneba r(t) da )(tϕ  funqciebis 
gansazRvraze. es ukanaskneli ki yvelaze advilad gadawydeba, Tu vis-
argeblebT zemoaRniSnuli moZraobis integralebiT 

                   ( ) )(
2

222 rVrrmE ++= ϕ&&                        (V – 5. 1)    
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                    ϕ&2mrl =                                 (V –5. 2)  
es tolobebi ucnobi r(t) da  )(tϕ  funqciebis mimarT pirveli rigis 

diferencialur gantolebebs warmoadgenen. 
amave dros r da ϕ  cvladebi am gantolebebSi advilad caldeba, 

radgan momentis gantolebidan kuTxur ϕ&  siCqares gamovsaxavT 

                           2mr
l

=ϕ&     (V – 5. 3)    

lagranJis formalizmis TvalsazrisiT l -is Senaxva gamomdinareobs 
iqidanac, rom ϕ  kuTxe lagranJianisTvis, romelic E –s gamosaxulebisgan 

V(r) – is win minus niSniT gansxvavdeba, aris cikluri koordinata da misi 
Sesabamisi ganzogadebuli impulsia 

                        lmrLp ==
∂
∂

= ϕ
ϕϕ &
&

2    (V – 5. 4)   

amitom ϕ& -ic gamoiricxeba, Tu (V–5.3)-s gamoviyenebT energiis ga-
mosaxulebaSi 

                          )(
2

2

rVrmE eff+=
&

                     ( V – 5. 5)  

sadac 

                     2

2

2
)()(

mr
lrVrVeff +≡                        (V – 5. 6) 

am funqcias uwodeben erTganzomilebian efeqtur potencials. am 
terminiT xazgasmulia, rom centraluri simetriis SemTxvevaSi nawilakis 
radialuri moZraoba SeiZleba ganvixiloT rogorc erTganzomilebiani 

moZraoba efeqturi )(rVeff   potencialuri energiis velSi. “efeqturi erT-

ganzomilebiani moZraoba” centralur velSi imiT gansxvavdeba wminda 
erTganzomilebiani moZraobisagan, rom Tavisi SinaarsiT r  koordinata 
dadebiTad aris gansazRvruli ∞≤≤ r0 . es principul gansxvavebas iZleva 
SesaZlo moZraobaTa klasifikaciaSi. 

gavixsenoT, rom  )(rVeff  –Si  Semaval wevrs 2

2

2mr
l

, xSirad centrgamSor 

potencials uwodeben. Tumca unda aRvniSnoT, rom es saxelwodeba mTlad 
Sesatyvisi ar aris, radgan sinamdvileSi es sidide aris nawilakis ki-
netikuri energiis nawili, romelic dakavSirebulia mis brunviT moZrao-
basTan velis centris mimarT. 

gavixsenoT agreTve, rom brtyeli moZraobisaTvis momentis Senaxvas 

martivi geometriuli Sinaarsi gaaCnia. gamosaxuleba ϕrdr ⋅
2
1

 geometriu-

lad aris im seqtoris farTobi, romelic Seqmnilia ϕd  kuTxiT gaSlili 
or usasrulod axlos mdebare radius – veqtorisa da traeqtoriis rka-
lis elementiT. (ix. nax. 29) 
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naxazi 29 
 

Tu am farTobs S –iT aRvniSnavT, nawilakis momenti asec Caiwereba 

                               Sml &2=                        (V – 5. 7) 
ciur meqanikaSi S –is warmoebuls, S& -s uwodeben seqtorul siCqares. 

amitom, momentis Senaxva niSnavs seqtoruli siCqaris mudmivobas –drois 
nebismier tol SualedebSi moZravi wertilis radius-veqtori Semowers 
tol farTobebs. esaa cnobili kepleris meore kanoni. amave dros gavix-
senoT, rom kepleris I kanonis Tanaxmad  nawilakis (planetis) 
traeqtoria brtyeli wiria, rac, rogorc zemoT iTqva, gamomdinareobs 
momentis veqtoris mimarTulebis Senaxvidan. 

qvemoT ganvixilavT e.w. kepleris amocanas – nawilakis moZraobas 
gravitaciul velSi da miviRebT kepleris me–3 kanonsac. 

axla SevudgeT gantolebaTa integracias. (V–5.5) gantolebidan 
amovxsnaT r&   

                        ))((2 rVE
mdt

drr eff−±==&  

aq trivialurad xerxdeba r da t cvladebis gancaleba da viRebT 

                        

( ))(
2

rVEm
drdt

eff−
±=                     (V – 5. 8) 

romlis integracia iZleva 
  
              (V – 5. 9) 
 
 
 

am gamosaxulebidan principSi SeiZleba ganisazRvros r, rogorc 
drois funqcia r(t) , romlis Casma (V– 5. 3) –Si mogvcems kidev erT saZiebel 
funqcias: 

( )
0

)(
2

t
rVEm

drt

eff

+
−

±= ∫
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                         ∫ += 02 )(
)( ϕϕ

tr
dt

m
lt                    (V – 5. 10) 

miRebuli gamosaxulebebi, romlebsac moZraobis meore integraleb-
sac uwodeben, iZlevian nawilakis V(r) potencialur velSi moZraobis 
srul amoxsnas. amocanis miRebuli sruli amonaxsni, rogorc unda yo-

filiyo,  Seicavs nebismier mudmivebs, ),( 00 ϕt , romlebic unda gani-

sazRvron sawyisi pirobebidan. integralis win niSnis arCeva unda moxdes 

sawyisi radialuri siCqaris niSnis mixedviT, )0(0 rr && = . 

nawilakis moZraobis  traeqtoria sibrtyeSi )(ϕrr =  SeiZleba gan-

vsazRvroT 2 gziT. jer erTi, zogjer SesaZlebeli xdeba t drois 
gamoricxva  r(t)  da )(tϕ funqciebidan, romlebic meore integralebiTaa 
mocemuli. 

garda amisa, traeqtoriis gantolebis miReba SegviZlia ubralo 
kvadraturebiTac. marTlac (VI – 5. 3)-Si (VI – 5. 8)-is gamoyenebiT miviRebT 

                          [ ])(2

2

rVEm

dr
r
l

d
eff−

±=ϕ ,                (V –5. 11) 

saidanac 

                         [ ] 02 )(2
ϕϕ +

−
±= ∫ rVEmr

ldr

eff

           (V – 5. 12) 

es gamosaxuleba aris centraluri simetriis velSi moZravi 
nawilakis traeqtoriis zogadi gantoleba, radganac is principulad 

)(ϕrr =  funqciis povnis saSualebas iZleva. 

ganvixiloT axla SemTxveva, roca V(r) velSi moZravi nawilakis 
traeqtorias gaaCnia pericentri P, e.i. wertili, romelSic r cvladi 

iRebs minimalur mniSvnelobas, 0min ≠r . am SemTxvevaSi polarul RerZebad 

mosaxerxebelia aviRoT OP wrfe, romelic gadis nawilakis traeqtoriis 
P pericentrze da ewodeba afsida (ix.nax.30)   

 

 
  
 
 

naxazi 30 



 111

maSin pericentris mqone traeqtoriis gantoleba iRebs saxes: 
 

                         [ ]∫ −
±=

r

r eff rVEmr
ldr

min
)(22

ϕ               (V – 5. 13) 

am integralis win ori niSnis arseboba GgviCvenebs, rom nawilakis 
saTanado traeqtoria simetriulia OP afsidis mimarT. marTlac 

traeqtoriis nebismieri ),( 00 ϕrM  wertilisaTvis iarsebebs  OP afsidis 
mimarT misi simetriuli wertili ),( 00 ϕ−′ rM . 

amitom P pericentris mqone traeqtoriis gantoleba SegviZlia ase 
warmovadginoT 

                        [ ]∫ −
=

r

r eff rVEmr
ldr

min
)(22

ϕ                 (V – 5. 14) 

sanam  moZraobis zogad gamokvlevaze gadavidodeT, ganvixiloT erTi 
magaliTi. 

magaliTi: m  masis nawilaki MmoZraobs centraluri simetriis velSi, 

romelSic misi potencialuri energiaa  2

2

2
5)(

r
mrV α

−= . moaxdineT MmoZrao-

bis gantolebis integracia, Tu cnobilia, rom 0)0( rr = , 
0

0
5)0(

r
αυυ ==  da 

5
1sin =θ , sadac 

2
πθ >  aris kuTxe )0(rr  da )0(υr  veqtorebs Soris. gansaz-

RvreT nawilakis traeqtoria (polarul RerZad aiReT ZalTa centris da 
nawilakis sawyisi mdebareobis SemaerTebeli wrfe): 

amoxsna: 
   upirveles yovlisa, sawyisi pirobebidan ganvsazRroT amocanis 

parametrebi 

                 0
2

5
2

5
2

5
2 2

0

2

2
0

2

2
0

22
0 =−=−=

r
m

r
m

r
mm

E αααυ
 

                        αθυ mmrl == sin00  

                  2

2

2

22

2

2 2
22

5
r
m

mr
m

r
mVeff

ααα
−=+−=  

CavsvaT axla yvelaferi (V – 5. 9) formulaSi 

                              ∫ −=

⎥
⎦

⎤
⎢
⎣

⎡
+

−=−
αα 4202

2

2

20
r

r
m

m

drtt                         (V – 5. 15) 

aq integralis win aviReT “–“ niSani, radganac pirobis Tanaxmad 

sawyisi radialuri siCqare uaryofiTia (
2
πθ > ). 

axla (V – 5. 15) – dan sawyisi pirobebiT vipoviT 

                          
α4

2
0

0
r

t =   

amitomac 

                         trr ⋅−= α42
0

2    

es funqcia CavsvaT (V – 5. 10) gantolebaSi da CavataroT integracia 
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                                      ∫ ∫ +
⋅−

=+= 02
0

02 4)(
)( ϕ

α
ϕϕ

tr
dt

m
l

tr
dt

m
lt  

anu  

                 )4ln(
4
1 2

00 tr ⋅−−= αϕϕ  

axla raki polaruli RerZi centrs aerTebs nawilakis sawyis mde-

bareobasTan, unda aviRoT 0)0( =ϕ , roca 0rr = . 

amitom 

                                2
00 ln

4
1 r=ϕ     

da sabolood 

                        
tr

r
t

⋅−
=

α
ϕ

4
ln

4
1)( 2

0

2
0                     (V –5. 16) 

 
   traeqtoriis misaRebad SegviZlia pirveli gza avirCioT. miRebuli 
amonaxsnebidan gamovricxoT t : miiReba traeqtoriis gantoleba pa-
rametruli saxiT 

                          ϕ2
0

−= err                             (V – 5. 17) 
 

   Aamrigad, gansaxilavi nawilaki, romelic moZraobs E = 0 energiiT da 
aqvs αml =  momenti “ecema” ZalTa centrs logariTmuli spiralis gav-
liT (nax.31), 

 

 
                                   naxazi 31 
 
 

dacemis τ dro moiZebneba pirobidan 0=r  anu 

                            
α

τ
4

2
0r=     

am droSi nawilaki aswrebs Semoweros usasrulod bevri xvia. 
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 (V – 6). centraluri simetriis velSi MmoZraobis Tvisebrivi  ga-
mokvleva 

 
    
sanam moZraobis zogadi amonaxsnis analizs SevudgebodeT ama Tu im 

centraluri simetriis velisaTvis, mizanSewonilia CavataroT  moZraobis 
Tvisebrivi  gamokvleva, e.i. ganvsazRvroT r koordinatis dasaSvebi da 
akrZaluli areebi, movZebnoT mobrunebis wertilebi, romlebic ga-
nacaleben dasaSveb areebs akrZalulisgan da davadginoT moZraobis 
xasiaTi TiToeul dasaSveb areSi. 

aseTi Tvisebrivi analizi centraluri simetriis )(rV velSi moZrao-

bisa tardeba erTganzomilebiani )(rVeff  efeqturi potencialis grafikebis 

meSveobiT, romlebsac ageben impulsis l  momentis sxvadasxva fiqsire-
buli mniSvnelobebisaTvis.  

 

   )(rVeff  funqciis grafikebiT da sruli E  energiiT pirvel rigSi 

SeiZleba ganvsazRvroT r  cvladis cvlilebis are, romelSic klasikuri 
meqanikis kanonebiT dasaSvebia moZraoba (klasikurad dasaSvebi areebi). 

marTlac, radgan realuri nawilakis kinetikuri energia 
2

2rm&
 unda iyos 

dadebiTad gansazRvruli sidide, energiis Senaxvis (V – 5.5) kanonidan ga-
momdinareobs utoloba: 

                       ,0)( ≥− rVE eff                             (V – 6.1) 
romelic gansazRvravs r koordinatis cvlilebis areebs. mobrunebis 

wertilebi (anu moZraobis sazRvrebi) ganisazRvreba gantolebiT   
                       )(rVE eff= .                               (V – 6.2)  
   Tvisebrivi gamokvlevis magaliTad aviRoT Semdegi saxis poten-

cialuri energia 

                       nr
rV α

−=)(                               (V – 6.3) 

   SevniSnoT, rom aseTi funqciis arCeviT Cven movicavT fizikuri 
amocanebis sakmaod farTo klass. marTlac, Tu 1=n , saqme gveqneba ku-

lonur velTan, romlisTvisac α  aris muxtebis namravli 21qkq=α (ato-

muri fizikis amocanebi), xolo gravitaciuli velisaTvis 21mGm=α  (ci-

uri meqanikis amocanebi). aseTi potencialuri funqcia, roca 6=n , gamoi-
yeneba molekuluri fizikis amocanebSi molekulebs Soris 
urTierTqmedebis aRsawerad (van–der–vaalsis potenciali).  

 
ganvixiloT jer SemTxveva, roca 
                     0>α   da  21 << n   

(sustad singularuli mizidvis veli). efeqturi potenciali aranulovani 
0≠l  momentiT ase gamoiyureba: 

                      2

2

2
)(

mr
l

r
rV neff +−=

α
                       (V – 6.4) 

am funqciis savaraudo grafiki mocemulia nax. 32-ze  
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naxazi 32                         naxazi 33 

 
SevniSnoT, rom Tvisebrivi gamokvlevisaTvis ar aris aucilebeli 

gasakuTrebuli sizustiT gamovxazoT )(rVeff -is mrudi. sakmarisia jer 

SeviswavloT am mrudis asimptotikebi, roca 0→r  da ∞→r , xolo Sem-
deg davxazoT grafiki misi eqstremumebis da r  RerZTan gadakveTis wer-
tilebis raodenobis gaTvaliswinebiT. naxazze asimptoturi ubnebi 
gamsxvilebuli wirebiTaa warmodgenili. 

naxazze horizontaluri wyvetili wrfeebiT naCvenebia E  energiis 

mniSvnelobebi. Cans, rom roca 0>E , dasaSvebi area ( )∞,1r , e.i. mTeli 

usasrulo sibrtye 1r  radiusis wris gamoklebiT. amrigad, am SemTxvevaSi 

nawilakis moZraoba aris infinituri, romelic xorcieldeba hiperbo-
luri tipis traeqtoriaze. amasTan nawilaki SeiZleba movides usasru-

lobidan, miuaxlovdes ZalTa O  centrs 1r  manZilamde da kvlav usasru-
lobaSi wavides. nax. 33-ze akrZaluli are daStrixulia. amrigad, am 
SemTxvevaSi saqme gvaqvs gafantvis procesTan. 

aseTi xasiaTi aqvs moZraobas nebismieri dadebiTi sruli E  ener-
giiT, 0>E . 

analogiuria moZraoba nulovani energiis )0( =E  drosac. iTvalis-
wineben ra am SemTxvevis Sualedur (gardamaval) xasiaTs dadebiT da 
uaryofiT energiebs Soris, miRebulia CavTvaloT, rom 0=E  mniSvnelo-
biT moZraoba aris paraboluri tipisa, raSic qvemoT davrwmundebiT  
cxad magaliTze. 

roca 0<E , dasaSvebi are warmoadgens rgols, romelic Semosaz-

Rvrulia 3r  da 4r  radiusis wrewirebiT. amitom, moZraoba am dros fini-

turia. eqvivalentur ornawilakovan amocanaSi 1m  da 2m  masis nawilake-
biT, gvaqvs mdgomareoba, roca nawilakebi erTmaneTs usasrulod ar 
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Sordebian. atomuri fizikis amocanebSi es eTanadeba eleqtronis da 
protonis, ori atomis an molekulis bmul mdgomareobebs. 

finituri moZraobis traeqtoriebs ( )43 , rr  potencialur ormoSi 

uwodeben elifsuri tipis traeqtoriebs. aseTi traeqtoriebi iqneba 
Caketili orbitebi marto im SemTxvevaSi, roca r  da ϕ  cvladebis 

cvlilebis periodebi  rT  da ϕT  urTierTTanazomadia , e.i. Tu  

                   [ ] q
rVEmr

ldrr

r eff

⋅=
−

=Δ ∫ πϕ 2
)(2

2
max

min

2
,              (V – 6.5) 

anu 
 

                  [ ] qrVEm
l

r

r
eff ⋅=−

∂
∂

−=Δ ∫ πϕ 2)(22
max

min

,              (V – 6.6) 

 
sadac q  aris racionaluri ricxvi (mTeli an wiladi).  

traeqtoriis Caketiloba niSnavs, rom es kuTxe iyos π2 -s racion-

aluri ricxvi 
n
mπ2 , sadac nm, - mTeli ricxvebia. maSin n  mobrunebis 

Semdeg (am periodis n - jer gameorebis Semdeg) wertilis radius-veqtori 
m  srul bruns Seasrulebs da daubrundeba Tavdapirvel mniSvnelobas, 
e.i. traeqtoria Caiketeba. 

raki r - is cvlileba ormxrivadaa SemosazRvruli finituri moZrao-

bis dros (are 43 , rr ), traeqtoria mTlianad Zevs rgolis SigniT, romelic 

SemosazRvrulia maxrr =  da minrr =  radiusiani wrewirebiT. cxadia, es ar 

niSnavs, rom traeqtoriebi aucileblad Caketili mrudebia. r -is mTel 

intervalSi maxrr = , minrr =  cvlilebis droSi (anu maxrr = -dan minrr = - mde 

da Semdeg kvlav maxrr = - mde) nawilakis radius-veqtori Semobrundeba ϕΔ  

kuTxeze, romelic (V – 6.5) formuliT gamoisaxeba.  
nebismier centraluri simetriis velSi, romelic ragind mcired 

gansxvavdeba qvemoT aRniSnuli 2 potencialisagan, ϕΔ  ar aris π2 -s ra-
cionaluri jeradi ricxvi. amitom zogad SemTxvevaSi finituri moZrao-
bis traeqtoria ar aris Caketili. moZraobis procesSi nawilaki usasru-
lod bevrjer gadis pericentrsa da apocentrze da usasrulod didi 

drois ganmavlobaSi ragind mkvrivad avsebs ( )43 , rr  rgols. aseT traeqto-

riebs uwodeben rozetebs (nax. 34).   

 
naxazi 34  
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maTze moZraoba SegviZlia TvalsaCinod warmovidginoT, rogorc 
nawilakis moZraoba elifsze didi naxevarRerZis precesiiT ZalTa cen-
tris mimarT.  

rodesac min)( effVE → , rgoli ( )43 , rr  ikumSeba 0r  radiusis wreSi, ro-

melzec xdeba nawilakis moZraoba. Aam wriul orbitaze moZraoba mdgra-

dia, radganac 0r  wertils Seesabameba efeqturi potencialis minimumi. es 

ki niSnavs , rom mcire SeSfoTebas ar SeuZlia Secvalos misi wriuli 
orbita. 

α  da n  imave mniSvnelobisTvis, oRond 0=l  SemTxvevaSi efeqturi 
potencialis grafiki mocemulia nax. 35-ze     

 
naxazi 35  

   Aam dros dasaSvebi areebia:  

a). Tu 0≥E  _ MmTeli usasrulo sibrtye ( )∞,0 . 

b). Tu 0≤E  _ are ( )0,0 r  

nebismieri sawyisi pirobebis SemTxvevaSi moZraoba wmindad ra-
dialuria (erTganzomilebiani). marTlac, 0=l  tolfasia moTxovnis 0=ϕ&  
anu const=ϕ . 

E  energiis nebismieri mniSvnelobebisas SesaZlebelia nawilakis CaW-
era centris mier: roca −≥ 0E ragind didi manZilidan; roca 0<E - man-

Zilidan 0rr ≤ . Tu 0≥E  da 0)0( >r& , maSin nawilaki wava usasrulobaSi. 

axla SeviswavloT mizidvis singularuli veli, n >2. Se-
movisazRvroT aranulovani momentiT 0≠l . Aam SemTxvevisaTvis efeqturi 
potencialis grafiks aqvs nax. 36-ze  gamosaxuli saxe: 

 
naxazi 36 
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   dasaSvebi areebia:  

   a). roca 0≤E  - wre radiusiT 21 rr ≤ .   

   b). roca −> max)( effVE mTeli usasrulo sibrtye ( )∞,0 . 

g) roca −<< max)(0 effVE gvaqvs 2 dasaSvebi are: ( )3,0 r  da ( )∞,4r , 

romlebic erTmaneTisgan gayofilia potencialuri barieriT ( )., 43 rr  

nawilakis moZraobis xasiaTi aseTia: ( )1,0 r  areSi _ centrze dacema 
sasrulo manZilidan, rac, rogorc wesi, xdeba spiraluri traeqtoriebis 
gaswvriv (gavixsenoT zemoT ganxiluli amocana). calkeul SemTxvevvebSi 
nawilakis centrze dacema xorcieldeba ufro martiv traeqtoriebze, ma-
galiTad, wrewiris rkalze. roca  0≤E , nawilakis CaWera centris mier 
xdeba misi radialuri siCqaris niSnis miuxedavad: roca 0)0( <r& , nawilaki 

ecema centrs, uaxlovdeba ra mas ganuwyvetlad, xolo roca  0)0( >r& , 

nawilaki raRac 1t  momentamde, sanam ar miaRwevs mobrunebis 1r  wertils 

da ar Seicvlis radialuri siCqaris mimarTulebas, Sordeba  centrs, 
xolo Semdeg iwyebs masze dacemas. 

nawilakis centrze dacemis piroba SegviZlia miviRoT Tavdapirveli 
(V –5.1) gantolebiT, romelic ase gadavweroT 

                           Er
m

lrVr 2
2

2

2
)( ≤+    

Dda r  mivaswrafoT nulisken. maSin es piroba miiRebs saxes: 
 
                                         (V – 6.7) 
 

zemoT ganxiluli xarisxovani nr
V α

−=  potencialisaTvis  es piroba 

Sesruldeba, roca  

 Tu     ml 2/2>α             (V –6.8) 
 Tu     0>α    

     
    swored amazea damyarebuli potencialTa dayofa sustad da Zlierad 
singularul velebad. 

Zlierad singularul velSi, roca ( )
maxeffVE >  SesaZlebelia 

nawilakis CaWera ragind didi manZilebidan, Tu 0)0( <r& . magram Tu 

0)0( >r& , maSin nawilaki wava usasrulobaSi nebismieri sasrulo manZili-
dan. 

roca ( )
maxeffVE =  da 0)0( =r&  _ SesaZlebelia nawilakis   moZraoba   

4r radiusis wriul orbitaze. magram es moZraoba Zlier aramdgradia: 
nawilakisaTvis ragind mcire radialuri impulsis miniWebisas is an 
ecema centrs an midis usasrulobaSi.  

roca ( )
max

0 effVE << , maSin nawilaki, misi sawyisi koordinatis )0(r -is 

mniSvnelobis mixedviT moZraobs ( )3,0 r  an ( )∞,4r  areebSi. amasTan pirvel 

areSi moZraoba arafriT gansxvavdeba centrze dacemisagan, roca 0≤E . 

moZraoba ( )∞,4r  areSi aris infinituri da mimdinareobs hiperboluri 
tipis traeqtoriebze, e.i. gvaqvs gafantvis procesi. 

mizidulobis velSi 2=n  SemTxvevaSi erTganzomilebian efeqtur  
 

[ ]
m

lrVr
r 2

)(lim
2

2

0
−<

→

⎩
⎨
⎧

>
=

,2
,2

n
n



 118

potencials aqvs saxe                                       
 

Tu ml 2/2>α  
 

Tu ml 2/2<α  
 

am funqciebis grafikebi mocemulia  (nax. 37 a, b) –ze. 
 

 
 
 
                (a)                                             (b)       

naxazi 37 

am grafikebidan Cans, rom roca 22 lm >α  nebismieri E  energiisa da 
0)0( <r& -Tvis xdeba nawilakis dacema centrze (sasrulo an ragind didi 

manZilidan), xolo  roca 22 lm <α , SesaZlebelia mxolod infinituri 

moZraoba 0>E  dadebiTi energiiT. 
bolos ganvixiloT nawilakis moZraoba ganzidvis velSi 

                           ,)( nr
rV α
=   ( )0,0 >> nα  

am dros efeqturi potencialis grafiki gamoiyureba winamdebare 
naxazis b) grafikis msgavsad. aqedan Cans, rom ganzidvis velSi mxolod 
infinituri moZraobaa SesaZlebeli dadebiTi energiiT. 

 
 
 
 
magaliTi. gansazRvreT nawilakis SesaZlo traeqtoriebi sferul 

sworkuTxa potencialur ormoSi 

                             
⎩
⎨
⎧

>
<−

=
Rr
RrV

rV
,0

,
)( 0   

Aamoxsna. Aam velSi moZraobis Seswavlisas aucilebelia gaviTvalis-
winoT, rom R radiusis sferos SigniT da gareT nawilaki MmoZraobs Ta-
nabrad da wrfivad, Sesabamisad, siCqareebiT 

( )

( )⎪
⎪
⎩

⎪⎪
⎨

⎧

−

−−
=

,2/1

,2/1

2
2

2
2

α

α

ml
r

ml
rVeff
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                   ( )01
2 VE
m

+=υ     da   
m
E2

2 =υ  

am sferos zedapirze xdeba misi moZraobis mimarTulebis Secvla 
usasrulod didi Zalis gavleniT. efeqturi potencialis mrudi gamosax-
ulia nax. 38-ze. 

 
naxazi 38 

 

dasaSvebi areebia: ( )Rr ,3 , roca 0
2 02 <<− EV
mR
l

; areebi ( )Rr ,2  da ),( 4 ∞r , 

roca 2

2

2
0

mR
lE <<  da are ( )∞,1r , roca 2

2

2mR
lE > . 

( )Rr ,2  da ( )Rr ,3  areebSi MmoZraoba aris finituri da xdeba texil 

wrfeebze, romlebic mravaljeradad aireklebian aris erTi  sazRvridan 

da exebian mis meore sazRvars (nax. 39a). ),( 4 ∞r  areSi --infinituri moZ-

raoba, roca  2

2

2
0

mR
lE <<  da Rr >)0( , xdeba wrfeebze, romlebic exebian 

4r  radiusis wrewirebs (nax. 39b)  dabolos, roca 2

2

2mR
lE >  xdeba 

traeqtoriebis gardatexa (nax.39g). 
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   A  

           (a)                      (b)                     (g) 
                                naxazi 39 
 

amocanebi: 
1. aintegreT simZimis Zalis velSi konusis zedapirze moZravi mate-

rialuri wertilis moZraobis gantoleba, Tu konusi moTavsebulia ver-
tikalurad wveroTi qvemoT da wverosTan gaSlis kuTxea .2α  

2.  aintegreT brtyeli saqanis moZraobis gantoleba, romlis  1m  ma-
sis dakidebis wertili asrulebs moZraobas horizontaluri mimarTule-
biT (ix. nax. 40). aCveneT, rom am orive amocanaSi saqme gvaqvs elifsur 
integralTan.    

 
naxazi  40 

 
3. aCveneT, rom Tu nawilaki moZraobs wris rkalis gaswvriv cen-

traluri mizidvis Zalis moqmedebiT, romelic mimarTulia imave wre-
wiris wertilisaken, maSin es Zala aRmoCndeba manZilis mexuTe xarisxis        
ukuproporciuli. 

arsebobs bertranis Teorema, romelic amtkicebs, rom erTaderTi 
centraluri simetriis potencialebi, romlebisTvisac bmuli mdgo-
mareobebis orbitebi nebismieri sawyisi pirobebisas Caketili mrudebia, 

arian kulonuri potenciali 
r

rV α
−=)(  da samganzomilebiani izotro-

puli oscilatoris potenciali 
2

)(
2krrV = . am Teoremis samarTlianobaSi 

advilad davrwmundebiT qvemoT.  
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V-7.   moZraoba Caketil periodul orbitebze (orbitis Caketilobis  
              pirobebi).   bertranis Teorema 
 
 
dasadgeni gvaqvs orbitebis Caketilobis pirobebi moZraobis gan-

tolebis cxadi amoxsnis gareSe. saxeldobr, Turme SesaZlebelia mivi-
RoT metad mZlavri Teorema mizidvis xasiaTis centraluri Zalebis Ses-
axeb, romlebic iZlevian Caketil orbitebs, anu orbitebs, romlebzec 
nawilaki periodulad imeorebs Tavis nakvalevs.  

pirvel rigSi aRvweroT ZalTa centris irgvliv kerZo saxis Caketil 
orbitaze, saxeldobr,  wrewirze moZraoba. nebismieri mocemuli l  momen-
tisaTvis nawilaki imoZravebs wreze, Tuki efeqtur )(rVeff  potencials 

eqneba minimumi raime 0r  manZilze da, amasTan erTad,  sruli E  energia 

zustad daemTxveva )( 0rVeff -s. aSkaraa, rom efeqturi potencialisaTvis 

eqstremumis piroba ase gamoiyureba: 
 

              0)()( 3
0

2

00 =−′=′
mr
lrVrVeff                              (V-7.1) 

anu 

                 ),( 0
32 rVmrl o ′=                                    (V-7.2) 

rac Cveni adrindeli Tanafardobebis Tanaxmad Seesabameba imas, rom 
wriul orbitaze nawilakis radialuri siCqare nulis tolia, .0=r&  

es agreTve niSnavs, rom nebismieri centraluri velis SemTxvevaSi 

SesaZlebelia gvqondes raime 0r  radiusis wrewirze moZraoba, Tuki l  mo-
menti moicema (V-7..2) TanafardobiT, xolo nawilakis sruli energiaa 

                   2
0

2

0 2
)(

mr
lrVE +=                                (V-7.3) 

cxadia, rom Tavis mxriv es gulisxmobs saTanado sawyisi pirobebis 
SerCevas. 

orbita efeqturi potencialis minimums rom Seesabamebodes (anu moZ-
raoba stabiluri rom iyos) aucilebelia, rom efeqturi potencialis 
meore rigis warmoebuli iyos dadebiTi 

                03)()( 4
0

2

0
0

>+′′=′′
= mr

lrVrV
rreff                          

anu 

                  0)(3)( 000 >′+′′ rVrVr                               (V-7.4)   

  0r -is yvela mniSvnelobisaTvis,  romlebic am  utolobas akmayo-

fileben, SesaZlebelia davadginoT stabiluri wriuli orbita, Tu 
nawilaks mivaniWebT iseT sawyis energiasa da impulsis moments, romle-
bic (V-7.1-2) pirobebs Seasruleben. 

   bunebrivad ibadeba kiTxva: potencialis rogori forma unda avi-
RoT, rom odnav Secvlili (SeSfoTebuli) wriuli orbitebi kvlav 
Caketili iyvnen. 
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   zemoxsenebul wriul traeqtoriaze moZraobisas saTanado 
kuTxuri siCqare ganisazRvreba momentis gamosaxulebidan: 

                   2
0

0 mr
l

== ϕω & , 

rac (V-6.2)-is Tanaxmad gvaZlevs 

              
0

0
4

0
2

0
3

0

2

2
0

2
0

)()(
mr

rV
rm

rVmr
mr

l ′
=

′
=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
=ω                        (V-7.5) 

   raki gansaxilavi wriuli orbita stabiluria, nawilakis energiis 
mcire zrda wriulis saTanado mniSvnelobidan gamoiwvevs mxolod r  man-
Zilis mcired Secvlas 0r  mniSvnelobidan:  0rrr −=δ , xolo axal orbi-

taze moZraobis kuTxuri siCqare moiZebneba pirobidan 

               )1(
0

2
0

21 r
r

mr
l

mr
l δϕω −≈== &  

meores mxriv, axal orbitaze kuTxuri siCqare SegviZlia movZebnoT 
efeqturi potencialis meore warmoebulis saSualebiT (gavixsenoT mcire 
rxevebis Teoria)  

            
0

0
0

2
1

)(3
)()(3)()(

r
rV

rV
r

rVrVrVm eff

′
+′′≈

′
+′′=″=ω          (V-7.6) 

nawilakis traeqtoria iqneba Caketili mrudi, Tu es kuTxuri siC-
qareebi urTierTTanazomadia, e.i. 

                           ,01 νωω =                             (V-7.7) 

sadac  ν  - racionaluri ricxvia. 
am moTxovnis dasabuTeba SeiZleba ase: roca nawilakis energia odnav 

meti gaxdeba (V-7.3)-iT mocemul mniSvnelobaze, kvlav unda gvqondes 
wriuli orbita, xolo perioduli orbita rom gvqondes nebismier ener-
giebze, Semobrunebis kuTxe Tavdapirvel wertilSi dabrunebisas π2 -s 
racionaluri jeradi ricxvi unda gamovides.  

   Tu (V_7.7) pirobas aviyvanT kvadratSi da (V-7.5,6)  gantolebebs 
gamoviyenebT,  miviRebT Semdeg gantolebas potencialze: 

                 )()3()( 2 rVrVr ′−=′′ ν  
am gantolebis amoxsnaa xarisxovani potenciali 

            2,)( 2 −== νααcrrV                          (V-7.8) 
sadac c - nebismieri saintegracio mudmivia. amrigad, xarisxovani poten-
cialis SemTxvevaSi orbitaze moZraobis periodebis xasiaTi damokide-
buli ar yofila energiaze, rac Tavis mxriv sawyis pirobebs gansaz-
Rvravs. es ki niSnavs, rom Semobrunebis sixSire erTnairi unda iyos 
rogorc Zalian didi, aseve Zalian mcire energiebisaTvis. rogorc zemoT 
gairkva, energiaze damoukideblobas ver eqneba adgili yvela cen-
traluri potencialisaTvis. mas adgili aqvs mxolod xarisxovani poten-
cialebisaTvis, Tumca wreze moZraoba SesaZlebeli iyo nebismieri cen-
traluri potencialebisaTvis.  

amave dros aucilebelia aRvniSnoT, rom centrze dacemis Tavidan 
asacileblad, rogorc zemoT davrwmundiT, unda Sesruldes piroba 

                               2−>α  
amasTan Tavidanve  SegviZlia gamovricxoT  0=α  SemTxveva, romelic 

logariTmul potencials Seesabameba. marTlac, 
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                      0,ln →→ αα rr a  

es SemTxveva gamoiricxeba imis gamo, rom misTvis  ,22 =ν  anu 2=ν , 

rac iracionaluri ricxvia.  

    amrigad, calk-calke unda ganvixiloT 2 SemTxveva: 022 >−=να , 
e.i. manZilis mixedviT usasrulod zrdadi (mizidvis) potenciali da 

022 <−=να , anu manZilis mixedviT klebadi potenciali. 
    amis Semdeg sxvadasxva moqmed saxelmZRvaneloSi analizis 

sxvadasxva gzebia arCeuli. ase magaliTad, goldsteinis sax-

elmZRvanelos ukanasknel, me-3 gamocemaSi ganixileba mobrunebis min1 rr =  

da max2 rr =  wertilebs Soris moZraobisas Semobrunebis kuTxis cvli-

lebis formula 

           

( )
∫

−−

=Δ
2

1

2

2
2 2

r

r

r
lVEmr

ldrϕ  

am gamosaxulebaSi potencialisaTvis xarisxovani yofaqcevis 1+= narV  

Casmis da rur 1=→  cvladis gardaqmnis Semdeg Seiswavleba gamosax-

uleba 

           ∫
−−

−=Δ
−−

u

u n uu
l
ma

l
mE

du

0 21
22

22
ϕ ,                  (V-7.9) 

romelic analizurad cxadi saxiT amoixsneba ramdenime SemTxvevaSi, sax-
eldobr,   

                     3,2,1 −−=n , 
am dros pasuxi gamoixateba trigonometriuli funqciebiT da, amri-

gad, eTanadeba periodul moZraobas, da agreTve, roca  
                  .7,5,4,0,3,5 −−−=n           
am dros pasuxi gamoixateba e.w. elifsuri funqciebiT da ar Seesa-

bameba periodul moZraobas. 
Semdgom am SemTxvevebisgan gamoiricxeba 3−=n , radgan  iZleva cen-

trze dacemas. ase, rom rCeba orad-ori SemTxveva perioduli Caketili 
orbitebisa – izotropuli oscilatori )1( =n  da kulonuri )2( −=n  po-
tencialebi.  

am mtkicebis nakli isaa, rom mxolod konkretuli SemTxvevebi 
ganixileba.  

gacilebiT met informacias Seicavs v. arnoldisa da makkelis sax-
elmZRvaneloebi, romlebSic praqtikulad erTi da igive strategiaa ar-
Ceuli (ix. saxelmZRvaneloTa nusxa leqciebis kursis boloSi).  

ganixileba gardaqmna  r
lx =  da amocana miyvanilia erTganzomilebi-

ani moZraobis SemTxvevaze, rac am Tavis dasawyis paragrafebSi iyo gad-
mocemuli.  amitom 

        
( )∫ −

=Δ
max

min
)(2

x

x xwEm
dxϕ ,                                   (V-7.10) 

sadac 

          .
2

)(
2

⎟
⎠
⎞

⎜
⎝
⎛+=

x
lVxxw                                       (V-7.11) 
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amis Semdeg gamoiTvleba wriulTan axlo mdebare orbitis Sesabamisi 
Semobrunebis kuTxe, rac 1-ganzomilebiani amocanis naxevarperiods 
eTanadeba. es kuTxea 

                   
VrV

V
c ′′+′

′
=Δ

3
πϕ                             (V-7,12) 

(am Sedegis samarTlianobaSi darwmuneba advilia 2
1ω -isaTvis zemoT 

moyvanili formulidanac, Tu amave dros gavixsenebT, rom 
1ω

πϕ =c ). 

amis Semdeg dgindeba, rom es kuTxe damoukidebelia r  radiusze 

mxolod xarisxovani potencialebisaTvis   ,)( αrrV =  am dros 

                            
2+

=Δ
α
πϕ  

da im moTxovniT, rom es kuTxe ar iyos damokidebuli E  energiaze, 
ganixileba zRvruli SemTxvevebi: ∞→E  (dadebiTi xarisxis maCveneblis 
dros) da 0→E  (uaryofiTi xarisxis maCveneblisaTvis). garkveuli miax-
loebebis gamoyenebis Semdeg aRmoCndeba, rom adgili aqvs sasurvel 
Sedegs (bertranis Teoremas). 

am ganxilvis tolfasia a. perelomovis wignSi aRwerili mtkiceba. 
Cven swored am meTods gavyvebiT v. arnoldis ganxilvasTan kombinaciaSi 
Semdegnairad:  CavataroT kuTxis gamosaxulebaSi cvladis Semdegi gar-

daqmna: r
rr 1=→ ρ . gvaqvs 

         ∫ =

−−

=Δ
1

2

1
0

2
2

2
1

2

2
10

,
22ρ

ρ

ρ

ρϕ
r
r

V
l
mr

l
mEr

d
    (V-7.13) 

raki sawyis pirobebze (energiaze) damoukidebeli Sedegi unda mivi-
RoT, SegviZlia integrali gamovTvaloT nebismieri energiisaTvis.  

jer ganvixiloT dadebiTi xarisxis maCveneblis SemTxveva. radgan am 
dros potenciali usasrulod zrdadia manZilis mixedviT, naTelia, rom 

misTvis mobrunebis wertili 2r  wava usasrulobaSi, roca ,∞→E  anu am 

dros gveqneba .00 →ρ  axla Caketil mrudad kargi miaxloebiT SegviZlia 

aviRoT wrewiri da integralqveS gamoviyenoT (V-7.3) formula. mivdivarT 
Sedegze  

              ∫ →−==
−

=Δ
1

0
1

2
0

0 2
arcsin

2
arcsin

1ρ
ρ

πρπρ
ρ

ρϕ d
 

meores mxriv, Semobrunebis kuTxe unda iyos 
ν
π
, e.i. 2=ν . 

amrigad, potencialisaTvis miviReT, 

                                .0,2 >= ccrV                (V-7.14) 

     axla ganvixiloT meore SemTxveva, roca 022 <−ν  , anu poten-
cials aqvs saxe 

                      20,0, <<>−= − αα kkrV         (V_7.15) 

amjerad kvlav r
lx =  gardaqmna gamoviyenoT. vubrundebiT erTgan-

zomilebian amocanas. gavaanalizoT igi 0→E  zRvarSi. maSin 
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                   ∫ −
=Δ

max

min

,
)(2

x

x xw
dxϕ  

sadac sazRvrebad dgas mobrunebis wertilebi, amitom cxadia, rom        

0)()( maxmin == xwxw ,  rac Cveni potencialisaTvis ase gamoiyureba 

                 0
22

max
2
maxmin

2
min =−=− α

α

α

α

l
x

k
x

l
xkx

 

                         
amave dros potenciali nulis toli xdeba Sor manZilebze, ∞→r . 

amitom 

,0min =x  xolo  ( ) α−= 2
1

max 2Jx ,          αl
kJ ≡                  (V-7.16) 

amitom cvladis gaWimvis gamoyenebiT, yxx max= , saZiebeli kuTxis ga-

mosaxuleba miiyvaneba saxeze 

                
( )∫ ∫

−
=

−
=Δ

−1

0

1

0

1
2

2
12 2

2

1 ν

ν

α
ϕ

y

dyy

yy

dy
 

rac cxrilis martiv integralze daiyvaneba aRniSvniT  

1
2

2
2

22

2
,

−
=⇒=

νν νρρ ydy . amrigad 

                      ∫ =⋅=
−

=Δ
1

0
2222 2

2
1

2
ν
ππ

νρ

ρ
ν

ϕ d
 

rogorc viciT, unda migveRo ν
π . amitom gvaqvs Tanafardoba 

 

                       1,02
2 =⇒=⇒= ννν

ν
π

ν
π

 

cxadia, nulovani mniSvneloba ar gamogvadgeba, radgan Seesabameba 

centrze dacemis SemTxvevas, 2−≈ rV  da dagvrCa 1=ν  anu r
kV −= . 

amrigad, davamtkiceT, rom centraluri velebis SemTxvevaSi sawyisi 
pirobebisgan da potencialis siZlierisgan ( c  an )k  damoukideblad 
Caketil periodul orbitebze moZraoba miiReba mxolod or SemTxvevaSi, 

saxeldobr, izotropuli oscilatorisa ( )0,2 >= ccrV  da kulonuri po-

tencialisaTvis   ⎟
⎠
⎞

⎜
⎝
⎛ >−= 0, k

r
kV . 

swored esaa bertranis Teorema. 
SeniSvna: zemoT miRebuli orive cnobili potencialisaTvis Semobrunebis kuTxe 

ϕΔ   gamova π -s racionaluri jeradi. am gamoyvanaSi igulisxmeboda, rom sawyisi pi-

robebi mxolod odnav icvleboda wriuli orbitis ganmsazRvrel pirobebTan SedarebiT. 
aSkaraa, rom cnobili potencialebis garda Semobrunebis kuTxe π -s racionaluri 
ricxvi gamova sxva ucnauri xarisxis maCveneblebisaTvisac, rogoricaa, magaliTad, 7/9, 

1/4 da Aa.S. es egzotikuri xarisxebic dasaSvebi gamodis. magram saqme isaa, rom roca 

sawyis pirobebs Zalian vcvliT, amave Zalebma unda mogvcen Caketili perioduli moZ-
raoba. am kiTxvaze pasuxis gasacemad ganxiluli unda iyos gadaxrebi, romlebisTvisac 
teiloris mwkrivad gaSlaSi meti rigis Sesworebebia gasaTvaliswinebeli. swored es 
problema gadawyvita j. bertranma 1873 wels. esaa metad mniSvnelovani Teoriuli 
Sedegi, romlis misaRebad sakmaod rTuli maTematikuri manipulaciebia Casatarebeli.  
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 Cven mier moyvanil mtkicebaSi didi gadaxrebis gaTvaliswinebis mcdeloba mdgo-
mareobs usasrulo energiis zRvris ganxilvaSi. 

 niSandoblivia, rom TeoremaSi miRebuli Sedegi samarTliani aRmoCnda bunebaSi 
kargad cnobili ZalebisaTvis, rogoricaa, Hhukis drekadobis  Zala da msoflio 
mizidulobis Zala.  

 astronomiuli dakvirvebebi cxadyofen, rom  xiluli ciuri obieqtebi moZraoben 
orbitebze, romlebic pirvel miaxloebaSi arian Caketili. umravlesi maTganisaTvis 
Caketili orbitisgan mcire gadaxrebi SeiZleba mieweros sxva axlomdebare ciuri 
sxeulebiT gamowveul SeSfoTebebs. Caketili orbitebi damaxasiaTebelia ara marto 
mzis sistemis planetebisaTvis, aramed e.w. ormagi varskvlavebisaTvisac, rac dadas-
turebulia uamravi gazomvebiT. 

 rac Seexeba hukis kanons, is ver gveqneba yvela manZilze, radgan es niSnavs Zalis 
usasrulo zrdas manZilis mixedviT. hukis kanoni, rogorc cnobilia, daikvirveba 
mdgradi wonasworobis mdebareobidan mcire gadaxrebisas da asrulebs mniSvnelovan 
rols nivTierebaTa aRnagobaSi. ukanaskneli warmodgenebis Tanaxmad manZilis mixedviT 
zrdadi potencialebi unda ganapirobebdnen materiis fundamentalur Semadgenlebs, e.w. 
kvarkebs Soris arsebul urTierTqmedebas. 

    Tu gravitaciul Zalebs davubrundebiT, unda aRvniSnoT, rom sawyisi pirobe-
bis Zalian farTo areSi Caketili orbitebis arseboba miuTiTebs imaze, rom gravi-

taciuli Zalebi inarCuneben Tavis 2
1

r  xasiaTs Zalian did manZilebzec. Tumca 

ukanasknel wlebSi dakvirvebulia samyaros aCqarebuli gafarToeba, romlis  axsnis 
erT-erTi meqanizmi mdgomareobs swored gravitaciuli urTierTqmedebebis SesustebaSi 
da manZilze damokidebulebis kanonis cvlilebaSi imis gamo, rom samyaros SeiZleba 
hqondes damatebiTi ganzomilebebi, romlebic axlo (Cveulebriv) manZilebze daumzera-
dia (G.Dvali, G.Gabadadze, M.Porrati, Phys. Letters. B485, 208-214 (2000).  

 

           
 
 

(V – 8).      kepleris amocana 
 
   centraluri  simetriis velebis umniSvnelovanesi magaliTia 

velebi, romlebSic 1m  da 2m  nawilakebs Soris urTierTqmedebis poten-

cialuri energia (anu ekvivalenturad μ  dayvanili masis mqone nawilakis 

potencialuri energia) ukuproporciulia  manZilisa, r , xolo saTanado 

Zalebi manZilis kvadratis, 2r , ukuproporciulia. aseT magaliTs  gane-
kuTvnebian niutonis msoflio mizidulobis velebi da kulonuri 
eleqtrostatikuri veli, romelic gravitaciulisagan gansxvavebiT 
SeiZleba iyos  rogorc mizidvisa, aseve ganzidvisa. 

   nawilakis kulonur 
r

rV α
−=)(  velSi moZraobis amocanas uwodeben 

kepleris amocanas. 
   jer ganvixiloT amocana mizidvis velSi, roca α  aris dadebiTi 

mudmivi. 
   zogadi ganxilvis Tanaxmad gvainteresebs nawilakis traeqtoriisa 

da sxva maxasiaTeblebis moZebna Semdegi efeqturi potencialiT (nax. 41) 

                          2

2

2 r
l

r
Veff μ

α
+−=                        (V –8.1)     
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naxazi 41 
 

   cxadia, rom E  sruli energiisa da 0≠l    momentis nebismieri 
dasaSvebi mniSvnelobisaTvis r  koordinatas SeuZlia miiRos minimaluri 

mniSvneloba, rac ganisazRvreba )(rVE eff=   gantolebidan da, amrigad, erT-  

erTi qvemoT moyvanili gamosaxulebidan  

                                          
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
+±−= 2

2

2,1
211

2 μα
α El
E

r                                          (V – 8.2) 

   Aamitom nawilakis traeqtoriis gantolebas miviRebT zogadi (IV–
5.14) gamosaxulebidan masSi (V – 8.1)   -is gaTvaliswinebiT 

                    ∫
−+

=
r

r

r
l

r
Er

ldr

min

2

2
2 22 μαμ

ϕ  ,                  (V – 8.3) 

   Mmarjvena mxareSi CasmiT 
r

u 1
=  da trivialuri gardaqmnebiT inte-

grali miiyvaneba saxeze: 
     
 

                                         
2

4

22

2

1

2max
⎟
⎠
⎞

⎜
⎝
⎛ −−+

−= ∫
l

u
ll

E

dur

u μααμμ
ϕ  

SemovitanoT aRniSvnebi:  

                     2

22

2
2 2

ll
Eb αμμ
+=  

                       
l

ux μα
−=  

ris Sedegad mivalT cxrilis integralis saxeze: 



 128

                    ∫ =
−

−=
b
x

xb
dx arccos

22
ϕ  

Tu davubrundebiT Zvel cvladebs, miviRebT: 

                    

2

2

2

21

11

arccos

μα

μαϕ
El

r
l

+

−
=    

saidanac traeqtoriis gantolebas CavwerT Semdegi kompaqturi saxiT: 

                    ϕε cos1+=
r
p

                               (V – 8.4) 

sadac  

              2

221
μα

ε El
+=    da  

μα

2lp =                        (V – 8.5) 

miRebuli (V –8.4) gantoleba aris konusuri kveTis fokaluri gan-
toleba. esaa meore rigis mrudis iseTi gantoleba, roca koordinatTa 
saTaved, romelic Tanxvdeba O  centrs, miRebulia mrudis erT–erTi fo-
kusi. amasTan ε  mudmivs uwodeben meore rigis mrudis eqcentrisitets, 
xolo p -s ki fokalur parametrs. nebismieri konusuri kveTis fokaluri 

parametri tolia fokusidan mrudis gadakveTis wertilamde aRmarTuli 
perpendikularis sigrZisa (nax.42). 

 

 
 

naxazi 42 
 

 

   Cven mier miRebuli amonaxsni savsebiT eTanxmeba wina para-
grafebSi sustad singularuli mizidvis velis SemTxvevaSi Catarebul 
Tvisobriv analizs. 

   marTlac (VI – 8.5) eqcentrisitetis formulidan naTelia, rom 
nawilakis traeqtoria kulonuri mizidvis velSi SeiZleba iyos: 

a) hiperbola ( )1>ε , Tu 0>E ; 

b) parabola ( )1=ε , Tu 0=E ; 

      g) elifsi  ( )1<ε , Tu 0<E ; 

      d) wrewiri  )0( =ε , radiusiT 
μα

2l
, Tu 2

2

l
E μα

−=   



 129

   ori nawilakis ekvivalentur amocanaSi TiToeuli nawilakis 
traeqtoria iqneba meore rigis analogiuri mrudebi, romelTa fokusi 
Tanxvdeba maT saerTo masaTa centrs. 

   ganvixiloT ufro detalurad elifsuri moZraoba. miRebuli 
gamosaxulebebis gamoyenebiT SegviZlia warmovadginoT elifsis didi 
da mcire naxevarRerZebi amocanis ZiriTadi maxasiaTeblebiT lE, Yda α : 

                       
E

pa
21 2

α
ε

=
−

= ,                                                    (V – 8.6) 

                                              
E

lpb
με 21 2

=
−

=                                             (V – 8.7) 

     Pperiodis gamosaTvlelad CavataroT kepleris me–2 kanonis (V–
5.7) gamosaxulebis integracia orbitaze erTi sruli brunvisaTvis. 
aSkaraa, rom miviRebT Tanafardobas: 

                        SlT μ2= , 

sadac S  aris orbitis farTobi. elifsisaTvis abS π=  da zeda for-
mulebis mixedviT periodisaTvis vipoviT 

                       32 E
T μπα=                             (V – 8.8) 

anda E  energiis gamoricxviT didi naxevarRerZis (V –8.6) formulidan, 

                                             
α

π maT 2
3

2= , 

 
saidanac 

                      
α
μπ 2

3

2 4
=

a
T

                               (V – 8.9) 

rac kepleris me-3 kanons gamoxatavs. 
   ganvixiloT axla sistema “planeta – mze”, romlisTvisac 

,21mGm=α  sadac 1m  planetis masaa, xolo 2m - mzis masa. radgan 12 mm >>  

(an Tu  aviRebT, rom ∞→2m  da mze uZravia), Zalian kargi miaxloebiT 

SegviZlia CavTvaloT, rom 1m=μ  da 1aa = , sadac 1a  aris planetis 

elifsuri orbitis didi naxevarRerZi. es monacemebi SevitanoT (V – 8.9) 
formulaSi. miviRebT  

                      
2

3
1

2 4
Gma

T π
= ,  

saidanac Cans, rom 3
1

2

a
T

 Sefardeba erTnairia mzis sistemis yvela 

planetisaTvis. 

   Tu gvWirdeba mzis moZraobis gaTvaliswineba (anu is, rom mzis 2m   

masa sasruloa), unda aviRoT (ix. paragrafi (V – 4)) 

                                  ,
21

1
1 a

mm
ma
+

=     
21

21

mm
mm
+

=μ  

am dros saZiebeli Sefardeba tolia 

             

3

2

1
2

3

23

2

1
3
1

2

141 ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
+=

m
m

a
T

m
m

a
T

α
μπ
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Aanu 

             ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+≈⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
+=

2

1

2

22

2

1

2

2

3
1

2 21414
m
m

Gmm
m

Gma
T ππ

                 (V – 8.10) 

 
Aaqedan Cans, rom kepleris pirveli ori kanonisgan gansxvavebiT, 

romlebic mkacrad sruldeba, me -3 kanoni miaxloebiTia, Tumca sruldeba 
maRali sizustiT. μ  nawilakis umciresi da udidesi daSorebani velis 

O   centramde (anu misi pericentris da apocentris koordinatebi) gani-
sazRvreba gamosaxulebebiT: 

                  ( )ε
ε

−=
+

= 1
1min apr  

 

                  ( )ε
ε

+=
−

= 1
1max apr  

romelTa miReba SeiZleboda agreTve )(rVE eff=  gantolebis fesvebiT (ix. 
V– 7.2). 

   roca 0>E  nawilakis moZraoba kulonur velSi xdeba hiperbo-
lur traeqtoriebze, romlebic gars uvlian velis centrs (nax. 43). 

 
 
 

 
 

naxazi 43 
 

   Aam traeqtoriebis asimptotebia 1OM  da 2OM  sxivebis parale-

luri wrfeebi, romlebic OX  RerZTan adgenen kuTxeebs 

                            
ε

πϕ 1arccos2,1 m=  

xolo centramde umciresi manZili moicema ase: 

               ( )1
1min −=
+

= ε
ε

apr ,     
E

a
2
α

=                 (V – 8.11) 

da bolos, roca 0=E , konusuri kveTis eqscentrisiteti 1=ε , e.i. moZ-
raoba xdeba parabolaze, romelsac asimptotebi ar gaaCnia. kuTxisTvis 

miiReba  πϕ =2,1 , xolo 
2min
pr = . kulonur velSi infinituri moZraobis es 
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SemTxveva realizdeba, roca μ  nawilaki iwyebs moZraobas usasrulod 

daSorebuli wertilidan nulovani sawyisi siCqariT 0)0( =υ .   
   Ddasasrul, ganvixiloT  μ  nawilakis moZraoba ganzidvis ku-

lonur velSi 

                          ,)(
r

rV α
=     ( )0>α                  (V – 8.12) 

   rogorc ukve iTqva, am dros mxolod infinituri moZraobaa 
SesaZlebeli dadebiTi 0>E  energiiT. saTanado traeqtoriis gantolebis 
mosaZebnad kvlav (V – 5.14)  formulas unda mivmarToT. amasTan gamoTvlebi 

arafriT gansxvavdeba mizidvis SemTxvevisagan. sabolood miiReba  

                        ϕε cos1+−=
r
p

                        (V – 8.13) 

sadac p  daε  parametrebi ganisazRvrebian Zveli formulebiT. 

   miRebuli gantoleba GgviCvenebs, rom ganzidvis kulonur velSi 
nawilakis moZraobis traeqtoria aris hiperbola, romelic gadis velis 
centris axlos, oRond axla velis Ocentri Tanxvdeba hiperbolis gare 
fokuss (nax. 44) 

 

 
naxazi 44 

 
 
 
   magaliTi 1: kosmosuri siCqareebi 
 
   davuSvaT, rom m  masis sxeuls, romelic imyofeboda dedamiwis 

centridan  0r  manZilze, drois raRac momentSi mianiWes siCqare 0υ
r
, ro-

melic 0α  kuTxes adgens misi radius-veqtoris mimarTulebasTan. risi 

toli unda iyos sawyisi siCqaris 0υ  sidide, rom sxeuli gadaiqces 

dedamiwis xelovnur Tanamgzavrad (dxT) an saplanetTaSoriso xomaldad? 
(ix.nax. 45)   
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naxazi 45 
 

   amoxsna: pirobidan naTelia, rom amocana daiyvaneba fardobiTi 
moZraobis Seswavlaze ori nawilakis sistemaSi (sxeuli masiT m  da 
dedamiwa masiT M ), romlebic erTmaneTTan moqmedeben kanoniT 

                             
r

rV α
−=)(  

amitom SegviZlia CvenTvis cnobili amoxsnebi gamoviyenoT. 
   vipovoT jer am amoxsnaSi Semavali parametrebi .,, lEα  rogorc 

cnobilia, gravitaciuli mizidvis Zala 2R
GmM

 dedamiwis zedapirze ( R - 

dedamiwis radiusia)  mg -s tolia anu 

                           2gRGM =   
da sxeulis potencialuri energia SegviZlia ase CavweroT 

                       
r

rV α
−=)( ,     2mgR=α  

amitom drois sawyis momentSi sxeulis sruli energia da meqanikuri 
momenti iqneba: 

                       ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−=

0

2
2
0

2
2 r

gRmE υ  

                        00 sinαυomrl =  

Tu amas gamoviyenebT orbitis eqscentrisitetisaTvis, miviRebT: 

                  42

22
0

2
0

0

2
2
0 sin2

1
Rg

r
r
gR αυυ

ε
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−

+=                 (V – 8.14) 

  Aaxla gavaanalizoT es Sedegi. SesaZlo traeqtoriebi iqneba: 

Hhiperbola,      Tu   
0

20 r
Rυυ > . 

Hparabola,      Tu   
0

20 r
Rυυ = . 
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elifsi, Tu 
0

20 r
Rυυ < , xolo piroba Rr ≥min  gvaZlevs 

0
10 r

Rυυ ≥ .  

Hwrewiri,      Tu   
0

10 r
Rυυ = ,        

2
πα = . 

sadac 9,71 ≈= gRυ km/wm; 9,722 ≈= gRυ km/wm – arian pirveli da meore 

kosmosuri siCqareebi zedapirTan. 
 
magaliTi 2: ipoveT finituri moZraobis traeqtoria velSi: 

                      2)(
rr

rV βα
+−=          )0,0( >> βα  

Aamoxsna: am velSi moZravi nawilakis efeqturi potenciali advilad 
miiyvaneba Semdeg saxeze: 

                      ,
2

~
)( 2

2

r
l

r
rVeff μ

α
+−=         sadac ,~ ll ⋅= γ  

xolo .21 2l
μβγ +≡ . traeqtoriis gamosaTvleli formula axla ase Cai-

wereba (daamtkiceT!): 

                    ∫
−+

=
r

r

r
l

r
Er

drl

min

2

2
2

~22

~

μαμ

γϕ , 

saidanac Cans, rom nawilakis SesaZlo traeqtoriebi moiZebneba gantole-
bidan 

                        γϕε cos~1
~

+=
r
p

,                         (V –8 .15) 

sadac 

                        ,~
22

μα
γ lp =     2

2221~
μα

γε El
+=  

   Mmiuxedavad am gantolebis garegnuli msgavsebisa (V – 8.4) 
amoxsnebTan, maT mier aRwerili traeqtoriebi sagrZnoblad gansxvavde-
bian da miT ufro, rac γ  gansxvavdeba 1 – sgan. es gansxvaveba gansa-

kuTrebiT Cans finituri moZraobis ( )0<E  SemTxvevaSi. amaSi dasarwmune-

blad gamovTvaloT polaruli ϕ  kuTxis nazrdi r koordinatis cvli-
lebis mTeli periodis ganmavlobaSi. gamoTvlebi AaCvenebs, rom 

                    [ ] γ
π

μ
ϕ 2

)(2
2

max

min

2
=

−
=Δ ∫

r

r eff rVEr
ldr

 

   Tu rogori ricxvi iqneba γ , damokidebulia amocanis parame-

trebze. yvelaze xSirad γ  ricxvi iracionaluria da didad ar 

gansxvavdeba 1-sgan (roca 22 l<<μβ ). am dros moZraoba xdeba rozetul 
traeqtoriebze – nawilaki moZraobs elifsur orbitaze, romelic nela 
precesirebs velis centris mimarT. 

   am precesiis siCqares axasiaTeben sididiT: 
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                     ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−=−Δ= 1122

γ
ππϕδϕ ,   

roca ,2 2l<<μβ  miaxloebiT vpoulobT: 

                     2

2
l
πμβδϕ −≈  

   SevniSnoT, rom analogiuri precesiuli moZraoba elifsuri or-
bitebisa daikvirveba agreTve velSi 

                       2)(
rr

rV βα
−−=          )0,0( >> βα  

Tuki 22 l<<μβ . am dros 2

2
l
πμβδϕ ≈ . 

   SeniSvna: mcire damatebiTi wevrebi 2r
β

±  urTierTqmedebis poten-

cialSi SeiZleba gamowveuli iyos planetaze sxva planetebis mxriv 
susti SeSfoTebiT an mzis formis gadaxriT zusti sferosgan. 
zemoTqmulidan gamomdinareobs, rom aseTi SeSfoTebebi iwvevs planetis 
orbitis nel precesias mzis sistemis masaTa centris mimarT. precesiis 
yvelaze meti siCqare dakvirebulia mzesTan uaxloesi planeta merkuris 
orbitisaTvis ( 74,9559 ′′  saukuneSi). klasikuri meqanikis kanonebze dayrd-
nobiT Catarebuli gamoTvlebi iZleva merkuris orbitebis precesiis siC-
qares - 18,7555 ′′  saukuneSi. gansxvaveba 56,24 ′′  am Sedegsa da dakvirvebuls 
Soris axsna mxolod fardobiTobis zogadma Teoriam SeZlo. 

   SevniSnoT agreTve, rom didi siCqareebis dros orbitebis prece-
sia SeiZleba ganpirobebuli iyos relativisturi efeqtebiT. magaliTad, 
relativisturi eleqtronic wyalbadis atomSi imoZravebs rozetul 
traeqtoriebze. 

 
 

(V-9). Llaplas–runge–lencis veqtori da kulonuri velis    
“faruli” simetria 

 
 
 
    zemoT naxsenebi iyo bertranis Teorema, romlis mixedviTac 

Caketil traeqtoriebze perioduli moZraoba centraluri simetriis 
velebSi xdeba mxolod kulonuri da oscilatoruli potencialebis 
SemTxvevaSi. magram es Teorema ar xsnis Tu ratomaa gamoyofili es ori 
potenciali. 

   Aam paragrafSi SevecdebiT gamovarkvioT mizezi, Tu riTaa ganpi-
robebuli kulonuri velis es Tavisebureba? aRmoCndeba, rom kulonis 
amocanaSi gvaqvs kidev erTi moZraobis integrali. 

   amis gasarkvevad ganvixiloT moZraobis gantoleba: 

                    rrVrVp ˆ)()( rr
&r ′−=∇−= ,                         (V-9.1) 

sadac    
r
rr
r

r
=ˆ     da    rp &rrr μυμ == . 

   gavamravloT moZraobis gantoleba veqtorulad impulsis momen-

tis veqtorze l
r
: 

                     [ ] [ ]lrrVlp
rrr

&r ×′−=× ˆ)(                          (V-9.2) 
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cxadia 

              [ ] [ ][ ] ( ) ( ){ } ( )rrrrrrrrrrlr &r&
rrrrrrrrrrrr
−=⋅−⋅=××=× μυυμυμ ˆˆˆˆ                          (V-9.3) 

Aase, rom TuUamas (V-9.2) –Si gamoviyenebT, 

                   [ ] ( ) ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−′=−′−=× 2

2

r
rr

r
rrVrrrrVlp

r
&

&r
&r&

rr
&r μμ  

da raki 

                    22
ˆ

r
rr

r
r

r
rrrr

r
r

dt
dr

r
&

&rr
&&rr

&r −=
−

== ,  

amitom  

                       [ ]
dt
rdrVlp
ˆ

2
rr

&r ′=× μ  

marcxena mxare, l
r
-is Senaxvis gamo miiyvaneba saxeze: 

                        [ ]lp
dt
dlp

rrr
&r ×=×   

e.i. gvqonia Tanafardoba 

                         [ ]
dt
rdrVlp

dt
d ˆ

2
rrr ′=× μ                      (V-9.4) 

vxedavT, rom marjvena mxareSi Seiqmneba drois mixedviT sruli war-

moebuli, Tu V -s gawarmoebisas mniSvnelSi 2r  warmoiqmneba. es ki marto 
kulonuri potencialisTvis xdeba 

                       2)()(
r

rV
r

rV αα
=′→−=  

Aase, rom am SemTxvevaSi miiReba  

                        [ ]
dt
rdlp

dt
d r̂rr μα=×  

Aanu 

                       [ ] 0}ˆ{ =−× rlp
dt
d rrr μα , 

saidanac vaskvniT, rom frCxilebSi moTavsebuli veqtori inaxeba, 

                          [ ] constrlpA =−×≡
r̂rrr

μα                (V-9.5) 
   Aamrigad, kulonuri potencialis SemTxvevaSi gvqonia kidev erTi 

Senaxvadi veqtori. mas uwodeben laplas-runge-lencis veqtors. 
   Aadre Cven gavarkvieT, rom Senaxvis kanonebi dakavSirebulia raime 

simetriasTan koordinatebis (da drois) gardaqmnebis mimarT. qvemoT, ham-
iltonis formalizmis ganxilvis dros kvlav davubrundebiT am proble-
mas da vnaxavT, rom am Senaxvadi veqtoris arseboba dakavSirebulia 
lorencis gardaqmnasTan da 3-ganzomilebian sivrceSi araviTari gardaqm-
nebis mimarT invariantobas ar Seesabameba. amitom xSirad am SemTxvevas 
uwodeben “farul” simetrias, romelic axasiaTebs marto kulonis amoca-
nas. 

   Uukve viciT, rom yoveli Senaxvis kanoni saSualebas gvaZlevs 
cvladTa raodenoba SevamciroT da amocana ufro dabalganzomilebianze 
daviyvanoT. centralurma simetriam – brunvebis mimarT invariantobam_ 
moZraobis veqtorul gantolebebSi cvladTa gancalebis da nawili maT-
ganis acilebis saSualeba mogvca. ase magaliTad, 
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1). Mmomentis Senaxvidan (rac brunvis mimarT invariantobas Seesa-
bameba) miviReT, rom moZraoba xdeba sibrtyeSi. amiT avicileT erT-erTi 
kuTxuri cvladi sferul  koordinatebSi. 

2). Mmomentis modulis Senaxvidan kidev erTi cvladi – polaruli 
kuTxe ganvacaleT da amrigad, amocana marto radialur r cvladze daviy-
vaneT. 

3). energiis mudmivobis kanonma ukve radialur cvladebSi Cawerili 
gamosaxulebidan moZraobis gantolebis rigi dagvawevina, ris Semdegac 
gantoleba amoixsna ubralo kvadraturebSi. 

   Aaxla gvaqvs kidev erTi axali Senaxvadi sidide kulonis amocan-
isTvis. xom ar gamoiwvevs es raime damatebiT gamartivebas? A 

   Aamis gasarkvevad SeviswavloT A
r
 veqtoris zogierTi Tviseba: 

   Aa). aSkaraa,rom ( ) 0=⋅ Al
rr

, anu lA
rr

⊥  da Zevs orbitis sibrtyeSi. 
Mmisi mimarTuleba emTxveva velis centris traeqtoriis pericentrTan 
SemaerTebel wrfes (nax. 46). 

 
naxazi 46 

Bb). Aaxla gavamravloT A
r
 skalarulad rr -ze da erTdroulad Se-

moviyvanoT ϕ  kuTxe A
r
 da rr veqtorebs Soris. miiReba        

rlrA μαϕ −= 2cos , saidanac 

                              

θ
μα

μα

cos1

2

A

l

r
+

=   

anu 

                              
θε cos1+

=
pr  ,                    (V-9.6) 

sadac 
αμ

2lp =  emTxveva orbitis parametrs, xolo  ε -iT aRvniSneT sidide  

                              
αμ

ε A
= ,                           (V-9.7) 

romelic, rogorc qvemoT gamoCndeba, emTxveva orbitis eqcentrisitetis 
cnobil gamosaxulebas. 
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   amisaTvis gavixiloT runge-lencis veqtoris kvadrati:        

[ ] [ ]
22

2
2

2222222222

2
2

2)(ˆ2

μαα
μ

μ

αμμααμμα

+⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−=

=−+⋅−=⋅×−+×=

r
pl

r
llplprlplpA

rrrrrrrr

 

gamoviyenoT sruli energiis gamosaxuleba 
r

pE α
μ
−=

2

2

 da gaviTvalis-

winoT 2A
r
-is gamosaxulebaSi. miiReba  

                     2222 2 μαμ += ElA  
anu  

                         2

221
μααμ
ElA

+= , 

rac emTxveva ε  eqcentrisitets. 
   Aamrigad, damatebiTma moZraobis integralma saSualeba mogvca 

migveRo traeqtoriis gantoleba algebrulad, moZraobis gantolebis 
amoxsnis gareSe. 

    viciT, rom yoveli moZraobis integrali meqanikuri amocanis 
amoxsnas amartivebs. amitom moZraobis integralebis moZebnas dinamikis 
amocanebis gadasawyvetad udidesi mniSvneloba aqvs. rogorc ukve iTqva, 
am sakiTxs kidev davubrundebiT qvemoT hamiltonis formalizmis ganxil-
visas, sadac am Senaxvadi sididis fizikuri mniSvneloba ufro naTlad 
gamoikveTeba.  

 
 
 

(V-10).    nawilakTa gafantvis klasikuri Teoriis elementebi 
 
 

   nawilakTa dajaxebis amocanis dasma. Cveulebriv nawilakTa da-

jaxebis Sesaxeb amocana ase ismeba: 1m  masis erTnair nawilakTa erTgva-

rovani kona ∞υ
r
 siCqariT usasrulod didi manZilidan ecema samizne 2m  

masis nawilakebis raime erTobliobas, romelic uZravia e.w. laborato-
riuli sistemis mimarT. dacemuli nawilakebis samizne nawilakebTan 
urTierTqmedebis Sedegad xdeba maTi gafantva. sawyis (dajaxebamde) da 
saboloo (dajaxebis Semdeg) mdgomareobaTa iseTi konfiguraciebi 
ganixileba, roca nawilakebi erTmaneTisgan imdenad Sorsaa, rom maT So-
ris urTierTqmedeba SegviZlia ugulebelvyoT. Semdeg nawilakebi ise 
daaxlovdebian, rom urTierTqmedeba ukve iCens Tavs da TandaTanobiT 
mniSvnelovani xdeba. amis gamo nawilakebi gadaixrebian Tavdapirveli 
(sworxazovani) mimarTulebidan. Semdeg nawilakebi kvlav Sordebian erT-
maneTs, maT Soris urTierTqmedeba kvlav mcirdeba da bolos misi 
ugulebelyofa SeiZleba. amis Semdgom nawilakebi kvlav wrfivad da Ta-

nabrad moZraoben. Tu cnobilia  1m  da  2m  nawilakebs Soris 

urTierTqmedebis kanoni, moiTxoveba ganisazRvros 1m  nawilakebis raode-

noba, romlebic gaifanteba drois erTeulSi 1Ωd  sxeulovan kuTxeSi da 

agreTve 2m  nawilakebis raodenoba, romlebic imave droSi gaibnevian 2Ωd  

sxeulovan kuTxeSi. 
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   Ddasmuli amocanis gadawyveta sagrZnoblad gamartivdeba, Tu da-
cemul nawilakTa da samizne nawilakTa erToblioba sakmarisad gaiSvi-
aTebulia. am SemTxvevaSi erTi da igive saxis nawilakebs Soris 
urTierTqmedeba SeiZleba ar miviRoT mxedvelobaSi da nakadis nawilakTa 
dajaxeba samiznes nawilakebTan CavTvaloT erTjeradad. es saSualebas 
gvaZlevs Camoyalibebuli amocana daviyvanoT nakadis TiToeuli 
nawilakis erT samizne-nawilakTan erTjeradi gafantvis amocanaze, e.i.  

1m  da  2m  masis urTierTqmedi nawilakebis infinituri fardobiTi moZ-

raobis amocanaze anu fiqtiuri μ Bnawilakis )(rV  ZalTa Ocentris mi-
marT moZraobaze. ZalTa centrTan dakavSirebul aTvlis sistemas uwode-
ben masaTa centris anu C - sistemas. 

μ  nawilakis gafantvis efeqturi ganivkveTi.    ganvixiloT ZalTa 

uZravi Ocentris mier  μ BnawilakTa konis gafantva masebiT 
21

21

mm
mm
+

=μ  

da ∞υ
r
 siCqareebiT (gavixsenoT, rom fiqtiuri μ Bnawilakis siCqare unda 

emTxveodes realuri 1m  da  2m  nawilakebis fardobiT 21 υυ rr
−  siCqares da 

gansaxilav SemTxvevaSi udris ∞υ
r
-s). davuSvaT, rom μ Bnawilakis poten-

cialuri energia miiswrafvis 0 – sken, roca ∞→r . amitom misi sruli 

energia CavweroT 
2

2
∞=

υmE  saxiT. 

   μ BnawilakTa nakadi davaxasiaToT misi intensiurobiT (an 

simkvriviT) n , e.i. nawilakTa ricxviT, romlebic gadian drois erTeulSi 
konis perpendikularuli erTeulovani farTobis ganivkveTSi, romelic 
moTavsebulia ZalTa centridan sakmaod did manZilze. misi ganzomilebaa 

[ ] =n nawilakTa raodenoba/sm2.wm. 

  μ Bnawilakis ZalTa O  centris mier gafantva xdeba hiperboluri 

tipis traeqtoriis gaswvriv (nax. 47). Aam naxazze gamoxatulia ori  
μ Bnawilakis traeqtoria im SemTxvevisaTvis, roca )(rV  aris ganzidvis 
veli. 

 

 
naxazi 47 

 
   TiToeuli μ Bnawilakis traeqtoria xasiaTdeba ori sididiT: sam-

izne ρ  parametriT da gafantvis χ  kuTxiT. 

   nawilakis samizne parametri ewodeba umokles manZils, romelzec 
Cauvlida nawilaki samiznes (gafantvis centrs), ZalTa veli rom ar yo-
filiyo.    
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   μ Bnawilakis gafantvis kuTxe hqvia kuTxes am nawilakis traeqto-

riis asimptotebs Soris. (es kuTxe imave dros aris realuri  1m  da  2m  

nawilakebis gafantvis kuTxe C - sistemaSi). ρ  da χ   parametrebs Soris 
arsebobs funqcionaluri damokidebuleba )(χρρ = , amasTan warmoebuli 

χ
ρ

d
d

, rogorc wesi, uaryofiTia. amis mixvedra advilia, Tu gaviTvalis-

winebT, rom ρ  parametris gazrdis dros nawilakze gamfantavi centri 
naklebi ZaliT imoqmedebs. Aamis gamo gadaxris χ  kuTxec Semcirdeba. 

   centraluri simetriis velSi gafantvis procesi ver daarRvevs 
Tavdapirveli nakadis aqsialur (RerZul) simetrias. amitom gafantvis 
suraTi absoluturad erTnairi iqneba nakadis mimarTulebis marTobulad 
gadamkveT nebismier (yvela) sibrtyeSi. aqedan gasagebia, rom ),( χχχ d+  in-
tervalSi χ  kuTxeze SeiZleba gaifanton mxolod is nawilakebi, ro-

melTa samizne parametri ρ  moTavsebulia ( )ρρρ d+,  intervalSi. amitom 
μ BnawilakTa saZiebeli raodenoba, romlebic drois erTeulSi gaibnevian 

χ  kuTxeze ),( χχχ d+  intervalSi, toli iqneba nakadis n  simkvrivis nam-
ravlisa ρ  da ρρ d+  radiusebiani wrewirebiT SemosazRvruli rgolis 
farTobze, e.i. 

                           ρπρdndN 2⋅=                          (V-10.1) 
magram es dN  ricxvi mouxerxebelia gafantvis procesis dasax-

asiaTeblad, radgan damokidebulia dacemuli nakadis simkvriveze. amitom 
dN -is nacvlad SemoaqvT Sefardeba: 

                          ρπρσ d
n

dNd 2==                        (V-10.2) 

sidides σd , romelsac aqvs farTobis ganzomileba, uwodeben 
gafantvis diferencialur ganivkveTs. is gansazRravs μ BnawilakTa far-

dobiT ricxvs, romlic gaibneva drois erTeulSi gafantvis kuTxis 

usasrulod mcire ( )χχχ d+, intervalSi. gafantvis efeqturi ganivkveTi  

σd  mTlianad ganisazRvreba gamfantavi )(rV  veliT da amitom gafantvis 
procesis umniSvnelovanes maxasiaTebels warmoadgens. swored misi ga-
zomva xerxdeba eqsperimentalurad. 

   Tu ρ  da χ   parametrebs Soris kavSiri urTierTcalsaxaa  (rasac 

yovelTvis aqvs adgili, roca gafantvis χ  kuTxe aris ρ -s monotonurad 
klebadi funqcia), maSin gafantvis diferencialur ganivkveTi SegviZlia 
ase warmovidginoT: 

                         χ
χ
χρχπρσ d

d
dd )()(2=                     (V-10.3) 

anu   

                          ( ) ,sin2 χχπχσ dFd =                     (V-10.4) 
sadac 

                   
χ
ρ

χ
ρ

χ
ρ

χ
ρχ

d
d

d
dF

sinsin
)( =⋅−=                    (V-10.5) 

   Tu )(χρ  funqcia mravalsaxaa, maSin am formulis marjvena 

mxareSi unda aviRoT 
χ
ρπρ

d
d2  gamosaxulebaTa jami am funqciis yvela 

Stoze. 
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   )(χF  funqciis fizikuri Sinaarsis gasarkvevad (V-10.4)  gamosax-
ulebaSi gafantvis brtyeli χd  kuTxidan gadavideT sxeulovani kuTxis 

elementze, ,sin2 χχπ dd =Ω  romliTac O  centridan Cans erTeulovani ra-
diusis sferos zedapiris usasrulod mcire elementi, romelsac amoWris 

konusebi χ2  da ( )χχ d+2  gaSlis kuTxiT. am SemTxvevaSi zeda formulebi 
miiReben saxes: 

                          Ω= d
d
dd
χ
ρ

χ
χρσ

sin
)(

                       (V-10.6) 

Dda 

                             
Ω

=
d
dF σχ )(                           (V-10.7) 

   Aamrigad, )(χF  funqcia gansazRvravs drois erTeulSi erTeulovan 
sxeulovan kuTxeSi gafantuli nawilakebis fardobiT ricxvs. amasTan, Tu 
gaviTvaliswinebT, rom gafantvis efeqturi kveTa ar aris damokidebuli 
dacemuli nawilakebis nakadis simkvriveze, ΩdF )(χ  sidide SegviZlia ga-

vigoT, rogorc calkeuli nawilakis Ωd  sxeulovan kuTxeSi gafantvis 
albaToba, xolo )(χF  funqcia – rogorc am albaTobis simkvrive. 

   Tu gafantvis χ  kuTxe SeiZleba icvlebodes (0,π ) intervalSi, ma-
Sin adgili aqvs Semdeg tolobas: 

                     ∫=
π

χ

χχχχρ dF sin)(2)(2                        (V-10.8) 

   amaSi advilad davrwmundebiT, Tu gavixsenebT, rom ( ) 0=πρ  [cen-

traluri dartymisas 0=ρ  da πχ = ] da gamovalT (V-10.5) formulidan. 
   diferencialuri kveTis garda xSirad gvainteresebs sruli 

efeqturi ganivkveTi, romelic SeiZleba miviRoT (V-10.3) an (V-10.4) ga-
mosaxulebebis integraciiT χ kuTxis yvela mniSvnelobebisaTvis, e.i. 

                    ∫= χχχπσ dF sin)(2                           (V-10.9) 
   Ggafantvis sruli ganivkveTi tolia drois erTeulSi yvela mi-

marTulebiT gafantuli nawilakebis saerTo raodenobis Sefardebisa da-
cemuli nakadis n  simkvrivesTan. im SemTxvevaSi, roca gamfantav 
centrTan μ  nawilakis urTierTqmedeba SegviZlia ugulebelvyoT raRac 

effrr =  manZilidan dawyebuli, sruli kveTa gamodis 

                          ( )2effrπσ =                             (V-10.10) 

effr  sidides uwodeben urTierTqmedebis efeqtur radiuss. 

SeniSvna: zemoT moyvanil formulebis mixedviT vadgenT, rom (ix. mag. 
(V-10.2) ) sruli ganivkveTi  ase moicema 

                           ∫∫ == ρρπσσ dd 2  

sadac integreba axla vrceldeba yvela samizne manZilze, romlebisT-
visac xdeba Tundac raime gabneva. amitom )(rV  potencialuri energia 
romc ecemodes −r is zrdiT ragind swrafad, magram ar gadaiqceva zus-

tad 0-ad raime 0R -dan dawyebuli, maSin sruli efeqturi ganivkveTi ga-

modis usasrulo, e.i. klasikur meqanikaSi  sruli efeqturi ganivkveTi 
ganSladia. 

   Ffizikurad es Sedegi paradoqsaluria: warmoudgenelia, rom ga-
zomvebze damyarebul mecnierebaSi ragind mcire sidides SeeZlos mog-
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vces Sedegebi, romlebic principulad gansxvavdeba zustad nulovani 
mniSvnelobidan miRebulisgan. 

   am Cixidan gamosavlis Ziebisas xSirad moyavdaT argumentacia, 
rom sakmaod swrafad klebadi potencialebisaTvis didi samizne parame-
trebisas gafantva moxdeboda imdenad mcire kuTxeebze, rom cdaze maTi 
garCeva dacemuli nakadis nawilakebisagan SeuZlebeli iqneboda. amitomac 
cdaze gazomili sruli kveTa aRmoCndeboda sasrulo. magram is, rom 
fizikuri sididis mniSvneloba arsebiTad gaxdeboda damokidebuli eq-
sperimentebis sizusteSi miRweul progresze, kvlavac aradamakmayo-
fileblad gamoiyureba! Mmxolod kvanturma meqanikam gamoamJRavna, rom 
zemoT moyvanili ganurCevloba Zalzed mcire kuTxeebze gadaxrili 
nawilakebisa da gaubnevel nawilakebs Soris xelsawyos “brali” ki ar 
aris, aramed fundamentur xasiaTs atarebs. kerZod, kvantur meqanikaSi 
aRmoCda, rom nela klebadi )(rV  potencialebisaTvis gamoTvlili sruli 
kveTa sasrulo Sedegs iZleva! 

  
 

(V-11).       )(χρρ =  funqcionaluri damokidebulebis Seswavla. 
Ggafantvis Sebrunebuli amocana 

 
  
   Ggafantvis diferencialuri ganivkveTis gamoTvla, rogorc 

vnaxeT, daiyvaneba ρ  samizne parametris gafantvis χ  kuTxeze damokide-
bulebis gansazRvraze. am mizniT ganvixiloT raime μ  nawilakis gafant-

vis traeqtoria (nax. 48) 
 

 
 

naxazi 48 
 

   viciT, rom centraluri simetriis velSi nawilakis traeqtoria 
simetriulia misi OP afsidis mimarT. Tu am wrfesa da dacemuli nakadis 

mimarTulebas Soris kuTxes aRvniSnavT 0ϕ -iT, maSin gafantvis χ  kuTxe 

ase warmoidgineba 

                         02ϕπχ m±= ,                            (V-11.1) 
sadac zeda niSnebi eTanadeba ganzidvis, xolo qveda – mizidvis velebs.  

TviT 0ϕ  KkuTxe ganisazRvreba Semdegi integraliT 

KKKKKKKKKKKKKKKKKKK 

             

[ ]
∫
∞

−−

=
min

2

2
2

0

)(2r

r
lrVEr

ldr

μ

ϕ                         (V –11. 2)  
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   aqedan Cans, rom gafantvis kuTxe damokidebulia srul energiaze 
da impulsis momentze, e.i. ),( lEχχ = . amitom zeda (V–11.1), (V–11.2)      
TanafardobebiT aracxadi saxiT ganisazRvreba )(χρ  damokidebulebac. es 
kavSiri ufro aSkara rom gavxadoT, impulsis momenti gamovxatoT da-
jaxebis parametriT. 48-e naxazidan naTelia, rom 

                       ρμυαμυ ∞∞∞ == sinrl                     (V –11. 3) 
garda amisa, viciT, rom 

                          
2

2
∞=

μυE                              (V –11. 4) 

amis gaTvaliswinebiT vpoulobT:  

                      ∫
∞

∞

−−

=
±

min

22

2
2 )(21

2 r rV
r

r

dr

μυ
ρ

ρχπ
,               (V – 11. 5) 

sadac zeda niSani χ -s win Seesabameba ganzidvis velebs. swored am 

TanafardobiT ganisazRvreba )(χρ  funqcionaluri damokidebuleba. 

   (V–11.5) Tanafardoba sruldeba μ  nawilakis moZraobisas susti 

singularobis mizidvis velebSi )2()( <−= n
r

rV n

α
 da ganzidvis nebismier 

velebSi  )0()( >= n
r

rV n

α
. 

   Mmxolod am SemTxvevebSi (V–11.5) Tanafardobidan miiReba calsaxa 
damokidebuleba )(χρρ = . mizidvis velebSi, roca 2≥n , adgili aqvs or-
bitirebis efeqts anu  μ  nawilakis traeqtoriis Caxvevas, rogorc aR-

niSnuli iyo (V – 7) paragrafSi. Aam efeqtis gaTvaliswinebas mivyavarT  
)(χρ  funqciis aracalsaxobasTan da am dros ganivkveTis gamosaTvleli 

zogadi formula ase unda CavweroT 

                    ∑=
k

k
k d

d
d
d

χ
χρ

χρπ
χ
σ )(

)(2 ,                    (V –11. 6) 

sadac ajamva xdeba mravalsaxa  )(χρ  funqciis calkeuli Stoebis mixed-
viT. 

    SevniSnoT, rom zogjer )(χρ  damokidebulebis gansazRvra 

SesaZlebeli xdeba (V–11.5) formulis gareSec, wminda geometriuli mo-
sazrebebiT (amis magaliTi moyvanili iqneba qvemoT). 

    Aamrigad, Cven miviReT  μ  nawilakTa nakadis gafantvis diferen-

cialuri ganivkveTis gamosaTvleli formulebi (V – 11. 3) da (V–11. 5). Tu 
am formulebSi CavatarebT Secvlas 

                             ,m→μ   θχ →  

maSin isini gansazRvraven mcire m  masis nawilakis gafantvis ganivk-
veTs m>>μ  masis uZravi samiznis nawilakze. aqedan rom miviRoT gafant-

vis makroskopuli ganivkveTi ∑ (anu imis albaToba, rom calke aRebuli 

m nawilaki drois erTeulSi gaifanteba nebismieri θ  kuTxiT dacemuli 
nakadis mimarT, roca gaivlis μ  nawilakebisagan Sedgenil gambnevTa 1 sm 

sisqis fenas) sakmarisia (VI –10. 9) sruli kveTis formula gavamravloT 1 
sm2 –Si moTavsebuli samizne nawilakTa N  ricxvze, e.i. 
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                     ∑ ∫= θθθπ dFN sin)(2                       (V –11. 7 ) 
   Ggafantvis pirdapir amocanasTan erTad xSirad warmoiqmneba 

gafantvis Sebrunebuli amocanis amoxsnis aucilebloba, e.i. gamfantavi 
)(rV  potencialis saxis aRdgenis amocana nawilakTa drekadi gafantvis 

eqsperimentuli monacemebidan. 
   ganvixiloT umartivesi amocana – CavTvaloT, rom saZiebeli po-

tenciali )(rV  aris ganzidvis xasiaTisa da r -is mixedviT monotonur 
funqcias warmoadgens, romelic nulisken miiswrafvis, roca ∞→r . 

   SevniSnoT, rom gafantvis eqsperimentebSi, romlebic tardeba l  
momentis mocemuli fiqsirebuli mnivnelobisaTvis, ganisazRvreba difer-
encialuri ganivkveTebis damokidebuleba srul E  energiasa da gafantvis 

χ  kuTxeze anu funqcia 
Ω

=
d
dEF σχ ),( . amasTan )(Eχ  damokidebuleba 

SeiZleba ganvsazRroT ),( El χ  mrudebis raime ojaxis gadakveTis wer-

tilebis mixedviT ( )E,χ  sibrtyeze constl =  wrfesTan. mrudebis aseTi 
ojaxi ganisazRvreba gantolebiT 

                      ∫=
π

χ

χχχμ dEFEl sin),(22 , 

rac gamomdinareobs (V –10. 8 ) Tanafardobidan. 
    saZiebeli )(rV potencialis gansazRvrisaTvis mocemuli )(Eχ  da-

mokidebulebiT gamoiyeneba (V–11.2) gantoleba, romelic ase gadavweroT 

                  ∫
∞

−

⎟
⎠
⎞

⎜
⎝
⎛

−=−
min

)(

1

2
2)(

r eff rVE
r

d
lE
μ

χπ                (V – 11. 8) 

cxadia, )(rVeff -ic aris r -is monotonuri funqcia. Aamitom unda arse-
bobdes )(rVeff -is Sebrunebuli calsaxa funqcia )( effVr . (nax. 49).  

 
 

naxazi 49 
 

(V–11.8) –Si gadavideT axal damokidebulebaze  effV  damoukidebeli 

cvladisa. miviRebT 
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                   ∫ −

⎟
⎠
⎞

⎜
⎝
⎛

=−
E

eff

eff
eff

VE

dV
rdV

d
lE

0

1

2
2)(
μ

χπ                (V – 11. 9) 

  
Ees Tanafardoba  warmoadgens agreTve abelis integralur gan-

tolebas. misi Seqceva arafriT ar gansxvavdeba erTganzomilebiani moZ-
raobis Seswavlisas gamoyenebuli meTodisagan. moviyvanoT mxolod 
saboloo Sedegi 

                   
[ ]
∫ −

−
=

E

effeff EV
dEE

lVr 0

)(
2
2

)(
1 χπ

π
μ

                  (V – 11. 10) 

   Aamrigad, Tu Ggvecodineba )(Eχ , SegveZleba vipovoT r  rogorc effV -

is funqcia da ganvsazRvroT saZiebeli )(rV  funqcia, rogorc sxvaoba 

2

2

2
)(

r
lrVV eff μ

−= . Aam meTodis nakli isaa, rom rTulia nawilakTa gafant-

vis eqsperimentis Catareba, roca impulsis momenti fiqsirebulia, .constl =  
gacilebiT ufro advilia miviRoT eqsperimentuli monacemebi gafantvis 
efeqturi ganivkveTis χ  kuTxeze damokidebulebisa mocemuli E  ener-

giiT. Ees amocana gadawyvita  Oo.firsovma  1963 wels da moyvanilia amo-
canis saxiT landausa da lifSicis saxelmZRvaneloSi (gv. 71). 

Aamocana: aRadgineT gamfantavi velis )(rV  potencialis saxe 
efeqturi ganivi kveTis gafantvis kuTxeze damokidebulebis mixedviT 
fiqsirebuli E  energiis dros. CaTvaleT )(rV  r -is monotonurad klebad 

funqciad (ganzidvis veli). amasTan 0)(,)0( =∞> VEV . 

A  am amocanis amoxsnac miiyvaneba abelis integralur gantolebaze, 
romelic Seiswavleba standartuli meTodebiT (ix. Л.Д.Ландау,Е.МЛифшиц, 
Теоретическая Физика. т.1, Механика. gv.71, agreTve Р.Ньютон.Теория рассеяния 
волн и частиц. Ggv 137).  

   Ddabolos, SevniSnoT, rom klasikur meqanikaSi nawilakTa gafant-
vis amocana gansakuTrebiT martivad yalibdeba kanonikur formalizmSi 
hamilton-iakobis gantolebis bazaze, rasac Semdgom ganvixilavT. 

 
 
 
 

(V –  12).               rezerfordis formula 
 
   Kklasikur meqanikaSi gafantvis efeqturi ganivkveTis gamoTvlis 

umniSvnelovanesi SemTxveva aris gafantva kulonuri Zalebis moqmedebiT. 
   gansakuTrebuli yuradReba am SemTxvevisadmi gamowveulia 3 mTa-

vari mizeziT: jer-erTi, TviTon kulonuri urTierTqmedeba mik-
ronawilakTa samyaroSi TvalsaCino rols asrulebs. meore, es gaxlavT 
erT-erTi kerZo SemTxveva uamravTagan, roca efeqturi ganivkveTis ga-
moTvlisaTvis saWiro ingradientebi gamoiTvleba cxadi saxiT da mesamec, 
kulonuri urTierTqmedeba iZleva sasiamovno siurprizs – aRmoCndeba, 
rom klasikur meqanikaSi am SemTxvevisaTvis gamoTvlili ganivkveTis 
formula inarCunebs Tavis saxes kvantur meqanikaze gadasvlisas (oRond 
Tu gabneuli da gambnevi nawilakebi ar arian igivurni). Ddabolos, droa 
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gavixsenoT, rom rezerfordis 1911 wlis eqsperimentebSi swored es amo-
cana warmoiqmna, romelmac safuZveli daudo atomis birTvis aRmoCenas. 
Tu ara zemoT CamoTvlili Taviseburebani kulonis amocanisa, albaT 
atombirTvis aRmoCena gadaideboda kidev didi xniT. 

   SevudgeT am amocanis ganxilvas jer C – sistemaSi.  ( )χρρ =  da-

mokidebulebis miReba SegviZlia zogadi formulidan (V – 11. 5): 

                      ∫
∞

∞

⋅−−

−=
−

min 121

1

2
22

2
r

rr

r
d

μυ
αρ

ρχπ
               (V –12. 1) 

am formulaSi gadavideT axal cvladze 
r

x 1
=  da CavataroT inte-

gracia, rogorc (V-6) paragrafSi. miiReba 
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2
sin

11
2

2
22

χ
ρ

α
μυ

=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+ ∞                   (V – 12. 2) 

aqedan )(χρ  damokidebulebis misaRebad gamoviyenoT martivi trigo-

nometriuli igiveoba, χχ 22 cos/11 =+ ctg . Sedegad miviRebT 

                         
2

2
2

2
2 χ

μυ
αρ ctg⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
=

∞

                     (V – 12. 3) 

Tu am gamosaxulebas χ  kuTxiT gavawarmoebT da miRebul Sedegs 

CavsvamT diferencialuri ganivkveTis gamosaTvlel formulebSi (V – 10. 3) 
an (V –10. 4), saZiebeli diferencialuri ganivkveTisaTvis vipoviT: 

                                  ( )
( )2

2

2
3

2

2 cos1
cos12

2
sin

2
cos

χ
χ

μυ
απχ

χ

χ

μυ
απσ

−
−

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
=

∞∞

ddd  

anu 

                       

2
sin2 4

2

2 χμυ
ασ Ω

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=

∞

dd                      (V – 12. 4) 

ganivkveTis am gamosaxulebas uwodeben rezefordis formulas. 
   am formulidan Cans, rom kulonuri gafantvis diferencialuri 

ganivkveTi srulebiT ar aris damokidebuli imaze, nawilakebi miizidebian 
Tu ganizidebian, maSin roca am ori SemTxvevisaTvis nawilakis moZraobis 
traeqtoriebi sxvadasxvaa. 

   kulonuri gafantvisaTvis damaxasiaTebelia diferencialuri 
ganivkveTis Zalzed mkveTri zrda mcire 0→χ  kuTxeebze gafantvisaTvis. 
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am dros diferencialuri ganivkveTi 
Ωd

dσ
, agreTve misi pirveli warmoe-

buli usasrulo xdeba. es imas niSnavs, rom ukan (an did kuTxeebze) 
gafantuli nawilakTa raodenoba Zalzed mcire gamodis, xolo gafantvis 
sruli ganivkveTi – usasruloba. 

   marTlac rezerfordis formulis integracia gvaZlevs: 

              
( )∫ ∞=

−
=

−
−

=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ ∞
π

π

χχ
χσ

α
μυ

π 0
02

2

1cos
1

cos1
)cos1(

2
1 d

           (V – 12.5) 

    es Sedegi kerZo gamovlinebaa klasikur meqanikaSi gafantvis 
sruli ganivkveTis ganSladobisa, romelzec saubari gvqonda(VI – 10) 
paragrafSi da damaxasiaTebelia yvela Sorsqmedi potencialisaTvis. 

   laboratoriul (L) sistemaze gadasvla xdeba trivialurad. Cven 

SemovisazRvrebiT yvelaze saintereso SemTxvevebis ganxilviT: 21 mm <<  

da 21 mm = . 

   pirvel SemTxvevaSi dacemuli 1m  nawilakis 12 mm >>  uZrav 
nawilakze Ggafantvis aRsawerad sakmarisia zeda formulebSi movaxdinoT 

Secvla: 11; θχμ →→ m . Sedegad miiReba 

                    

2
sin2 14

1

2

2
1

1 θυ
ασ

Ω
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=

∞

d
m

d                       (V – 12. 6) 

swored es formula miiRo rezefordma 1911 wels. 

   Tuki 21 mm = , 
2
m

=μ , maSin χ  gafantvis kuTxe Semdegnairad 

ukavSirdeba gafantvis 1θ  kuTxes dacemuli nawilakebisa da ukucemis 2θ  

kuTxes Tavdapirvelad uZravi nawilakisa: 

              12θχ =           da     22θπχ −=  

Sesabamisad amisi Casma (V–11.4)-Si iZleva diferencialur ganivk-
veTebs  

                   
1

4
11

2

21 sin
cos2

θ
θ

υ
ασ

Ω
⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
=

∞

d
m

d                       (V – 12. 7) 

da 

                     
2

3
2

2

22 cos
2

θυ
ασ

Ω
⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
=

∞

d
m

d                       (V – 12. 7) 

   Tu orive nawilaks erTnairi aqvT ara marto masebi, aramed sxva 
maxasiaTeblebic, anu rogorc ityvian, nawilakebi arian igivurni (ma-
galiTad, eleqtronis gabneva eleqtronze, α - nawilakebis gavla 
(gafantva) heliumis orTqlSi), maSin gafantvis Semdeg uazroa SevecadoT 
dacemuli da Tavdapirvelad uZravi nawilakebis garCevas.  

   orive maTganisaTvis saerTo diferencialuri ganivkveTi, bune-

brivia, miviRoT 1σd  da 2σd  ganivkveTebis SekrebiT, xolo 1θ  da 2θ  kuTxe 

SevcvaloT erTi saerTo θ  kuTxiT. am dros igivur nawilakTa gafantvi-
saTvis miiReba Semdegi formula 

             Ω⋅⎟
⎠
⎞

⎜
⎝
⎛ +⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛
=

∞

d
m

d clasical θ
θθυ

ασ cos
cos

1
sin

12
44

2

2  
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magram am formulis Sedarebisas eqsperimentul monacemebTan aR-
moCndeba SeuTanxmebloba! 

  rogorc kvanturma meqanikam aCvena, diferencialuri ganivkveTis 
formula gansxvavdeba amisagan da aqvs saxe 

 

Ω⋅

⎟
⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜
⎜

⎝

⎛
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛

++⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
= ∞

∞

d
tg

m
d quantum θ

θθ

θ
υ
α

θθυ
ασ cos

sincos

lncos2

cos
1

sin
12

22

2
2

44

2

2

h
 

   aq gaCda damatebiTi, e.w. interferenciuli wevri, romelic ganpi-
robebulia igivur nawilakTa sruli ganurCevlobiT kvantur meqanikaSi. 
klasikur meqanikaSi igivuri nawilakebis garCeva kidev SeiZleba maTi 
traeqtoriebis mixedviT. kvantur meqanikaSi traqtoriis cneba azrs kar-
gavs da igivuri nawilakebisaTvis Cndeba e.w. gacvliTi urTierTqmedeba 
(urTierTqmedeba gamowveuli nawilakTa urTierTgadasmiT). SevniSnoT, 

rom damatebiTi wevri quantumdσ  -Si iZleva diferencialuri ganivkveTis 

arsebiT zrdas. (magaliTad - 045 -ze, TiTqmis orjer). 
 
     
 

V-13. Teorema virialis Sesaxeb 
 
   davadginoT centraluri Zalebis velSi moZraobis kidev erTi 

Tviseba, romelic SeiZleba miRebul iqnas rogorc kerZo SemTxveva ufro 
zogadi Teoremisa, rac samarTliania sxvadasxva sistemebis farTo wri-
saTvis. esaa Teorema virialis Sesaxeb. mas aqvs statistikuri xasiaTi, e.i. 
ganixilavs drois mixedviT gasaSualebul meqanikur sidideebs.  

   ganvixiloT materialur wertilTa nebismieri sistema, romelic 

ganisazRvreba ir
r
 radius-veqtorebiT. misi moZraobis gantolebebia 

                              ii Fp
r

&r =  

  SevadginoT sidide 

                       ∑
=

⋅=
N

i
ii rpG

1

rr
 

gamovTvaloT misi pirveli warmoebuli drois mixedviT 

                ∑ ∑
= =

⋅+⋅=
N

i

N

i
iiii rppr

dt
dG

1 1

,r&rr&r                        (V-13.1) 

amasTan jamis pirveli wevri ase gadavweroT 

             ∑ ∑ ∑
= = =

==⋅=⋅
N

i

N

i

N

i
iiiiiii Tvmrrmpr

1 1 1

2 ,2&r&rr&r  

xolo meore _ ase  

                   ∑∑
==

⋅=⋅
N

i
ii

N

i
ii rFrp

11

rrr&r
   

   maSin (V-13.1) toloba miiRebs saxes: 

                  .2
11
∑∑
==

⋅+=⋅
N

i
ii

N

i
ii rFTrp

dt
d rrrr
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aq Semavali sidideebis saSualo mniSvnelobebze gadasasvlelad 
saWiroa vaintegroT es toloba drois raRac intervalSi da Sedegi 
gavyoT integraciis aris sigrZeze 

              ∫ ∑ ⋅+=≡
τ

τ 0

21 N

i
ii rFT

dt
dGdt

dt
dG rr

 

anu 

             [ ])0()(12
1

GGrFT
N

i
ii −=⋅+∑

=

τ
τ

rr
                           (V-13..2) 

    am da qvemoT moyvanil formulebSi Tavze xazis gadasma aRniS-
navs drois mixedviT gasaSualoebas. 

    Tu am sistemis moZraoba aris perioduli, e.i. misi yvela wer-
tilis koordinatis mniSvnelobebi meordeba drois garkveuli Sualede-
bis Semdeg, maSin, Tuki am Sualeds avirCevT τ -s tolad, marjvena mxares 
vaqcevT nulad. analogiur daskvnas gavakeTebT araperioduli moZraobis 

drosac, Tu moZraoba iwarmoebda SemosazRvrul areSi. am SemTxvevaSi G  

sidide zemodan SemosazRvruli iqneba, da sakmaod dids Tu aviRebT τ -
Sualeds, (V-13.2) tolobis marjvena mxare SeiZleba gavxadoT ragind 
mcire. yovel aseT SemTxvevaSi gveqneba: 

                      ∑
=

⋅−=
N

i
ii rFT

12
1 rr

                            (V-13.3) 

  am tolobis marjvena mxares uwodeben klauziusis virials, TviT 
am tolobas ki _ Teoremas virialis Sesaxeb. 

am saxiT Teorema Zalian sasargebloa gazebis kinetikur TeoriaSi, 
sazogadod, mas didi gamoyeneba aqvs fizikis mraval sferoSi, sadac 
saqme gvaqvs mravalnawilakian sistemebTan. ukanasknel xans am Teoremam 
farTo gamoyeneba pova mikrosamyaros fizikaSi, magaliTad, kvark-
antikvarkisagan Sedgenili sistemebis doneebis struqturis Sesaswavlad, 
agreTve klasikuri solitonuri amonaxsnebis Seswavlisas velebis kvan-
turi Teoriis topologiur modelebSi. 

    SeiZleba Cveneba, rom Tu iF
r
 ZalaSi aqtiur ZalebTan erTad 

monawileobs siCqaris proporciuli xaxunis Zalebi, es ukanasknelni 
virialis gamoTvlaze ar axdenen gavlenas. amave dros, cxadia, unda 
vigulisxmoT, rom sistemis moZraoba xaxunis gamo ar wydeba, e.i. mudmivad 
miewodeba energia moZraobis SesanarCuneblad (aCveneT!). 

   Tu sistemaze moqmedi Zalebi potencialuria, maSin Teorema 
miiRebs saxes: 

                     ∑
=

⋅∇=
N

i
irVT

1

.
2
1 r

                             (V-13.4) 

    Tu gamoviyenebT potencialur velSi moZravi calke aRebuli 
nawilakisaTvis, (V_13.4) toloba mogvcems 

                           r
r
VT
∂
∂

=
2
1

                           (V-13.5) 

Tu, magaliTad, potenciali xarisxovani funqciaa 

                            1+= narV  
maSin 

                           ( )Vnr
r
V 1+=
∂
∂

                        (V-13.6) 
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da Teorema iRebs saxes 

                           VnT
2

1+
=                             (V-13.7) 

kerZo SemTxvevaSi, roca potenciali kulonuri saxisaa, ,2−=n viri-
alis Teorema iRebs kargad cnobil formas 

                                VT
2
1

−=  

                           
amocanebi: 

  
       1. gansazRvreT nawilakis centrze “dacemis” efeqturi ganivkveTi 

Semdeg  velebSi:  (a) ./ 2rV α−=  (b).  ).0,2(/ >>−= αα nrV n  

       2. gansazRvreT 1m  masis nawilakTa 2m  masis da R  radiusis 

sferoze dacemis efeqturi ganivkveTi, Tu sfero maT izidavs niutonis 
msoflio mizidulobis ZaliT. 

      3. gansazRvreT  )0(/ 2 >= αα rV  velSi   nawilakis gafantvis 
efeqturi ganivkveTi. 
      4. gansazRvreT mcire kuTxeebze gafantvis efeqturi ganivkveTi 

Semdeg velSi  ( ).0,/ >= nrV nα  

   5.  ganixileT Semdegi Zala     .)( 42 r
k

r
krF

′
−−= . aCveneT, rom Tu 

kk ′>2ρ , nawilaks SeuZlia imoZraos stabilur wriul orbitaze radi-
usiT ρ=r . 

   6. ganixileT Zala  )/exp(/)( 2 arrkrF −−= . gamoikvlieT mis velSi 
wriuli orbitebis stabilurobis problema. 

    7. gansazRvreT izotropuli oscilatoris velSi, 
2

)(
2krrV = , 

nawilakis moZraobis traeqtoria. 

  8.  ganixileT nebismieri N  nawilakisgan Sedgenili sistema. 
nawilakTa wyvilebs Soris moqmedi Zalebi CaTvaleT centralurad. Se-
moitaneT masaTa centris radius-veqtori da aCveneT rom is aris cik-
luri.  
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Tavi  VI 
 

hamiltonis kanonikuri gantolebebi  
 
 
      am TavSi gavagrZelebT meqanikis Teoriuli  meTodebis ganvi-

Tarebas da CamovayalibebT e.w. hamiltonis formalizms.  Tumca fizikuri 
TvalsazrisiT axali didi araferi moemateba, miuxedavad amisa, miviRebT 
meqanikuri sistemebis gamokvlevis ufro mZlavr meTods. SemdegSi 
CavTvliT, rom ganxiluli sistemebi aris holonomuri, xolo moqmedi 
Zalebi – potencialuri zogadi SinaarsiT. 

 
 
 
 
              VI-1. leJandris gardaqmna 
    
     ganvixiloT raime funqcia ).,( yxf mis diferencials aqvs saxe 
 
                        dyudxdf υ+= ,                       (VI-1.1) 

sadac 

            
y
f

x
fu

∂
∂

=
∂
∂

= υ,                         (VI-!.2)   

     gadavideT axla yx,  damoukidebeli cvladebidan yu,  damou-

kidebel cvladebze da amrigad, dydx,  diferencialebidan dydu,  diferen-
cialebze. vTqvaT g  aris u  da y  cvladebis funqcia, gansazRvruli ase 

 
                        uxfg −=                           (VI-1.3) 

maSin misi diferenciali iqneba 
                  xduudxdfdg −−= . 

magram (VI-1.1)-is ZaliT 
                   xdudydg −=υ , 

sadac x  da v υ  sidideebi axla arian u  da y  cvladebis funqciebi. is-

ini ase ganimartebian 

                    ,
u
gx
∂
∂

−=         da    
y
g
∂
∂

=υ            (VI-1.4) 

     am formulebs vwerT (VI-1.2)-is msgavsad, radgan  
.bduadydg += zemoT moyvanili formulebi gansazRvraven  leJandris gar-

daqmnas. 
am gardaqmnis Sedegad ),( yxf  funqciidan gadavdivarT ),( yug  funqci-

aze. 
    sxvanairad, gvinda gadavideT ),(),( yugyxf →  anu f -dan ganvdev-

noT −x ze damokidebuleba da SevcvaloT u -ze damokidebulebiT. gvaqvs: 

      
y
f

x
fudyudxdf

∂
∂

=
∂
∂

=+= υυ ,,  

Semogvaqvs ),( yuguxfg ≡−= .  rodis moxdeba ase?   
    aSkaraa, rom Tu asea, maSin 
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                    dy
y
gdu

u
gdg

∂
∂

+
∂
∂

=  

meores mxriv 
                 xduudxdyudxxduudxdf −−+=−− υ  
saidanac gamodis , rom mizans mivaRwevT Tu 

      
y
g
∂
∂

=υ        da     
u
gx
∂
∂

−=                  

 
•   leJandris gardaqmnis geometriuli interpretacia 
 
                          
simartivisaTvis ganvixiloT erTi damoukidebeli x  cvladis fun-

qcia   
                    )(xff =  
davuSvaT axla, rom gvinda gadavideT axal damoukidebel cvladze 

.
dx
dfu =   ismis kiTxva: romeli sidide unda avirCioT mis funqciad (masze 

damokidebul cvladad), raTa SevinarCunoT wina gamosaxulebaSi moce-
muli sruli informacia?    

         
                 (a)                                                                          (b) 
 

      
 
                    (c)                                                                      (d) 
 
 
 
                                        naxazi 50 

 

 strategia gadmocemulia am grafikebze: ( )a  grafiki gamosaxavs 

Tavdapirvel Tanafardobas. −)(b ze formalurad gamoxatulia )(uf  fun-

qcia. Seicavs Tu ara es grafiki −)(a ze gamoxatul srul informacias?  
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 −)(b s mixedviT f  funqcia rom aRvadginoT, es ar moxdeba 
calsaxad, 

miiReba −)(c ze gamoxatuli suraTi (warmoebulidan funqciis 
aRdgena). 

gavixsenoT, rom )(a - grafikis (mrudis) mxebi aRiwereba gantolebiT: 

                  guxf +=  

 aq g  aris f -RerZze mokveTili monakveTi, xolo −u  pirveli war-
moebuli. amrigad, Tu u  damoukidebeli cvladia da Cven gvecodineba 
funqcia  ),(ugg =  sadac 

                  uxfg −= ,                              ( )•  

SegveZleba aRvadginoT f  funqciis grafiki, rogorc mxebebis momvlebi. 
esaa leJandris gardaqmnis kerZo magaliTi, romlis ganzogadeba mra-

val cvladze trivialuria. 
 
•   rogorc viciT,  n  Tavisuflebis xarisxis mqone meqanikuri sis-

tema aRiwereba Semdegi n  gantolebiT: 
 

                0=
∂
∂

−⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

ii q
L

q
L

dt
d

&
,    ( )ni ,...,2,1=                 (VI-1.5) 

 
 radgan esaa meore rigis gantoleba droiTi warmoebulis mixedviT, 

moZraobis calsaxad gansazRvrisaTvis aucilebelia nebismierad davasax-

eloT sawyisi mniSvnelobebi n  koordinatisa iq  da maTi n  warmoebu-
lisa iq& . am SinaarsiT iq  koordinatebi da iq&  siCqareebi adgenen n2  da-

moukidebel cvladTa srul sistemas, romelic aucilebelia sistemis 
moZraobis aRsawerad. amitom lagranJis meTodi niSnavs sistemis aRweras 
ganzogadebuli koordinatebiTa da ganzogadebuli siCqareebiT. 

 hamiltonis meTodSi ki damoukidebel cvladebad aiRebian gan-

zogadebuli koordinatebi iq  da ganzogadebuli impulsebi ,ip  gansaz-

Rvruli ase 

                        
i

ii
i q

tqqL
p

&

&

∂
∂

=
),,(
                        (VI-1.6) 

 amrigad,  ( )tqq ,, &  cvladebidan unda gadavideT ( )tpq ,,  cvladebze, 
risTvisac SegviZlia gamoviyenoT leJandris gardaqmna mravali cvladi-
saTvis. 

 anu L lagranJianis nacvlad unda SemovitanoT axali funqcia 

                    ∑
=

−=
n

i
ii tqqLpqtpqH

1
),,(),,( && ,                (VI-1.7) 

romelic agebulia zemoT ganxiluli g  funqciis msgavsad, (VI-1.3). 
Tu gavixsenebT adre Semoyvanili ganzogadebuli impulsis ganmartebas 
da gamoviyenebT (VI-1.7) formulaSi, davrwmundebiT, rom (VI-1.7) emTxveva    
(IV-3.2)-s.  

gamovTvaloT axla H -is, rogorc tpq ,,  cvladebis funqciis sruli 

diferenciali: 

                dt
t
Hdp

p
Hdq

q
HdH

n

i

n

i
i

i
i

i
∑ ∑
= = ∂

∂
+

∂
∂

+
∂
∂

=
1 1

                 (VI-1.8) 

magram (VI-1.7) gardaqmnis Tanaxmad vwerT: 
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∑ ∑ ∑∑∑∑
= = ==== ∂

∂
−

∂
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−
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−+=−+=
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n

i
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i
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n

i
iiii dt

t
Lqd

q
Ldq

q
LqdpdpqdLqdpdpqdH

1 1 1111

&
&

&&&&  

Tu (VI-1.6) ganmartebas gavixsenebT, iqd & -is Semcveli wevrebi 

gabaTildebian da es gantoleba miiRebs saxes: 

            ∑ ∑
= = ∂

∂
−−=

n

i
i

n

i
iii dt

t
LdqpdpqdH

1 1

&&                        (VI-1.9) 

aq kidev mxedvelobaSia miRebuli lagranJis gantoleba 

                       
i

i q
Lp

∂
∂

=&  

Tu axla SevadarebT  dH -is orive gamosaxulebas, (VI-1.8)-(VI-1.9),  da-
vaskvniT: 

i
i

i
i q

Hp
p
Hq

∂
∂

−=
∂
∂

= && ,   ),...,2,1( ni =             (VI-1.10) 

garda amisa gvaqvs kidev erTi Tanafardoba 

                   
t
H

t
L

∂
∂

−=
∂
∂

                                (VI-1.11) 

(VI-1.10) gantolebebs uwodeben hamiltonis gantolebebs. isini war-
moadgenen n2  pirveli rigis diferencialur gantolebaTa sistemas, 
romlebic ekvivalenturia lagranJis gantolebebisa.  

am gantolebaTa Sesadgenad pirvel rigSi unda avagoT lagranJiani 
),,( tqqL &  da, gamovTvliT ra ganzogadebul impulsebs (VI-1.6) Tanafardo-

biT, SevadgenT hamiltonians (VI-1.7), rogorc ( )tpq ,,  cvladebis funqcias. 
amis Semdeg (VI-1.10) mogvcems saZiebel gantolebebs. 

magaliTi: SevadginoT hamiltoniani l  sigrZis maTematikuri saqani-

saTvis,  romlis dakidebis wertili  mudmivi 0υ  siCqariT moZraobs r ra-
diusis vertikalur wrewirze (nax. 51)  

 

 
 

naxazi 51 
 
    amoxsna: ganzogadebul koordinatad aviRoT gadaxris kuTxe 
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q=ϕ  
cxadia, burTulas dekartes koordinatebia 
    

ϕ
υ

ωα
υ

ωϕ
υ

sinsin

,,coscos

0
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r
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t
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amitom 

        ( ) ⎥
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⎛ −+=+= 2
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2222 cos2
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ϕϕυϕ t

r
llmyxmT AA &&&&  

 
ganzogadebuli Zalis povnisas bmebi iTvleba myisierad gaCerebulad. 

amitom potencialuri energiaa 
 
                      ϕcosmglV −=  

e.i. 

     ϕυ
υ

ϕϕυϕ coscos2
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2
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22 mglt
r

llmVTL +⎥
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amrigad, 

         ⎟
⎠
⎞

⎜
⎝
⎛ −+=

∂
∂

= t
r

lmmlLp 0
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2 cos
υ

ϕυϕ
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aqedan moiZebneba  

                  ⎟
⎠
⎞

⎜
⎝
⎛ −−= t

tlml
p 00

2 cos
υ

ϕ
υ

ϕ&  

SevadginoT hamiltonis funqcia 
 

          ( ) ϕυϕϕ
ϕ

cos
2
1 2

0
22 mgllmLLH −−=−

∂
∂

= &&
&

 

Tu ,00 =υ maSin 

           H VTmglmlH +=−= ϕϕ cos
2
1 22 & , 

rac emTxveva srul energias.  
   CavsvaT aq −ϕ& is gamosaxuleba, miviRebT saZiebel hamiltonians: 
            

          ϕ
υ

ϕ
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VI-2.   cikluri koordinatebi da rausis meTodi 
 
    hamiltonis gantolebebi gansakuTrebiT mosaxerxebelia iseTi 

sistemebis Sesaswavlad, romlebsac cikluri koordinati gaaCniaT. 

rogorc viciT, Tu jq  cikluri koordinatia, is ar Sedis lagranJianSi 

da, amitom, misi Sesabamisi ganzogadebuli impulsi mudmivia. magram Tu 

asea, maSin  ,0=jp&  anu hamiltonis gantolebebis Tanaxmad, ,0=
∂
∂

jq
H

 e.i. 

cikluri koordinata arc hamiltonianSi Seva. 

     axla piriqiT, vTqvaT, rom romeliRac  jq  koordinati ar Sedis 

hamiltonianSi. maSin hamiltonis gantolebebidan gamova, rom saTanado 

jp  mudmivia. 

    amrigad, hamiltonisa da lagranJis meTodebs Soris am sakiTxSi 
sruli msgavsebaa. magram maT Soris arsebiTi gansxvavebac warmoiqmneba. 

    Tu romelime koordinati, mag., nq  aris cikluri, lagranJians 

eqneba saxe: 

( )tqqqqqqqLL nnn ;,,...,,,...,, 121;121 &&&& −−= , 

e.i. Seicavs yvela ganzogadebul siCqares. amitom, cikluri koordinatis 
miuxedavad, Cven mainc saqme gvaqvs n  Tavisuflebis xarisxTan. 

    amis sawinaaRmdegod, hamiltoniseuli aRwerisas −nq is Sesabam-

isi np  impulsi iqneba raRac α  mudmivi da hamiltonians eqneba saxe: 

            ( )tpppqqqHH nn ;,,...,,,,...,, 121121 α−−=  

   amrigad, hamiltonianSi am SemTxvevaSi Seva marto 1−n  koordi-
nati da maTi gansazRvra xdeba cikluri koordinatis sruli ignorire-

biT. es koordinati Tavs avlens mxolod integraciis  α mudmivis saxiT, 
rac ganisazRvreba amocanis sawyisi pirobebidan. amdenad hamiltonis 
formalizmSi cikluri koordinati marTlac “ignorirebadia”. misi gan-
sazRvrisaTvis sakmarisi iqneba vaintegroT gantoleba 

                         
α∂
∂

=
Hqn&  

  •  mivaqcioT yuradReba imas, rom arsebobs cikluri koordinatis 
sruli gamoricxvis meTodi – rausis meTodi. jer aRvweroT pirdapiri 
meTodi: 

     davuSvaT, rom ganzogadebuli koordinatebidan pirveli k  
koordinati kqqq ,...,, 21  aris cikluri. maSin isini ar Sedian hamiltonianSi 

da hamiltonis gantolebebis Tanaxmad gveqneba: 
 

        ( )kj
p
Hq

q
Hp

j
j

j
j ,...,2,1,0 =

∂
∂

==
∂
∂

−= &&           (VI-2.1) 

aqedan gamomdinareobs, rom 

             ( )kj
c
Hqconstcp

j
jjj ,...,2,1,. =

∂
∂

=== &     (VI-2.2) 

sadac jc  - integraciis mudmivebia.  
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     hamiltonis funqcia axla damokidebuli iqneba kn −  ganzogade-
bul koordinatze,  kn −  ganzogadebul impulsze, t  droze da k  inte-
grebis mudmivze :jc  

      ( )knkknkk cccpppqqqtHH ,...,,,,...,,,,...,,, 212121 ++++= ,         (VI-2.3) 

  
     gamoviyenoT hamiltonis gantolebebi 
 

      ( )nkkm
p
Hq

q
Hp

m
m

m
m ,...,2,1, ++=

∂
∂

=
∂
∂

−= &&           (VI-2.4) 

     esaa pirveli rigis kn 22 −  diferencialur gantolebaTa sistema 

mm qp ,  cvladebis mimarT. mis amonaxsnSi Seva )(22 knm −=  integrebis ne-

bismieri mudmivi  mc  da  mc′ , agreTve jc  integraciis mudmivebi 

        
( )
( ) ( )nkkm

ccctqq

ccctpp

jmmmm

jmmmm ,...,2,1
,,,

,,,
++=

⎪⎭

⎪
⎬
⎫

′=

′=
         (VI-2.5)    

     CavsvaT es amoxsnebi H  funqciaSi, (VI-2.3). gvaqvs 

             ( ) ( )( )jmmmjmmm ccctpccctqtHH ,,,,,,,, ′′=  

visargebloT Semdeg (VI-2.2) gamosaxulebebiT: 

                   ( )kj
c
Hq

j
j ,...,2,1, =

∂
∂

=&  

     vipoviT 

          ( )∫ =′+
∂
∂

= kjcdt
c
Hq j

j
j ,...,2,1                      (VI-2.6) 

     amrigad, k  cikluri koordinatis arsebobis dros amocanis 
amoxsna daiyvaneba (VI-2.4) gantolebaTa sistemis amoxsnaze. am sistemaSi 
axla k2  raodenobiT naklebi gantoleba gvaqvs. 

 
•   gacilebiT eleganturad gamoiyureba Cvens mier IV TavSi ganx-

iluli rausis meTodi. SemovitanoT rausis funqcia Semdegnairad: 

     ( ) ∑
=

+ −=
k

i
iinkkk LqptqqpppqqqR

1
12121 ,,,...,,,...,,,,...,, &&&           (VI-2.7) 

rac waagavs pirveli k  siCqariT leJandris gardaqmnas. misi diferen-
cialia 
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aqedan vaskvniT, rom adgili aqvs Semdeg Tanafardobebs: 
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                (VI-2.8,9)   
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pirveli maTgani miekuTvneba ciklur koordinatebs da aqvs hamil-
tonis gantolebebis forma, romelSic R  asrulebs hamiltonianis rols. 

amave dros, danarCeni gantolebebi gviCveneben, rom nk qq ,...,1+  koordinate-

bisaTvis gvaqvs gantolebebi: 

            ( )nki
q
R

q
R

dt
d

ii

,...,1,0 +==
∂
∂

−⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂
&

      (VI-2.10) 

romelTac aqvT lagranJis gantolebebis saxe da R  asrulebs lagranJi-
anis rols. 

 raki  −kqq ,...,1 cikluri koordinatebia, isini lagranJianTan erTad 

−R Sic ar Sevlen, xolo  maTi Sesatyvisi  ganzogadebuli  impulsebi  

kppp ,...,, 21  mudmivebia  ( )kααα ,...,, 21 , romlebic unda ganisazRvron sawyisi 

pirobebidan. amrigad rausis funqcia Semdegi saxisaa: 

       ( )tqqqqRR knknk ,,...,,,...,,,..., 111 αα&& ++= , 

e.i. aRar Seicavs ciklur koordinatebs da maT warmoebulebs. amis safuZ-
velze (VI-2.10) gantolebebi SegviZlia amovxsnaT ise, rom ar ganvixiloT 
cikluri koordinatebis yofaqceva. 

     amrigad, situacia waagavs hamiltonis gantolebebSi arsebuls _ 
rausis meTodi amcirebs gansaxilavi cvladebis raodenobas. 

   
•SevadaroT kidev erTxel lagranJisa da hamiltonis meTodebi. 
lagranJis formalizmSi meqanikuri sistemis mdgomareoba (drois 

raime momentSi) fiqsirdeboda yvela ganzogadebuli koordinatisa da 
yvela ganzogadebuli siCqaris mocemiT. rac Seexeba sistemis kanonikuri 
cvladebiT aRweras, bunebrivia unda davafiqsiroT yvela koordinati da 
impulsi. amitom n  Tavisuflebis xarisxis mqone sistemisaTvis Tu av-

agebT −n2 ganzomilebian sivrces, romelSic koordinatebia iq  da ,ip  ma-

Sin am sivrceSi TiToeuli wertili Seesabameba sistemis raime mdgo-
mareobas. am sivrces uwodeben fazur sivrces, xolo sistemis mdgomareo-
bis gamomsaxvel wertilebs (drois raime momentSi) uwodeben gamomxatvel 
wertilebs. gamomxatveli wertilebis erToblioba drois sxvadasxva mo-
mentebSi fazur sivrceSi warmoqmnis raime mruds – sistemis fazur 
traeqtorias. 

 

 
 

naxazi 52. fazuri traeqtoria 

 
 
 
     radgan, mdgomareobis cnebis Sinaarsis mixedviT sistemis mdgo-

mareobis mocema raRac 0tt =  momentSi gansazRvravs mis mdgomareobas 

drois yvela danarCen momentebSi, zustad aseve, raime 0tt =  momentSi ga-

momsaxveli wertilis mocema gansazRvravs mTel fazur traeqtorias. 
amisgan gansxvavebiT – sistemis mdebareobis mocema konfiguraciul sivr-
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ceSi tovebs konfiguraciuli traeqtoriebis gatarebis uamrav SesaZle-
bobebs. 

 
 
∗ sxvadasxva meTodis sailustraciod ganvixiloT saqanis moZraobis 

gantolebis miRebis amocana niutonis, lagranJis  da hamiltonis for-
malizmebSi.  

 
. 
  a) niutonis Teoria: 
viwyebT niutonis aqsiomiT 

              Fp
r

&r =  
gadaxris Sesabamisi rkalis sigrZe aRvniSnoT s -iT, xolo erTeulovani.  

mxebi veqtori iyos T
r
(nax. 53). maSin 

               

                TmgF
rr

Θ−= sin  
da amitom 

              Tmgsm
rr

&& Θ−= sinτ       

 
 

naxazi 52 

raki Θ= ls , gvaqvs  Θ= &&&& ls , amitom viRebT moZraobis gantolebas 
 

             0sin =Θ+Θ
l
g&&  

mcire gadaxrebisaTvis ( )...sin +Θ≈Θ , gvrCeba 

 

             0=Θ+Θ
l
g&&  

am diferencialuri gantolebis zogadi amonaxsnia 
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           ,sincos t
l
gBt

l
gA +=Θ  

sadac mudmivebi unda ganisazRvron sawyisi pirobebidan.  
 

b) lagranJis Teoria: 
 

      

).cos1()cos(

,
2
1)(

2
1

2
1 2222

Θ−=Θ−==

Θ=Θ==

mglllmgmghV

mllmmT &&υ
 

amitom am konservatiuli sistemis lagranJiani aseTia 
 

          )cos1(
2
1 22 Θ−−Θ=−= mglmlVTL &  

axla davweroT lagranJis gantolebebi 

               0=
Θ∂
∂
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⎛
Θ∂
∂ LL
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d

&
 

 amitom aq 

               Θ=
Θ∂
∂

Θ−=
Θ∂
∂ &

&
2,sin mlLmglL

        

 gvaqvs 

          0sin,0sin2 =Θ+Θ⇒=Θ+Θ
l
gmglml &&&&  

 
g) hamiltonis Teoria: 
 gamoviyenoT ganzogadebuli impulsi 

                    Θ=
Θ∂
∂

=Θ
&

&
2mlLp  

kinetikuri energia tolia 

                     2

2

2
1

ml
p

T Θ=  

amitom hamiltoniani, raki sistema konservatiulia, ase gamoiyureba 

               )cos1(
2
1

2

2

Θ−+=+= Θ mgl
ml
p

VTH           

xolo hamiltonis gantolebebi iReben saxes 

             

2

sin

ml
p

p
H

mglHp

Θ

Θ

Θ

=
∂
∂

=Θ

Θ−=
Θ∂
∂
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&
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rogorc vxedavT es gantolebebi pirveli rigisaa droiTi warmoebu-
lis mixedviT. amitom, zogadi SemTxvevis (roca kuTxe ar aris mcire) 
analizi SesaZlebelia Tundac ricxviTi meTodebiT. am mxriv hamiltonis 
meTods aSkara upiratesoba gaaCnia. rac Seexeba ekvivalenturobas, is ad-
vili saCvenebelia. marTlac, ukanaskneli gantolebidan gvaqvs 

               Θ=Θ
&2mlp , 

romlis gawarmoeba iZleva 

               Θ=Θ
&&& 2mlp  

zeda formulasTan Sedarebas sabolood mivyavarT saZiebel 
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gantolebaze 

               0sin =Θ+Θ
l
g&&  

 
 
 VI-3.  fazuri sivrce da fazuri traeqtoriebis magaliTebi 
 
 
 
     rogorc iTqva, hamiltonis formalizmSi n  Tavisuflebis 

xarisxis  mqone meqanikuri sistemis moZraobis mdgomareoba drois moce-
mul momentSi savsebiT aRiwereba n  raodenobis ganzogadebuli koordi-

natebisa da amdenive ganzogadebuli impulsebis   nn pppqqq ,...,,;,...,, 2121  

mocemiT. es sidideebi SegviZlia gavigoT rogorc koordinatebi n2  gan-

zomilebian sivrceSi, fazur sivrceSi. am sivrcis   ganzogadebuli  jq  

koordinatebis n  ganzomilebiani qvesivrce aris konfiguraciuli sivrce, 

xolo  jp  impulsebis qvesivrcea impulsuri sivrce. moZraobis dros 

sistemis gamomsaxveli wertili  aRwers wirs, fazur traeqtorias. Tu 
hamiltoniani cnobilia, maSin mTeli traeqtoria SeiZleba calsaxad ga-
moiTvalos winaswar erTi wertilis koordinatebidan. amitom yoveli 
wertili miekuTvneba mxolod erT traeqtorias, da ori sxvadasxva 
traeqtoria erTmaneTs ar kveTs. wiri fazur sivrceSi moicema pa-

rametruli warmodgeniT ),...,2,1()(),( njtptq jj = . hamiltonis gantole-

bebis amonaxsnis erTaderTobis gamo sistema moZraobs sxvadasxva 
traeqtoriebis gaswvriv sxvadasxva sawyisi da sasazRvro pirobebis Sesa-
bamisad. konservatiuli sistemebisaTvis fazuri wertili moZraobs 

)12( −n -ganzomilebian zedapirze, radgan edeba piroba .),( constEpqH ==  
    fazuri traeqtoriebi Seicaven vrcel informacias moZraobis 

Sesaxeb. Tundac yvelaze zogadi (topologiuri) suraTi fazuri 
traeqtoriebis mdebareobisa saSualebas iZleva gavakeToT mTeli rigi 
daskvnebi sistemis SesaZlo moZraobebis Sesaxeb. esaa diferencialur 
gantolebaTa Tvisebrivi Teoriis erT-erTi mTavari meTodi. 

  ganvixiloT, magaliTad, brtyeli saqanis fazuri diagrama. Tu gad-
axris ϕ  kuTxes avirCevT ganzogadoebul koordinatad, brtyeli saqani-
saTvis gveqneba 

                    ϕϕ &2mlp =  

hamiltoniani (am SemTxvevaSi sruli energia) iqneba 

       Emgl
ml

p
mgllmH =−=−= ϕϕϕ

ϕ
cos

2
cos)(

2
1

2

2
2&  

potencialis aTvlas viwyebT dakidebis wertilidan. axla SegviZlia 

CavweroT fazuri traeqtoriis )(ϕϕϕ pp =  gantoleba: 

             

                  ( )ϕϕ cos2 2 mglEmlp +±=  

amrigad vipoveT mrudebis ojaxi, romlebisTvisac E  energia aris 
parametric (nax. 54). 
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naxazi 54. erTganzomilebiani saqanis fazuri sivrce da fazuri diagrama 

      
    mglE <  energiebisaTvis fazuri traeqtoriebi arian Caketili 

(elifsis msgavsi) mrudebi; saqani irxeva win da ukan (vibracias ganicdis). 
Tu sruli energia gadaaWarbebs mgl -s, saqans kvlav eqneba kinetikuri en-
ergia umaRles wertilebSi   πϕ ±=  da ganagrZobs moZraobas mimar-

Tulebis Seucvlelad (brunavs).  
 
 

VI-4. fazuri sivrce da liuvilis Teorema  
 
 
    ganvixiloT axla damoukidebel nawilakTa didi raodenoba, N , 

romlebic meqanikurad igivurni arian. rac niSnavs, rom isini garda sawy-
isi pirobebisa, aRiwerebian erTi da igive hamiltonianiT. rogorc kerZo 
magaliTi, SeiZleba warmovidginoT nawilakTa nakadi amaCqarebelSi. Tu 

yvela wertili drois raRac  1t  momentSi moxvedrilia 12 −n  ganzomile-

biani fazuri sivrcis 1G  areSi, romlis moculobaa  

               nn ppqqV ΔΔΔΔ=Δ ...... 11  

SegviZlia ganvmartoT simkvrive 

                     .
V
N

Δ
Δ

=ρ                                     (VI-4.1) 

  moZraobis ganmavlobaSi  1G  icvleba hamiltonis gantolebebis 

mixedviT da gadadis 2G  areSi (nax.55). Lliuvilis Teoremis mtkiceba  
SemdegSi mdgomareobs: 

  fazur sivrceSi nebismieri aris moculoba inaxeba, Tu misi saz-
Rvris wertilebi moZraoben kanonikuri gantolebebis mixedviT. 
an, sxva sityvebiT, Tu CavatarebT zRvrul gadasvlas, 

  fazuri sivrcis wertilebis simkvrive nakadTan erTad moZravi wer-
tilis maxloblobaSi aris mudmivi. 

  am Teoremis dasamtkiceblad SeviswavloT sistemis wertilebis 
moZraoba fazuri sivrcis moculobis elementSi. jer ganvixiloT 

nawilakTa nakadis komponentebi kq  da  kp  mimarTulebiT. ABCD  are (nax. 

56)warmoadgens n2  ganzomilebiani moculobis dV  elementis proeqcias  

kk pq , -sibrtyeze.  
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naxazi 55. aris evolucia fazur sivrceSi 
 

   wertilTa raodenoba, romlebic Sedian moculobis elementSi 
drois erTeulSi “gverdiTi kveTidan” (proeqciiT AD ), aris 

                   ,kkk dVdpq ⋅&ρ                                            

sadac          αααα
dpdqdV

n

kk ≠=
Π=
,1

 

aris )22( −n - ganzomilebiani danarCeni moculobis elementi;  kk dVdp aris 

gverdiTi zedapiris sidide, romlis proeqciaa AD  zemoaRniSnul 

−kk qp , sibrtyeSi.  

 

 
 

naxazi 56. moculobis elementis proeqcia kk pq , -sibrtyeze 

                                
   im wertilTa teiloris gaSla, romlebic toveben  BC  gverds 

pirveli mimarTulebiT aris 

         kkkk
k

k dVdpdqq
q

q ⋅⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

+ )( && ρρ                            (VI-4.2) 

analogiurad, nakadisaTvis kp -mimarTulebiT gvaqvs 

 _   Sesvla  AB  gverdSi:        ,kkk dVdqp ⋅&ρ  
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 _   gasvla  CD  gverdSi:     .)( kkkk
k

k dVdqdpp
p

p ⋅⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

+ && ρρ  

    kp -  da  −kq mimarTulebebiT nakadis komponentebidan sistemis 

wertilTa is raodenoba, romelic  darCa  moculobis elementSi drois 
erTeulSi, tolia 

 

                   dVp
p

q
q k

k
k

k
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

+
∂
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− )()( && ρρ  

 k -s mixedviT ajamviT ( nk ,...,1= ) vipoviT aseT wertilTa srul 

raodenobas. swored es sidide Seesabameba simkvrivis dV -ze namravlis 
drois mixedviT cvlilebas. aqedan vaskvniT, rom 

      

              
∑
=

⎟⎟
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⎜⎜
⎝

⎛
∂
∂

+
∂
∂
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)()( && ρρρ
               (VI-4.3) 

amrigad miviReT nakadis uwyvetobis gantoleba Semdegi formiT 
 

                    0)( =+
∂
∂ rdiv

t
&rρρ

                         (VI-4.4) 

divergencia gamoiTvleba n2 -ganzomilebian fazur sivrceSi 
 

             ∑ ∑
= = ∂

∂
+

∂
∂

=∇≡
n

k

n

k kk pq
di

1 1
υ                         (VI_4.5) 

 
am saxis uwyvetobis gantolebebi warmoiqmneba dinebebis fizikaSi 

(hidrodinamika, eleqtrodinamika, kvanturi meqanika). isini yovelTvis 
raime Senaxvis kanons gamoxataven. 

  cxadi gawarmoebiT (VI-4.3) gantoleba ase Caiwereba 
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&               (VI-4.6) 

hamiltonis gantolebebidan gvaqvs 
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Tu hamiltonianis meore warmoebulebi uwyvetia, miviRebT 
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aqedan gamomdinareobs,rom 
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&&                         (VI-4.7) 

es ki zustad udris simkvrivis srul warmoebuls drois mixedviT 
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.0=ρ

dt
d

                                (VI_4.8)               

da amitom, .const=ρ   

magaliTi:   
  fazuri sivrcis simkvrive nawilakebisaTvis gravitaciul velSi:       

m  masis nawilakebis sistema imyofeba mudmiv gravitaciul velSi. ener-
giisaTvis gvaqvs 

                      mgq
m

pEH −==
2

2

 

 

 
 
 

naxazi 57 
 

    fazuri traeqtoriebi )(qp   parabolebia (ix. nax. 57) 

             ,)(2)( mgqEmqp +=  

romlebisTvisac energia parametria. ganvixiloT nawilakTa raodenoba,  

romlebsac 0=t  momentSi aqvT impulsebi intervalSi ,21 ppp ≤≤  xolo 

energiebi   .21 EEE ≤≤  isini dafaraven fazur sivrceSi raRac .F ares. 

drois gviandel momentSi t  wertilebi dafaraven ukve F ′ ares. maT eqne-
baT impulsebi  

                    mgtpp +=′  

ase,rom  F ′  yofila are intervalSi    .21 mgtppmgtp +≤′≤+  Tu ga-
vixsenebT, rom  

                     ,)2/( 2

mg
Empq −

=  

am areebis farTobebi ase gamoiTvleba 
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−
=′−′

−
=′  

esaa swored liuvilis Teorema: FF ′=  niSnavs, rom fazur sivrceSi   
sistemis  wertilTa simkvrive drois mixedviT mudmivia. liuvilis Teo-
remis mniSvneloba Zalian didia statistikur meqanikaSi, sadac ganixi-
laven nawilakTa ansamblebs, radgan ikargeba zusti codna nawilakTa 
sistemis Sesaxeb.  

 
 
 
 
 
 
 
 
 
      VI-5.  variaciuli principebi hamiltonis gantolebebisaTvis 
 
 
 
 
     moZraobis gantolebebi lagranJis formiT Cven miviReT hamil-

tonis variaciuli principidan, saxeldobr, moviTxoveT qmedebis fun-
qcionalis (anu hamiltonis qmedebis) eqstremumi 

               ,0=Iδ   sadac    ∫=
2

1

),,(
t

t

tqqdtLI & ,                       ( )•  

iq  cvladebis nebismieri variaciebis mimarT, romlebic integraciis aris 

boloebze akmayofilebdnen pirobas  .0=iqδ  

     amrigad, damoukideblad iTvleboda koordinatebis variaciebi. 
rac Seexeba siCqareTa variaciebs, isini gamoiTvleboda. saxeldobr, Cven 
vaCveneT, rom izoqronuli variaciis dros  

  

                     ii q
dt
dq δδ =&  

      axla Cveni mizani iqneba ise SevcvaloT variaciuli principi, 
rom is pirdapir hamiltonis gantolebebs iZleodes. 

      daviwyoT iqidan, rom  L  lagranJiani  ( )•  tolobaSi 

SevcvaloT misi kavSiriT  H  hamiltonianTan, (VI-1.7): 

               ∑
=

−=
n

i
ii tpqHqpL

1

),,(&     

da gadavweroT )(•  ase 
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an 

                ∑ ∫∫
=

=−
n

i

t

t
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t
ii Hdtdqp

1
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1

2

1

0δδ                          (VI-5.2) 

     am tolobebs xSirad hamiltonis modificirebul princips 
uwodeben. mas ufro xSirad e.w. kanonikuri gardaqmnebis ganxilvisas 
iyeneben. axla ki vaCvenebT Tu rogor miiReba aqedan hamiltonis gan-
tolebebi. 

    am formulebSi Semavali  −δ variacia anu integralis variacia 
gvesmoda, rogorc integralis cvlileba konfiguraciebis sivrceSi ga-
momsaxveli wertilis traeqtoriis cvlilebisas. amasTan traeqtoriis 
sawyisi da saboloo wertilebi rCebodnen ucvleli. amave dros variacia 
iyo izoqronuli, e.i. gamomsaxveli wertilis traeqtoriis varirebis 
dros t  dro ar icvleboda, traeqtoriis sawyisi da saboloo wer-
tilebis Sesabamisi drois momentebi variaciis dros rCebodnen ucvleli 
da moZraobis mTeli dro yvela traeqtoriaze iyo erTnairi. es pirobebi 
edeboda (VI-5.1)-Si Semavali integralis variacias.  

    Cven ukve viciT, rom integralis variaciis procesi SeiZleba 
daviyvanoT diferencialebis gamoTvlaze, risTvisac sakmarisia gan-
vixiloT SesaZlo traeqtoriebis erTparametriani ojaxi konfiguraciaTa 

sivrceSi. am dros  iq  koordinatebi t  drosTan erTad raime  α  paramet-

ris funqciebic xdebian.  α  parametri akonkretebs, Tu romeli 
traeqtoria gamoiyeneba I  integralis gamoTvlisas. amitom   I   SeiZleba 
ganvixiloT rogorc −α s funqcia )(αII =  da masSi Semavali sidideebis 
variaciebi ganvixiloT rogorc maTi diferencialebi, an simbolurad: 

                          
α

αδ
∂
∂

→ d  

    swored es meTodi iyo gamoyenebuli lagranJis gantolebebis 
miRebisas. 

    gamoviyenoT es meTodi axlac, oRond q  da p  sidideebis varia-

ciebi CavTvaloT urTierTdamoukideblad, raki hamiltonis meTodSi q  da 
p  ganixilebian rogorc toluflebiani koordinatebi, romlebic aRweren 

sistemis mdgomareobas.  
    gadavweroT (VI_5.1)  α  parametris meSveobiT. gvaqvs: 
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&               (VI-5.3) 

    raki varireba xdeba mudmivi (“gayinuli”) t  droisaTvis, α∂
∂ iq&  

wevrSi SegviZlia t  da α  cvladebiT gawarmoebis rigi gadavsvaT da es 
wevri ase CavweroT: 
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∂

−
∂
∂

=⎟
⎠
⎞

⎜
⎝
⎛
∂
∂

=
∂
∂2

1

2

1

2

1

2

1

t

t

t

t

i
t

t
i

t

t

i
i

i
i

i
i dt

q
p

q
pdt

q
dt
dpdt

q
p

αααα
&

&
. 

    naTelia, rom aq pirveli Sesakrebi nulis toli iqneba, radgan 
yvela traeqtoria gadis erTsa da imave kidura wertilebze, amitom roca 

1tt =  an  .0,2 =
∂
∂

=
α

iq
tt  

    amis gaTvaliswinebiT da agreTve imiT, rom 

              i
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i
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q
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, , 

(VI-4.3) toloba ase gadaiwereba 
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Hqp && δδ  

    magram, radganac  ipδ  da  iqδ  variaciebi yvela urTierTdamou-

kidebelia,  es integrali nulis toli iqneba, Tu damoukidebel varia-
ciaTa win mdgomi koeficientebi utoldeba nuls. es ki niSnavs Semdegi 
gantolebebis Sesrulebas: 

        

                 ,,
i

i
i

i q
Hp

p
Hq

∂
∂

−=
∂
∂

= &&     ),....,2,1( ni =  

rac emTxveva hamiltonis gantolebebs. 
    am gantolebaTa miRebisas variaciuli principidan arsebiTi 

mniSvneloba hqonda  iqδ  da ipδ  variaciebis urTierTdamoukideblobis 

moTxovnas. es garemoeba ganasxvavebs lagranJisa da hamiltonis meTodebs. 
 
•   lagranJis meTodSi sistemis yofaqceva aRiwereba ganzogadebuli 

koordinatebiT da  ganzogadebuli siCqareebiT, ( )., ii qq &  magram iq&  da-

kavSirebulia −iq sTan ubralo gawarmoebiT. amitom lagranJis gan-

tolebebis gamoyvanisas iq&δ  unda gamovxatoT −iqδ iT. es advilad keTdeba 

integralqveS nawilobiTi integraciiT. Sedegad viRebT wevrs  

,⎟
⎠
⎞⎜

⎝
⎛

∂
∂

iq
L

dt
d

&  rasac mivyavarT meore rigis gantolebebTan. 

 
•    modificirebuli hamiltonis principis gamoyenebisas viRebT 

pirveli rigis gantolebebs da es imitom xdeba, rom −iq&δ isgan gansxvave-

biT −ipδ is viTvliT −iqδ sgan damoukideblad. es ki niSnavs, rom gan-

zogadebul impulsebs vTvliT iseTsave damoukidebel cvladebad, 
rogorc ganzogadebul koordinatebs. 

     vTvliT, rom ip  dakavSirebulia iq  da t  cvladebTan mxolod 

moZraobis gantolebebiT da ara raime winaswarmocemuli TanafardobiT. 
amrigad, arc erT maTgans ar vaniWebT upiratesobas, orive erTnairad da-
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moukidebeli cvladebia. amiT −n dan −n2 mde vzrdiT damoukidebel 
cvladTa raodenobas da viRebT pirveli rigis gantolebebs. 

     amasTan dakavSirebiT cnebebi “koordinati” da “impulsi” ukve 
mouxerxebeli cnebebia, radganac maSinve iwveven warmodgenas sivrcul 
koordinatebTan da moZraobis raodenobasTan an kinetikur momentTan. si-
namdvileSi maT unda mivaniWoT ufro farTo Sinaarsi da CavTvaloT, rom 
koordinatebad da impulsebad dayofa aris moZraobis aRmweri damou-
kidebeli cvladebis dayofa or damoukidebel jgufad, romlebic erT-
maneTs ukaSirdebian hamiltonis gantolebebiT TiTqmis simetriulad. 

     hamiltonis gantolebebs misi simetriisa da silamazis gamo 
uwodeben kanonikursac.  

 
 

VI-6. variaciuli principebis sxvadasxva saxe 
 

 
H  hamiltonis variaciuli principis Camoyalibebisas vTvlidiT, rom 

ganzogadebul koordinatTa iqδ variaciebi arian myisieri, anu, sxva sity-

vebiT, wertili ( )tqq ii ,δ+  varirebul traeqtoriaze eTanadeba wertils 

( )tqi ,  namdvil wirze. Aamitom vuSvebdiT, rom variaciebi xdeba drois 

cvlilebis gareSe, rogorc virtualuri wanacvlebisas. 
     bunebrivia, ganvixiloT variaciis ufro zogadi saxe, rodesac 

wertili ( )ttqq ii δδ ++ ,  eTanadeba wertils ( )tqi , , rogorc naCvenebia nax. 58-

ze.   
 
 

 
 

naxazi 58 

 
 

     Aaq varirebuli wertili, sazogadod, drois gansxvavebul mo-
ments Seesabameba. aseT cvlilebas srul variacias uwodeben da aRniS-
naven Δ simboloTi. naTelia, rom sruli variaciiT miRebuli traeqto-
riebi gansxvavdebian drois diferencialebiTac. swored amis gamo Seg-
viZlia moviTxovoT, rom Δ -variaciiT miRebuli moZraobebi fizikurad 
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SesaZlo iyvnen, oRond amisaTvis unda moviTxovoT agreTve, rom H  iyos 
mudmivi ara marto namdvil traeqtoriebze, aramed Δ -variaciiT miRebul 
traqtoriebzec. amaSia principuli gansxvaveba am or variacias Soris. 
izoqronuli variaciiT miRebuli gadaadgileba yovelTvis ar miekuTvneba 
iseT gadaadgilebaTa ricxvs, romelsac adgili eqneba sistemis moZrao-
bisas. sruli variaciisas sxvadasxva traeqtoriebze moZraobis dro ukve 
araa aucilebeli erTnairi iyos, radgan hamiltonianis mudmivobisas mog-
viwevs avaCqaroT an SevaneloT moZravi wertili. amitom Δ -procesi 
gulisxmobs drois variacias traeqtoriis kidura (sawyis da saboloo) 

wertilebSic, sadac pirobis Tanaxmad iq  sidideebis sruli variaciebi 

nulis tolad iTvleba.  
     Δ -variaciis misaRebad SegviZlia SemovitanoT raime α -

parametrze damokidebuli mrudebis ojaxi, zustad ise, rogorc viqceo-
diT δ -variaciisas. magram axla drois variaciac unda CavataroT. 
igulisxmeba dro, romelic eTanadeba traeqtoriis TiToeul wertils. 

amis gamo t -c unda ganvixiloT rogorc α -s funqcia. e.i. ( )α,tqi  koordi-

natebi ganisazRvrebian ara marto iq -is cxadi damokidebulebiT α -ze, 

aramed aracxadi damokidebulebiTac, romelic Cndeba t  cvladis meSveo-
biT. amis gaTvaliwinebiT SegviZlia davweroT 
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magram, rogorc viciT 
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αδ qdq  

xolo α
α

d
d
dt

 aris drois cvlileba sruli variaciis gamo, rac aRvniS-

noT tΔ  simboloTi. amitom sabolood vwerT 
                   tqqq Δ+=Δ &δ                         (VI-6.1) 

 aseTi Tanafardoba samarTliania agreTve nebismieri ),( tqf fun-
qciisaTvis Semdegi saxiT 

                   tfff Δ+=Δ &δ                         (VI-6.2) 
  advilad davrwmundebiT, rom sruli variacia aRar komutirebs 

droiT gawarmoebasTan. 
      SemoviRoT axla qmedebis integrali 
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ii dtqpA & ,                     (VI-6.3) 

romelsac xSirad Semoklebul qmedebasac uwodeben.  
  sanam mis srul variacias gamovTvliT, gadavweroT igi cxadi 

saxiT ase: 
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radgan .constH =  axla 
               

              ( )∫ Δ−Δ+Δ=Δ
2
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12

t

t

ttHLdtA  

cxadia, rom sazRvrebis variaciac xdeba.  
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−)(tL funqciis pirveladi aRvniSnoT −)(tI iT. maSin gveqneba 
 

        11221212 )()()()()()(
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anu sabolood, 
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pirveli wevri nuli ar aris, radgan sazRvrebic ganicdian varia-
cias, ris gamoc traeqtoriis saboloo wertilebSi nulis toli xdeba 
ara izoqronuli variacia, aramed sruli variacia. ganmartebis Tanaxmad, 
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es ki lagranJis gantolebebis gamoyenebiT ase gadaiwereba: 
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aq iqδ  SevcvaloT −Δ variaciiT: 
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axla Tu miviRebT, rom traeqtoriis bolo wertilebze iqΔ  xdeba 

nuli, xolo ,0≠Δt  dagvrCeba 
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tii tqpLdt &δ  

 davubrundeT axla −ΔA s formulas da gaviTvaliswinoT es ukanask-
neli gamosaxuleba. gvaqvs 
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 magram frCxilebSi moTavsebuli gamosaxuleba H -is ganmartebis 
Tanaxmad udris nuls. 
      amrigad, davamtkiceT umciresi qmedebis principi: 

,0=ΔA       roca     .02

1
=Δ t

tiq  

holonomuri konservatiuli sistemis namdvili traeqtoria iseTia, 
rom mis gaswvriv Semoklebuli qmedeba aris eqstremaluri sruli varia-
ciebis mimarT traeqtoriebisa, romelTac aqvT erTnairi bolo wer-
tilebi konfiguraciul sivrceSi da erTnairi energiis integrali .H  

imisaTvis, rom ukeT gavigoT qmedebis integralis Sinaarsi, gavix-
senoT, rom 

∑
=

+=
n

i
ii TTqp

1
122&  

bunebrivi sistemebisTvis  01 =T TT =2,  da umciresi qmedebis principi 
iRebs saxes 
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∫ =Δ
2

1

02
t

t

Tdt                       (VI-6.4) 

am SemTxvevaSi varirebul traeqtoriebze gvaqvs erTnairi sruli en-
ergia. 

    Tu amave dros davuSvebT, rom kinetikuri energia mudmivia (mag., 
Tavisufali sxeuli), maSin aqedan miiReba umciresi drois principi (op-
tikaSi cnobili fermas principis analogi) 

                  ( ) ,012 =−Δ tt  
rac niSnavs, rom konfiguraciul sivrceSi sistemis traeqtoria iseTia, 
rom masze mocemuli energiiT moZraobisas  sistema or wertils Soris 
gzas  gaivlis umcires droSi (ufro swored, moZraobis dro aris 
eqstremaluri). 

 
•    ganvixiloT umciresi qmedebis principis kidev erTi, iakobis 

forma. 
 vTqvaT vixilavT bunebriv sistemas da vwerT (VI-6.4) princips Sem-

degi formiT: 

                  0)(2
2

1

=−∫ dtVHT
t

t

δ                        (VI-6.5) 

ganvsazRvroT diferenciali ds  Semdegnairad 

              ∑∑ ∑
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ji
jiijjiij dqdqmdtqqmds

1 1 1,

22 &&              (VI-6.6) 

ase rom 

                       dtTds 2= ,                          (VI-6.7) 
amitom vipoviT 

                 ∫ =−Δ=Δ 0)(2 dsVHA                     (VI-6.8) 

esaa umciresi qmedebis principis iakobis forma. 
marTalia Semotanili diferenciali ds  formalur xasiaTs atarebs, 

SegviZlia mivceT naTeli interpretacia. 
diferencialur geometriaSi (VI-6.6) saxis toloba aris −n ganzo- 

milebian sivrceSi  nqqq ,...,,( 21  - koordinatebiT) wiris sigrZis elementis  

yvelaze zogadi gansazRvra. aseTi interpretaciisas −ijm koeficienebi 

Seadgenen e.w. fundamentalur metrikul formas. Tu, magaliTad, iq  

dekartes koordinatebia, maSin  ijijm δ= , rac Cans tolobidan 

                     2222 dzdydxds ++=  
sazogadod, mtkicdeba, rom nebismieri mrudwiruli orTogonaluri 

koordinatebisaTvis metrikuli formis matrica ijm  koeficientebiT 

iqneba diagonaluri (oRond ar aris aucilebeli diagonaluri elemen-
tebi erTmaneTis toli iyvnen). magaliTad, cilindruli koordinatebis 
SemTxvevaSi  

                      22222 dzdrdrds ++= θ  
ase, rom metrikul matricaSi aranulovani elementebia 

                1,,1 2 === zzrr mrmm θθ   
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amrigad ds  diferenciali SeiZleba gavigoT, rogorc konfigu-

raciul sivrceSi −iq( koordinatebiT) traeqtoriis sigrZis elementi.  

rac Seexeba umciresi qmedebis principis iakobis formas (VI-6.8), 
masSi ganixileba gamomsaxveli wertilis traeqtoria da ara am 
traeqtoriaze wertilis moZraobis kanoni. es iqidanac Cans, rom masSi  t  
dro gamoricxulia. e.i. iakobis formaSi gvainteresebs sistemis mier aR-
werili traeqtoria da ar gavainteresebs koordinatebis damokidebuleba 
droze. sailustraciod ganvixiloT Semdegi magaliTi:       
kepleris problema. pirvel yovlisa SevniSnoT, rom  es aris bunebrivi 
sistema mudmivi sruli energiiT 

                   ( ) E
r
GmrrmH =−+=

μθ 222

2
&&  

iakobis formis gamoyeneba gvaZlevs 

                02 =⎟
⎠
⎞

⎜
⎝
⎛ +Δ∫ ds

r
GmE μ

 

sadac, (VI-6.6)-is Sesabamisad, 

                 ( )2222 θdrdrmds +=  

θ  CavTvaloT damoukidebel cvladad da gamoviyenoT aRniSvna 

.θd
drr =′   gvaqvs 

( )∫ =′+⎟
⎠
⎞

⎜
⎝
⎛ +Δ
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02 22
θ

θ

θμ drr
r
GmEm , 

sadac r  da −θ s mixedviT bolo wertilebi dafiqsirebulia. amrigad 
principma miiRo saxe: 
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θ

θδ drrf  

sadac 

          ( )222),( rr
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⎛ +=′ μ

 

princips axla aqvs standartuli saxe, amitom eiler-lagranJis me-
Todis gamoyeneba SeiZleba da viRebT gantolebas 
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umjobesia uSualod moZraobis pirveli integrali movZebnoT. Sev-
niSnoT, rom f ar aris θ  damoukidebeli cvladis cxadi funqcia. amitom 
zeda gantolebis integrals aqvs saxe 
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anu −f is ganmartebidan vpoulobT 
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                      θ&& rr ′=  
  SeiZleba vaCvenoT, rom moZraobis es mudmivi aris uaryofiTi niS-

niT aRebuli kuTxuri momenti, anu 

                       Cmr =− θ&2  
  orbitis gantolebis sapovnelad (*) gantolebaSi gadavalagoT 

wevrebi ase 
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  aTvlis sistema ise avirCioT, polaruli kuTxis aTvla daiwyos 

manZilis minimumidan, e.i. ,min1 rrr ==  roca .00 == θθ  maSin miRebuli gan-

tolebidan vpoulobT 

              ∫
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=
r

r mCGmrErr
dr

m
C

1 2/2 22 μ
θ  

es ki cxrilis integralia. gvaqvs 
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mECmGr
mCGmr
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aq bolo ricxvis misaRebad gamoviyeneT energiis mniSvneloba inte-
gralis  qveda sazRvarze.  

axla ki amovxsniT −r s, rogorc −θ s funqcias 

              
θμ
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cos/211
/
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22

mEC
GmCr
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=  

esaa Cveulebrivi konusuri kveTis formula da warmoadgens ke-
pleris amocanis orbitas sruli energiiT ,E  kuTxuri momentiT C−  da 
eqcentrisitetiT 

                  322221 mGEC με += , 

xolo orbitis parametria 
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Tavi VII 
 

kanonikuri gardaqmnebi 
 
 
 
hamiltonis gantolebebis pirdapiri gamoyenebisas meqanikis amocane-

bis amoxsnis maTematikuri sirTuleebi, rogorc wesi, arsebiTad ar 
mcirdeba, radganac am SemTxvevaSic saqme gveqneba iseTive sirTulis 
diferencialur gantolebebTan, rogorc lagranJis meTodSi.  

hamiltonis meTodis upiratesoba aris ara misi maTematikuri sqema, 
aramed is, rom es meTodi ufro Rrmad iWreba meqanikis struqturaSi, 
radgan koordinatebisa da impulsebis, rogorc damoukidebeli cvlade-
bis Tanabaruflebianoba, arCevis met Tavisuflebas iZleva.  

amis Sedegad mivdivarT fizikuri arsis gadmocemis axal, ufro ab-
straqtul formebTan. Tumca am gzebiT miRebuli meTodebi dagvexmarebian 
amocanebis amoxsnisas, Tanamedrove TvalsazrisiT maTi mTavari Rirseba 
isaa, rom axali Teoriebis agebisas isini arsebiT rols asruleben. ma-
galiTad, klasikuri meqanikis swored es abstraqtuli koncefciebi gaxd-
nen statistikuri meqanikisa da kvanturi meqanikis agebis amosavali. 

Cven qvemoT gadmovcemT hamiltonis meTodSi ganviTarebul swored 
aseTi saxis koncefciebs.      

 
 
       

VII-1. kanonikuri gardaqmnebis gantolebebi 
 
 
Seicavs Tu ara hamiltoniani ciklur koordinatas, sazogadod da-

mokidebulia mocemuli problemis Sesaswavlad arCeul koordinatebze. 
es pirdapir Cans Semdegi magaliTidan. Tu centralur velSi wreze moZ-
raobas aRvwerT dekartes koordinatebiT, ar gveqneba cikluri koordi-
natebi, maSin roca polaruli koordinatebis gamoyenebisas kuTxuri 
cvladi aRmoCndeba cikluri, rac, rogorc viciT, dakavSirebulia 
kuTxuri momentis SenaxvasTan. 

ganvixiloT sistema, romlis hamiltoniani aris moZraobis konstanta, 

xolo yvela iq  koordinati cikluria. am dros, cxadia, yvela gan-

zogadoebuli impulsi ip  iqneba mudmivi, e.i. 

                      .constp ii == α         ),...,2,1( ni =  

xolo radgan, rogorc iTqva, hamiltoniani cxadad ar Seicavs dros da 
ciklur koordinatebs, SegviZlia davweroT: 

                    ( )nHH ααα ,...,, 21=  

amitom ganzogadebuli koordinatebisaTvis Hhamiltonis gantolebebs 
eqneba saxe: 

             i
i

i
Hq ω
α

=
∂
∂

=&           ),...,2,1( ni =                  (VII_1.1) 

aq iω arian marto −iα ebis funqciebi, anu raRac mudmivebia. am gan-

tolebis integraciiT viRebT 

                ,iii tq βω +=  
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sadac −iβ integraciis mudmivebia, romlebic unda ganisazRvron sawyisi 

pirobebiT.  
amrigad, amocana amoixsna martivad!  
 
_ yoveli materialuri sistema SeiZleba aRiweros ganzogadebuli 

koordinatebis sxvadasxva krebuliT. 
magaliTad, sibrtyeze moZraobis ganxilvisas dekartes yx,  cvlade-

bis nacvlad ganzogadebul koordinatebad SeiZleba avirCioT ϕ,r  pola-
ruli cvladebi. orive arCevani dasaSvebia, da romeli maTgania ukeTesi, 
damokidebulia amocanis xasiaTze. 

cnobilia, rom centraluri Zalebis dros dekartes koordinatebi 
nakleb mosaxerxebelia, maSin roca polaruli koordinatebis gamoyene-
bisas erT-erTi cvladi )(ϕ  xdeba cikluri. 

_   koordinatis cikluroba dakavSirebulia maTi arCevis xerxTan 
da SeiZleba vivaraudoT, rom yovel konkretul SemTxvevaSi SesaZlebe-
lia ise avirCioT ganzogadebul koordinatTa krebuli, rom yvela 
cvladi iyos cikluri. 

cxadia, rom Tu aseT krebuls vipoviT, amocanas trivialurad 
amovxsniT.  

magram, radgan is ganzogadebuli koordinatebi, romlebsac Cven vi-
yenebT, rogorc yvelaze bunebrivs mocemuli sistemisaTvis, Cveulebriv 
cikluri ar arian, saWiroa damuSavdes specialuri procedura koor-
dinatTa axal sistemaze gadasasvlelad, sadac isini aRmoCndebian ufro 
mosaxerxebeli. 

_    aqamde _ lagranJis meTodSi _ vxvdebodiT gardaqmnebs, romle-

bic warmoadgendnen Zveli iq  koordinatebidan axal iQ  koordinatebze 

gadasvlas. aseTi gardaqmnebi gamoixatebian gantolebebiT: 

                            ),( tqQQ iii=               (VII_1.2) 

sxva sityvebiT, gardaqmnili koordinatebi gamoixatebian mxolod Zveli 
koordinatebiT. aseT gardaqmnebs uwodeben wertilovans. 

magram hamiltonis meTodSi impulsebi iseTive damoukidebeli 
cvladebia, rogorc ganzogadebuli koordinatebi. amitom Cven unda ga-

vafarTovoT koordinatTa gardaqmnis cneba da CavrToT iq  damoukidebel 

koordinatebTan erTad ip  impulsebis gardaqmnac. 

amrigad, sazogadod, saqme gveqneba gardaqmnebTan, romlebic aRiwere-
bian gantolebebiT: 

                            
),,(
),,(

tpqPP
tpqQQ

ii

ii

=
=

             (VII-1.3) 

sadac −iQ axali koordinatebia, xolo −iP  axali impulsebi. amgvarad 

axali koordinatebi (da impulsebi) gamoixatebian ara marto Zveli 
koordinatebiT, aramed Zveli impulsebiTac. 

aseTi gardaqmnebisaTvis xSirad gamoiyeneba termini _ kontaqturi 
gardaqmnebi. 

Cven gvsurs SevinarCunoT amosavali gantolebebis struqturac. ami-
tom dagvainteresebs mxolod is gardaqmnebi, romlis drosac axali 

cvladebi ii PQ ,  iqnebian agreTve kanonikuri. sxva sityvebiT rom vTqvaT, 

Cven vTxoulobT, rom axal cvladebSi gantolebebs hqondeT igive forma, 
rac hamiltonis gantolebebs, e.i. Caiwereboda ase: 
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i

i
i

i Q
KP

P
KQ

∂
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−=
∂
∂

= && ,                       (VII_1.4) 

sadac ),,( tPQK  axali cvladebis da drois raRac funqciaa, romelic ax-
ali hamiltonianis rols asrulebs. 

gardaqmnebi, romlebic am pirobebs akmayofileben, iwodebian kanoni-
kur gardaqmnebad.  

radgan iQ  da iP  cvladebi unda iyvnen kanonikuri, isini unda akmayo-

filebdnen hamiltonis princips, Cawerils am cvladebSi: 

             0);,(
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&δ                          (VII-1.5) 

amavdroulad Zveli cvladebic, ra Tqma unda, daakmayofileben amave 
princips 
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i
ii dttpqHqp &δ                         (VII_1.6) 

amrigad, es ori toloba unda dakmayofildes erTdroulad. aqedan, 
cxadia, ar gamomdinareobs, rom am tolobebSi integralqveS mdgomi fun-
qciebi erTmaneTs emTxvevian _ isini SeiZleba gansxvavdebodnen erT-
maneTisagan, magram araumetes raime F  funqciis sruli warmoebuliT 
drois mixedviT. 

marTlac, am funqciaTa sxvaobidan integrali toli iqneba 

                ∫ −=
2

1

)1()2(
t

t

FFdt
dt
dF

 

da risi tolic ar unda iyos es F  funqcia, misi variacia nulis toli 
iqneba, radgan integraciis sazRvrebze  .0=Fδ  

F  funqcias uwodeben mocemuli gardaqmnis mawarmoebel funqcias. 
qvemoT Cven davrwmundebiT, rom am funqciis nebismieri SerCevisas 

calsaxad ganvsazRvravT gardaqmnis gantolebebs, (VII-1.3). 
pirvel rigSi SevniSnoT, rom F  funqcia, romelic gansazRvravs 

Zveli kanonikuri cvladebidan axalze gadasvlas, unda iyos cvladTa 
orive krebulis funqcia. amitom t  drois garda unda Seicavdes n4  
cvlads. magram, radgan gardaqmnis gantolebebi akavSireben maT, amitom 
damoukidebeli maT Soris iqneba n2  cvladi. ase rom mawarmoebeli fun-
qcia SeiZleba Semdegi 4 saxiT Caiweros: 

      );,(),;,(),;,(),;,( 4321 tPpFtQpFtPqFtQqF  

Tu romeli maTganiT visargeblebT, damokidebulia gansaxilavi amocanis 
Taviseburebebze. 

ganvixiloT gardaqmnis xasiaTi TiToeul SemTxvevaSi: 
 

1. Tu avirCieT );,(1 tQqF  funqcia, maSin variaciuli integralebis 
qveS mdgomi gamosaxulebebi dakavSirebuli iqneba TanafardobiT: 

     ∑ ∑
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am dros 
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magram radgan Zveli da axali koordinatebi aq ganixileba rogorc 

damoukidebeli cvladebi, (VII_1.7) tolobas maSin eqneba adgili, roca iq&  
da −iQ& sTan mdgomi koeficientebi tolobis orive mxares iqnebian erT-

nairi. amrigad ganxilul SemTxvevaSi gveqneba: 
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                   (VII_1.9) 

amaTgan pirveli warmoadgens Tanafardobas, romelSic Sedis marto 

iii Qqp ,,  da .t  maTi saSualebiT yvela −iQ s gamovxatavT tqp ii ,,  

cvladebiT.   am gziT miviRebT (VII-1.3) gardaqmnebis pirvel nawils. amis 
Semdeg gamoviyenebT (VII-1.9)_is meore Tanafardobas da miviRebT 
(VII_1.3)_dan danarCen n  gantolebas, risTvisac dagvWirdeba axlaxan 
miRebuli gardaqmnis formulis gamoyenebac. 

dabolos, (VII_1.9)_is ukanaskneli gantoleba gvaZlevs axal Hhamil-
tonians, .K  

   

2. axla ganvixiloT gardaqmna meore funqciiT, ,2F  roca damou-

kidebel cvladebad arCeulia iq  daP .iP  aviRoT jer adrindeli gan-

toleba, (VII_1.7), romelic ase gadavweroT 
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meore wevri gardavqmnaT sruli warmoebulis meSveobiT 
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marjvena mxareSi frCxilebSi gviweria leJandris gardaqmna, romlis meS-

veobiT xdeba cvladis Secvla ii PQ →  da, amrigad, miiReba funqcia :2F  
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e.i. gvaqvs kanonikuri gardaqmnis piroba Semdegi saxiT: 
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axla )( ii Pq && _Tan mdgomi koeficientebis gatolebiT am gantolebas davak-

mayofilebT, roca 
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                 (VII_1.10) 
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pirveli gantoleba Seicavs  Tanafardobas tPqp iii ,,,  cvladebs Soris, 

saidanac gamovxatavT  );,( tpqPP ii =  _ viRebT kanonikuri gardaqmnebis 

meore jgufs.  meore gantoleba Seicavs cvladebs .,,, tPqQ iii  saidanac 

miRebuli −iP s gamoricxviT daviyvanT kanonikur gardaqmnaTa pirvel 

jgufze. 
3. axla ganvixiloT gardaqmna me-3 funqciiT, roca cvladebad aiReba 

., ii Qp  aqac SeiZleba gamoviyenoT leJandris gardaqmna. 
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SegviZlia pq →  gadasvla ganvaxorcieloT leJandris gardaqmniT: 
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amitom, amosaval gantolebaSi movaxdinoT saTanado gardaqmna Zveli 
cvladebis Semcvel nawilSi: 
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saidanac gvaqvs 
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amitom gardaqmnis kanonikuroba moiTxovs Semdegi Tanafardobebis Ses-
rulebas: 
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4. dabolos, me-4 funqciiT gardaqmnis misaRebad davemyaroT 

−1F is gantolebas: 
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am dros gvaxsovs, rom  
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amitom, gvaqvs 
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warmoebulis gamoTvlis Semdeg miiReba Tanafardobebi: 
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amrigad, miviReT 4 tipi kanonikuri gardaqmnebisa, romlebic Seg-
viZlia moviyvanoT Sejamebuli saxiT: 
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  VII-2.  kanonikuri gardaqmnebis magaliTebi  
        
                     
 
ganvixiloT kanonikuri gardaqmnebis ramdenime martivi magaliTi, 

romelic xorcieldeba sxvadasxva mawarmoebeli funqciiT: 

a) igivuri gardaqmna. aviRoT 2F  tipis funqcia Semdeg-

nairad 
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am SemTxvevaSi kanonikuri gardaqmnebis gantolebebi aseTia    
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e.i. yvela axali koordinati da impulsi emTxveva Zvels, anu ganx-
iluli gardaqmna aris igivuri. 

b) ganvixiloT am gardaqmnis erTi ganzogadeba: 
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sadac if  arian −q s nebismieri funqciebi. maSin, radgan  ,2

i
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FQ
∂
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=  

miiReba 

               ),( tqfQ ii =                               (VII_2.3) 
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anu axali koordinatebi mTlianad gamoixata Zveli koordinatebiT da 
droiT, magram ar Seicavs Zvel impulsebze damokidebulebas. eseni 
ganekuTvnebian wertilovan gardaqmnaTa klass. 

    amrigad, wertilovani gardaqmnebic yofila kanonikuri.  

    radgan ganxilul magaliTSi if  funqciebi savsebiT nebis-

mieria, vaskvniT, rom yvela wertilovani gardaqmna aris kanonikuri. 

axali hamiltoniani Zvels ukavSirdeba t
f i
∂

∂  warmoebulebiT. 

g) orTogonaluri gardaqmnebi 
ganvixiloT wertilovani gardaqmnebis kerZo saxe, roca 
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=
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k
kiki qatqf
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),(                        (VII_2.4) 

da, amitom,  
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=
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1,
2 );,(                        (VII_2.5) 

CavTvaloT, rom ika  arian orTogonaluri matricis elementebi 
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aqedan rom amovxsnaT ,iP  gamoviyenoT orTogonalurobis piroba 
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anu impulsebzec iseTive orTogonaluri gardaqmna xdeba, rogorc 
koordinatebze. rogorc cnobilia analizuri geometriidan 3-
ganzomilebian evklidur sivrceSi koordinatTa sistemis brunvebi 
orTogonalur gardaqmnebs warmoadgens. zemoT ganxiluli koordi-
natebis orTogonaluri gardaqmnebi ganmartebis Tanaxmad gansaz-
Rvraven brunvebisas veqtoris gardaqmnis wess. (VII-2.6) gveubneba, rom 
impulsebic veqtorebs warmoadgenen. am zogadi SedegiT Cven ukve vis-
argebleT IV TavSi impulsis momentis misaRebad sivrcis simetriis 
Tvisebebidan. 

d) ganvixiloT axla 1F  tipis Semdegi funqcia 
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=
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k
kkQqF

1
1                             (VII_2.7) 

kanonikuri gantolebebis Tanaxmad miiReba 

     i
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= 11 ,             (VII_2.8) 

e.i.  gardaqmnebi koordinatebsa da impulsebs adgils ucvlian. es 
magaliTi gveubneba, rom ganzogadebuli koordinatebi da ganzogade-
buli impulsebi toluflebiani cvladebia. hamiltonis gantolebebSi 
maT Soris gansxvaveba mxolod saxelwodebaSia. 
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e) k a n o n i k u r i  gardaqmnebi oscilatoris amoca-
naSi. 
   
ganvixiloT harmoniuli oscilatoris hamiltoniani 
 

           
2222

22222 qm
m

pkqqmH ω
+=+=

&
, 

sadac gaviTvaliswineT kavSiri 2ωmk = . 
 
Turme oscilatoris hamiltoniani sagrZnoblad martivdeba, Tu 

Cven gamoviyenebT kanonikur gardaqmnas Semdegi saxis pirveli tipis 
funqciiT 

ctgQqmF 2
1 2

ω
=                        (VII_2.9) 

maSin am gardaqmnidan SegviZlia gamoviyvanoT kavSiri Zvel da 
axal sidideebs Soris, risTvisac visargebloT saTanado kanonikuri 
gantolebebiT 
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es gantolebebi SeiZleba amoixsnas axali cvladebis mimarT da 
gamoixatos isini Zveli cvladebiT. magram Cveni miznebisaTvis ufro 
mosaxerxebelia Zveli cvladebi gamovxatoT axlebiT. 

bolo gantolebidan vipoviT 

                      Q
m

Pq sin2
ω

=                        (VII_2.10) 

CavsvaT es wina gantolebaSi, miiReba 

                    QPmp cos2 ω=                      (VI_2.11)  
amrigad, Zveli cvladebi gamovsaxeT axali cvladebiT. vrwmun-

debiT, rom isini trigonometriuli funqciebia. aSkaraa, rom raki 
gardaqmna dros cxadad ar Seicavs, amitom axali hamiltoniani 
emTxveva Zvels, HK =    da 

             PQPQPK ωωω =+= 22 sincos                 (VII_2.12) 

amrigad, axal cvladebSi hamiltoniani aris cikluri −Q s mi-

marT, ris gamoc P  impulsi unda iyos mudmivi. miRebuli gantole-
bidan Cans, rom   

                     P ., constEEP ==
ω

       

rac Seexeba gantolebas koordinatisTvis, mas aqvs saxe 
 

                     ω=
∂
∂

=
P
HQ& , 

e.i. 
                     ,βω += tQ  
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sadac −β  integrebis nebismieri mudmivia. miviReT cnobili amonaxsni 

                    )sin(2 βω
ω

+= t
m

Eq                  (VII_2.13) 

aq arsebiTia, rom amonaxsni miviReT moZraobis gantolebis Ses-
wavlis gareSe mxolod kanonikur gardaqmnaze dayrdnobiT.  

            
 
 
 

VII_3.   puasonis frCxilebi  
 

 
    hamiltoniseuli meqanika (an rogorc xSirad amboben _ hamil-

tonis formalizmi meqanikisTvis) SeiZleba Caiweros metad lamazi da 
eleganturi formiT. amisaTvis SemoaqvT garkveuli specialuri stru-
qtura _ warmonaqmni, romelic marTlac arsebiT rols asrulebs.  

    vTqvaT, gvaqvs kanonikuri pq, cvladebis (romlebsac xSirad 
kanonikurad SeuRlebul cvladebs uwodeben) ori nebismieri funqcia 

 
            );,( tpqff =       da      );,( tpqg  
am ori funqciis puasonis frCxili ewodeba gamosaxulebas 
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aRsaniSnavia, rom literaturaSi puasonis frCxilebisaTvis gamoi-
yeneba sxva aRniSvnebic, romelTa Soris yvelaze gavrcelebulia kvad-
ratuli an figuruli frCxilebis gamoyeneba. garda amisa, zogjer gan-
martebaSi adgilebi aqvs Secvlili koordinatiT da impulsiT gawar-
moebis rigs. yovelive es, cxadia ar cvlis am simbolos Sinaarss.  

ganmartebidan pirdapir gamomdinareobs ramdenime Tviseba: 
1. antisimetriuloba 

                    ( ) ( )fggf ,, −=  

   kerZoO SemTxvevaSi, ( ) .0, =ff  
2. mudmivTan frCxilis nulTan toloba 

                     ( ) 0, =cf  

3. wrfivoba TiToeuli argumentiT 

              ( ) ( ) ( )gfgfgff ,,, 2121 +=+ ,      ( ) ( )gfcgcf ,, =  
kerZod, nulis tolia frCxili 2 wrfivad damokidebuli sididisa 

                ( ) 0, =cff  

analogiurad meore funqciisaTvis 

                ( ) ( ) ( )2121 ,,, gfgfggf +=+  
4. jufdebadobis Tviseba namravlis mimarT, rac emTxveva-

gawarmoebisaTvis leibnicis wess: 
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5. parametriT kerZo warmoebulis gamoTvlis laibnicis 
wesi: 
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             ( ) ⎟
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6. iakobis igiveoba: 

         ( )( ) ( )( ) ( )( ) 0,,,,,, =++ gfhfhghgf          (VII_3.3) 
  es emsgavseba laibnicis gawarmoebis wess puasonis frCxilebiT 

           ( )( ) ( )( ) ( )( )hfghgfhgf ,,,,,, +=  

  SevniSnoT, rom iakobis igiveobis damtkiceba ar warmoadgens 
raime sirTules da moyvanilia uamrav saxelmZRvaneloSi. magram 
rogorc igiveoba, advilad mowmdeba uSualo gamoTvliT.  

 
   ganvixiloT axla puasonis frCxilebis zogierTi specialuri 

(kerZo) Tviseba, romlebic sasargeblo Tanafardobebs warmoadgenen: 
   Tuki erT-erTi funqcia Tanxvdeba koordinats an impulss, 

gvaqvs: 
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am tolobebSi rom aviRoT −g s nacvlad q  an  p , miiReba: 
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       (VII_3.5) 

   am Tanafardobebs xSirad puasonis fundamentur frCxilebs 
uwodeben. 

   es kerZo mniSvnelobebi pirdapir gvkarnaxobs, Tu rogor Seg-
viZlia gavamartivoT hamiltonis formalizmis Cawera: 

   marTlac, raki 
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da (VII_3.4) formulaSi g  funqciad Hhamiltonians aviRebT, es gan-
tolebebi Caiwereba sruliad simetriulad 

         ( ) ( )HppHqq iii ,, == &&          (VII_3.6) 

advilad davrwmundebiT, rom sinamdvileSi simetria ufro far-
Toa. marTlac, aviRoT nebismieri dinamikuri sidide, anu koordinate-
bis da impulsebis nebismieri funqcia  );,( tpqf  da gavawarmooT droiT 
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gamoviyenoT aq hamiltonis gantolebebi da gadavweroT ase 
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=                     (VII_3.7) 

e.i.  sruli warmoebuli drois mixedviT udris kerZo warmoebuls 
damatebuli am sididis puasonis frCxili hamiltonianTan. 

    kerZo SemTxvevaSi, roca dinamikuri sidide cxadad droze ar 
aris damokidebuli, miiReba 
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( )Hf
dt
df ,= ,   Tu  0=

∂
∂

t
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                (VII_3.8) 

    garda amisa, Tu (VII_3.6) formulaSi −f is nacvlad −H s aviRebT, 
miviRebT,rom  

                        ,
t
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e.i. hamiltonianis kerZo da sruli warmoebulebi erTmaneTs emTxveva. 
    
    ganvixiloT axla zogadi puasonis frCxilis sruli warmoebuli 

droiT: 
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rac niSnavs, rom sruli warmoebulis gamosaTvleladac gvaqvs 
laibnicis wesi: 
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d ,,,                  

aqedan Cans, magaliTad, rom kerZo SemTxvevaSi, roca orive dinami-
kuri sidide moZraobis integralebia, anu Tu ,, constgf =  maTi puasonis 
frCxilic moZraobis integrali iqneba.  

amrigad 

         ( ) .,, constgf =   Tu   .,constf =   da   .constg =  
    am winadadebas hqvia puasonis Teorema.   
 
 
 

puasonis frCxilebis gamoTvlis magaliTebi 
 
 

    ganvixiloT dekartes koordinatebiT Sedgenili dinamikuri 
sidideebis puasonis frCxilebi. aviRoT jer impulsi da momenti.  
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1) aSkaraa, rom   
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2) ganvixiloT axla 
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     (VII-3.10) 

 gamoyvanis procesSi gamoviyeneT puasonis fundamenturi frCxilebis 
Tvisebebi, (VII-3.5).  



 185

 zustad aseve davadgenT, rom 

              ( ) mijmji ppL ε=,                                    (VII-3.11) 

rogorc adre aRvniSneT,  bolo ori Tanafardoba warmoadgens 
veqtoris  komponentebis gardaqmnis wess koordinatTa RerZebis mobrune-
bisas.  

3.     rogorc viciT, impulsis momenti aris veqtori, amitom misT-
visac unda gvqondes zustad analogiuri Tanafardoba, raSic advilad 
davrwmundebiT msgavsi gamoTvlebiT: 
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aq bolo winadadeba advilad Semowmdeba impulsis momentis ganmar-
tebis gamoyenebiT. amrigad 

             ( ) mijmji LLL ε=,                          (VII_3.12) 

4. advilad davrwmundebiT, rom impulsis momentis 
puasonis frCxili koordinatebis da (an) impulsebis skalarul 
kombinaciebTan nulis tolia, rac am sidideTa skalarul xasiaTs 
gamoxatavs sivrceSi mobrunebebis mimarT. marTlac: 

           ( ) ( ) 0),(,, 2 ==== mikmkkikkkii rrrLrrrLrL εr
 

am tolobaSi bolo winadadeba gamomdinareobs iqidan, rom 
simetriuli da antisimetriuli tenzorebis namravli nulis tolia. 

5. zustad aseve, 

            ( ) 0, 2 =pLi
r

      

6. an zogadad, 

            ( )( ) ,0,, 22 =prLi
rrϕ   

raSic advilad davrwmundebiT Tu aq Semaval nebismier skalarul 

funqcias ( )22 , pr rrϕ  gavSliT xarisxovan mwkrivad. 
SeniSvna: am formulebis gamoyvanis dros Cven vsargeblobdiT sa-

yovelTao SeTanxmebiT, rom gameorebuli indeqsebiT igulisxmeba 
ajamva. 

 
 
 

VII_4.   puasonis frCxilebi da kanonikuri gardaqmnebi 
 

 
sainteresoa gaverkveT, Tu rogor icvleba puasonis frCxilebi 

cvladebis gardaqmnebis dros. SeviswavloT kvlav Cvens mier adre ganx-
iluli gardaqmnebi: 

 

            );,();;,( tpqPPtpqQQ iiii ==  

jerjerobiT CavTvaloT, rom esaa nebismieri gardaqmnebi da ara au-
cileblad kanonikuri. davsvaT amocana ase: gamovyoT aqedan gardaqmnaTa 
specialuri klasi, romelic puasonis frCxilebs datovebs invariantuls, 
e.i. 

                    ( ) ( ) gfgfgf POpq ,,,, ∀=     (VII_4.1) 
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CavataroT moyvanili gardaqmnebi am gantolebis marcxena mxareSi, 
sadac, ganmartebis Tanaxmad, 
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cvladis gardaqmna niSnavs: 
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da a.S.  
 aseTive formulebi daiwereba puasonis frCxilSi Semaval danarCeni 

warmoebulebisaTvis. amitom gvaqvs: 
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wevrebi ase davajgufoT gadamravlebis Semdeg: 
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=gamoviyenoT puasonis frCxilebis Cveulebrivi ganmarteba. miiReba; 
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Tu axla Cven moviTxovT, rom puasonis fundamentaluri frCxilebi 
erTsaxela sidideebs Soris inarCunebs Tavis Zvel mniSvnelobebs axali 
koordinatebisTvisac, 
anu, Tu 
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maSin, zeda gamosaxulebaSi dagvrCeba Semdegi ori wevri: 
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                (VII_4.2) 

pirvel  wevrSi SegviZlia munji indeqsebi urTierTSevcvaloT lj ↔  
da Semdeg gamoviyenoT puasonis frCxilebis antisimetriuloba 
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amitom, zeviT moyvanili  ori wevri ase gadaiwereba 
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anu Tuki Sesruldeba darCenili puasonis frCxilic 

                    ( ) jlpqjl PQ δ=, , 

zeda gamosaxuleba Seikvreba ori funqciis puasonis frCxilad ax-
ali cvladebiT. amrigad, sabolood 

                 ( ) ( )PQpq gfgf ,, =                        (VII_4.3)   

cxadia, esaa sakmarisi piroba imisa, rom gardaqmnebi miekuTvnebodnen 
specialur klass, romelic invariantuls tovebs puasonis frCxilebs.  

     gavarkvioT axla Tu romelia is gardaqmnebi zogadi gardaqmne-
bidan, romlebic invariantuls toveben puasonis fundamentalur 
frCxilebs da, amitomac (VII_4.3) Tanafardobas.  

     amisaTvis, jer ganvixiloT droze damoukidebeli gardaqmnebi, 
romlebic puasonis funamentalur frCxilebs akmayofileben. adre miRe-
buli gantolebebis Tanaxmad gvaqvs: 

( ) ( )
i

PQipqii P
HHQHQQ
∂
∂

=== ,,& Q 

       

( ) ( ) ),(,,, QPHH
Q
HHPHPP

i
PQipqii =

∂
∂

−===&  

amrigad, axali koordinatebisa da impulsebisaTvis sruldeba hamiltonis 
gantolebebi, e.i. gardaqmna yofila kanonikuri.  

      daskvna: gardaqmna, romelic puasonis frCxilebs inaxavs, aris 
kanonikuri gardaqmna.  

    cxadia, adgili aqvs Sebrunebul winadadebasac.  
 

amocanebi: 
 

1. ganixileT erTganzomilebiani sistema hamiltonianiT 

              
22

22 qpH −=  

aCveneT, rom funqcia    HtpqD −= 2/  aris moZraobis integrali. 
2. aCveneT, rom cvladTa gardaqmna  

             Q iaiaqpPiaqpQ 2/)(, −=+=  
 aris kanonikuri da ipoveT am gardaqmnis mawarmoebeli funqcia. 

3. mocemulia hamiltoniani 

                H 2
2

2
12211 bqaqpqpqH +−−=      

aCveneT, rom funqciebi 

                    212
2

11
1 , qqF

q
aqpF =

−
=  

arian moZraobis integralebi. 
4. ganixileT gardaqmna 

                        qctgpPp
q

Q =⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
= ,sin1ln  

a) aCveneT, rom gardaqmna aris kanonikuri,  
b) aageT am gardaqmnis oTxive tipis mawarmoebeli  

funqciebi. 
5. aCveneT, rom Tu moZraobis gantolebis ori pirveli in-

tegrali cxadad Seicavs t -s, maTgan Sedgenili puasonis frCxili 
mainc iqneba moZraobis am gantolebaTa integrali.  
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   6.  α -s da −β s romeli mniSvnelobebisaTvis iqnebian gardaqmnebi 

                 pqPpqQ ββ αα sin,cos ==  

 kanonikuri? rac udris am dros mawarmoebeli funqcia 3F ? 

7.   ganixileT gardaqmna  
p
qarctgPpqQ −=+= ),(

2
1 22 . aCveneT,  

rom es gardaqmna kanonikuria da moZebneT axali hamiltoniani, Tu Zveli 

hamiltoniani iyo  ).(
2
1 22 pqH +=   

 
 
 

(VII_5).  usasrulod mcire kanonikuri gardaqmnebi. 
                moZraobis integralebi da simetriis Tvisebebi 
           
        
       puasonis frCxilebis erT-erT mniSvnelovan gamoyenebas 

vxvdebiT usasrulod mcire kanonikuri gardaqmnebis ganxilvisas.  
       ase uwodeben gardaqmnebs, romlis drosac ganzogadebuli 

koordinatebi da impulsebi ganicdian cvlilebas usasrulod mcire 
sidideze. am dros gaTvlebi tardeba xolme am cvlilebis pirveli rigis 
sizustiT. usasrulod mcire gardaqmnebs sxvanairad uwodeben in-
finitezimalurs.  

infinitezimaluri gardaqmnebi ase Caiwereba: 

              iiiiii ppPqqQ δδ +=+= ,               (VII_5.1) 

aq iqδ  da ipδ  arian usasrulod mcire nazrdebi da ara virtualuri 

cvlilebebi. es nazrdebi SeiZleba gamowveuli iyos, magaliTad, cvladTa 
usasrulod mcire gardaqmniT. cxadia, rom usasrulod mcire gardaqmnis 
mawarmoebeli funqcia usasrulod mcired iqneba gansxvavebuli igivuri 
gardaqmnis mawarmoebeli funqciisagan, romelic Cven ganvixileT wina 
paragrafSi, (VII_2.1): 
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2 ),(  

Sesabamisad axal funqcias  ase CavwerT 

                ∑
=

+=
n

i
ii PqGPqF

1
2 ),(ε , 

sadac ε  aris usasrulod mcire parametri )1( <<ε . maSin kanonikuri gar-
daqmnebis gantolebidan miiReba: 
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anu 
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analogiurad 
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am jamebSi meore wevri unda iyos pirveli rigis usasrulod mcire 

−ε is mixedviT. raki iP  gansxvavdeba −ip isgan  ε  sizustiT, am formu-

laSi gawarmoeba SegviZlia Zveli impulsiT movaxdinoT: 

              ),(),( pqGPqG →   da   
ii p

G
P
G

∂
∂

→
∂
∂

 

amrigad, gvaqvs usasrulod mcire gardaqmnebis Semdegi saxe: 
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i
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i q
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p
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∂
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∂
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= εδεδ ,               (VII_5.2) 

xSirad −G s uwodeben usasrulod mcire kanonikuri gardaqmnebis 
mawarmoebel funqcias an generators. 

 
    usasrulod mcire kanonikuri gardaqmnebis saintereso magali-

Tia, roca mawarmoebel funqciad aiReba hamiltoniani ),,( pqHG =  xolo 

−ε aris usasrulod mcire drois intervali  .dt   
    maSin 
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    es tolobebi gviCveneben, rom koordinatebi da impulsebi ise 
icvleba, rom drois t  momentSi  )(tq  da  )(tp  mniSvnelobebis nacvlad  

dt  drois Semdeg isini xdebian  )( dttq +  da  )( dttp + . amrigad, sistemis 

mdgomareobis Secvla dt  droSi SeiZleba miviRoT usasrulod mcire ka-
nonikuri gardaqmniT, romelsac axorcielebs hamiltoniani, .H   

    aqedan gamomdinareobs, rom raime sawyisi 0t  momentidan t  momen-
tamde sistemis mdgomareobis cvlileba SeiZleba miviRoT usasrulod 
mcire kanonikuri gardaqmnebis mimdevrobiT. radgan ori Tanmimdevruli 
kanonikuri gardaqmna ekvivalenturia raime erTi kanonikuri gardaqmnisa, 

amitom, gadasvla )(),( 00 tptq  mdgomareobidan )(),( tptq  mdgomareobaSi 

SeiZleba miviRoT droze damokidebuli kanonikuri gardaqmniT. amrigad, 
meqanikuri sistemis moZraoba SeiZleba ganvixiloT rogorc uwyvetad 
mimdinare kanonikuri gardaqmnebis jaWvi, romlis mawarmoebeli funqcia 
drois yovel momentSi aris sistemis hamiltoniani, e.i. 

         
moZraoba  aris  kanonikuri  gardaqmna! 

 
naTelia, rom arsebobs Sebrunebuli kanonikuri gardaqmnac, romel-

sac )(),( tptq  gadayavs mudmiv mniSvnelobebSi  ).(),( 00 tptq  aseTi kanonikuri 

gardaqmna ekvivalenturia moZraobis amocanis sruli amoxsnisa. 
 
 
 
•  puasonis frCxilebi da usasrulod mcire kanonikuri gardaqmnebi 
 
 
    ganvixiloT raime funqcia  ),( pqu   da misi cvlileba usasru-

lod mcire kanonikuri gardaqmnisas. funqciis cvlilebas vuwodebT ga-
mosaxulebas  
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              ),(),( pquppqquu −++= δδδ  
pirvel rigamde gaSla iZleva 
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CavsvaT aq zemoT miRebuli usasrulod mcire cvlilebebi: 
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anu 

                   ( )Guu ,εδ =                    (VII_5.3) 

aviRoT axla Hu = , maSin 

                   ( )GHH ,εδ =    

Tu  G  aris moZraobis pirveli integrali, rogorc viciT, is droze 
cxadad ar iqneba damokidebuli, amitom misi sruli warmoebuli droiT, 
romelic mudmivobis gamo nulis tolia, daemTxveva missave puasonis 
frCxils hamiltonianTan, e.i. 

 

                         ( ) 0, =GH , 
 
rac niSnavs, rom aseTi mawarmoebeli funqciiT generirebuli usas-

rulod mcire kanonikuri gardaqmna ar cvlis hamiltonianis mniSvnelo-
bas.  

    amrigad, moZraobis gantolebis yoveli (pirveli) integrali aris 
im usasrulod mcire kanonikuri gardaqmnebis mawarmoebeli funqcia, 
romlebic ar cvlian Hhamiltonians. 

    rac Seexeba gardaqmnebs, romlebic Hhamiltonians ar cvlian, 
maTi moZebna SeiZleba sistemis simetriis Tvisebebze dayrdnobiT, imitom, 
rom Tu fizikuri sistema simetriulia misi konfiguracebis garkveuli 
cvlilebebis mimarT, maSin misi hamiltoniani  am gardaqmnebisas unda 
darCes ucvleli. Cven mier adre miRebuli Senaxvis Teoremebi, bunebrivia, 
aRmoCndeba aq gamoTqmuli zogadi debulebis kerZo SemTxvevebi.  

    vxedavT, rom adre ganxiluli nioteris Teoremis moZraobis in-
tegralebma SeiZines naTeli fizikuri da geometriuli Sinaarsi, saxel-
dobr, isini yofilan hamiltonianis simetriis Sesabamisi infinitezi-
maluri (da sasruloc, sazogadod) gardaqmnebis generatorebi.      

 
 
 

magaliTebi: 
 

(a) translaciuri gardaqmna  

  vTqvaT, romelime iq  koordinati aris cikluri. maSin hamilto-

niani ar iqneba masze damokidebuli da, cxadia, ar Seicvleba usasru-
lod mcire kanonikuri gardaqmnebisas, romlebic marto am koordinats 
cvlian 

                          
0=

=

i

iji

p

q

δ

εδδ
 

ganmartebis Tanaxmad gvaqvs: 
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i

ij p
G
∂
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=δ  

rac niSnavs, rom   ipG = , anu −iq s Sesabamisi ganzogadebuli impulsi 

inaxeba. 
 

(b) koordinatTa sistemis mobruneba 
ganvixiloT usasrulod mcire kanonikuri gardaqmna, romelic 
Seesabameba mTeli sistemis mobrunebas usasrulod mcire ε  
kuTxeze. 

zogadobis SeuzRudavad SegviZlia ganvixiloT brunva 
−z RerZis irgvliv. analizuri geometriidan cnobilia am gar-

daqmnis saxe 
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Tu kuTxes CavTvliT usasruloD mcired,  ,1<<= εϕ  maSin am 
gardaqmnebidan dagvrCeba 
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aseTive gardaqmnebs ganicdian impulsis mdgenelebi. amrigad 
gvaqvs: 

  
0,,
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zxyyx ppppp
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advilia imis mixvedra, rom es gardaqmnebi SegviZlia ga-

movxatoT puasonis frCxilebiT 
          

        ( ) ( ) ( )zlzylyxlx zzz ,,,,, εδεδεδ === ,        
ris Sesaxebac gvqonda saubari puasonis frCxilebis magaliTebis 
ganxilvisas.  

 raki hamiltoniani invariantulia aRniSnuli brunvis mi-
marT, amitom am gardaqmnis generatori Senaxvadi sidide unda 
iyos.  

ganmartebis Tanaxmad 
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         e.i. gvaqvs 
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         anu 

                yx xpypG −= , 

         rac emTxveva −zl s. 
   amrigad, impulsis momenti, erTis mxriv brunvebis gen-

eratoria, xolo meores mxriv, is moZraobis integralia imis 
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gamo, rom sistemis hamiltoniani invariantulia am gardaqmnebis 
mimarT.    

    
 

VII_6.  kidev erTxel “faruli simetriis” Sesaxeb 
 
 
     adre (Tavi V. paragrafi V-7) vnaxeT, rom kepleris amo-

canaSi gvaqvs damatebiTi Senaxvadi integrali, e.w. laplas-
runge-lencis veqtori, ramac saSualeba mogvca migveRo orbitis 
gantoleba ukve algebrulad – moZraobis gantolebis amoxsnis 
gareSe.  

     amave dros bertranis TeoremiT gamovarkvieT, rom 
arsebobs mxolod ori centraluri potencialuri veli, ro-
melic iZleva Caketil orbitebze periodul moZraobas nebis-
mieri sawyisi pirobebis SemTxvevaSi _ esaa kulonuri da 
izotropuli oscilatoris potencialebi.  

      axla Cveni mizani iqneba gamovamzeuroT am aratrivi-
alur damatebiT Senaxvis kanonebTan dakavSirebuli “faruli 
simetria”.  

      orive hamiltoniani aris invariantuli samganzomile-
biani brunvebis mimarT. Turme amave dros orive hamiltoniani 
invariantulia ufro farTo gardaqmnebis (anu, rogorc ityvian, 
jgufis) mimarT, rac naTeli ar aris  am hamiltonianebis gareg-
nuli saxis pirdapiri ganxilvis dros.  

     daviwyoT kepleris amocaniT, 
          

                  
rm

pH α
−=

2

2

                           (VII_6.1) 

rogorc zemoT davinaxeT, 3-ganzomilebian evklidur sivr-
ceSi brunvebis mimarT invariantuloba niSnavs imas, rom am 

simetriis infinitezimaluri generatori _ momentis l
r
-veqtori _ 

inaxeba 

                      0),( =Hli                          (VII_6.2) 

Tuki gavixsenebT laplas-runge-lencis veqtors 

              [ ]
r

rmlpA
rrrr α

+×= ,                           (VII_6.3) 

          rogorc ukve vaCveneT, isic inaxeba  
    

                 0),(,0 =⇒= HA
dt
Ad

i

r

(VII_6.4) 

anu H invariantulia A
r
 veqtoris iA  komponentebis, rogorc 

raime infinitezimaluri generatorebis mier generirebuli gar-
daqmnebis mimarT.  

     amave dros gvaqvs Semdegi puasonis frCxili 
                   

                  kijkji AAl ε=),(                          (VII_6.5) 

rac, rogorc viciT, im ubralo WeSmaritebas aRniSnavs, rom  
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kA  arian 3-ganzomilebiani veqtoris komponentebi. Semdgomi       

msjelobisaTvis sasurvelia maTTvis SemovitanoT axleburi normireba  

                .
2 Hm
A

D k
k =                            (VII_6.8) 

zeda Tanafardobebidan gamomdinare naTelia, rom adgili eqneba Semdeg 
erTobliv puasonis frCxilebs: 

       ( ) kijkjikijkjikijkji lDDDDllll εεε === ,,),(,),(         (VII_6.9) 

 
rogorc vxedavT, es 6 generatori erTad warmoqmnis Caketil alge-

bras puasonis frCxilebis mimarT, rac puasonis Teoremis Tanaxmad niS-
navs, rom maT Soris puasonis frCxilebis Sedgenisas moZraobis axali 
integralebi aRar warmoiqmneba.  

   amave dros es eqvsive generatori invariantuls tovebs kepleris 
amocanis Hhamiltonians da amitom gansazRvraven eqvsganzomilebian 
simetrias. am simetriis xasiaTSi ukeT garkvevisaTvis SemovitanoT gen-
eratorebis Semdegi kombinaciebi  
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=             (VII-6.10) 

         Tu axla puasonis zemoT moyvanil frCxilebs gamoviyenebT da 
gamovTvliT puasonis frCxilebs am axal generatorebs Soris, miiReba  
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kijkjikijkji
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NNNJJJ εε
       (VII_6.11) 

         amrigad, zemoT moyvanili ori jgufi generatorebisa erTmaneT-
Tan nulovan puasonis frCxils iZleva da amave dros TiToeuli maTgani 
calke qmnis brunvebis gardaqmnebisaTvis damaxasiaTebel puasonis 
frCxilebis algebrul Tanafardobebs. sul aseTi 6 generatoria. amitom 
koleqtiurad maT mier warmoebuli gardaqmnebi ekvivalenturia 4-
ganzomilebian evklidur sivrceSi brunvebisa. marTlac, radgan Ti-
Toeuli puasonis frCxili generirebs mobrunebas romelime sibrtyeSi da 
6 generatorisaTvis gveqneba 6 damoukidebeli sibrtye, esaa swored is, 
rac xdeba 4-ganzomilebian sivrceSi brunvebis SemTxvevaSi _ sami 
“Cveulebrivi” sibrtye da sami sibrtye, romlebic gadian me-4 RerZze da 
erT-erT “Cveulebriv” RerZze. aseTi gardaqmnebis erToblioba aRiniSneba 

)4(+O -iT, gansxvavebiT 3-ganzomilebiani brunvebis )3(+O  erTobliobisa-
gan. 

        es “faruli simetria” gansakuTrebiT naTeli xdeba kJ  da kN  gen-

eratorebis enaze, maSin roca Tavdapirveli generatorebiT es simetria 
SedarebiT miCqmaluli iyo. kepleris amocanaSi am simetriaze war-
modgenas pirvelad miagno cnobilma sabWoTa fizikosma-Teoretikosma 
v.fokma 1935 wels. swored am “faruli” simetriis arsebobiT aixsneba 
damatebiTi Senaxvadi veqtoris arseboba kepleris amocanaSi. amasTanve 
aris dakavSirebuli orbitebis Caketiloba da perioduloba, xolo kvan-
tur meqanikaSi wyalbadis atomis speqtris e.w. “SemTxveviTi gadagvareba”.  
         rac Seexeba bertranis TeoremaSi aRniSnul meore potencials _ 
izotropul harmoniul oscilators _ misTvisac SegviZlia movZebnoT 
damatebiTi moZraobis integralebi. 
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     daviwyoT 2-ganzomilebiani anizotropiuli oscilatoriT da aviRoT 

misi Sesabamisi hamiltoniani Semdegi formiT ,21 HHH +=  sadac iH  

calkeuli RerZis gaswvriv rxevebis aRmweri  hamiltonianebia 
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222
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+=     )2,1( =i                      (VII-6.11) 

      aq vsargeblobT koordinatebisaTvis Semdegi aRniSvnebiT: 

( ) ( )321 ,,,, xxxzyx → . rogorc viciT, ( )21 , xx  sibrtyis perpendikularuli 3x - 

RerZis irgvliv brunvebis generatori (momenti) ase ganimarteba 

                 12213 pxpxpxl kjijk −== ε  

 gamovTvaloT misi puasonis frCxili srul hamiltonianTan. miiReba 

         ( ) )(
2
1, 2

2
2
1213 ωω −= xx

m
Hl  

vxedavT, rom mxolod izotropuli oscilatorisaTvis ωωω == 21  

gveqneba brunvebis mimarT simetria, .0),( 3 =Hl      

SemovitanoT meore rangis tenzori ase 

            ( )jijiij xxmpp
m

A 2

2
1 ω+=                       (VII-6.12) 

advilad davrwmundebiT, rom 

              ( ) 0, =HAij ,                                 (VII-6.13) 

e.i. am tenzoris komponentebi arian iseTi gardaqmnebis generatorebi, 
romlebic Hhamiltonians toveben invariantuls. garda amisa, advili 
saCvenebelia, rom 

                 ∑ =
j

jij lA 0 ,                               (VII-6.14) 

rac niSnavs, rom am tenzoris komponentebi Tavmoyrilia orbitis 
sibrtyeSi.   

   Tu SemovitanT generatorebs  
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           (VII-6.15) 

advilad davrwmundebiT, rom isini qmnian puasonis frCxilebis 
Caketil algebras 

             ( ) kijkji KKK ε=, ,                             (VII-6.16) 

anu eTanadebian garkveul brunvebs, oRond ukve met (sam) _ganzomilebian 
raime sivrceSi. amrigad, simetria aqac gafarTovda. 

  axla Tu SemovitanT 3-ganzomilebian izotropul oscilators 
 

               321 HHHH ++= ,                           (VII-6.17) 

aRmoCndeba, rom ijA -komponentebi masTanac nulovan puasonis frCxilebs 

iZlevian da garkveul Senaxvad sidideebs gamoxataven.  

   raki ijA  simetriuli tenzoria, mas SeiZleba hqondes sul meti 6 

damoukidebeli komponenti. advilad Semowmdeba, rom 
  

          ( ) jlikliljklkij AAlA εε +=,                       (VII-6.18) 

da 
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  ( ) [ ]mjkmikmilmjkmjkmilmikmjllkij llllAA εδεδεδεδω
+++=

4
,

2

    (VII-6.19) 

amave dros Tu gvexsomeba, rom il  akmayofileben brunvebis genera-

torebis Cveulebriv frCxilebs, gamova, rom 3 kuTxuri momenti  il  da 6 
damoukidebeli ijA  komponentebi A  tenzorisa qmnian puasonis frCxilebis 

mimarT Caketil sistemas da amitom eTanadebian raRac farTo simetriis 
gardaqmnebs, raime 8-ganzomilebian sivrceSi.  saTanado simetria cno-
bilia rogorc simetria specialuri unitaruli gardaqmnebis mimarT, ro-
melsac uwodeben )3(SU -s.  

    es simetria gansakuTrebiT mniSvnelovania elementarul 
nawilakTa fizikaSi, saxeldobr, kvarkebis saSualebiT elementarul 
nawilakTa klasifikaciisaTvis, agreTve Zlier urTierTqmedebaTa funda-
mentaluri Teoriis asagebad, romelSic zemoaRniSnuli simetriis 
matarebelia kvarkebis kvanturi maxasiaTebeli, e.w. “feri”. feris di-
namikis SeqmnisaTvis gadamwyveti mniSvneloba hqonda swored damatebiTi 
simetriebis koncefcias, rac kvarkebisaTvis Semoitanes sabWoTa 
fizikosebma b.struminskim, n. bogoliubovma da a. TavxeliZem iaponeli 
fizikosebis paralelurad da maTgan damoukideblad.  
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Tavi VIII 
 

 
iakobis Teoria. Hhamilton—iakobis meTodi 

 
 

VIII-1. Hhamilton-iakobis gantolebebi 
 
 kanonikuri gardaqmnebis ganxilvisas Cven davasabuTeT debuleba: 
               moZraoba aris kanonikuri gardaqmna, 

rac niSnavs Semdegs: SeiZleba moiZebnos kanonikuri gardaqmna, romelic 

axorcielebs  )(tq  koordinatebidan da )(tp  impulsebidan sawyis  )( 0tq  

da )( 0tp  mniSvnelobebze gadasvlas, anu iZlevian meqanikis amocanis srul 

amoxsnas. sawyisi koordinatebi da impulsebi aRvniSnoT ase: 

               0000 )(,)( ptpqtq ==  

eseni iyvnen “Zveli” cvladebi. axal kanonikur cvladebze gadasvlas 
maSin eqneba saxe 

                      
),,(
),,(

00

00

tpqpp
tpqqq

=
=

 

naTelia, rom es gardaqmna iZleva meqanikis amocanis srul amoxsnas, 
radgan koordinatebi da impulsebi gamoxatulia maTi sawyisi 
mniSvnelobebiTa da droiT. cxadia, es meTodi yvelaze zogadia. magram, 
roca aseT midgomas viyenebT, darwmunebuli unda viyoT,  rom kanonikuri 
gadasvla marTlac mudmiv mniSvnelobebze tardeba.  

am programis ganxorcielebisaTvis moviSvelioT Cveni codna 
simetriebisa da Senaxvis kanonebis Sesaxeb. 

viciT, rom Tu romelime ganzogadebuli koordinata aris cikluri, 
maSin saTanado ganzogadebuli impulsi mudmivia da TviTonac cikluria. 
amitom Zalian martivad moiZebneba.  

davsvaT kiTxva: SeiZleba Tu ara movZebnoT iseTi kanonikuri gar-
daqmna, romlis Sedegad hamiltonis gardaqmnil gantolebebSi axali ham-
iltonis funqcia  K  saerTod  ar Seicavdes axal ganzogadebul koor-
dinatebs, e.i. yvela ganzogadebuli koordinata iyos cikluri? 

davuSvaT, rom  viyenebT  me-2 tipis kanonikur gardaqmnebs, roca 

mawarmoebeli funqciaa ),,(2 tPqF ij . amasTan 
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= 22 ,         ( )ni ,...,2,1=   (VIII-1.1) 

movZebniT Semdegi saxis hamiltonis axal funqcias 

         
t

F
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21 ),...,,( ,                          (VIII-1.2) 

sadac f - nebismieri funqciaa. maSin axali cvladebisaTvis miiReba gan-
tolebebi: 
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        (VIII-1.3) 

zeda gantolebidan gamomdinareobs, rom  
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                   ( )niconstP ii ,...,2,1. === α           (VIII-1.4) 

xolo −iα integrebis mudmivebia.  

 Tu amas gaviTvaliswinebT (VIII-1.2) gantolebebSi, miviRebT 
(radgan K   mudmivia): 

                       ),...,2,1(, nitQ iii =+= βω          (VIII-1.5) 

sadac                                          

                       

iiPi
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ω
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∂
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=                           (VIII-1.6) 

arian mudmivi sidideebi, xolo iβ _ integrebis mudmivebia. 

 (VIII-1.4; 1.5) warmoadgenen (VIII-1.3) gantolebebis integralebis siste-

mas. axla (VIII-1.1) gardaqmnebiT SegveZlo  migveRo Zveli cvladebic ii pq ,  

da, amrigad, amogvexsna amocana sistemis moZraobis Sesaxeb (amaTi moZebna 
aucilebelia imitom, rom SevZloT sawyisi pirobebis CarTva _ sawyisi 
pirobebi xom Zvel cvladebSi gvaqvs! magram amis gakeTeba jer ar Seg-

viZlia sanam CvenTvis ucnobia 2F  kanonikuri gardaqmnis funqcia).  
∗  ganvixiloT Tanafardoba (VIII-1.2), romelic ase CavweroT 

         ),...,,(),...,,;,...,,( 21
2

2121 nnn PPPf
t

FpppqqqH =
∂
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+           (VIII-1.7) 

am TanafardobaSi ip -ebi SevcvaloT kanonikuri gardaqmnebis 

TanafardobebiT (VIII-1.1), xolo iP -ebi iα -ebiT. miviRebT 
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        (VIII_1.8) 

esaa Hhamilton-iakobis diferencialuri kerZowarmoebulebiani gan-
toleba. 

amrigad 2F -is gansazRvrisaTvis miviReT pirveli rigis kerZowarmoe-
bulebiani diferencialuri gantoleba, romelsac unda akmayofilebdes 

mawarmoebeli funqcia  );,...,,;,...,,( 21212 tqqqF nn ααα  ZiriTadi cvladebiT  

.;,...,, 21 tqqq n  imis gamo, rom zeda gantolebaSi mudmivi funqcia f  nebis-
mieria, SegviZlia avirCioT  

          0),...,,( 21 =nf ααα ,                                  (VIII-1.9) 

anu, rac igivea, rom axali hamiltoniani .0=K  maSin Hhamilton-iakobis 
gantoleba miiRebs saxes: 

           0);,...,,;,...,,( 22
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kerZo warmoebulebiani diferencialuri gantolebis amonaxsns, ro-
melic imdenive nebismier mudmivs Seicavs, ramdenic damoukidebeli 
cvladia (Cven SemTxvevaSi )1+n , ewodeba gantolebis sruli integrali. 

raki 2F  funqcia (VIII-1.10) gantolebaSi mxolod Tavisi warmoebulebiT 

Sedis, niSnavs, rom erTi nebismieri mudmivi srul integralSi Seva adi-
tiuri Sesakrebis saxiT, e. i. Hhamilton-iakobis gantolebis srul inte-
grals aqvs saxe: 

        021212 );,...,,;,...,,( αααα += tqqqFS nn ,                     (VIII-1.11) 

sadac 0α _ nebismieri aditiuri mudmivia. 

marTlac, Tu  );,...,;,...,( 112 tqqF nn αα  aris (VIII_1.10) gantolebis amoxsna, 

radganac 
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        (VIII-1.12) 

funqcia S  iqneba (VIII-10)-is amoxsna, romelic Seicavs 1+n  nebismier mud-
mivs, e.i. warmoadgens srul integrals. 

 
 ∗∗∗  amrigad, Tu cnobilia Hhamilton-iakobis gantolebis sruli 

integrali (VIII-1.11), maSin sawyisi hamiltonis gantolebaTa sistemis 

         ( )ni
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−= &&      (VIII-1.13) 

amonaxsnis sapovnelad mawarmoebel funqciad unda aviRoT funqcia 

          );,...,,;,...,,( 21212 tqqqF nn αααψ = , 

ris Semdegac gardaqmnis  (VIII-1.1) formulebSi CavataroT Secvla 

,iiP α→ da (VIII-1.5) formulis Sesabamisad iQ β→ . maSin (VIII-1.1) gardaqmna 

Caiwereba Semdegi saxiT 
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       ni ,...,2,1=         (VIII-1.14) 

imitom, rom roca  ,0=f   nii ,...,2,1,0 ==ω . 

           
               
(VIII-1.14) gantolebebi saSualebas gvaZleven ganzogadebuli koor-

dinatebi nqqq ,...,, 21  gamovxatoT t  drois da n2  nebismieri 

( )niii ,...,2,1, =βα  mudmivis saSualebiT. 

     amrigad, naCvenebia, rom Tu cnobilia Hhamilton-iakobis gan-
tolebis sruli integrali, maSin aRar gvWirdeba vaintegroT hamil-
tonis Cveulebriv diferencialur gantolebaTa sistema, e.i. es amocana 
icvleba (VIII-10) gantolebis sruli integralis moZebnis amocaniT. 
esaa iakobis Teoremis Sinaarsi, romelsac ufro konstruqciuli 
saxiT CamovayalibebT qvemoT. Hhamilton-iakobis gantolebis srul in-
tegrals xSirad hamiltonis mTavar funqciasac uwodeben da aRniS-
naven  S -iT. 

   
 

(VIII-2)  iakobis Teorema 
 
   zemoT vnaxeT, rom hamiltonis mTavari funqcia gamoixateba n  

raodenobis sawyisi koordinatebiT da amave raodenobis mudmivi gan-
zogadebuli impulsebiT. ibadeba kiTxva: kanonikuri gantolebebis 
sruli integraciisaTvis ra rols asrulebs hamiltonis mTavari fun-
qcia? gvWirdeba mxolod garkveuli amoxsnebi mTavari funqciisaTvis 
Tu nebismieri sruli amonaxsni daakmayofilebs problemas? am kiTx-
vebze pasuxs iZleva iakobis Teorema: 

     Tu ),,( tqS α  aris Hhamilton-iakobis gantolebis 



 199

              0),,( =
∂
∂

+
∂
∂ t

q
SqH

t
S

                       (VIII-2.1) 

nebismieri sruli amonaxsni, da Tu ),,( tqi βα  da ),,( tpi βα sidideebis 

amosaxsnelad gamoiyeneba gantolebebi 
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maSin es gamosaxulebebi iZlevian  ),,( tpqH  hamiltonianTan dakavSire-
buli kanonikuri gantolebebis zogad amonaxsnebs. 

  am Teoremis dasamtkiceblad pirvel rigSi Hhamilton-iakobis 

gantoleba gavawarmooT iα -s mixedviT: 

               ∑
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sadac jp  ganixileba rogorc ( )tq ,,α -s funqcia, (VIII-2.2)-is Sesabami- 

   sad.  
    axla (VIII-2.2)-is pirveli gantolebis drois mixedviT sruli 

warmoebuli movnaxoT im SemTxvevisaTvis, roca mivyvebiT fazur sivr-

ceSi namdvili amonaxsnis wirs. SevniSnoT, rom  
i

S
α∂

∂  aris −),,( tq α  s 

funqcia, xolo βα , sidideebi mudmivebia. miviRebT: 
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nawilobrivi gawarmoebis rigs ar aqvs mniSvneloba S funqciis 
gluvobis gamo. zeda gantolebebis gaTvaliswinebiT am ukanasknelSi 
vipoviT  
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hamiltonis mTavari funqciis meore warmoebulebis sigluvis 
gamo, rasac axla moviTxovT, maTgan Sedgenili matricis determinanti 
nuli ar iqneba. amitom zeda gantolebebis Sesruleba moiTxovs, rom 
frCxilebSi moqceuli gamosaxuleba nulis toli iyos. maSin miiReba 
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j
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=&             (VIII-2.6) 

   rac hamiltonis pirveli gantolebaa. 
axla davubrundeT kvlav Hhamilton-iakobis gantolebas, oRond 

gavawarmooT −jq s mixedviT, davuSvebT ra, rom ip  aris −),,( tq α s fun-

qcia, kvlav (VII-2.2) gantolebebis Sesabamisad. gvaqvs 
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axla aviRoT (VIII-2.2)-is me-2 gantolebis sruli warmoebuli 
drois mixedviT, Tanac SevniSnoT, rom yoveli iα aris mudmivi namdvil 

wirze, miiReba 
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SevkriboT es gantoleba winasTan da gamoviyenoT  (VIII-2.2) da 
(VIII-2.6), vipoviT, rom 
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   rac me-2 kanonikuri gantolebaa.  
 amrigad, vxedavT, rom Hhamilton-iakobis gantolebis nebismieri 

sruli amonaxsni iZleva hamiltonis problemis amoxsnas. amonaxsns 
aqvs nebismieri mudmivebis swori raodenoba, da akmayofilebs kanoni-
kur gantolebebs. 

 

 ∗∗∗      hamiltonis mTavari funqciis );,( tPqS iii α=  fizikuri Si-

naarsi ukeT gamoCndeba, Tu gamovTvliT mis srul warmoebuls drois 
mixedviT: 

                ∑
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&  

aq ar Sevida warmoebulebi iP  impulsebiT, radgan .0=iP&  

magram kanonikuri gardaqmnebis gantolebebis mixedviT SegviZlia 
SevcvaloT 
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saidanac  

                     ∫ += .constLdtS  

    hamiltonis principi emyareba gansazRvrul integrals, maSin, 
roca zeda gantolebaSi gvaqvs ganusazRvreli integrali. unda aRi-
niSnos, rom praqtikuli TvalsazrisiT ganusazRvreli integrali ar 
SeiZleba aRmoCndes sasargeblo, radgan misi gamoTvla mxolod mas 

Semdeg SeiZleba, roca CvenTvis cnobili iqneba iq  da ip , rogorc 

drois funqciebi, e.i. mxolod mas Semdeg, rac miRebuli gveqneba moce-
muli amocanis amoxsnebi. 

 meTodis sailustraciod ganvixiloT kvlav amocana harmoniuli 
oscilatoris Sesaxeb. 

 erTganzomilebiani amocanis hamiltoniani ase Caiwereba 

            
22

22 kq
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pH +=  

maSin hamilton-iakobis gantolebas aqvs saxe 
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   radgan dro Sedis marto bolo wevrSi, amoxsna veZeboT saxiT 
         .,),(),,( consttqWtqS =−= αααα  
am mudmivs Semdeg CavTvliT gardaqmnil impulsad. aseTi arCevis 

dros gantolebidan dro gamoiricxeba da miviRebT 
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   romlis integraciiT gveqneba 

                 ∫ −= 22 q
k

dqmkW α
 

   amitomac 

            ∫ −−= tq
k

dqmkS αα 22
 

es integrali martivi asaRebia, magram misi gamoTvla mizanSeu-
wonelia, radgan SemdgomSi dagvWirdeba mxolod misi kerZo warmoe-
bulebi. q -s gansazRvrisaTvis gamovTvaloT (VIII-I.14)-is mixedviT 

                    ,
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β  

rac integraciis Semdeg gvaZlevs 
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arccos kq
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aqedan vipoviT 

             ( )
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k
q =+= ωβωα ,cos2

 

aq α  da β  integraciis mudmivebia. miRebuli gamosaxuleba Tanx-
vdeba harmoniuli oscilatoris amonaxsnis Cveulebriv formulas.  

saboloo amonaxsnis misaRebad es mudmivebi unda davukavSiroT 
sawyis pirobebs. 

aviRoT aseTi sawyisi pirobebi: 0=t  momentSi materialuri wer-

tilis siCqare nulis toli iyos, e.i.  .0, 00 === ppqq  CavsvaT zeda 

formulebSi  .0=t  
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   saidanac 
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0 qmkq ω

α ==  

amrigad,   α  yofila sistemis sawyisi sruli energia. sistemis 
konservatiulobis gamo energia mudam am sididis toli darCeba. amis 
dadgena Semdegnairadac SeiZleboda: tolobaSi 

            0=+
∂
∂ H

t
S

 

CavsvaT     tWS α−= , miiReba   α=H .  
   α -s   es miRebuli mniSvneloba CavsvaT amonaxsnSi. gvaqvs 

              )(cos0 βω += tqq , 

saidanac sawyisi pirobis gaTvaliswinebiT vadgenT,  .0=β    amrigad,    

ganxiluli S  funqcia axorcielebs gadasvlas axal kanonikur impul-
sze, romelic Tanxvdeba srul energias da koordinatze, romelic 
igivurad nulis tolia (arCeuli sasazRvro pirobis gamo). 

axla ukve SegviZlia gamovTvaloT hamiltonis mTavari funqcia 
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   anu  q -s CasmiT (raki ukve viciT) 
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saidanac aSkarad Cans, rom )(tS  Tanxvdeba ganusazRvrel integrals  

∫ Ldt . es asec unda yofiliyo, oRond amaSi darwmuneba xerxdeba 

mxolod mas Semdeg, rac miRebulia amocanis saboloo amonaxsni  
 
 
  amocanebi Temaze: hamilton-iakobis gantolebebi 
 
 
amocana 1.  ganixileT droze damokidebuli hamiltoniani  

                   .,2
2

constAmAtxm
pH =−=  

 gamoiyeneT iakobis meTodi da gansazRvreT )(tp  da )(tx  amonaxsnebi 

Semdegi sawyisi pirobebiT: roca 0)0(,,0 0 ==== xxmVpt . 

  amocana 2. ganixileT damuxtuli oscilatori  22krV =  mudmiv 

B
r
 magnitur velSi, veqtoruli potencialiT 

                         [ ]rBA rrr
×=

2
1

 

CaTvaleT, rom B
r
 mimarTulia XOY sibrtyis marTobulad, xolo rr aris 

am sibrtyeSi merxevi wertilis radius-veqtori.  
SeadgineT hamilton-iakobis gantoleba da aageT hamiltonis mTa-

vari funqcia.  
 
   amocana 3. ganixileT sistema hamiltonianiT pqH += . amox-

seniT hamilton-iakobis gantoleba da aCveneT, rom misi sruli inte-
grali iZleva kanonikuri gantolebebis swor amonaxsnebs. 

    
  amocana 4. ganixileT konservatiuli sistema, romlisTvisac  

                ( )( ) ( )0,,
2
1

2
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2
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2
2

2
1

2
2

2
1 >

+
=++= k

qq
kVqqqqT &&  

gamoiyeneT hamilton-iakobis meTodi da moZebneT traeqtoria kon-
figuraciul sivrceSi. 

   amocana 5. SeadgineT hamilton-iakobis gantoleba erTgvarovan 
simZimis ZalTa velSi moZravi nawilakisaTvis da miiReT sruli inte-
grali. 
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(VIII-3).  konservatiuli sistemebi da ignorirebadi koordinatebi 

 
 
 
 davuSvaT, rom gansaxilveli meqanikuri sistema emorCileba 

stacionarul bmebs. am SemTxvevaSi hamiltoniani (VIII_1.10) gantole-
bebSi droze cxadad damokidebuli ar iqneba da Hhamilton-iakobis 
gantoleba miiRebs saxes 
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         (VIII-3.1) 

amis nacvlad SegviZlia miviRoT ufro martivi gantoleba, Tu 
warmovadgenT 

       ),...,,;,...,,();,( 221 nnii hqqqWhttq αααψ +−= ,        (VIII-3.2) 

sadac  nh αα ,...,, 2  arian nebismieri mudmivebi. amave dros cxadia, rom 
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   amitom (VIII-3.1)-is nacvlad miviRebT 

              h
q
W

q
WqqH

n
n =

∂
∂

∂
∂ ),...,;,...,(

1
1                  (VIII-3.4) 

aq h  aris sruli meqanikuri energia. (VIII-3.4)-s uwodeben Hhamil-
ton-iakobis modificirebul (Semoklebul an maxasiaTebel) gantole-
bas. misi integraciiT miiReba funqcia 

        ),...,,,;,...,,( 221 nn hqqqWW αα=  

   da, amitomac, 

       ),...,,;,...,( 21 nn hqqWhtS αα+−=                    (VIII-3.5) 
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   (VIII-1.14)-is gamo gvaqvs 
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   CavTvaloT   01 t−=β , sabolood viRebT 
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   amave dros 
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am formulebiT SegviZlia vipovoT axla ganzogadebuli koordi-

natebi   .,...,, 21 nqqq  dro Sedis marto pirvel gantolebaSi, meore gan-



 204

tolebebi, raki ar Seicaven dros, warmoadgenen ganzogadebul koor-
dinatebs Soris bmebis gantolebebs. 

daskvna: kidev erTxel vaCveneT, rom hamiltonis kanonikuri gan-
tolebebis integracia SeiZleba Seicvalos Hhamilton-iakobis gan-
tolebis sruli integralis povniT. sazogadod, orive am amocanas 
erTnairi sirTuleebi axasiaTebs, magram arseboben dinamikuri amo-
canebi, romlebisTvisac Hhamilton-iakobis gantolebis sruli inte-
gralis povna ufro martivia, vidre kanonikuri hamiltonis gantole-
bebis integracia. 

 
 
 
 
 

(VIII-4).    cvladTa gancalebis meTodi 
 
 
   vTqvaT ganzogadebuli koordinatebis nawili, magaliTad, 

)(,...,1 nkqq k <  da Sesabamisi ganzogadebuli impulsebi kpp ,...,1  hamil-

tonis funqciaSi Sedian calkeuli funqciebis  saxiT: 

),,(),...,,(),,( 222111 kkk pqpqpq ϕϕϕ  

romlebic damoukidebelia droze  da im koordinatebze, romlebsac 
ar aqvT funqciis indeqsi. 

    sxva sityvebiT, Hhamiltonians aqvs saxe: 
 

   ( )tppqqpqpqpqHH nknkkkk ;,...,;,...,),,(),...,,(),,( 11222111 ++= ϕϕϕ  

 
   da CavweroT misi saTanado Hhamilton-iakobis gantoleba 
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   veZeboT am gantolebis amonaxsni Semdegi saxiT 
 

);,....,()(...)()( 12211 tqqqqq nkkk +
•++++= ψψψψψ               (VIII-4.2) 

 
   (VIII-4.1) gantolebaSi Casmis Semdeg mivalT gantolebaze 
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davuSvaT axla, rom (VIII_4.2) gamosaxuleba aris (VIII-4.1) gan-
tolebis amonaxsni, maSin (VIII-4.3) gadaiqceva igiveobad, romelic unda 

Sesruldes kqqq ,...,, 21  cvladebis nebismieri mniSvnelobebisaTvis. 

radgan es koordinatebi erTmaneTze damoukidebelia, igiveoba mxolod 

maSin Sesruldeba, Tu kϕϕϕ ,...,, 21  funqciebi darCebian ucvleli 

zemoaRniSnuli koordinatebis cvlilebisas. es ki niSnavs, rom (VIII-
4.3) daiSleba 1+k  gantolebad 
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                ( )ki
dq
d

q i
i

i
ii ,...,2,1,),( == α

ψ
ϕ              (VIII-4.4) 

Cven aq kerZo warmoebuli SevcvaleT Cveulebrivi warmoebulebiT, 
radgan funqciebi mxolod erT ganzogadebul koordinatze arian da-
mokidebuli, romliTac xdeba gawarmoeba. 

 (VIII-4.4) gantolebebTan erTad dagvrCeba kidev erTi, )1( +k -e gan-
toleba darCenili funqciisaTvis  
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sadac  iα -ebi arian nebismieri mudmivebi. pirveli k  gantoleba (VIII-

4.4)  ukve Cveulebrivi diferencialuri gantolebebia, xolo (VIII-4.5) 
aris Hhamilton-iakobis gantoleba cvladTa naklebi raodenobiT.     

 
 
 
 
(VIII-5).       liuvilis sistema. liuvilis Teorema 
 
 
  cvladTa gancalebam saSualeba mogvca migveRo Hhamilton-

iakobis gantolebis sruli integrali. magram, cxadia, es meTodi yov-
elTvis ver gamoiyeneba, radgan ar aris martivi moiZebnos cvladTa 
Sesaferisi gardaqmnebi, riTac sistemis yvela ganzogadebuli koordi-
nata gamoiricxos.  

  meore mxriv, cvladTa gancalebis meTodi, romelic wina para-
grafSi aRvwereT, aris dinamikuri sistemebis moZraobis gantolebaTa 
amoxsnis erT-erTi ZiriTadi meTodi. is xSirad  saSualebas iZleva 
mravali Tavisuflebis xarisxTa mqone sistemis integrebis amocana 
daviyvanoT erTganzomilebiani amocanebis mimdevrobaTa integrebis 
amocanaze.  

  meqanikis gantolebebSi cvladTa gancalebis problemas intensi- 
urad swavlobdnen jer kidev me-19 saukuneSi. amocana ase daismis: 

  _  hamiltonis funqciis rogori saxisaTvis SeiZleba gamovi-
yenoT cvladTa gancalebis meTodi? 

  qvemoT Cven SemovisazRvrebiT mxolod praqtikulad 
mniSvnelovani ramdenime SemTxvevis ganxilviT. 

  amocanaSi ukeT rom gaverkveT, ganvixiloT e.w. liuvilis sis-
temis (1849 w.) umartivesi magaliTi. 

  am magaliTis CamoyalibebisaTvis sailustraciod ganvixiloT  
sistema, romlis kinetikur da potencialur energiebs ganzogadebul 
koordinatebSi aqvs saxe: 
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   sadac 
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 axla vaCvenoT, rom es sistema aris gancalebadi (separabeluri). 
gamoviyenoT lagranJis gantolebebi Semdegi saxiT  
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esaa bunebrivi sistema, amitom mas aqvs energiis integrali  
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amis CasmiT (VIII-5.3)-Si, garkveuli gamartivebebis Catarebis Semdeg 
miiReba 
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gavamravloT axla es gantoleba sidideze   iqf &2  da vipoviT 

 

       022)( 22 =
∂
∂

+
∂
∂

− i
i

i
i

i

i q
q
V

q
q
f

hqf
dt
d

&&&  

anu 

        )(2)( 22
iii Vhf

dt
dqf

dt
d

−=& , 

romlis integraciis Semdeg miiReba 

        [ ] ( )nicqVqhfqf iiiiii ,...,2,1,)()(222 =+−=&       (VIII-5.6) 

sadac ic -ebi arian integraciis mudmivebi. zeda gantolebebis gamoyene-

biT aRmoCndeba, rom  
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amitom, ic -ebi  h -Tan  erTad qmnian moZraobis n  damoukidebel mud-

mivebs. 
  moZraobis danarCeni n  integrali miiReba, Tu (VIII_5.6) gan-

tolebas gadavwerT ( )iii
i cVhf

fdt
dq

+−= 21
 saxiT, rac gulisxmobs Sem-

degi tolobebis Sesrulebas: 
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TiToeuli diferencialuri gamosaxuleba aris erTaderTi iq  

cvladis funqcia. amrigad amocana dayvanilia ubralo kvadraturebze, 
romlis Catarebis Semdeg miiReba moZraobis danarCeni  n  mudmiva. 

 es magaliTi SegviZlia ise ganvazogadoT, rom gadaiqces liu-

vilis sistemad. Tu CavatarebT Secvlas   iiii dqqMdq )(→ , vipoviT 
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                  (VIII_5.9) 

 
bunebrivi sistema, romlis kinetikuri da potencialuri energiebi 

moicema zeda TanafardobebiT, iwodeba liuvilis sistemad. (VIII-5.8) 
gantolebebis Sesabamisi axla ase Caiwereba: 
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   sadac 
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   maSin wina gantolebidan vipoviT 
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analogiurad (VIII-5.10) gantolebebSi ganusazRvreli integralebis 
sxvaobebs Tu ganvixilavT, miiReba  
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        (VIII5.12) 

sadac pirveli integrali aRebulia nebismierad asaTvlelad. amrigad, 

miRebuli gantolebebi iZlevian n  damatebiT mudmivs, nβββ ,...,, 21 , rom-

lebic adrindel 1−n  mudmiv ic -ebTan da energiis h  mudmivasTan er-

Tad Seadgenen moZraobis n2  damoukidebel mudmivas.  
 

∗
∗∗
 

 
 meTodis ufro cxadi saxiT warmosadgenad ganvixiloT sferuli 

saqanis amocana. vaCvenoT, Tu rogor daiyvaneba problema kvadra-
turebze da miviRoT moZraobis integralebi. 

 gamoviyenoT sferuli koordinatebi. kinetikuri da poten-
cialuri energiebisTvis gvaqvs: 
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sadac m  aris nawilakis masa, romelic dakidebulia l  sigrZis umaso 
zambaraze. energiebis es gamosaxulebani SevadaroT liuvilis zemoT 
ganxilul formas. SegviZlia vTqvaT, rom parametrebi aseTia: 
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   (VIII_5.11) Tanafardobebis gamoyenebiT vaskvniT, rom  

     
( )[ ]

φφ

θθ

φ
θθθφ

c
cmglhml

2
cossinsin2 222

=
+−=

 

sadac adre moyvanili gantolebebis Tanaxmad warmoiqmneba Tanafar-
dobani: 

          ( ) φθφ αθφ 2222 sin22 ==−= &mlcc  

sabolood am gamosaxulebaTa gamoyenebiT miRebuli Sedegebi Seg-
viZlia CavweroT ukve gansazRvruli integralebis saxiT 
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 axla  ganvixiloT liuvilis sistema Hhamilton-iakobis gan-

tolebis poziciebidan. 
Teorema:  Tu n  Tavisuflebis xarisxis mqone holonomur siste-

mebSi kinetikur da potencialur energiebs aqvT saxe 
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   sadac 
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maSinHhamilton-iakobis gantolebebis integracia xdeba kvadraturebSi. 
  damtkiceba: hamiltonis funqciis Sesadgenad jer gamovTvaloT 

ganzogadebuli impulsebi 
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SevadginoT hamiltonis funqcia standartuli gziT 
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    an (VIII-5.14)-is Tanaxmad 
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SevcvaloT  Hhamilton-iakobis meTodis stilSi 
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   mivalT Hhamilton-iakobis gantolebaze 
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   am gantolebis sruli integrali veZeboT saxiT 

        )(...)()( 2211 nn qWqWqWW +++=  

   maSin (VIII-5.16) gantoleba miiRebs saxes 
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   amasTan erTad unda Sesruldes piroba 

          0...21 =+++ nααα  

   TiToeuli  gantoleba (VIII_5.17)-idan amoixsneba kvadraturebSi 

  [ ] jjjjjjjjjj dqqVqhFqAqW ∫ −+= )()()(2)( α  

   amitomac Hhamilton-iakobis gantolebis sruli integrali iqneba 
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   romelic Seicavs n  nebismier mudmivs 
 

         121 ,...,,, −nh ααα  

   xolo 

         ( )121 ... −+++−= nn αααα  

   amrigad, liuvilis Teorema damtkicebulia. 
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Tavi  IX 
  

lagranJisa da hamiltonis formalizmis elementebi  uwyveti      
sistemebisa da velebisaTvis 

 
 
 
 
    aqamde zemoT ganxilul TavebSi saqme gvqonda sasrulo 

raodenobis  an, ukidures SemTxvevaSi, Tvladi raodenobis Tavisu-
flebis xarisxebis mqone sistemebTan. arsebobs meqanikuri amocanebi, 
romlebic uwyvet garemosac moicaven. ase magaliTad, drekadi myari 
sxeulebis rxevebi, roca uwyveti garemos yvela wertili monawileobs 
rxeviT moZraobebSi. am dros sruli moZraoba SeiZleba daxasiaTdes 
mxolod yvela wertilis koordinatebis ganxilviT. bunebrivia, rom 
aseTi amocanebisaTvis zemoT ganxiluli meTodebis pirdapiri gadmo-
tana gaumarTlebelia, magram maTi saxecvlilebiT SesaZlebeli xdeba 
uwyveti garemos aRwerac. 

 
 
 
 

IX-1. diskretulidan uwyvet sistemebze gadasvla 
 
 
    am proceduras ganvixilavT usasrulod grZeli Zelis ma-

galiTze, romlis nawilakebi  ganicdian mcire gaswvriv rxevebs (vi-
braciebs), sxva sityvebiT, Zelis nawilakebi ganicdian oscilatorul 
wanacvlebebs Zelis RerZis paraleluri mimarTulebiT.  

   diskretuli sistema, romelic aseTi Zelis aproqsimacias mod-
elirebs, Sedgeba toli masebis mqone usasrulo raodenobis wer-
tilebisgan, romlebic erTmaneTisgan toli a  manZilebiT arian 
daSorebuli da erTmaneTTan dakavSirebuli arian umaso zambarebiT, 
romelTa sixistis koeficientebia k  (ix. nax.59) 

 

 
 
 

naxazi 59 

 
    diskretuli sistema SegviZlia gavigoT rogorc wrfivi mra-

valatomiani molekula. aseTi sistemis moZraobis gantolebebs ad-
vilad miviRebT, Tu gamoviyenebT mcire rxevebis SeswavlisaTvis gan-
viTarebul meTodebs.  
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   Tu i -uri nawilakis gadaxras wonasworobis mdebareobidan aRv-

niSnavT iη  asoTi, kinetikuri energiisaTvis SegviZlia davweroT 
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1 η&                            (IX-1.1) 

sadac m  aris TiToeuli nawilakis masa. Sesabamisi potencialuri en-
ergia iqneba jami TiToeuli zambaris potencialuri energiebisa, 
romlebic gaWimulia an SekumSulia maTi wonasworobis mdebareobas-
Tan SedarebiT: 
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   am ori gamosaxulebis kombinaciiT vwerT sistemis lagranJians  
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es gamosaxuleba gadavweroT Semdegnairad: 
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sadac a  aris nawilakebs Soris manZili wonasworobis dros. axla 
ukve SegviZlia davweroT lagranJis gantoleba i -uri koordinatisaT-
vis  
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     lagranJianisa da saTanado moZraobis gantolebebis es 
specifikuri saxe arCeulia ise, rom moxerxebuli iyos 0→a  zRvarze 

gadasvla. am dros naTelia, rom a
m  Sefardeba gadaiqceva uwyveti 

sistemis erTeulovani sigrZis masad, μ .  magram amave dros ka  
sididis zRvruli mniSvneloba arc ise naTelia. amis gasarkvevad ga-
vixsenoT, rom radgan drekadi Rero emorCileba hukis kanons, misi 
fardobiTi wagrZeleba proporciuli unda iyos gamWimavi Zalisa da 
amitom, SegviZlia davweroT 

                      ξYF = , 

sadac ξ  aris fardobiTi wagrZeleba, anu Reros erTeulovani sigrZis 

wagrZeleba, xolo Y  aris iungis moduli. amave dros, naTelia, rom a  
monakveTis fardobiTi wagrZeleba tolia 
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1 )( . 

e.i. ka  namravli unda eTanadebodes uwyveti Reros iungis 
moduls. amis Semdeg naTelia, rom  i  indeqsi, romelic materialuri 
wertilis nomers miuTiTebs, uwyvet Reroze gadasvlisas unda 

gadavides uwyvet koordinataSi x . amitom, iη  cvladis nacvlad axla 

gveqneba cvladi )(xη , xolo  −iL Si Semavali sidide 
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xaxaii
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   cxadia, gadava warmoebulSi 

dx
dη

, 

radgan a  unda mivaswrafoT nulisken. es ukanaskneli TavisTavad 
Seicvleba axla dx -iT, xolo diskretuli ajamva Seicvleba x -is 
mixedviT integraliT. yovelive amis Semdeg (IX-1.4) lagranJiani miiRebs 
saxes 
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   gadavideT axla moZraobis gantolebaze. roca ,0→a  (IX-1.5) 
gantolebis bolo ori wevri iRebs saxes 

               ,lim
0 ⎥

⎦

⎤
⎢
⎣

⎡
⎟
⎠
⎞

⎜
⎝
⎛−⎟

⎠
⎞

⎜
⎝
⎛−

−
→

axx
a dx

d
dx
d

a
Y ηη

 

rac, cxadia, gansazRvravs meore rigis warmoebuls da udris 2

2

dx
dY η

− -s. 

amrigad, uwyveti Reros rxevebi aRiwereba gantolebiT 
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esaa kargad cnobili talRuri gantoleba, romelic aRwers erTi 
RerZis gaswvriv erTganzomilebian moZraobas siCqariT  
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υ Y
=                             (IX-1.8) 

    es martivi magaliTi savsebiT sakmarisia raTa gaverkveT disk-
retulidan uwyvet sistemebze gadasvlis damaxasiaTebel Tavisebure-
bebSi. yvelaze mniSvnelovania xazi gaesvas x  koordinatis rolis 
gaazrebas, romelic ar aris ganzogadebuli koordinata, aramed gan-
sazRvravs nawilakis “uwyvet nomers”, rac analogiuria misi “diskre-
tuli nomrisa” i . diskretul sistemaSi i -s yovel mniSvnelobas Seesa-

bameba garkveuli ganzogadebuli koordinata iη . uwyvet garemoSi ki 

x -is yvela mniSvnelobas eTanadeba ganzogadebuli koordinata )(xη , 
magram radganac η  damokidebulia agreTve t  droze, umjobesia 

CavweroT ),( txηη = , mivaniSnoT ra, rom x  da t  SeiZleba ganvixiloT, 
rogorc lagranJianSi Semavali cvladebi, anu lagranJianis parame-
trebi.  

     uwyveti garemo 3-ganzomilebiani rom yofiliyo, ganzogade-
bul koordinatebs ganvasxvavebdiT 3 uwyveti indeqsiT _ zyx ,,  da 

CavwerdiT ase _ ),,,( tzyxηη = . SevniSnoT, rom frCxilebSi miTiTebuli 
sidideebi urTierTdamoukidebelia da warmoadgenen cxad cvladebs, 
romlebzec damokidebulia η . lagranJis funqcia, rasac adre lagran-

Jiansac vuwodebdiT, romelic gamoixateboda rogorc integrali x -is 
mixedviT, axla Caiwereba samganzomilebiani integralis saxiT  

                   ∫ ∫ ∫Λ= dxdydzL ,                            (IX-1.9) 

sadac Λ  aris moculobis erTeulis lagranJis funqcia, romelsac 
lagranJianis simkvrives uwodeben. SevniSnoT, rom velis TeoriaSi, 
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gansakuTrebiT kvanturi velebis TeoriaSi, xSirad Λ -s uwodeben la-
granJians. zemoT ganxiluli uwyveti Reros SemTxvevaSi igi tolia 
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x
Y
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ηημ                      (IX-1.10) 

es Seesabameba (IX-1.4) formulaSi Semaval iL  sididis uwyvet 

zRvars, roca  0→a . SemdgomSi davinaxavT, rom uwyveti sistemis moZ-
raobis Sesaswavlad dagvWirdeba swored lagranJianis simkvrive.  

 
 
 
 
 
  IX-2.    lagranJis gantolebebi uwyveti sistemebisaTvis 
 
 
   (IX-1.10) formulidan Cans, rom drekadi Reros SemTxvevaSi 

ΛSeicavs ara marto droiT warmoebuls 
t∂

∂
=

ηη& -s, aramed sivrciT war-

moebulsac, 
x∂

∂η
. amrigad x  da t  aq arian lagranJianis simkvrivis 

toluflebiani parametrebi. zogad SemTxvevaSi lagranJianis simkvrive 
damokidebuli iqneba ara marto am warmoebulebze, aramed TviTon 

xt,,η -zec. Tuki gansaxilavi uwyveti sistema samganzomilebiania, maSin 

misi lagranJianis simkvrive sxva warmoebulebsac unda Seicavdes: 

        ⎟⎟
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⎞
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∂
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Λ=Λ tzyx
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,,,,,,,, ηηηηη .                      (IX-2.1) 

   diskretuli sistemebis meqanikaSi lagranJiani imiT iyo 
mniSvnelovani, rom moZraobis gantolebebis miRebis saSualebas 
gvaZlevda. axla davrwmundebiT, rom uwyveti garemosaTvis moZraobis 
gantolebebis gamoyvana moxdeba lagranJianis simkvrivis gamoyenebiT. 
gamovideT kvlav hamiltonis principidan, romelic axla iRebs saxes 

         ∫ ∫ ∫ =Λ=
2

1

0dxdydzdtI δδ                              (IX-2.2) 

aq Semavali variaciis xasiaTi TiTqmis iseTivea, rogorc vixi-
lavdiT adre. parametrebi zyx ,,  am variaciis procesSi ar 

monawileoben da yvela variacia gamoiTvleba  zyx ,,  da t  parametrebis 
mudmivi mniSvnelobebis pirobebSi. amave dros ar icvlebian maT mixed-
viT integraciis sazRvrebic. rac Seexeba δη  variaciebs, isini nuli 
unda xdebodes ara marto drois sawyisi da saboloo mniSvnelobe-

bisaTvis 21 , tttt == , aramed integraciis moculobis nebismier sasaz-
Rvro wertilSi. 

    Cveulebrivi eqstremumis amocanaze gadasvla aqac iseve xdeba, 
rogorc diskretuli sistemebis SemTxvevaSi viqceodiT, e.i. Semogvaqvs 
SesaZlo traeqtoriebis ojaxebi da vaxasiaTebT maT raime α  pa-
rametriT. am gamocdilebiT SeiaraRebulebs SegviZlia pirdapir vis-
argebloT variaciis simboloTi da gvaxsovdes, rom  
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η

αδ
∂
∂

→ d  

amrigad, gveqneba  
 

            ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

∂

Λ∂
+

∂
Λ∂

+
∂
Λ∂

=Λ ∑
= kk

k

x
x

ηδ
η

ηδ
η

δη
η

δ
3

1

&
&

,          (IX-2. 3) 

sadac zyx ,,  Caweris moxerxebulobisaTvis Secvlilia 321 ,, xxx -iT. ami-

tom hamiltonis principi ase Caiwereba 
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        (IX-2.4) 

CavataroT nawilobiTi integracia (rogorc amas viyenebdiT la-
granJis Cveulebrivi gantolebebisaTvis), miviRebT: 
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analogiurad unda moveqceT integralebs, romlebic Seicaven 

variaciebs ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

kx
ηδ . gadavsvamT ra variaciisa da gawarmoebis sim-

boloebs, miviRebT 
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              (IX-2.5) 

   nawilobiTi integraciis CatarebiT ki viRebT  
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am sxvaobis pirveli wevri nulis tolia (iseve, rogorc inte-
gralSi drois mixedviT), radgan integraciis intervalis kidura wer-
tilebze 0=δη . aq SeiZleba garkveuli eWvic warmoiSvas, radgan gans-
axilveli sistemis zomebi usasruloc ki SeiZleba iyos. magram man-
Zilis usasrulobisken miswrafebisas η  umravles SemTxvevebSi 

swrafad miiswrafis nulisken, da amitom am sxvaobis pirveli wevri 
SegviZlia nulad CavTvaloT am SemTxvevebSi. garda amisa, iqcevian 
xolme formaluradac _ integracias atareben sasrulo areSi da (IX-
2.6) formulaSi pirveli wevris CamoSvebis Semdeg  usasrulo zomeb-
zec gadadian.  

amrigad, hamiltonis principi iRebs saxes 
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sadac gamoyenebulia tenzoruli analizis  tradiciuli aRniSvna  

mZimiT                     .,
k

k x∂
∂

≡
ηη  

nebismieri ),,,( 321 txxxδη  funqciis SemTxvevaSi es integrali nulad 

gadaiqceva marto maSin, Tu Sesruldeba gantoleba 
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  viciT, rom n  Tavisuflebis xarisxis mqone sistemebis 
SemTxvevaSi gveqneba lagranJis n  gantoleba. amitom, SeiZleba mog-
veCvenos ucnaurad, rom usasrulo raodenobis Tavisuflebis xarisxe-
bis mqone sistemebisaTvis miiReba marto erTi gantoleba (IX-2.8). ma-
gram unda gvaxsovdes, rom lagranJis Cveulebrivi gantolebebi damou-
kidebel cvladad Seicaven marto dros, maSin, roca (IX-2.8) gantole-

baSi Sedis 4 cvladi txxx ,,, 321 . amitom, miRebuli gantoleba aris 

kerZo warmoebulebiani. mas SeiZleba SevxedoT rogorc Cveulebriv 
diferencialur gantolebaTa erTobliobas, romelic miiReba am 
cvladebis fiqsirebuli mniSvnelobebisaTvis. am SemTxvevaSi gamova, 
rom saqme gvaqvs gantolebaTa usasrulo raodenobasTan da Sesa-
bamisad, Tavisuflebis xarisxTa usasrulo raodenobasTan.  

     gantolebis gamoyvanis dros vTvlidiT, rom sistemis yoveli 
wertili asrulebs η  cvladiT aRweril erTaderTi saxis 

gadaadgilebas. magram ufro zogad amocanebSi, rogoricaa, magaliTad, 
drekadi sxeulis rxevebis amocana, adgili eqneba gadaadgilebebs 
yvela samive mimarTulebiT. am SemTxvevaSi gveqneba ara erTi gan-
zogadebuli koordinata, aramed sami, romlebsac aRvniSnavT damate-

biTi indeqsiT ),,,,(: 321 txxxj jη sadac  .3,2,1=j   ufro zogad 

SemTxvevaSi SeiZleba gvqondes samze meti ganzogadebuli koordinata, 
maSin lagranJianis simkrive yvela maTganis da maTi warmoebulebis 
funqcia iqneba. TiToeuli ganzogadebuli koordinatisTvis 

),,,( 321 txxxiη  gveqneba Semdegi saxis moZraobis gantoleba  
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      (IX-2.9) 

aq               
k

j
kj x∂

∂
≡

η
η , . 

   Cven mier gamoyenebuli aRniSvnebi sagrZnoblad gamartivdeba, 
Tu SemovitanT L  lagranJianis e.w. funqcionalur anu variaciul war-

moebuls jη -is mixedviT. 

   L -is funqcionaluri warmoebuli η -s mixedviT axasiaTebs L -is 

cvlilebas )(xη  funqciis cvlilebisas sivrcis mocemuli wertilis 
maxloblobaSi im pirobiT, rom η -s t  droze damokidebuleba rCeba 
ucvleli. Cveni lagranJianis SemTxvevaSi es ase ganisazRvreba 
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ηηδη
δ

.                       (IX-2.10) 

analogiurad ganisazRvreba L -is funqcionaluri warmoebuli jη& -

iT. magram radgan Λ  ar aris damokidebuli am warmoebulis, e.i. ( jη& )-is 

gradientze, gvaqvs 
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   funqcionaluri warmoebulis upiratesoba isaa, rom misi gamo-

yenebisas saqme aRar gveqneba Λ -is damokidebulebasTan 
kx∂

∂η -ze. ase, 

magaliTad, (IX-2.9)-is da (IX-2.3), (IX_2.6)-is Tanaxmad gveqneba 
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,            (IX-2.12) 

sadac dV  aris moculobis elementi. Tu funqcionaluri warmoebuliT 
visargeblebT, es Sedegi miiRebs saxes  
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rac gacilebiT advilad gamoiyureba, vidre (IX-2.12), radgan aq ar 

Sedis 
kx∂

∂η .  rac Seexeba moZraobis gantolebebs (IX-2.9), funqcion-

aluri warmoebuliT isini ase Caiwereba 
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                                 (IX-2.14) 

   rac garegnulad lagranJis Cveulebriv gantolebebs waagavs. 
 
 
 
   dasasrul SevniSnoT, rom zemoT miRebuli moZraobis lagran-

Jiseuli gantolebebi pirdapir SegviZlia mivuyenoT iseT uwyvet 
obieqtebs, rogoricaa, magaliTad, simi an membrana. klasikuri simis 
rxevis gantolebas aqvs Cveulebrivi talRuri gantolebis saxe 
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                        (IX-2.15) 

sadac  ),( txu  funqcia aRwers simis gadaxras wonasworobidan, xolo υ  
aris drekadi deformaciebis gavrcelebis siCqare simSi, romelic ga-
moixateba simis daWimulobis Zalis fardobiT mis grZiv   
simkvrivesTan 

                   
σ

υ T
=                                 (IX-2.16)      

mravali cvladis zemoT aRwerili formalizmi SegviZlia mi-
vuyenoT, magaliTad, organzomilebiani zedapiris (membranis) rxevebs. 
misTvis aseTi gantoleba miiReba 
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sadac     2

2

2

2

yx ∂
∂

+
∂
∂

=Δ   aris laplasis operatori organzomilebian 

sivrceSi, xolo u  axla aRwers gadaxrebs membranis zedapiris per-
pendikularulad, siCqare ki imave (IX-2.16) formuliT gamoisaxeba, 
oRond σ  aris zedapiruli simkvrive. 

      
 
 

IX-3.   hamiltonis gantolebebi uwyveti sistemebisaTvis 
 
 
   hamiltonis gantolebebis miReba agreTve SegviZlia diskre-

tuli sistemebisaTvis wina TavebSi ganxiluli meTodebis gan-
zogadebiT. ganvixiloT kvlav wina paragrafebSi aRwerili diskre-

tuli sistema da yovel ganzogadebul iη  koordinatas SevusabamoT 

kanonikuri impulsi 
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   amitom aseTi sistemis hamiltoniani iqneba 
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                  (IX-3.2) 

zRvarSi, roca  0→a  da  Λ→iL , es jami gadava integralSi 
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 (IX-3.1) tolobidan Cans, rom roca 0→a , TiToeuli ip  impulsic 

agreTve nulisken miiswrafis. amitom unda SemovitanoT kuTri  impul-
sis an impulsis simkvrivis cneba, romelsac ganvmartavT tolobiT 

                          
η

π
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=                         (IX-3.4) 

garda amisa, SemovitanoT kuTri hamiltonianic anu hamiltonianis 
simkvrive, romelSic gvesmis  

                          Λ−=ℜ ηπ & H                      (IX-3.5) 

maSin (IX-3.3) hamiltoniani gadaiqceva integralad ∫ ℜdx , da misi 

ganzogadeba samganzomilebian sistemaze ramdenime Tavisuflebis 
xarisxiT gadaiwereba analogiuri formulis saxiT 
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   sadac 
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moZraobis kanonikuri gantolebebis misaRebad aqac SegviZlia ga-
moviyenoT wina paragrafSi ganviTarebuli procedura. saxeldobr, 
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CavTvaloT, rom ℜ  aris ),( tx jkη  ganzogadebuli koordinatebisa da 

),( tx jkπ  kanonikuri impulsebis, agreTve 
j

k

x∂
∂η

 warmoebulebis da, 

SesaZloa,  t  drois funqcia da davweroT 
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aq amowerili integrali gvagonebs (IX-2.4) integrals uwyveti sis-
temisaTvis hamiltonis principis Camosayalibeblad. amitom axlac ga-
moviyenebT nawilobiT integracias wevrSi 
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am dros or Sesakrebs miviRebT, romelTagan pirveli (zedapiruli 
wevri) SegviZlia nulad CavTvaloT, radgan integraciis are imdenad 
didi SeiZleba iyos, rom mis sazRvrebze η  da ℜ  nulebad gadaiqceva. 

meore wevrs ki gaviTvaliswinebT Cveulebrivad. amitom 
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an Tu (IX-2.110) funqcionalur warmoebuls gamoviyenebT, es gamosax-
uleba gadaiwereba ufro kompaqturi saxiT: 
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                (IX-3.9) 

gavixsenoT axla, rom (IX-3.6)-is Tanaxmad  
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aq Cveulebriv frCxilSi moTavsebuli kidura wevrebi erTmaneTs gaa-
baTilebs kuTri impulsis ganmartebis Tanaxmad. garda amisa, lagranJis 
(IX-2.14) gantolebis Tanaxmad 
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kk
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amitom, wina toloba (IX-3.10) SeiZleba ase gadavweroT 
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Tu axla amas SevadarebT (IX-3.8) tolobas, miviRebT gantolebaTa 
Semdeg sistemas: 
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da igiveobas 
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   rogorc vxedavT, (IX-3.12) gantolebebi warmoadgenen hamiltonis 
Cveulebrivi gantolebebis analogs da samarTliani arian nebismieri uwy-
veti sistemisaTvis. maT davarqmevT hamiltonis gantolebebs uwyveti sis-
temebisaTvis.  
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    sainteresoa, rom maTi gadawera SeiZleba kuTri hamiltonianis 
meSveobiTac. miiReba 
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    am formiT, funqcionalur saxesTan SedarebiT, gantolebebi ara-
simetriulad gamoiyurebian ganzogadebuli koordinatebisa da kanoni-
kuri impulsebis mimarT. es arc aris gasakviri, radgan  ℜ  kuTri hamil-

toniani ar aris damokidebuli kπ  sidideebis gradientebze. 

 
    rigi formaluri Sedegebisa, romlebic adre gvaqvs miRebuli 

hamiltonis gantolebebTan dakavSirebiT, SegviZlia advilad ganvavrcoT 
uwyvet sistemebze. ase magaliTad, hamiltonis modificirebuli principi 
axla miiRebs saxes 
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saidanac gamomdinareoben zemoxsenebuli (IX-3.12) moZraobis hamilton-
iseuli gantolebebi.  

   sxva magaliTis sailustraciod ganvixiloT hamiltonianis sruli 
warmoebuli drois mixedviT 
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rac (IX-3.12) gantolebebis Tanaxmad miva Semdeg saxeze 
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= 321 dxdxdx
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rac niSnavs, rom H  iqneba mudmivi maSin, roca ℜ  (an H ) cxadad ar 
aris damokidebuli droze.  

    zustad aseve SegviZlia miviRoT daskvnebi moZraobis inte-
gralebis Sesaxeb.  

    aviRoT nebismieri funqcia  G , romelic droze cxadad ar aris 
damokidebuli da moicema Semdegi integraliT: 

                    ∫ ∫ ∫= 321 dxdxgdxG  

gamovTvaloT misi sruli warmoebuli droiT 
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Tu aq moZraobis gantolebebs gamoviyenebT, miiReba 
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magram, am tolobis marjvena mxares dgas puasonis frCxilebis 
zusti analogi, im gansxvavebiT, rom funqcionaluri gawarmoebaa  gamo-
yenebuli, xolo ganzogadebuli koordinatebiT ajamva Secvlilia inte-
graciiT “uwyveti numeraciis” mixedviT. amitom, vwerT 
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                      ( )HG
dt
dG ,= ,                           (IX-3.16) 

xolo im SemTxvevaSi, roca G  drois cxadi funqcia iqneboda, zeda gan-
toleba miiRebda CvenTvis kargad cnobil saxes 

        

                
t
GHG
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dG

∂
∂

+= ),(  

     amrigad, Senaxvis Teoremebi uwyveti sistemebisTvisac SegviZlia 
miviRoT imave meTodebiT. agreTve SenarCundeba kavSiri simetriebsa da 
moZraobis integralur konstantebs Soris. garda aseTi integraluri 
Senaxvis kanonebisa, uwyveti sistemebis fizikaSi adgili aqvs Senaxvis ka-
nonebis diferencialur formebs, romlis analogi liuvilis Teoremis 
saxiT Cven ukve ganvixileT erT-erT wina TavSi. aseTi saxis kanonebi uwy-
veti garemosaTvis gamoxataven garkveuli fizikuri sidideebis nakadebis 
uwyvetobis Tvisebebs da kanonzomierebebs.  

     uwyveti sistemis TvalsaCino magaliTia veli, magaliTad, 
eleqtromagnituri veli. TviT velis cneba sakmaod farToa, misi Semoy-
vana SeiZleba praqtikulad Yyvela uwyveti garemosaTvis. amisaTvis sak-
marisia gvqondes raime fizikuri sidide, romelic ganmartebulia sivr-
cis yovel wertilSi.  

     amrigad, vrwmundebiT, rom klasikur Teoriul meqanikaSi ganvi-
Tarebuli meTodebi sakmarisad zogadia da gaaCniaT gamoyenebis metad 
farTo speqtri.  

   isic aRvniSnoT, rom leqciebis am kursSi gadmocemuli meTodebiT 
ar amoiwureba klasikuri Teoriuli meqanikis SesaZleblobebi da 
simZlavre. ukanasknel periodSi mZlavri ganviTareba Hhpova arawrfivma 
meqanikam,  qaosis Teoriam, sadac didi intensivobiT gamoiyeneba Taname-
drove maTematikis mZlavri aparati, gansakuTrebiT jgufTa Teoria da 

topologia.         

   am aparatis gamoyenebas studenti Sexvdeba Teoriuli fizikis 
Semdgom kursebSi.  
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ukanasknel wlebSi sagrZnoblad icvleba swavlebis meTodebi, rac mTavaria, Se-

fasebis sistema. kursi aRebulia iqiTken, rom studenti SeeCvios damoukidebel da sis-
tematur muSaobas. amisaTvis iqna SemoRebuli semestris ganmavlobaSi studentis cod-
nis Semowmebis sxvadasxva formebi. marTalia praqtikuli mecadineobis saxiT studentis 
codnis kontroli adrindel wlebSic xdeboda, dRevandel ganaTlebis sistemas es ukve 
aRar akmayofilebs. SemoRebulia sakontrolo werebi, kolokviumebi da Semowmebis sxva 
formebic, rac sagnis maswavleblis prerogativaa.  am axali meTodikis mTavari, ganmasx-
vavebeli niSani isaa, rom semestris manZilze Catarebuli Sualeduri Semowmebebis 
Sedegebi sagamocdo SefasebasTan erTad aisaxeba studentis saboloo Sefasebaze.  

amitom, Cven qvemoT moviyvanT sagnis swavlebis gegmas da saTanado Sefasebis sis-
temis (e.w. silabusis) nimuSs.  

 

ivane javaxiSvilis saxelobis Tbilisis saxelmwifo universiteti 
fizikis fakulteti 

Teoriuli fizikis kaTedra 
(2005 _ 2006 saswavlo weli, I semestri) 

 
 

              s i l a b u s i 
 
sagani:  Teoriuli meqanika 
leqtori: profesori anzor xelaSvili 
sagnis moculoba: saleqcio_3 krediti, praqtikuli_2 krediti. 
leqciis dRe:   
leqciis Catarebis dro:  
praqtikuli mecadineobis dRe: 
praqtikuli mecadineobis Catarebis dro: 
leqciis Catarebis adgili: Tsu II korpusi, (fda) 
sakontaqto telefonebi: 235163 (bina); 231397 (sams); (899)172775 (mob) 
 
 
kursis mizani: studentebi euflebian Teoriuli fizikis pirvel sa-

gans – klasikur Teoriul meqanikas: meqanikis ZiriTadi koncefciebi, virtualur 
gadaadgilebaTa da dalamberis principebi, hamiltonis qmedebis principi, bmebiani sis-
temebi, ganzogadebuli koordinatebi, dinamikis gantolebebi, Senaxvis kanonebi.  la-
granJisa da hamiltonis gantolebebi, variaciuli principebi. iakobis Teoria. hamilton-
iakobis meTodi. kanonikuri gardaqmnebi. puasonis frCxilebi, infinitezimaluri gar-
daqmnebi, simetriebi da maTi generatorebi. simetria, invariantuloba da Senaxvis ka-
nonebi. nioteris Teorema. “faruli” simetriebi da Caketili perioduli orbitebi. 

erTganzomilebiani moZraoba. mcire rxevebi. ori sxeulis problema. moZraoba cen-
traluri simetriis velebSi. meqanikis principebis gamoyeneba uwyveti garemosaTvis. 

meqanikis amocanebis amoxsna.  

leqtoris moTxovna: studenti unda flobdes maTematikuri analizis 
safuZvlebs, diferencialur da integralur aRricxvas, wrfivi alge-
brisa da analizuri geometriis meTodebs. Cabarebuli unda hqondes 
meqanikis zogadi kursi.  

studenti valdebulia moisminos aRniSnuli sagnis sruli kursi ( 3 
krediti anu 45 sT). miuRebelia gacdena da dagvianeba, leqciebze wes-
rigis darRveva. savaldebuloa praqtikul mecadineobebze daswreba, 
saauditorio samuSaoebis da saSinao davalebebis Sesruleba.  

leqtoris saSinao davalebebi: studentebs or kviraSi erTxel 
leqtori aZlevs saSinao davalebas 10 amocanis saxiT, rac studentma 
unda Seasrulos calke rveulSi da daTqmul vadaSi daubrunos 
leqtors. amocanebi SerCeulia leqciebze gavlili Temebis mixedviT. 
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students semestrSi eZleva 6 aseTi davaleba, e.i. sul samuSaod eZleva 
semestrSi 60 amocana. TiToeuli sworad amoxsnili amocana fasdeba 2 
quliT. studenti valdebulia Seasrulos amocanebis aranakleb 60%-sa. 
ar aris rekomendebuli gadawera. davalebebis Sesrulebis xarisxis 
mixedviT studenti xvdeba ama Tu im procentul kategoriaSi. leqtoris 
saSinao davalebebis saboloo Sefaseba normirdeba 30 qulaze.  

Sefasebis sistema: studentis saboloo Sefaseba saganSi gamoiyvaneba 
misi MmuSaobis xarisxis mixedviT mTeli semestris ganmavlobaSi. amasTan 
gaTvaliswinebuli iqneba samuSaoTa sruli kompleqsi Semdegi kriteri-
umebis mixedviT: 

(qvemoT moyvanilia TiToeuli etapis maqsimaluri SesaZlo qulebi) 
a) leqtoris saSinao davalebebi _ 30 qula; 
b) sakontrolo wera (praqtikul mecadineobebze, semestrSi orjer_ 

sul 10 qula;  Semajamebeli wera _ 10 qula; 
  g) kolokviumi (semestrSi 2-jer, atarebs sagnis leqtori) _ 14 qu- 
    la sul.     
  d)  gamocda  _ 16 qula. 
   sul maqsimalurad SesaZlo qulebis raodenobaa _ 80 qula.  
 
 miRebuli calkeuli Sefasebebis mixedviT gamoiTvleba saboloo           
 Sefaseba Semdegnairad: 
    
5(friadi) – 70 qula da meti;                         87.5% 
4(kargi)   _ 50-dan 69 qulis CaTvliT;                75% 
3(damakm.)  _ 45-dan 59 qulis CaTvliT;                56% 
2(aradam.)  _44 qulis qveviT;                         <55% 
  
saswavlo programa:  
dayofilia 4 nawilad: 
a)  saleqcio kursi; 
b) saauditorio praqtikuli mecadineoba (Teoriuli meqanikis amo-

canebis amoxsnis meTodebis  daufleba); 
g)  saSinao davalebebi (Teoriuli sakiTxebis damuSaveba, litera-

turis gacnoba, amocanebis amoxsna); 
d)   konsultaciebi. 
   

    am programis ganxorcieleba moxdeba Semdegi RonisZiebebiT: 
a) saleqcio kursi 

        (ix. kursis Sinaarsi, gv.7 da rekomendebuli literatura, qve-
moT, gv. 223) 
b)     saauditorio praqtikuli mecadineoba 
    saleqcio Temebis mixedviT amocanebis amoxsnis meTodebis dau- 

fleba. winamdebare kursSi mocemuli amoxsnili amocanebis amoxsnis     
meTodebis Seswavla. 

  g)  saSinao davalebebis Sesaxeb laparakia punqtSi Sefasebis sis-
tema. 
  d) konsultaciebi: Teoriuli fizikis kaTedris samuSao oTaxSi 
(oTxSabaTobiT, 13-15 sT).   
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anzor aleqsandres Ze xelaSvili _ 
fizika-maTematikur mecnierebaTa doq- 
tori, profesori, iv.javaxiSvilis sa- 
xelobis Tbilisis saxelmwifo univer- 
sitetis Teoriuli fizikis kaTedris  
gamge. 
1962 wels daamTavra Tbilisis saxel- 
mwifo universiteti. 
1962-65 w.w.  Teoriuli fizikis kaTed- 
ris aspirantia.   aspirantura gaiara  
q. dubnis birTvul kvlevaTa gaerTia- 
nebul institutSi akad. n. bogoliubovis skolaSi (xelmZRv. profe- 
sorebi a.logunovi da a.TavxeliZe).  
1967 wels daicva sakandidato, xolo 1982 wels _ sadoqtoro disertaciebi.  
    prof. a. xelaSvili sxvadasxva dros muSaobda Tsu fizikis fakultetze, Tsu 
maRali energiebis fizikis institutSi samecniero laboratoriis gamged, zogadi 
fizikis kaTedris gamged (1986-95), Teoriuli fizikis kaTedris gamged (1995 _ dRemde), 
universitetis proreqtorad samecniero muSaobis dargSi (1993 _ 2005). 
     a.xelaSvili avtoria 100-ze meti samecniero naSromisa. misi samecniero interesebis 
sferoa: velis kvanturi Teoria da elementaruli nawilakebis fizika.  

naSromebi eZRvneba mravali nawilakis amocanebis, gafantvis Teoriis da Sedgenili 
sistemebis fizikis sakvanZo sakiTxebs.  

 misi samecniero interesebis sfero moicavs: kvantur qromodinamikas, eleqtro-
susti urTierTqmedebebis Teoriis standartul models, arawrfivi movlenebis Teorias 
da velis kvanturi Teoriis topologiur modelebs. 

prof. a.xelaSvili 1966 wlidan kiTxulobs leqciebs fizikis fakultetis studen-
tebisaTvis zogadi fizikis, Teoriuli fizikis da elementarul nawilakTa fizikis sak-
vanZo sagnebSi. 

prof. a.xelaSvili aris saqarTvelos mecnierebaTa akademiis wevr-korespondenti, 
petre meliqiSvilis saxelobis premiis laureati. dajildoebulia Rirsebis ordeniT.  
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