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winasityvaoba  
 

 
 

Tanamedrove kompiuterze gamoTvliTi eqsperimentis ganxorciele-

bis SesaZleblobam arsebiTad daaCqara mecnierebis, teqnikis, socio-

logiis, ekonomikis _ adamianis moRvaweobis TiTqmis yvela sferoSi _ 

maTematizaciis Seuqcevadi procesi. Sesabamisad farTovdeba im specia-

lobaTa areali, romlisTvisac ganaTleba maTematikis (gansakuTrebiT 

misi nawilis _ kalkulusis) mimarTulebiT maTi ganviTarebisa da war-

matebis aucilebeli pirobaa. maTematikis dargebSi saTanado codnis 

saWiroebas mivyavarT gansxvavebuli xasiaTis _ cnobarebidan monogra-

fiebamde _ literaturisa da maTematikuri uzrunvelyofis bazebis 

Seqmnamde. 

wigni Sedgenilia iseTnairad, rom yoveli nakveTis TiTqmis yvela 

Tavis pirveli naxevari gaTvlilia iseT jgufze, romlisTvisac sakma-

risia umaRlesi skolis sawyis kursebze miRebuli ganaTleba, xolo 

meore naxevarSi igive nawilebi gadmocemulia gaRrmavebuli saxiT _ 

navaraudevi SedarebiT kvalificiur mkiTxvelze. amdenad, warmodgeni-

li saxelmZRvanelo, mkiTxvelTa gansxvavebuli donisa da profesiuli 

interesebis, amave dros qarTul enaze rigi arsebiTi nawilebis arar-

sebobis gamo, gankuTvnilia farTo diapazonis momxmarebelTaTvis. 

gamoTvliTi maTematikis mizania warmoadginos Tvlis realuri 

aparati, misi SeqmniT, srulyofiTa da gamoyenebis unariT erTi da 

mravalganzomilebiani amocanebis ricxviTi amoxsnisTvis. am mosazre-

baTa gadaWris gzaze, gansakuTrebiT rTuli sqemebis Seqmnisas, amoca-

naTa ganzomilebebs Soris gansxvaveba arsebiTad zrdis da arTulebs 

Sesabamisi saWiro informaciis moculobas rogorc raodenobrivi, ise 

Tvisebrivi mimarTulebiT. amdenad, warmodgenili saxelmZRvanelo Zi-

riTadad eZRvneba erTganzomilebiani, sivrculi cvladis mimarT ga-

moTvliTi maTematikis meTodebis gadmocemas. paralelurad, avtorTa 

jgufTan erTad mzaddeba mravalganzomilebiani gamoTvliTi maTemati-

kis meTodebis saxelmZRvaneloc. 

saxelmZRvanelo Sedgeba oTxi nakveTisgan, nakveTi _ Tavebisgan, 

xolo Tavi _ punqtebisgan.  

pirveli nakveTis pirvel TavSi gadmocemulia (kursis sisrulis 

mizniT) gantolebaTa amoxsnis iteraciuli xerxebi. meore Tavi eZRvne-



 8 

ba wrfiv algebrul gantolebaTa amoxsnis meTodebTan dakavSirebul 

CvenTvis misawvdomi literaturis mimoxilvas da saTanado wyaroebis 

(qarTul da sxva enebze) miTiTebas. am nawilSi mimoxilulia wrfivi  

algebris  ricxviTi meTodebi. es nawili imdenad farTo moculobis, 

mravalmxrivi da mniSvnelovania  Teoriisa da praqtikisTvis, rom aq 

gadmocema agvacdenda im mizans, rasac warmodgenili saxelmZRvanelo 

eZRvneba. 

meore nakveTi eZRvneba funqciis miaxloebasTan  dakavSirebuli 

problematikis gadmocemas. am nawilis I TavSi ZiriTadad warmodgeni-

lia funqciis interpolebis Teoria da praqtika. klasikuri saxel-

mZRvaneloebisagan gansxvavebiT, ZiriTadi aqcenti keTdeba lagranJisa 

da niutonis formulebze, ramdenadac dResdReobiT mniSvnelovania 

ara specialuri struqturis (funqciis  da misi maRali rigis sxvaobe-

bis Sesabamisi  cxrilebis gamoyenebaze ganpirobebuli gausis, niuto-

nis (calmxrivi), stirlingis, everetis, beselisa da sxva Zalze sainte-

reso) sainterpolacio  formulebiT sargebloba, aramed Tvlis pro-

cesis erTgvarovneba, paraleluri da avtomaturi reJimis maTematiku-

ri uzrunvelyofis Seqmna, cdomilebis Sefaseba gansxavavebuli sig-

luviT gansazRvrul funqciaTa klasebze. 

amave nakveTis II TavSi Seiswavleba funqciis aproqsimaciasTan da-

kavSirebuli amocana da es nawili gadmocemulia bernSteinis polino-

mebis gamoyenebiT. ganixileba cdomilebis Sefasebis sakiTxebi. kerZod, 

naCvenebia am aparatiT funqciaTa klasebze krebadobis rigis gaumjo-

besebadoba. 

II nakveTis mesame TavSi gamocemulia erTganzomilebian splain-

funqciaTa Teoriis elementebi, rodesac kuburi splainebi igeba momen-

tebiTa da daxrilobebiT; Seswavlilia cdomilebis Sefaseba funqcia-

Ta klasebze da am Teoriis gamoyeneba ricxviTi gawarmoebisa da in-

tegrebis axali tipis formulebis agebis mimarTulebiT. maTematikis 

es intensiurad ganviTarebadi dargi, garda Rrma ideuri garRvevisa, 

umniSvnelovanes efeqtur saTvlel aparats warmoadgens, romelic ise-

Ti meTodebis safuZvelia, rogoricaa sasrul elementTa da misi modi-

fikaciiT  miRebuli maTematikuri fizikis gantolebebis miaxloebiTi 

amoxsnis meTodebi. splain-funqciaTa Teoria amave dros warmoadgens 

Tanamedrove kompiuteruli grafikis safuZvels rogorc erTganzomi-

lebian, ise mravalganzomilebian SemTxvevaSi. es Tavi gadmocemulia 

ZiriTadad albergis, uolSisa da nilsenis monografiisa da engel-mi-

uglerisa da roiteris saxelmZRvanelos safuZvelze. 
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III nakveTSi gadmocemulia rigi ricxviTi gawarmoebisa da kvadra-

turuli formulebis agebasTan dakavSirebuli, rogorc Tvisebrivi, 

ise konstruqciuli sakiTxebi; mocemulia ricxviTi gawarmoebis 

3,4,5,6,7-kvanZian  formulaTa cxrili pirveli da meore rigis warmoe-

bulebisaTvis, niuton-koutsis, gausisa da eiler-maklorenis kvadra-

turuli formulebi funqciaTa klasebze cdomilebis SefasebiT. am na-

wilSi Cven mier ZiriTadad gamoyenebulia gursas, miqelaZis, nikol-

skis, engel-miuglerisa da roiteris, berezinisa da Jidkovis saxel-

mZRvaneloebi. 

IV nakveTi eZRvneba Cveulebrivi diferencialuri gantolebis 

ricxviTi amoxsnis meTodebis gadmocemas rogorc sawyisi, ise sasazR-

vro pirobebiT. es nakveTi Seicavs klasikur SedegebTan erTad am dar-

gSi  qarTvel maTematikosTa rig axal gamokvlevebs, romlebic, Cveni 

azriT, yuradsaRebia.  

leqciaTa kursi Seesabameba iv. javaxiSvilis saxelobis Tbilisis 

saxelmwifo universitetis zusti da sabunebismetyvelo fakultetis 

saswavlo gegmebisa da silabusebis mixedviT `ricxviTi analizis~ 

2006-2009 ww. wakiTxul orsemestrian leqciaTa ZiriTadi kursebis pir-

veli semestriT gaTvaliswinebul programebs bakalavriatisa da ma-

gistraturis studentebisa da doqtorantebisaTvis.  

xelnaweris momzadebis periodSi, kursis Sedgenisas, viyenebdi ko-

legaTa: r. boWoriSvilis, d. gordezianis, h. melaZis, j. rogavas,              

T. jangvelaZis, magistrantebis: r. CikaSuas, d. arabiZis, l. abzianiZis  

xelnawerebs, saxelmZRvaneloebs, silabusebis teqstebsa da programaTa 

paketebs. am mimarTulebiT CemTvis mniSvnelovani roli iTamaSa i. vekuas 

saxelobis gamoyenebiTi maTematikis institutis oTxSabaTis seminarebma. 

zemoTqmuli srul uflebas maZlevs zemoCamoTvlil kolegebTan er-

Tad madlierebiT movixsenio: v. WavWaniZis, p. riCis, v. makarovis, T. me-

unargias, g. axalaias, n. avazaSvilis, g. jaianis, a. papukaSvilis,       

m. wiklauris, m. menTeSaSvilis, n. mWedliSvilis, g. gelaZis, r. jan-

jRavas, k. furcelaZis Rrma kolegialoba da siTbo  da Cemi ojaxis  

wevrebis: meuRlis _ nona vasilieva-vaSaymaZis, Svilebis _ dianasa da 

ekas da Cemi dis _ Tamrikos moTmineba da Tanadgoma, romelTa gareSe 

ara marto wigns, Cems arsebobasac mravali kiTxvis niSani gauC-

ndeboda.  
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n a k v e T i  I 
 

 

algebris gamoTvliTi meTodebi 
 

Tavi I. gantolebaTa fesvebis gamoTvla 
 

1.1. mxebTa meTodi 
 

vigulisxmoT, rom  funqcia gansazRvrulia raime  

SualedSi da Cvens amocanas Seadgens Sesabamisi  

)(xfy = ],[ bax∈

                                                           (1) 0)( =xf
gantolebis namdvili fesvebis povna, anu  funqciis nulebis 

gansazRvra. 

)(xf

davuSvaT, rom (1) gantolebis fesvi arsebobs da igi moTavsebulia 

raime Sualedis SigniT. 

rogorc cnobilia, (1) gantolebis fesvebis povna zusti meTodebiT 

xorcieldeba  funqciaTa metad viwro klasisTvis (zusti 

meTodebi nawilobriv gadmocemulia saSualo skolisa da umaRlesi 

algebris saTanado saxelmZRvaneloebsa da cnobarebSi). 

)(xf

amdenad, (1) gantolebis amonaxsnis povnis ZiriTadi meTodi fesvTan 

TandaTan miaxloebis, anu iteraciis procesia. amisaTvis davuSvaT, 

rom (1) ekvivalenturia 

0)()( =−= xxxf ϕ  

warmodgenisa da iteraciuli procesi ganvsazRvroT Semdegnairad 

( )1−= nn xx ϕ , ,                            (2) ),2,1( …=n

romlis amonaxsni ikribeba, n-is zrdasTan erTad, (1) gantolebis 

amonaxsnisken, romelsac ξ -Ti aRvniSnavT. 

fesvis povnis mizniT, qvemoT davadginoT sakmarisi pirobebi, 

romelsac unda akmayofilebdes  )(xϕ  funqcia. 

CavTvaloT, rom (2) iteraciuli procesi krebadia anu ξ→nx , ro-

desac , anu (2) tolobaSi zRvarze gadasvla gvaZlevs ∞→n )(ξϕξ = , 

anu ξ=x  unda iyos (1)-isa da 

)(xx ϕ=                                   (3) 

saerTo amonaxsni. 

amasTan dakavSirebiT, iteraciuli procesis asagebad (1)  gadavweroT 

(3) saxiT. amgvari warmodgena, cxadia, SesaZlebelia ganxorcieldes 

mravalnairad. 

ase, magaliTad, Tu ganvixilavT umartives magaliTs 

0)( 2 =−= axxf , 
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maSin 

2
1=nx  ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
−

−
−

1
1

n
n x

ax                              (4) 

warmodgenasTan erTad, SesaZlebelia, visargebloT 

1−

=
n

n x
ax  , 

1
12

−
− −=

n
nn x

axx                         (5) 

sqemebiT1. 

advilia Cveneba, rom arc (  da arc  sqema ar gvaZlevs sasurvel 

Sedegs. 

)15 ( )25

marTlac, (  gvaZlevs, Tu )15

00 ≠x , 
0

1 x
ax = , , 02 xx =

0
3 x

ax = ,  ",04 xx =

( )25  procesi gvaZlevs (garkveulobisTvis davuSvaT ) 10 >> ax

                                 
0

01 2
x
axx −= . 

radgan ,  ax >0 1
0

<
x
a

, amitom -sTvis n∀

111
1

11 1 −−−
−

−− >−+>−+= nnn
n

nnn xxx
x
axxx , 

e. i. mimdevroba zrdadia da ar aris SemosazRvruli( 0xaa <<=ξ !). 

qvemoT davadginoT )(xϕ  funqciis is Tvisebebi, romelic gavlenas 

axdens krebadobis procesze. ξ→nx   niSnavs, rom )( ∞→n ξ−nx  n-is 
zrdasTan erTad mcirdeba. amitom, Tu davuSvebT, rom 

ξξ −≤− −1nn xqx , ,                             (6) 1<q

maSin cxadia, rom ξ−nx  mcirdeba, rogorc geometriuli progresia q 
mniSvneliT, e. i. adgili eqneba krebadobas. (2)-isa da (3)-is sxvaoba  (6)-

is gaTvaliswinebiT gvaZlevs 

( ) ξξξϕϕ −≤−=− −− 11 )( nnn xqxx .                         (7) 

radgan ξ  fesvi ucnobia, (7) pirobis uSualod Semowmeba SeuZlebelia 

da saWiroa, igi Seicvalos sxva, ufro Zlieri pirobiT. zemoT Cven 

CavTvaleT, rom fesvi Zevs romeliRac intervalSi, romelic -Si 

Sedis. Tu am intervalis nebismieri ,  wyvilisTvis davuSvebT, 

rom sruldeba (7)-is anlogiuri piroba 

],[ ba
x′ x ′′
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( ) ( ) xxqxx ′−′′≤′−′′ ϕϕ , ,                            (8) 1<q

maSin sruldeba (7)-ic ( , -is nebismierobis gamo!). x′ x ′′
)(xx ϕ= asaxvas, romelic akmayofilebs (8) utolobas, ewodeba kumSviT 

asaxva (igi kumSavs [ , ] Sualeds, garkveulobisaTvis CavTvaloT, 

rom 

x′ x ′′
x x′ < ′′ ). advilia Cveneba imisa, rom (8) piroba sakmarisia (2) 

procesis krebadobisTvis. marTlac: 

( ) ( ) 0132
2

21211 xxqxxqxxqxxxx n
nnnnnnnn −≤≤−≤−≤−=− −−−−−−− "ϕϕ , 

. 1<q
q sididis Sesafaseblad Cveulebriv viyenebT formulas 

)(max xq
x
ϕ′= ,                                   (9) 

sadac maqsimumi aiReba im SualedSi, sadac ξ  fesvi lokalizebulia. 

)(xϕ  funqciis arCevis xarisxi, cxadia, unda Sefasdes krebadobis 

siCqariT. am azriT umjobesia is, romelic gvaZlevs q-s SedarebiT 

mcire mniSvnelobas. 

davuSvaT, )(xϕ  iseTia, rom  da 0)( =xf 0)( =− xxϕ  gantolebebs, 

rogorc zemoT, aqvT saerTo fesvi ξ . maSin, Tu es fesvi jeradi araa, 

0)( ≠′ ξf  da ξ -s garkveul qveSualedSi  funqcias sxva nuli ar 

aqvs. amitom am qveSualedSi 

)(xf

)(
)(

)( xr
xf

xx =−ϕ
 

funqcia SemosazRvrulia. yovel )(xϕ -s Seesabameba  da piriqiT, 

yoveli  gansazRvravs 

)(xr
)(xr

)()()( xfxrxx +=ϕ                               (10) 

funqcias. 

Cveni amocanaa iseTi )(xϕ -is povna, romlisTvisac )(xϕ′  minimaluria 

(q-s gamo). gavawarmooT (10): 

)()()()(1)( xfxrxfxrx ′+′+=′ϕ . 

ξ -is midamoSi  mcire sididea. amitom, Tu ukanasknel Sesakrebs 

ukuvagdebT, miviRebT 

)(xf

)(
1)(

xf
xr

′
−= . 

amgvarad, (10)-Tan mimarTebaSi, ukanaskneli tolobis gaTvaliswinebiT 

gvaqvs: 

)(
)()(

xf
xfxx
′

−=ϕ                                (11) 

(11) gamosaxulebiT gansazRvrul 
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( )
( )1

1
1

−

−
− ′
−=

n

n
nn xf

xf
xx                              (12) 

iteraciul process ewodeba niutonis meTodi. 

amgvarad, Tu 
)(

1)(
xf

xr
′

−= , maSin 

[ ]2)(
)()(

xf
xfxr

′
′′

=′ , 

amitom 

[ ] [ ] 0)(
)(
)()(

)(
)(

)(
)(1)( 22 →

′
′′

=
′
′′

+
′
′

−=′ xf
xf
xfxf

xf
xf

xf
xfxϕ , 

rodesac ξ→x . 

(12) formula SeiZleba aigos sxva gziTac. marTlac, Tu  

gantolebas SevcvliT wrfis monakveTiT, romelic gadis  

da  wertilebze,  daxrilobiT, gveqneba 

0)( =xf
( )( )11, −− nn xfx

)0,(x ( 1−′ nxf )

( ) ( ) ( ) ( )111 −−− ′−=− nnnnn xfxxxfxf ⇒
( )
( )1

1
1

−

−
− ′
−=

n

n
nn xf

xf
xx . 

niutonis meTodiT sargebloba mizanSewonilia fesvis sakmarisad 

mcire midamoSi, radgan  mcire sididea. amitom konkretul 

gamoTvlebSi umjobesia fesvi lokalizebul iqnes SedarebiT martivi 

da uxeSi meTodiT, xolo Semdeg maRali sizustis misaRwevad 

gamoviyenoT niutonis meTodi. 

)(xf

zemoT gansazRvruli niutonis anu mxebTa meTodi SeiZleba 

gadavitanoT arawrfiv gantolebaTa sistemisTvis. 

ganvixiloT m gantoleba m ucnobiT. 

( ) 0,,, 21 =mi xxxf … , .                      (13) mi ,,2,1 …=
SemoviRoT aRniSvna 

( )mffff ,,, 21 …= , . ( )mxxxx ,,, 21 …=
maSin (13) SeiZleba gadavweroT 

0)( =xf ,                                   (14) 

veqtoruli formiT, romelic emTxveva (1) gamosaxulebas. amis gamo 

zemoTqmuli SesaZlebelia gadavitanoT (14) sistemisTvis. cxadia, 

gasaTvaliswinebelia (14)-Si Semavali sidideebis veqtoruli xasiaTi 

da amitom gamoyenebul aRniSvnebs unda mivceT saTanado azri. 

skalaruli sidideebis Sesafaseblad gamoviyenoT misi moduli, xolo 

veqtorisTvis _ misi norma. normas ganvsazRvravT, rogorc 

komponentTa modulebis maqsimums: 

ii
xx max= .                                  (15) 
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cxadia, Tu veqtoris norma nulia, es niSnavs, rom yvela misi 

komponenti nulis tolia. 

gadavweroT (14) (3)-is analogiuri saxiT 

)(xx ϕ= ,                                    (16) 

sadac ( )mϕϕϕϕ ,,, 21 …= . 

(16)-dan ganvsazRvroT iteraciuli procesi, romlis krebadobis piro-

baa (16) asaxvis kumSvadoba, anu 

( ) ( ) xxqxx ′−′′≤′−′′ ϕϕ , .                          (17) 1<q

SevafasoT q sidide. ganvixiloT )(xiϕ  funqciebi monakveTze, romelic 

aerTebs  da  wertilebs. miviRebT x′ x ′′
(( xxsxs i ′−′′+′= ))ϕψ )(                              (18) 

funqcias s skalaruli argumentiT.  da  wertilebs SeesabamebaT 

 da  mniSvnelobebi. cxadia, gvaqvs toloba 

x′ x ′′
0=s 1=s

( ) ( ) ( )sxx ii
~)0()1( ψψψϕϕ ′=−=′−′′ , .                    (19) 1~0 ≤≤ s

gavawarmooT (18)  s-iT. miviRebT: 

( )( ) ( )kk

m

k k

ikkk
m

i k

i xx
xds

xxsxd
x

s ′−′′
∂
∂

=
′−′′+′

∂
∂

=′ ∑∑
== 11

)(
ϕϕψ , 

amitom (19)-dan gamomdinareobs Semdegi utoloba 

( ) ( ) xx
x

xx
m

k k

i

xii ′−′′
∂
∂

≤′−′′ ∑
=1

max
ϕϕϕ .                     (20) 

)(xϕ′ -is rols, cxadia, asrulebs matrica, romlis elementebia 
k

i

x∂
∂ϕ

 

veqtor-funqciis warmoebuli veqtor-argumentiT. Tu am matricis nor-

mas ganvsazRvravT rogorc 

∑
= ∂
∂

=′
m

k k

i

i x1
max

ϕϕ ,                             (21) 

maSin (17) utolobidan gansazRvruli q-s Sesafaseblad, rogorc (20)-

dan gamomdinareobs, visargebloT 

)(max xq
x

ϕ′=                                (22) 

tolobiT, rac anzogadebs (9)-s veqtoruli SemTxvevisTvis. 

)(xϕ  sididis ageba SesaZlebelia (10)-is analogiurad: 

)()()( xfxrxx +=ϕ ,                            (23) 

sadac  nebismieri matrica-funqciaa. rodesac )(xr

( ) 1)()( −′−= xfxr ,                             (24) 

sadac  matrica ( ) 1)( −′ xf
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⎭
⎬
⎫

⎩
⎨
⎧
∂
∂

=′
k

i

x
f

f  

warmoebulebidan Sedgenili matricis Sebrunebulia, miviRebT 

niutonis meTods. 

avagoT niutonis sqemis moxerxebuli (gamoTvlebisTvis) saxe. amisaTvis 

vaCvenoT, rom 0)( =′ xϕ , rodesac ξ=x . marTlac, Tu (23)-s gava-

warmoebT (24)-is gaTvaliswinebiT, miviRebT: 

( ) 0)()()()()()()()()()()(
3

1 =′′=′′−+′+=′+′+=′
=

−
x

xfxrxfxfxfxrIxfxrxfxrIxϕ
. 

radgan 

( ) 01 =− −nn xx ϕ . . ( ) ( )111 −−− += nnnn xfxrxx ⇒ ( ) ( ) 11
1)( −−
− −=′− nnn xxxfxf

es toloba gavamravloT -ze, saidanac miviRebT ( ) 1)( −′ xf

( ) ( )( ) 0111 =−′+ −−− nnnn xxxfxf . 

amgvarad, -is sapovnelad saWiroa  matricis Sebruneba. es 

procesi SeiZleba Zalze Sromatevadi aRmoCndes, rodesac m sak-

marisad didi ricxvia. amitom niutonis meTodi gamoiyeneba, rodesac 

 sakmarisad mcirea da 2-3 iteracia ganapirobebs sizustis 

awevas. 

nx ( 1−′ nxf )

1−− nn xx

 

 
1.2. qordaTa meTodi 

 

davubrundeT (1) gantolebas. davuSvaT, rom  SualedSi gansaz-

Rvruli  funqcia uwyvetad warmoebadia meore rigamde CaTvliT 

da segmentis boloebze iRebs sapirispiro niSnebs: 

],[ ba
)(xf

0)()( <bfaf . 

am pirobis da koSis Teoremis ZaliT  -Si erTxel mainc 

gaxdeba nulis toli. 

)(xf ],[ ba

CavTvaloT, rom  -ze niSangansazRvrulia. amitom )(xf ′ ],[ ba ξ=x  

erTaderTia. marTlac, Tu warmoebuli niSans inarCunebs, maSin 

funqcia mkacrad monotonuria, rac niSnavs, rom 

0)( >xf  (an ), roca 0)( <xf x>ξ , an  (an ), roca 0)( <xf 0)( >xf x<ξ . 

garda zemoTqmulisa, davuSvaT, rom funqciis meore rigis warmoebuli 

 -Si inarCunebs niSans. gavixsenoT, rom, Tu ,  

funqciis grafiki Cazneqilia, xolo  SemTxvevaSi _ amozneqili.  

)(xf ′′ ],[ ba 0)( >′′ xf )(xf
0)( <′′ xf

amgvarad, Tu  akmayofilebs zemoCamoTvlil pirobebs, gvaqvs 4 

SesaZlo SemTxveva: 

)(xf
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0)(,0)( >′′<′ xfxf  

ξ
b x

a

y

nax. 2 

0)(,0)( >′′>′ xfxf

ξ  
b x

a

nax. 1 

 

 x 

0)(,0)( <′′<′ xfxf  

ξ
ba

y

nax. 4

0)(,0)( <′′>′ xfxf  

ξ  b x
a

y 

nax. 3 

y

 
qvemoT dawvrilebiT SeviswavliT mxolod pirvel SemTxvevas, radgan: 

meoTxe SemTxveva daiyvaneba pirvelze gamosavali gantolebis (-1)-ze 

gamravlebiT; mesame SemTxveva daiyvaneba meoreze (1)-gantolebis (-1)-ze 

gamravlebiT; Tavis mxriv, meore daiyvaneba pirvel SemTxvevaze, Tu 

-is nacvlad ganvixilavT  gantolebas. 0)( =xf 0)( =−xf
amgvarad, SeviswavloT (1) gantolebis amonaxsnis agebis sakiTxi, 

rodesac 

0)( <af , , , , .                (*) 0)( >bf 0)( >′ xf 0)( >′′ xf ],[ bax∈
0)( =xf  gantolebis fesvi vipovoT mimdevrobiTi miaxloebis 

specialuri meTodiT, romelsac qordaTa (yalbi daSvebis) meTods 

vuwodebT.  
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( )
1

0 1 ( )
A

A a f a

2x  0x  1x  2x   
x

a

y 

nax. 5

( ))(1 bfbB

2A

 

meTodi ganisazRvreba Semdegnairad:  da B wertilebs vaerTebT 

wrfis monakveTiT (romelic -isTvis qordaa). Ox  RerZTan 

gadakveTis wertili aRvniSnoT -iT. -dan aRvmarToT marTobi  

funqciis grafikis gadakveTamde. gadakveTis wertili aRvniSnoT -iT. 

-sa da B-s Soris gavataroT wrfis monakveTi da  RerZTan misi 

gadakveTis wertili aRvniSnoT -iT da a. S. qvemoT vaCvenoT, rom (*) 

pirobebSi {  mimdevroba krebadia 

0A

)(xf

1x 1x )(xf

1A

1A Ox

2x
}kx ξ=x  fesvisken. 

BA0 wrfis gantolebas, cxadia, aqvs Semdegi saxe: 

)()(
)(
afbf

afy
ab
ax

−
−=

−
−

,                               (2.1) 

romlis gadakveTis wertili  RerZTan miiReba, rodesac . 

gadakveTis wertili aRvniSnoT -iT da . amrigad, (2.1)-dan 

gvaqvs: 

Ox 0=y

1x 0xa =

( )
( ) ( ) ( )0

1 0 0 .
f x

x x b
f b f a

= − −
−

x  

radgan  Zevs -ze, wrfis gantoleba iqneba: ( )( )1111 , xfxAA = )(xf BA1

( )
( )1

1

1

1

)( xfbf
xfy

xb
xx

−
−

=
−
− ⇒ 1

2 1 1
1

( ) ( )
( ) ( )

f xx x b
f b f x

= − −
−

x . 

gavagrZeloT es procesi. induqciiT gveqneba: 

( )
( ) ( ) ( )1

1 1−
1

k
k k k

k

f x
x x b x

f b f x
−

−
−

= − −
−

…,2,1=k                 (2.2) 

vaCvenoT, rom {  mimdevroba, rodesac Sesrulebulia (*) pirobebi, 

zrdadia. marTlac, Tu romelime nomrisTvis , maSin  

da a. S.  da fesvis erTaderTobis gamo procesi 

}kx

( ) 01 =−kxf 1−= kk xx

"=== ++ 21 kkk xxx
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wydeba da amgvarad 1−= kxξ . Tu  -sTvis, maSin (2.2)-is 

marjvena mxareSi maklebi uaryofiTia da amitom  -sTvis. 

amasTan erTad cxadia, rom {  zrdadi SemosazRvruli (aCveneT) 

mimdevrobaa, romelsac aqvs zRvari (analizis erT-erTi Teoremis 

ZaliT). aRvniSnoT igi -iT: 

( ) 01 <−kxf k∀

1−> kk xx k∀

}kx

*x
*lim xxkk

=
∞→

. 

(2.2) tolobaSi gadavideT zRvarze. -is uwyvetobis gamo 

samarTliani iqneba toloba: 

)(xf

*x = *x
( )

( ) ( ) ( ) ( )
*

* *
*

0.
f x

b x f x
f b f x

− − ⇒ =
−

 

radgan ξ  erTaderTia, . mimdevrobis krebadoba damtkicebulia. ξ=*x
SevafasoT meTodis krebadobis siCqare. radgan 0)( =ξf , (2.2)-dan 

gvaqvs: 

1
1 1

1

( ) ( ) ( )
( ) ( )

k
k k k

k

f x fx x b x
f b f x

ξ−
− −

−

−= − −
−

 

saidanac lagranJis sasruli nazrdis formulis ZaliT gvaqvs: 

1 1 1
1 1 1

1 1 1

( ) ( ) ( )( ) (
( ) ( ) ( )

k k k
k k k k k

k k k

x f fx x b x x x
b x f f 1 )ξ ξ ξ ξ

η η
− − −

− − −
− − −

′ ′−
= − − = − −

′ ′− −       (2.3) 

( )bxx kkkk ≤≤≤≤ −−−− 1111 , ηξξ . 

(2.3)-dan gamomdinareobs Semdegi: 

( )
( )1

1
11

−

−
−− ′

′
−=−

k

k
kkk f

f
xxx

ξ
ηξ                         (2.4) 

davuSvaT, 
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0 min ( )x
x

m f ′< = , )(max xfM
x

′= .                     (2.5) 

maSin (2.4)-dan gvaqvs: 

m
Mxxx kkk 11 −− −≤−ξ .                           (2.6) 

xazi gavusvaT im garemoebas, rom 
m
M

 sidide yoveli -sTvis fiq-

sirebuli sididea da igi araa damokidebuli saiteracio procesze. 

amasTan,  mimdevroba ricxvTa RerZis sisrulis gamo _ funda-

menturia. amitom 

)(xf

kx

M
mxx kk ε≤− −1 , roca ⎟

⎠
⎞

⎜
⎝
⎛>

M
mkk ε0 . 

amis gamo (2.6)-dan gamomdinareobs: kx ξ ε− ≤ , rac krebadobaa. 
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komentarebi da literaturuli miTiTebebi 

 

rogorc winasityvaobaSi aRvniSneT, saxelmZRvanelo gankuTvnilia gan-

sxvavebuli donis mkiTxvelTaTvis. 

ucxo enebis mcodne mkiTxvelTaTvis moipoveba umdidresi literatura, 

sadac gantolebis (an gantolebaTa sistemis) fesvis povnis da wrfiv 

algebrul  gantolebaTa sistemis amoxsnis meTodebia gadmocemuli.    

rogorc momdevno nakveTebSi, am nawilSic Zalze sasargeblo saxel-

mZRvanelod migvaCnia G.Engeln-Müllges, F.Reutter. Formelsammlung zur Nu-
merischen Mathematik mit C-Programmen, BIWissenschaftsverlag, Mannheim/Wien/ Zürich, 
1990. 
citirebuli saxelmZRvanelo mniSvnelovania ara marto saTanado masa-

lis misawvdomad gadmocemiT, aramed aqve warmodgenili ricxviTi al-

goriTmebisaTvis Sesabamisi programebiT.  

qvemoT moviyvanT qarTul enaze Seqmnili saxelmZRvanelodan _ h.mela-

Ze, m.menTeSaSvili, n.mWedliSvili, r.sxirtlaZe. gamoTvliTi maTemati-

kis safuZvlebi, Tb. univ. gamomc-ba, Tbilisi, 2003 ([melaZe 1]) sakiTxe-

bis CamonaTvals, romelic aRniSnul Tematikas Seexeba: 

arawrfiv gantolebaTa (gantolebaTa sistemis) miaxloebiTi amoxsnis 

meTodebi da praqtikuli xasiaTis miTiTebebi. maT Soris biseqciis 

(dixotomiis), martivi iteraciis, niutonis da niutonis modifirebuli, 

mkveTTa (qordaTa), hibriduli, krebadobis maRali rigis mqone itera-

ciuli (CebiSevis, kenigis, agreTve grefe-lobaCevskis, miuleris, bauha-

uzenis) meTodebi. aRsaniSnavia agreTve Salva miqelaZis SesaniSnavi 

monografia: S. miqelaZe. ricxviTi gantolebebis amoxsna, Tbilisi, mec-

niereba, 1965 (rusul enaze). algebrul gantolebaTa sistemis amoxsna-

dobis problemebTan dakavSirebiT  [melaZe 1] SromaSi ganxiluli da 

Seswavlilia Semdegi nakveTebi: wrfiv algebrul gantolebaTa siste-

mis amoxsnis pirdapiri, maT Soris gausis TandaTanobiTi gamoricxvis 

meTodi, kvadratul fesvTa meTodi, iteraciuli,  maT Soris orSriani, 

martivi, iakobis, zeidelis, zeda relaqsaciis, variaciuli meTodebi. 

amave saxelmZRvaneloSi ganxilulia problematika, dakavSirebuli 

matricis sakuTrivi mniSvnelobebis gamoTvlasTan. ukanasknel proble-

masTan dakavSirebiT unda aRvniSnoT, rom Cven mier T.Vashakmadze.The 
Theory of Anisotropic Elastic Plates, Kluwer Acad. Publ. 1999 [Vasha 1,ch.2.] ganviTa-

rebulia SeSfoTebis (puankare-liapunovis) Teoriis alternatiuli me-

Todi, romelic realizebulia algebrul gantolebaTa sistemisTvis 

da sakuTriv mniSvnelobaTa gansazRvris amocanisTvis, rodesac Sesa-

bamisi matricebi, e. w. savse matricebia. 

rogorc ukve aRvniSneT, am kursSi araa warmodgenili wrfivi algeb-

ris ricxviTi  meTodebi ori mizeziT: 
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a) am mimarTulebiT qarTul enaze gamoqveynebuli saxelmZRvanelo [me-

laZe 1] savsebiT misawvdomia da gankuTvnilia sxvadasxva donis mkiTx-

velisaTvis. 

b) ricxviTi analizis es dargi iswavleboda Cvens universitetSi1957-

2006ww, rogorc erT-erTi ZiriTadi kursi maTematikis mimarTulebis 

fakultetebze da naSromis [melaZe 1] paralelurad funqcionirebda         

T. vaSaymaZis leqciaTa kursi `wrfiv algebrul gantolebaTa sisteme-

bis  kvlevisa da miaxloebiT amoxsnis Tanamedrove meTodebi~ xelnawe-

ris saxiT, romelic ikiTxeboda gamoyenebiTi maTematikisa da kompiu-

terul mecnierebaTa fakultetze 1994-2006ww.    

 



n a k v e T i II 
 

funqciis miaxloebis Teoria 

 
 

Tavi 1. interpolebis Teoria da praqtika 

 

1.0.Sesavali. wrfivi da arawrfivi aproqsimacia 

 

ganvixiloT uwyveti -Si  da  funqciebi.   

niSnavs, rom Φ  uwyveti funqciaa, rodesac . garda  amisa, 

vgulisxmobT, rom  damokidebulia , , ,  Tavisufal para-

metrebze: 

],[ ba )(xf ( )xΦ ],[)( baCx ∈Φ
],[ bax∈

Φ 0c 1c … nc

( ) ),(,,,,:)( 10 cxcccxx n Φ=Φ=Φ … , . ( )Tncccc ,,, 21 …=

Cveni mizania, SevarCioT c veqtori iseTnairad, rom f da  - or 

funqcias Soris gansxvaveba garkveuli azriT minimaluri iyos. 

Φ

warmoiSoba ori saxis problema: 
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( )xf ],[ ba

Φ

( )xf xfy = x

1. vipovoT  iseTi  funqcia (avagoT konstruqciulad), romelic 

garkveuli azriT uaxlovdeba -s  Sualedis nebismier 

wertilze, an miaxloveba xorcieldeba raime gansxvavebuli azriT.  

amgvarad agebul -s uwodeben maaproqsimirebel (f-is mimarT) 

funqcias. 

Φ

2. vipovoT iseTi , romelic gaivlis  ,  

wertilebze.  niSnavs  funqciis mniSvnelobas  wertil-

Si, .amgvarad agebul -s ewodeba mainter-

polebeli funqcia an interpolanti. 

( )xΦ ( )( ) iii Mxfx =, ni ,,2,1,0 …=

i )( i

bxxxa n ≤<<<≤ "10 Φ

 

imis  mixedviT, Tu rogori saxisaa  funqcia, asxvaveben funqciis 

miaxloebis wrfiv da arawrfiv amocanebs. magaliTad, Tu  war-

moidgineba aseTnairad: 

Φ
Φ

           ,         (0.1) ∑
=

=+++=Φ
n

k
kknn xcxcncxccx

0
1100 )()()()(),( ϕϕϕϕ "

xolo ],[)( baCxk ∈ϕ  funqciaTa raime gansazRvruli sistemaa, maga-

liTad:       



( ) k
k xx =ϕ  , an  ( ) kxxk cos=ϕ   . nk ,...,1,0=

(0.1) warmodgenas ewodeba  wrfivi forma (c parametrebis mimarT).   

magaliTad,  gamosaxuleba 

( ) ( )1ln,,,, 2
32

2
1032101 ++++=Φ xcxceccccccx x  

aris wrfivi, xolo 

( ) ( ) ( )343 2
210432102 cosh,,,,, cxcecxcccccccx −+=Φ  

warmodgena _ arawrfivi forma. 
 

 

 

1.1. lagranJisa da niutonis sainterpolacio formulebi 

 

davuSvaT,  mocemulia diskretul simravleze (vTqvaT, 

cxriliT): 

)(xfy =

0x  1x  . . . 
nx  

( )00 xff =  1f  . . . 
nf  

amocana mdgomareobs -is mniSvnelobis povnaSi, rodesac , 

. Tu  sakmarisad axlosaa x-sTan an  warmoadgens x-is mi-

axloebiT mniSvnelobas, SeiZleba CavTvaloT, . am miaxloebis 

cdomileba SeiZleba uxeSad aseTnairad Sefasdes: 

)(xf ixx ≠

ni ,...,1,0= ix ix

ifxf ≈)(

( )ii xxxffxf −≈− )(')( . 

 Tu  da  wertilebi cnobilia, maSin  

SualedSi SesaZlebelia funqcias mivuaxlovdeT  Semdegi saxiT 

( )( )ii xfx , ( )( 11, ++ ii xfx ) [ ]1, +∈ ii xxx

( )xf

( )i
ii

ii
i xx

xx
ff

fxf −
−
−

+≈
+

+

1

1)( . 

 grafikulad, ix. nax. 1: 

 

                   

1+ixix

y=f(x) 

y 

x
 nax. 1
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amgvarad, ikveTeba  funqciis miaxloebis idea iseTi main-

terpolebeli polinomebiT, anu iseTi mravalwevrebiT, romlebic 

mocemul wertilebSi mocemuli funqciis tol mniSvnelobebs iRebs. 

)(xfy =

Cveni mizani iqneba, vipovoT  (gansxvavebul) wertilze gamavali 

polinomi; amasTan, es wertilebia: . 

1+n
( )( )iii xfxM ,=

davuSvaT, saZiebel polinoms aqvs saxe: 
n

nn xaxaxaaxP ++++= "2
210)(  ,                       (1.1) 

pirobiT 

( ) ( ) n
iniinin xaxaaxPxf +++== "10  .                (1.2) ),,1,0( ni …=

rogorc SesavalSi aRvniSneT, funqciaTa klasi polinomebisa 

( )naaaxax ,,,,),( 10 …Φ=Φ  

ganisazRvreba  parametris sizustiT. (1.2) gamosaxuleba aris sa-

Ziebeli   koeficientebiT warmodgenis  erT-erTi wrfivi forma. 

1+n

ia
vaCvenoT, rom (1.2) sistemidan  calsaxad ganisazRvreba saZiebeli para-

metrebi. marTlac, (1.2) warmoadgens wrfiv algebrul araerTgvarovan 

gantolebaTa sistemas, romlis determinanti . amis dasamtkiceblad 

SeviswavloT: 

0≠

n
nnn

n

n

xxx

xxx
xxx

W

,,,1

,,,1
,,,1

2

1
2
11

0
2
00

…
#####

…
…

= . 

[ nxxxWW ,,, 10 …= ] determinants vandermondis determinanti ewodeba. 

rogorc cnobilia, . marTlac0≠W 1),Tu pirvel striqons gamovaklebT 

danarCenebs da davSliT I svetis mixedviT, miviRebT: 

3
0

3
3

2
0

2
303

3
0

3
2

2
0

2
202

3
0

3
1

2
0

2
101

3
0

3
3

2
0

2
303

3
0

3
2

2
0

2
202

3
0

3
1

2
0

2
101

3
0

2
00

3
3

2
33

3
2

2
22

3
1

2
11

3
0

2
00

0
0
0
1

1
1
1
1

xxxxxx
xxxxxx
xxxxxx

xxxxxx
xxxxxx
xxxxxx

xxx

xxx
xxx
xxx
xxx

W
−−−
−−−
−−−

=

−−−
−−−
−−−

==  

( )( )( )
2
003

2
303

2
002

2
202

2
001

2
101

030201

1
1
1

xxxxxx
xxxxxx
xxxxxx

xxxxxx
+++
+++
+++

−−−=  
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nantad: . cxadia, , radgan mas 2 erTnairi sveti eqneba. 21,WW 02 =W
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1) simartivisa da TvalsaCinoebisTvis aviReT 4 kvanZi. cxadia, qvemoT moyvani-

li msjeloba zogad xasiaTs atarebs da amis gamo damtkicebis sqema -
sTvis samarTliania. 

n∀



aseve, Tu warmovadgenT sami determinantis saxiT, gveqneba: 

;  aris  W -s tipis mesame rigis determinanti, araa 

damokidebuli  kvanZze. igi zemoT Catarebuli msjelobis gamoye-

nebiT analogiurad iTvleba da miiyvaneba W -s tipis meore rigis  

determinantis gamoTvlaze: 

1W
01213 ==WW 11W

0x

22W

 25

) ( )∏∏
==

++−=+−
3

1
1312110

3

1
210

i
i

i
i WWWxxWWxxW

)i j

( )( ( )=
 

( ) ( )( ) (
3

0 11 0 1 22
1 1,2,3

2,3

i i j
i i i j

j

x x W x x x x W x x
= = >

=

= − = − − = = −∏ ∏ ∏" . 

n∀ -Tvis zemoT Catarebuli sqemis gamoyenebisas gasaTvaliswinebelia 

Semdegi igiveoba: ( )( )1221 ... −−−− ++++−=− k
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k
jij

k
i

k
iji

k
j

k
i xxxxxxxxxx , 

 1, ≥> kji
rogorc advili misaxvedria, saZiebeli polinomi ganisazRvreba 

Semdegnairad: 
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damateba 1 . vaCvenoT (1.3)-is samarTlianoba uSualod. amisTvis 

(1.2) sistemidan vipovoT  sidideebi. krameris wesis Tanaxmad 

gveqneba: 

ia

[ ] (
n

i
i xxxW

a
,,, 10

1

…
+Δ

= )ni ,0= ,                     ( A .1)  

sadac  miiReba -gan masSi -is svetis amoS-

liTa da mis magivrad  svetis CasmiT. Tu (A.1)-s 

CavsvamT (1.1)-Si, gveqneba: 

1+Δ i [ nxxxW ,,, 10 … ]
)
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nfff ,,, 10 …

[∑
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+Δ
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n xxxW
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                      ( A .2) 

1+Δ i  davSaloT  svetis mixedviT: 1+i
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       ( A .3) 

sadac   determinantis n rigis  striqonisa da  

svetis  elementis algebruli damatebaa. Tu (A.3)-s CavsvamT 

(A.2)-Si, miviRebT: 

11 ++ kiA 1+Δ i 1+k 1+i

( kxf )

( ) ( )∑∑∏ =
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=
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n xfAx
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1)(                    ( A .4) 

(A.4)-Si gadavanacvloT ajamvis indeqsebi (davukvirdeT, Tu ra 

jami iqneba -sTan). ( )kxf
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vaCvenoT, rom  mdgomi jami udris vandermondis tipis 

determinants 

( )kxf∀

[ ]nkkk xxxxxxWW ,,,,,,, 11101 …… +−+ = , 

romlis striqonebi emTxveva vandermondis determinants, garda 

 striqonisa, romelic 1+k ( )nxxx ,,,,1 2 …  veqtoria da aseTi 

determinanti daSlilia  striqonis elementebis mixedviT. 

marTlac, -Tvis  aris  striqonisa da  svetis 

gadakveTaze mdgomi elementis algebruli damateba, rac igivea, 

rom  elementebi adgens  rigis matricas. amitom -ze 

 -s gamravleba da ajamva mogvcems -s. amis gamo 
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(1.3) mravalwevri, romelic  gansazRvrul wertilze gadis, iwo-

deba lagranJis sainterpolacio polinomad.  werti-

lebi _ interpolaciis kvanZebad,  sididee-

1+n
{ }nixi ,,2,1,0, …=

{ }1,,2,1,0;1 −=−= + nixxh iii …
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]

)

)

bi _ interpolaciis bijebad. amasTan, Tu , , 

, vambobT, rom (1.3)-iT xorcieldeba interpoleba Tanabrad 

daSorebuli kvanZebiT.  Sualedi (daxuruli) interpolebis 

Sualedia. 

const== hhi ihxi =
ni ,,2,1,0 …=

[ nxx ,0

ganvixiloT  rigis specialuri saxis 1+n

( )( ) ( ) (∏
=

+ −=−−−=
n

i
inn xxxxxxxxx

0
101 )( "ω  , 

polinomi da n-uri rigis 
( )( ) ( )( ) ( nkk

k
n xxxxxxxxxxxl −−−−−= +− "" 1110

)( )( , 

polinomi. advilia, vaCvenoT, rom 

( ) ( )knk
k

n xxl 1
)( ' += ω  da ( )k

nk
n xx

x
xl

−
= + )(

)( 1)( ω
 , 

(gavixsenoT n Tanamamravlisgan Sedgenili namravlis warmoebuli). 

am terminebSi  lagranJis sainterpolacio polinomi miiRebs )(xPn

( ) ( )∑
= +

+ −
=

n

k knk

k
nn xxx

f
xxP

0 1
1 '

)()(
ω

ω ,                         (1.4) 

saxes. advilia imis Cveneba, rom -is  Semcveli wevris koe-

ficienti, Tu mas -iT aRvniSnavT, gamoiTvleba ase: 

)(xPn
nx

na

( )∑
=

=
n

k k
k

n

k
n xl

f
a

0
)( .                                (1.5) 

mainterpolebeli polinomis (1.3) saxiT warmodgena, rogorc zemo-

Tqmuli proceduridanac gamomdinareobs, ar warmoadgens -is er-

TaderT formas. marTlac, Tu 

)(xPn

( )k

n

xx
x

−
+ )(1ω

 polinomebs x-is xarisxebis mi-

xedviT davalagebT da aseTnairad miRebuli polinomis koeficientebs 

gamovTvliT, miviRebT (1.1) warmodgenas. 

SesaZlebelia sainterpolacio  polinomis aseTnairi warmod-

genac: 

)(xPn

( ) ( )( ) ( )( ) ( 110102010)( −−−−++−−+−+= nnn xxxxxxAxxxxAxxAAxP "" ) . (1.6) 
SevniSnoT, rom (1.6)-Si  kvanZi cxadad ar monawileobs da (1.6)-is 

ekvivalenturi gamosaxuleba, cxadia, SeiZleba yvela SesaZlo n kvanZis 
saSualebiT gamoiweros. 

nx

cxadia, rom, Tu (1.6) tolobaSi CavsvamT  , miviRebT 

Semdeg rekurentul damokidebulebebs: 

kxx = ( )nk ,,2,1,0 …=
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)
(1.7)-dan yvela  koeficienti isazRvreba calsaxad. kA

vaCvenoT, rom (1.5)-is gamoyenebiT   martivad 

gamoiTvleba. 

kA ( nk ,,2,1,0 …=

marTlac, Tu  warmoadgens m-uri rigis sainterpolacio polinomis 

-Tan mdgom koeficients (da (1.6)-s aseTi saxe aqvs yoveli -

sTvis), maSin (1.5)-is ZaliT -sTvis (1.6) warmodgenis gamo  

ma
mx nm ≤

m∀ mm aA =

( )( )
0

m
k

m k
k m k

fA
l x=

=∑ , ,                         (1.8) nm ,,2,1,0 …=

(1.6) formiT Caweril polinoms niutonis sainterpolacio formula 

ewodeba. igi imiTaa saintereso, rom pirvel  SesakrebTa jami 

warmoadgens m-uri xarisxis sainterpolacio polinoms, romelic 

pirvel  cxrilur monacems iyenebs. 

)1( +m

)1( +m
lagranJisa da niutonis sainterpolacio formulebiT warmodgenisas 

maT Soris gansxvaveba, garda formisa, mdgomareobs imaSi, rom 

lagranJis sainterpolacio formulaSi k-dan  rigis polinomze 

gadasvla yvela koeficientis xelaxla gadaTvlas iwvevs, maSin, 

rodesac, niutonis saxe pirvel k rigis wevrs ucvlelad tovebs da 

umatebs  rigis wevrs: ; xdeba mxolod  wevris 

gamoTvla! 

)1( +k

)1( +k (∏
=

+ −
k

j
jk xxA

0
1 ) 1+kA

SevniSnoT, rom  kvanZs  virCevT imis mixedviT, Tu ro-

meli wertilis maxloblad gvsurs -is gamoTvla. amitom praq-

tikuli miznebisTvis, Tu Cveni problema -is tabulirebaa, maSin 

niutonis formula SedarebiT xelsayrelia, vidre lagranJisa. meore 

mxriv, Tu sxvadasxva funqciaTa tabulirebaa saWiro (icvleba ), 

maSin, cxadia, lagranJis warmodgena ufro xelsayrelia, radgan 

koeficientebi damokidebuli araa -is saxeze.  

)1( +m )( nm <
)(xf

)(xf

)(xf

)(xf
 

 

 



1.2. interpolaciis cdomileba 

 

ganvixiloT  sxvaoba da igi aRvniSnoT -iT: )()( xPxf n− )(xRn

)()()( xPxfxR nn −= .                              (*) 

samarTliania Semdegi 

Teorema. Tu  da  uwyvetad warmoebadia -ze 

 rigamde CaTvliT, maSin 

[ ] ],[,0 baxx n ⊂ )(xf ],[ ba

)1( +n

)(
)!1(

)()( 1

)1(

x
n

fxR n

n

n +

+

+
= ωξ

, ( ) ],[,,,, 10 baxxxx n ∈= …ξξ .         (1.9) 

damtkiceba. veZeboT naSTiTi wevri  Semdegi saxiT )(xRn

)()()( 1 xxKxR nn += ω .                            (1.10) 

naSTiTi wevris (1.10) saxiT warmodgena samarTliania, radgan  ( )n kP x =

kf= , anu   mainterpolirebeli polinomia. -is dasadgenad 

ganvixiloT 

)(xPn )(xK

)()()()(),( 1 zxKzPzfxz nn +−−= ωϕ                       (1.11) 

funqcia. (1.11)-Si vigulisxmoT, rom );( xzϕ  aris z-is funqcia, xolo x _ 
fiqsirebuli parametri, amasTan vixilavT, rodesac  . cxadia, 

rom  

],[ baz∈

( ) 0)()()()(, 1 =−−= + knknkk xxKxPxfxx ωϕ , ( ) . nk ,,2,1,0 …=

garda amisa, Tu  (1.10)-dan gvaqvs, rom kxxxz ≠= , ( ) 0, =xxϕ  da amis gamo 
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1 x

xPxf
xK

n

n

+

−
=

ω
. 

amgvarad, );( xzϕ  funqcias aqvs  nuli: x, , , … , . 2+n 0x 1x nx

gavixsenoT rolis Teorema: Tu  funqcia uwyvetia [ -Si, 

, igi warmoebadia -Si, maSin am SualedSi arsebobs 

erTi wertili mainc, gansxvavebuli a-sa da b-sagan, sadac -is 

warmoebuli nulis tolia. 

( )xf ]
)

ba,
)()( bfaf = ( ba,

)(xf

davubrundeT ),( xzϕ  funqcias. radgan 0),( =xzϕ   

wertilebSi, amitom 

nxxxxz ,,,, 10 …=

),(' xzϕ  funqcias eqneba  nuli  yoveli 

fiqsirebuli x-sTvis, 

1+n ],[ baz∈

),(" xzϕ -s eqneba n nuli da a. S.  

funqcias eqneba erTi nuli mainc, romelic  aRvniSnoT -

),()1( xzn
z
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),( ba∈ξ . 

amgvarad: 
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saidanac, imis gamo, rom kx≠ξ , x, 

)!1(
)()(

)(
)1()1(

+
−

=
++

n
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xK
n

n
n ξξ

, 

magram  (igi n xarisxis polinomia!). amitom 0)()1( ≡+ zP n
n

)!1(
)()(

)1(

+
=

+

n
fxK

n ξ
. 

(SevniSnoT, rom ξ  aris x, , , … ,  wertilebis ucxado funqcia). 

Teorema damtkicebulia.  

0x 1x nx

(1.9)-dan martivad gamomdinareobs: 
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1 x

n
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xR n
n

n +
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+
≤ ω , )(max )1(

],[1 xfM n

ban
+

+ = .               (1.12) 

)(xRn -is maxasiaTeblebi aris funqciis  rigis warmoebulis 

sidide da 

)1( +n

)(1 xn+ω  yofaqceva. mag., -sTvis 4=n )(5 xω grafiki Semdegi 

saxisaa: 

                    

cxadia, n-is zrdasTan erTad [  Sualedis gareT ]nxx ,0 )(1 xn+ω  izrdeba, 

rogorc xarisxovani funqcia. am SemTxvevaSi amboben, rom, Tu gvsurs, 

 gamovTvaloT )(xf [ nxxx ,0∈

4x3x2x1x0x  

y

x 

nax. 2

]

)
)

)

-isTvis, gvaqvs eqstrapolaciis procesi. 

SemoviRoT ganmarteba: vityviT, rom Sefaseba (1.12) zustia, Tu ∃ fun-
qcia, romelsac aqvs  rigis warmoebuli  da misTvis (1.12) 

utoloba gadaiqceva tolobad. aseTi saxis Sefasebebs gaumjobesebad 

utolobebs uwodeben. 

)1( +n

 

magaliTi 1.  ( ) ( ) ( 201010)( −− −−++−+= nn xxxxAxxAAxf ""
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magaliTi 2. davuSvaT, 
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magaliTi 3. SevafasoT  sididis miaxloeba lagranJis for-

muliT, Tu cnobilia , , ,  sidideebi. 

5,100ln
100ln 101ln 102ln 103ln

Cvens SemTxvevaSi 
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amgvarad, 
9
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magaliTi 4. rogori sizustiT SeiZleba gamoviTvaloT  

lagranJis sainterpolacio formuliT, Tu cnobilia 

D5sin

D0sin , , ,  D30sin D45sin D60sin
sidideebi. Cvens SemTxvevaSi 
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magaliTi 5. gamoTvaleT jami   . ∑
=

=
n

i
i

p
ip xLxS

1

)( ( )1,,,1,0 += nnp …

cxadia,  (np ≤≤∀0 A -1)-is ZaliT ,  , 

radgan  determinantebs ori erTnairi sveti eqnebaT. , radgan 

am SemTxvevaSi vandermondis determinantidan amoSlili sveti emTxveva 

(1.2) sistemis marjvena mxares mdgom svet-veqtors. 

0=ia ( )nppi ,,1,1,,1,0 …… +−=

1+Δ i 1=pa

amrigad, 
p

p xS =  . ( )np ,,2,1,0 …=

davuSvaT, , am SemTxvevaSi naSTiTi wevri 1+= np
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1 xxxS n
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n +
+

+ −= ω . 

 

 

1.3. eitkenis sqema 

im SemTxvevaSi, Tu  kvanZebi sazogadod ar aris Tanabrad 

daSorebuli da sakmarisia avagoT  ara -lagranJis polinomi, 

aramed vipovoT misi mniSvnelobebi winaswar ganazRvrul fiqsirebul 

wertilebSi, maSin xelsayrelia, rom visargebloT eitkenis 

sainterpolacio sqemiT. am sqemis mixedviT, sainterpolacio 

polinomis sididis povna x romelime garkveuli mniSvnelobisTvis 

xorcieldeba mimdevrobiTi erTgvarovani procesiT. 

kx

( )xPn

ganvixiloT gamosaxuleba:  
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xxy

xx
xP

−
−

−
=

11

00

01
01

1)( , 

romelic x-is mimarT I xarisxis polinomia. cxadia, rom, Tu zeda 

tolobaSi davuSvebT , miviRebT . aseve, 1,0, == ixx i ( ) ii yxP =01

xxy
xxy

xx
xP

iii
i −

−
−

= 00

0
0

1)( ,  ni ,,2,1 …=

sidideebiT  ganisazRvreba meore rigis: 

xxP
xxP

xP
ii

i −
−

=
0

101
01 )( , , ni ,,3,2 …=

polinomebi, romelic  sainterpolacio  mravalwevria, xolo kvanZebis 

SerCeva SesaZlebelia Cveni miznebis Sesabamisad. es procesi SeiZleba 

gagrZeldes: 

 32 



xxxP
xxxP

xx
xP

iik

kk

ki
kik −

−
−

=
−

− )(
)(1)(

)1(012

120
)1(012

…
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cxadia, rodesac , zemoT mocemuli procesi lagranJis 

sainterpolacio  polinomis mimdevrobiT agebis sqemaa. 

nk =

( )xPn

 

 

1.4. interpolebis kvanZebis arCevis Sesaxeb 

 

rogorc vnaxeT,  funqciis -dan gadaxra xasiaTdeba  

da 

)(xf )(xPn )()1( xf n+

)(xnω  sidideebiT. Tu pirveli sididis mimarT SegviZlia 

davadginoT misi cvlilebebis sazRvrebi, meore sididis raime azriT 

optimaluri Sefaseba damokidebulia  kvanZebis ganawilebaze. ix
davsvaT aseTi amocana: 

rogor unda avirCioT  kvanZebi iseTnairad, rom ix )(sup
],[

xn
bax
ω

∈
 iyos 

umciresi. 

am amocanis gadasaWrelad gamoviyenoT CebiSevis polinomebis rigi 

Tvisebebisa, romlebic momdevno teqstSi warmodgenilia petitiT. 
 

CebiSevis I gvaris polinomebi _  _ ganisazRvreba Semdegnairad: )(xTn

)arccoscos()( xnxTn = ,    1≤x .                (Cb. 1) 

0=n : . 1)(0 =xT

1=n : , xxxT == )cos(arccos)(1

2=n : . 121arccoscos2)arccos2cos()( 22
2 −=−== xxxxT

Semdeg, -sTvis gamoviyenoT igiveoba n∀ ( )xarccos=ϑ : 

ϑϑϑϑ )1cos(coscos2)1cos()( −−=+= nnnxTn ,        (Cb. 2) 

radgan 

ϑϑϑϑϑϑ coscos2
2

)1(1cos
2

11cos2)1cos()1cos( nnnnnnn =−−+−++=−++ . 

maSin (Cb. 2)-dan gvaqvs: 

                    .                       (Cb. 3) )()(2)( 11 xTxxTxT nnn −+ −=

amgvarad,  namdvilad warmoadgens  rigis mravalwevrs x-is mi-

marT. Tu -isaTvis gamoviyenebT (Cb.3)-Si imave saxis rekurentul damoki-

debulebas da a. S. -Si  sididesTan koeficienti -is toli iq-

neba. (Cb. 3)-dan kerZod gvaqvs: 

)(1 xTn+ 1+n

)(xTn

)(1 xTn+
1+nx n2

( ) xxxxxxTxTxxT 34122)()(2)( 32
123 −=−−=−⋅= , 
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188)( 24
4 +−= xxxT , 

xxxxT 52016)( 35
5 +−= . 

. . . . . . . . . . . . . . . 
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)
samarTliania Semdegi 

lema: polinoms  SualedSi aqvs n nuli.  )(xTn ( 1,1−
marTlac, 

0)arccoscos( =xn ,  )1,1(−∈x
gantolebidan gvaqvs: 

2
)12(arccos π+= mxn , x

n
m =+

2
)12(cos π

. 

Tu m-s mivaniWebT mniSvnelobebs , miviRebT n sxvadasxva 

nuls. 

1,,2,1,0 −= nm …

n
mxm 2

)12(cos π+=  , , )1,,2,1,0( −= nm … 11 021 <<<<<− −− xxx nn "

radgan, Tu aRvniSnavT  nn
δπ =

2
, maSin πδ <+< nm )12(0 . 

davamtkicoT, rom 1)(max
]1,1[

==
−∈

xTM nn
. marTlac,  wertilSi: 1+n

n
m

m
πξ cos= , ,),,1,0( nm …= ππππ <−<<<⋅=

n
n

nn
100 " , 

( ) ( ) m
mmn n

mnnT )1(cosarccoscos −=⎟
⎠
⎞

⎜
⎝
⎛ ⋅== πξξ ⇒ 1=M . 

 

davubrundeT naSTiTi wevrisTvis optimaluri Sefasebis  amocanas. 

gavixsenoT, rom ( )( ) ( nn xxxxxxx −−−= "10)( )ω  da -Tan koeficienti 

1-is tolia. amitom, Tu , , … , -s avarCevT, rogorc -is nu-

lebs, cxadia, gveqneba 

nx

0x 1x 1−nx )(xTn

)(
2

1)( 1 xTx nnn −=ω . 

amitom 

1
]1,1[

1
]1,1[ 2

1)(sup
2

1)(sup −
−

−
−

== nnnn xTxω . 

vaCvenoT, rom ∀  polinomisTvis, romlis -sTan mdgomi 

koeficienti 1-is tolia, 

( )xQn
nx

1
]1,1[ 2

1)(sup −
−∈

≥ nn
x

xQ . 

davuSvaT sawinaaRmdego: 



1
]1,1[ 2

1)(sup −
−

< nn xQ . 

cxadia, rom )()(
2

1
1 xQxT nnn −−  iqneba ara umetes  xarisxis 

polinomi, romelic 

( 1−n )

n
m

m
πξ cos=  , ),,2,1,0( nm …=

wertilebSi iRebs mimdevrobiT dadebiT da uaryofiT mniSvnelobebs. 

amitom mas -Si unda hqondes erTmaneTisgan gansxvavebuli n nuli, 

rac SeuZlebelia, Tu 

]1,1[−

)()(
2

1
1 xQxT nnn −−  igivurad nulis toli ar aris. 

ganvixiloT  Sualedi. maSin ]1,1[− )(xnω -s funqcias n-uri rigis 

polinomTa klasSi eqneba umciresi SesaZlo mniSvneloba )(sup xnω
 

sididisTvis, Tu interpolebis kvanZebad CebiSevis mravalwevris 

nulebs avirCevT. am SemTxvevaSi -isTvis gveqneba Semdegi 

optimaluri Sefaseba: 

)()( xPxf n−

)!1(2
)()( 1

+
≤− +

n
M

xPxf n
n

n . 

 

Tu interpoleba xorcieldeba nebismier  SualedSi, maSin 

cvladis wrfivi gardaqmniT 

],[ ba

[ ])()(
2
1 abzabx ++−= , ]2[1 abx

ab
z −−

−
= , 

],[ ba  gadadis -Si. -is nulebi ]1,1[− )(zTn

n
mzm 2

)12(cos π+=  

gadava 

⎥⎦
⎤

⎢⎣
⎡ +++−= )(

2
)12(cos)(

2
1 ab

n
mabxm

π
 

wertilebSi. 

)()()()(
2
1)()(

2
1)()( zPzFabzabPabzabfxPxf nnn −=⎥⎦

⎤
⎢⎣
⎡ ++−−⎥⎦

⎤
⎢⎣
⎡ ++−=− . 

amgvarad, 

)!1(2

)(
)()(

)1(

+
≤−

+

n

zF
zPzF n

n

n  

magram 
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                 )(
2
1)(')(' abxf

dz
dx

dx
df

dz
dFzF −⋅=== , 

                 )(")(
2
1)(" 2

2

2

2

2

xfab
dz
dx

dx
fdzF −=⎟

⎠
⎞

⎜
⎝
⎛= , 

. . . . . . . . . . . . . . . . . . . . . . . . . 

                 )(
2

)( )1(
1

)1( xfabzF n
n

n +
+

+ ⎟
⎠
⎞

⎜
⎝
⎛ −= .    

                  1
)1(

],[
)(max +

+ = n
n

ba
Mxf  

sabolood 

1
12

1 )(
2)!1(

)()()()( +
+

+ −
+

≤−=− n
n

n
nn ab

n
M

zPzFzPzF . 

 

zemoT moyvanili Sefasebebi saukeTesoa interpolebis SualedSi. aq 

ZiriTadad gamoviyeneT, rom )(
2

1)( 1 xTxT nnn −=  funqcia nulisagan 

umciresadaa gadaxrili  yvela mravalwevrTan SedarebiT, romlis 

koeficientebi umaRlesi xarisxis Semcvel wevrTan 1-is tolia. 
 

 

1.5. gayofili sxvaobebi da maTi zogierTi gamoyeneba 

 

SemoviRoT aRniSvna: 

[ ]
ki

ki
ki xx

yy
xx

−
−

=: , [ ] [ ] [ ]
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ni

nkki
nki xx

xxxxxxx
−
−=: [ ] [ ]

, [ ]
mi

mnknki
mnki xx

xxxxxx
xxxx

−
−

=: ,...   (5.1) 

da vuwodoT Sesabamisad pirveli, meore da a. S. rigis gayofili 

sxvaobebi. 

vaCvenoT Semdeg tolobaTa samarTlianoba (ix. (1.6)): 

[ ]

[ ] [ ] [ ]

[ ] [ ] [ ]

[ ] [ ] [ ]
0

0121121
0121

03

012123
01233

02

0112
0122

01

01
011

00

,

,

,

xx
xxxxxxxx

xxxxxA

xx
xxxxxx

xxxxA

xx
xxxx

xxxA

xx
yy

xxA

yA

n

nnnn
nnn −

−
==

−
−

==

−
−

==

−
−

==

=

−−−
−

………

…………………………………………………

            (5.2) 

, 



(5.2)-is damtkicebisas, pirveli toloba cxadia. radgan , 

, Tu (1.6)-Si davuSvebT  da , gveqneba 

( ) iin yxP =

ni ,,1,0 …= 0xx = 1xx =

( ),01101

00

xxAAy
Ay

−+=
=

 
, 

saidanac 

[ ]1 0
1 1

1 0
.y yA x

x x
−= =
− 0x

)

)

 

Tu gamoviyenebT tolobas 

( ) ( )( 1202202102 xxxxAxxAAy −−+−+= , 

gveqneba 

[ ] ( ) ( )[ ] ( )( 1202201020112 xxxxAxxxxxxyy −−+−−−=−  , 

[ ]( ) ( )( )120221201 xxxxAxxxx −−+−= . 

Tu gavyofT -ze, gveqneba 12 xx −

( ) [ ] [ ] [ 011201
12

12
022 xxxxxx

xx
yyxxA −=−

−
−

=−⋅ ] , 

anu 

[ ] [ ] [ ]012
02

0112
2 xxx

xx
xxxx

A =
−
−

= . 

davuSvaT, 

[ ] [ ] [ ]
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0

02111
01 xx

xxxxxx
xxxA

k

kkkk
kkk −

−
== −−−

−
……… k

]

, ∀ . 

vaCvenoT, rom 

[ 011 xxxA kkk …++ = .                          (5.3) 

(1.6)-dan, daSvebis gamo 

[ ] ( ) )()()( 111
0

1

0
01 xAxAxxxxxxP nnkk

k

i

i

j
jiin +++

=

−

=
− +++−=∑ ∏ ωω "… .     (5.4) 

(5.3)-is damtkicebamde SevniSnoT, rom gayofili sxvaobis operacia 

wrfivi operaciaa da, amasTan, igi polinomze moqmedebisas mis xarisxs 

erTi erTeuliT amcirebs. 

marTlac, Tu 

( )∏
=

+ −==
n

i
in xxxxf

0
1 )()( ω , 

maSin 



[ ]
( )

( )
( )∏

∏
=

= −=
−

−
=

+

n

i
i

n

i
i

xx
xx

xx
xx

xn
10

0
0 1ω , 

aseve 

[ ]
( ) ( ) ( )

=
−

−−−−
=

∏∏
==

+
10

2
0

1
)(10 1 xx

xxxxxx
xxx

n

i
i

n

i
i

xnω
 

( )( )
( )∏

∏
=

= −=
−

+−−−
=

n

i
i

n

i
i

xx
xx

xxxxxx

210

2
01

 

Tu axla (5.4)-s movdebT -jer gayofili sxvaobis operacias, mivi-

RebT 

1+k

[ ] [ ] [ ] )(0)(021)(01 12
1 xknxkkkxPkk nkn

xxxAxxxAAxxxx
++

+++⋅= ++− ωω """" . 

Tu ukanasknel tolobaSi davuSvebT, rom , miviRebT 1+= kxx

[ ]011 xxxA kkk "++ = , 

radgan 

[ ] 0)(0 1
=

+ki xi xxx ω"  . 1+>∀ ki

magaliTebi. qvemoT ganvixiloT rigi savarjiSoebisa, rodesac 

funqcias  SualedSi vuaxlovdebiT sxvadasxva rigis 

polinomebiT; amasTan erTad SevafasoT cdomileba. 

)(xf [ 10 , xxx∈ ]

1) ( )0
01

01 )()( xx
h

ff
fxPxf −

−
+=≈ ; . hxx =− 01

( ) ( )( )10

)2(

1 2
)( xxxxfxR −−

′
= ξ

, 22
1 8

)( hMxR ≤ , 

radgan 

[ ]
( )( )

4
max)(max

2

102
10

hxxxxx
xx

≤−−=ω . 

2)  ( ) ( ) ( )2211002 )()()()()( xfxlxfxlxfxlxPxf ++=≈

( ) ( )( ,
2
2

102
012

0
01

0 xxxx
h

fff
xx

h
ff

f −−
+−

+−
−

+= )  
visargebloT niutonis sainterpolacio formuliT,sadac 

( )∑
=

=
m

k k
k

m

k
m xl

f
A

0
)(

 

, 

. 

),,2,1,0( nm …=

( ) ( )( ) ( mkk
k

m xxxxxxxxxl −−−−= +− "" 110
)( )(

( ) ( )( )102010)( xxxxAxxAAxf −−+−+=
)
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( )00 xfA = , 
( )

h
ff

xx
Axf

A 01

01

01
1

−
=

−
−

= , 

2
012

01222 2
22

2
1

h
fff

f
h
hff

h
A

+−
=⎥⎦

⎤
⎢⎣
⎡ −−= . 

( ) ( )( )( )210

)3(

2 6
)( xxxxxxfxR −−−

′
= ξ

, . 333

15
h

M
h ≈ . 

39
)( 3

2
M

xR ≤

marTlac, 

( )( )( )( ) =−−− '
210 xxxxxx ( ) 026363 2

000
2 =++++− hhxxxhxx .  

( ) ( )
3

618993 2
0

2
0

2
00 hhxxhxhx

x
−−−+±+

= , 
( )

3
33 0

2,1
hhx ±+

=ξ . 

( )hxxxP +−= 02 66)(" , 

( ) 032" 12 >= hP ξ , ( ) 032" 22 <−= hP ξ . ( ) =23 ξω
9

32 3h− . 

3) vipovoT CebiSevis kvanZebi, avagoT niutonis meore rigis 

sainterpolacio polinomi da SevafasoT naSTiTi wevri, Tu , 

. 

0=a
hb =

( ) ( )∏
=

−
′′′

+=
2

0
2 !3

)()(
k

kxxfxPxf ξ
. ,  hx ≤≤0 0)(3 =xT ⇒

0 1 cos ,
2 6
hx π⎛ ⎞= +⎜ ⎟
⎝ ⎠

  1 ,
2
hx =   ⎟

⎠
⎞

⎜
⎝
⎛ −=

6
cos1

22
πhx , 

( ) ( )( ) ( )( )( 10210201002 2
3

8
3

34 xxxxyyy
h

xxyy
h

yxP −−+−+−−+= ) , 

( ) ⎟
⎠
⎞

⎜
⎝
⎛ +⎟

⎠
⎞

⎜
⎝
⎛ −=−∏

= 6
cos

6
cos

8

32

0

ππ zzzhxx
k

k , 11 ≤≤− z . 
4
1

4
32 ≤⎟
⎠
⎞

⎜
⎝
⎛ −zz , 

( ) 33
3 192

; h
M

fxR ≤ . 

 

 

 

1.6. saSualo kvadratuli miaxloeba 

 

ganvixiloT miaxloebis (interpolebisgan gansxvavebuli) meTodi. 

vgulisxmobT, rom  mocemulia cxrilis saxiT { } 
 wertilebSi. 

)(xfy = nif i ,,2,1,0; …=

ix

veZeboT  miaxloebiT Semdegi saxiT )(xf
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m
mm xaxaaxP +++= "10)( , 

rom polinomisa da mocemuli funqciis =x ix  wertilebSi sxvaobaTa 

kvadratebis jami minimaluri iyos. 

amgvarad, 

min ( ) ( )[ ]∑
=

−=
n

i
iimim fxPaaa

0

2
10 ,,, ρδ … 0≥i ρ                    (6.1) 

cxadia, Tu ,  nm = i∀ 1=iρ , ixxn fxP
ii
==)( , gvaqvs interpolebis amocana 

da 0≡δ . 

   Uunda aRiniSnos, rom (6.1) (an gacilebiT zogadi funqcionalebis) 

minimizaciis amocana Seadgens, pirvel rigSi, funqciis miaxloebis 

erT-erT Zalze ganviTarebul da mniSvnelovan Tanamedrove dargs. 

sawyis wyaroebad SeiZleba isargebloT citirebuli literaturiT. 
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Tavi 2. funqciis aproqsimaciis amocana 

 

2.1 aproqsimaciis amocana. cdomilebis Sefaseba funqciaTa klasebze 

 

rogorc Sesaval leqciaSi iyo aRniSnuli, garda mainterpolebeli 

funqciebisa, SeiZleba,  SualedSi mocemul  funqcias mivuax-

lovdeT gansxvavebuli 

],[ ba )(xf

( )xϕ  funqciiT iseTnairad, rom sxvaoba 

)(xf ( )xϕ−  (garkveuli azriT)  ar aRematebodes winaswar da-

saxelebul sizustes. 

],[ bax∈∀

magaliTad, vTqvaT, saWiroa, gamovTvaloT  mravaljer, rode-

sac 

xy sin=

⎥⎦
⎤

⎢⎣
⎡∈

4
,0 πx , =ε 7105,0 −⋅  sizustiT. Tu -s gavSliT xarisxovan 

mwkrivad pirveli xuTi wevris SenarCunebiT, gveqneba: 

xsin

8
119753

102,0
!11

1
4!9!7!5!3

sin −⋅<⎟
⎠
⎞

⎜
⎝
⎛≤⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
+−+−− πxxxxxx . 

amitom, mocemuli sizustiT -is magivrad SesaZlebelia aviRoT xsin

!9!7!5!3
)(

9753 xxxxxx +−+−=ϕ  

funqcia, romlis gamoTvla siZneles aRar warmoadgens. 

Semdegi etapia )(xϕ -is iseTnairad Secvla araumets me-7 xarisxis po-

linomiT, rom uzrunvelyofil iyos Tvlis ε  sizuste. 
amisTvis gamoviyenoT CebiSevis polinomebi. rogorc cnobilia (SesaZ-

lebelia visargebloT (Cb.3) rekurentuli damokidebulebiT): 

xxxxxxT 9120432576256)( 3579
9 +−+−= . 

aqedan 

8
3579

98 2
1

256
9

32
15

16
27

4
9)(

2
1 ≤+−+−= xxxxxxT . 

Tu )(xϕ -is gamosaxulebaSi -s SevcvliT 9x xxxx
256
9

32
15

16
27

4
9 357 −+−  

polinomiT, miviRebT 

⎟
⎠
⎞

⎜
⎝
⎛ +−+−+−+−= 753

753

1 4
9

16
27

32
15

256
9

!9
1

!7!5!3
)( xxxxxxxxxϕ . 

ganvixiloT ( ) ( )xx 1ϕϕ −  sxvaoba. aSkaraa, rom 

7
81 1011,0

2
1

!9
1)()( −⋅≈⋅≤− xx ϕϕ . 

 41



am Sefasebis  gamo, -is gansxvaveba xsin )(1 xϕ -sgan, rodesac ⎥⎦
⎤

⎢⎣
⎡∈

4
,0 πx , 

ar aRemateba , riTac sizustis 

mimarT Cveni moTxovna kmayofildeba. 

7778 105,01013,01011,0102,0 −−− ⋅<⋅=⋅+⋅

qvemoT SemovifarglebiT  uwyveti funqciis algebruli poli-

nomiT miaxloebis sakiTxis SeswavliT. 

)(xf

amisTvis davamtkicoT saTanado Teorema, romelic k. vaierStrasis sa-

xels atarebs. 

Teorema. Tu , maSin ],[)( baCxf ∈ 0>∀ε   iseTi  polinomi, rom 

-sTvis adgili aqvs utolobas 

∃ )(xP

],[ bax∈∀

ε<− )()( xPxf . 

d a m t k i c e b a .  daviwyoT rig igiveobaTa samarTlianobis CvenebiT: 

1)1(
0

=−∑
=

−
n

k

knkk
n xxC ,                           (1) 

)1()1()(
0

2 xnxxxCnxk
n

k

knkk
n −=−−∑

=

− ,                    (2) 

sadac 

)!(!
!

knk
nC k

n −
= . 

(1) formula gamomdinareobs 

n
n

k

knkk
n babaC )(

0
+=∑

=

−  

binomialuri formulidan, Tu masSi davuSvebT xa = , . xb −= 1
(2)-is dasamtkiceblad misi marcxena mxare davSaloT sam Sesakrebad: 

∑∑∑
=

−

=

−

=

− −−−=−−
n

k

knkk
n

n

k

knkk
n

n

k

knkk
n xxkCnxxxCkxxCnxk

00

2

0

2 )1(2)1()1()(  

∑
=

−−+
n

k

knkk
n xxCxn

0

22 )1( . 

mesame Sesakrebi, (1) igiveobis gamo, -is tolia. meore 

SesakrebisTvis gvaqvs 

22 xn

∑∑∑
−

=

−−+

=

−

=

− −
−−

=−
−

=−=
1

0

11

10
2 )1(

)!1(!
!)1(

)!(!
!)1(

n

j

jnj
n

k

knk
n

k

knkk
n xx

jnj
nxx

knk
nkxxkCS

, 

jk =−1  SecvliT 
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( ) nxxx
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nnxS
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jnj =−
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−= ∑
−

=

−−
1

0

1
2 )1(

)1(!
!1

, 

radgan (1) samarTliania -sTvis. n∀

1S -Tvis, Tu , gvaqvs: 1+= jk

∑∑
−

=

−−+

=
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−

=
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11

1
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)!1(!
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)!(!
! n

j
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n

k
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∑
−

=

−−−
−−

−+=
1

0

1)1(
)!1(!

)!1()1(
n

j

jnj xx
jnj

njnx  

⎭
⎬
⎫

⎩
⎨
⎧

−
−−

−+−
−−

−= ∑∑
−

=

−−
−

=

−−
1
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1
1

0

1 )1(
)!1(!

)!1()1(
)!1(!

)!1( n

j

jnj
n

j

jnj xx
jnj

nxx
jnj

njnx  

[ ] nxnxxnxnnxxxjCnx
n

j

jnjj
n +−=+−=

⎭
⎬
⎫

⎩
⎨
⎧

+−= ∑
−

=

−−
−

222
1

0

1
1 1)1(1)1(  

amgvarad, 

)1(2)1()( 2222222

0

2 xnxxnxnnxnxxnxxCnxk
n

k

knkk
n −=+−+−=−−∑

=

− . 

(2) igiveoba damtkicebulia. 

(2) igiveobidan, rodesac , gamomdinareobs Semdegi utolobis 

samarTlianoba 

10 ≤≤ x

4
)1()(0

0

2 nxxCnxk
n

k

knkk
n ≤−−≤∑

=

− ,                       (3) 

radgan 
4
1)1(0 ≤−≤ xx . 

axla davuSvaT, rom mocemulia raime dadebiTi δ  ricxvi. ganvixiloT 

-s iseTi mniSvnelobebi, romlebisTvisac sruldeba utoloba k

δ≥− x
n
k

  .                          (4) ( 10 ≤≤ x )

maSin samarTliania Semdegi utoloba 
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24
1)1('

δn
xx knkk

n ≤− −C∑ S′ ,                         (5) 

sadac Σ′ aRniSnavs ajamvas iseTi k-sTvis, romelic akmayofilebs (4) 

utolobas. marTlac, (4)-dan gvaqvs 

1)(
22

2

≥−
δn
nxk

. 

amitom, (3) ZaliT, gveqneba 



∑∑∑ −−− −−=−−≤− knkk
n

knkk
n

knkk
n xxCnxk

n
xxC

n
nxkxxC )1()(1)1()()1( 2'

2222

2
''

δδ
 

222
0

2
22 4

1
4

1)1()(1
δδδ n

n
n

xxCnxk
n

n

k

knkk
n =≤−−≤ ∑

=

− . 

amis Semdeg gadavideT vaierStrasis Teoremis damtkicebaze. 

zogadobis SeuzRudavad vigulisxmoT, rom  emTxveva -s. 

winaaRmdeg SemTxvevaSi   

],[ ba ]1,0[

)( abtax −+= ⇒
ab
axt

−
−= gardaqmniT , 

rodesac . 

]1,0[∈t

],[ bax∈
ganvixiloT mravalwevrebi. 

∑
=

−−⎟
⎠
⎞

⎜
⎝
⎛=

n

k

knkk
nn xxC

n
kfxB

0
)1()( ,                       (6) 

romlebic Semoyvanili iyo s. bernSteinis mier. 

vaCvenoT, rom sakmarisad didi n-sTvis  akmayofilebs Teoremis 

pirobebs. 

)(xBn

(1) igiveobisa da (6) ZaliT 

 

∑
=

−−⎥
⎦

⎤
⎢
⎣

⎡ −⎟
⎠
⎞

⎜
⎝
⎛=−

n

k

knkk
nn xxCxf

n
kfxfxB

0
)1()()()( .                 (7) 

)(xf -funqciis -ze Tanabrad uwyvetobis gamo nebismieri , 

moiZebneba iseTi 

]1,0[ ]1,0[",' ∈xx
0>δ , rom 

( ) ( )
2

"' ε≤− xfxf , 

Tu δ<− "' xx . 

davuSvaT,  fiqsirebuli wertilia. davyoT (7) jami or aseT 

Sesakrebad: 

]1,0[∈∀x

1 ( ) (1 ) ,k k n k
n

kS f f x C x x
n

−⎡ ⎤⎛ ⎞= − −⎜ ⎟⎢ ⎥
⎝ ⎠⎣ ⎦

′∑
        

(8)

 

sadac   iseTi jamia, romlisTvisac ′Σ δ≥− x
n
k

, da 

                2 ( ) (1 ) ,k k n k
n

kS f f x C x x
n

−⎡ ⎤⎛ ⎞= − −⎜ ⎟⎢ ⎥
⎝ ⎠⎣ ⎦

′′Σ                       

(9) 

sadac  aRniSnavs ajamvas k-s danarCeni mniSvnelobebisTvis. 

SevadaroT TiToeuli jami.  

′′Σ
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1S -sTvis, Tu CavTvliT, rom )(sup
]1,0[

xfM
x∈

= , (5) utolobis ZaliT gvaqvs: 

1 2 2 2( ) (1 ) 2 (1 ) 2
4 2

k k n k k k n k
n n

k nS f f x C x x M C x x M
n n nδ δ

− −⎛ ⎞′ ′≤ Σ − − ≤ Σ − ≤ =⎜ ⎟
⎝ ⎠

.M
.  (10) 

2S  jamisTvis gvaqvs 

2
0

( ) (1 ) (1 ) (1 ) .
2 2

n
k k n k k k n k k k n k
n n n

k

kS f f x C x x C x x C x x
n

ε ε− −

=

⎛ ⎞′′ ′′≤ Σ − − < Σ − < − =⎜ ⎟
⎝ ⎠

∑ 2
ε−   (11) 

avarCioT axla n sakmarisad didi, iseTi, rom Sesruldes (fiqsi-

rebuli δ -sTvis) 
22 2

ε
δ

<
n
M

. maSin (10) da (11) utolobebidan gvaqvs 

εε
δ

<+<+≤−
22

)()( 221 n
MSSxfxBn . 

Teorema damtkicebulia. 

SevniSnoT, rom bernSteinis polinomebis daxmarebiT funqciaTa kla-

sebze SesaZlebelia miaxloebis rigis gansazRvra. 

a) Tu  akmayofilebs lipSicis pirobas  mudmiviT, maSin )(xf 0≥L

n
LxfxBn 2

)()( ≤− . 

marTlac, 

∑
=

−−−⎟
⎠
⎞

⎜
⎝
⎛≤−

n

k

knkk
nn xxCxf

n
kfxfxB

0
)1()()()( ,  ]1,0[∈x

lipSicis pirobiT 

∑
=

−−−≤−
n

k

knkk
nn xxCx

n
kLxfxB

0
)1()()( . 

Svarcis utolobis ZaliT: 

∑ ∑∑
=

≤
n

k
kkkk baba

0

22 , 

Tu knkk
nk xxCx

n
ka −−−= )1( , knkk

nk xxCb −−= )1( , gveqneba 

∑∑∑
=

−

=

−

=

− −−⎟
⎠
⎞

⎜
⎝
⎛ −≤−−

n

k

knkk
n

n

k

knkk
n

n

k

knkk
n xxCxxCx

n
kxxCx

n
k

00

2

0
)1()1()1( . 

(1) igiveobisa da (3) utolobis ZaliT, marjvena mxare ar aRemateba 

n
n

n 2
1

4
1 = -s. amitom -sTvis gvaqvs ]1,0[∈∀x
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( )
n

LxfxBBf nnn 2
)()(, ≤−=Δ .                      (12) 

samarTliania Semdegi.  

Teorema. Tu , maSin ]1,0[)( )2(Cxf ∈

( ) )1(
2

)()(, 2 xx
n

M
xfxBBf nnn −≤−=Δ ,  )("max

]1,0[2 xfM
x∈

= .           (13) 

marTlac, 

∑
=

−−⎥
⎦

⎤
⎢
⎣

⎡ −⎟
⎠
⎞

⎜
⎝
⎛=−

n

k

knkk
nn xxCxf

n
kfxfxB

0
)1()()()(  

teiloris formuliT 

( ) knkk
n

n

k
kn xxCfx

n
kxfx

n
kxfxB −

=

−
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
⎟
⎠
⎞

⎜
⎝
⎛ −+⎟

⎠
⎞

⎜
⎝
⎛ −=− ∑ )1("

2
1)(')()(

0

2

ξ  

( ) knkk
n

n

k
k xxCx

n
kf −

=

−⎟
⎠
⎞

⎜
⎝
⎛ −= ∑ )1("

2
1

0

2

ξ , ⎥⎦
⎤

⎢⎣
⎡∈

n
kxk ,ξ ∨ ⎥⎦

⎤
⎢⎣
⎡ x
n
k , . 

( )∑∑
=

−

=

− −−=−⎟
⎠
⎞

⎜
⎝
⎛ −≤−

n

k

knkk
n

n

k

knkk
nn xxCnxkM

n
xxCx

n
kMxfxB

0

2
22

0

2

2 )1(
2

1)1(
2
1)()(

. 

adre miRebuli utolobis ZaliT (ix.(3) utolobis damtkicebis sqema), 

gvaqvs: 

                          )1(
2

)()( 2 xx
n

M
xfxBn −≤− . 

(13) utoloba damtkicebulia. 

vaCvenoT, rom (13)-is gaumjobeseba ar SeiZleba. amisTvis sakmarisia, 

ganvixiloT funqciaTa klasi, romlisTvisac misi mesame rigis 

warmoebulebi mudmivia anu  mesame xarisxis polinomia. )(xf
32)( dxcxbxaxf +++=  .                         (14) 

(14) warmodgenis gamoyenebiT, radgan teiloris formula zustia 

mesame rigis polinomisTvis; gvaqvs 

)(
6
1)("

2
1)(')(

32

xfx
n
kxfx

n
kxfx

n
kxf

n
kf ′′′⎟

⎠
⎞

⎜
⎝
⎛ −+⎟

⎠
⎞

⎜
⎝
⎛ −+⎟

⎠
⎞

⎜
⎝
⎛ −+=⎟

⎠
⎞

⎜
⎝
⎛

, 

amasTan 

const6)( ==⎟
⎠
⎞

⎜
⎝
⎛′′′=′′′ d

n
kfxf . 

cxadia, Cvens SemTxvevaSi 
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knkk
n

n

k
n xxCxfx

n
kxfx

n
kxfx

n
kxfxB −

=

−
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
′′′⎟

⎠
⎞

⎜
⎝
⎛ −+⎟

⎠
⎞

⎜
⎝
⎛ −+⎟

⎠
⎞

⎜
⎝
⎛ −=− ∑ )1()(

6
1)("

2
1)(')()(

0

32

. 

(13) Sefasebis gamoyenebiT gvaqvs: 

( )∑
=

−−−′′′+−=−
n

k

knkk
nn xxCnxkxf

n
xx

n
xfxfxB

0

3
3 )1()(

6
1)1(

2
)(")()(           (15) , 

(SevniSnoT, rom ⎟⎟
⎠

⎞=−=−⎟
⎠
⎞

⎜
⎝
⎛ −∑

=

− 0)(1)1(
0

nxnx
n

xxCx
n
kn

k

knkk
n . 

(15) formulis marjvena mxareSi Semavali jami, binomis gamoyenebiT, 

davSaloT oTx Sesakrebad iseTnairad, rom -s Seesabamebodes jamSi 

-is Semcveli wevri, -s _ -is, -s _ k-s Semcveli, xolo  

1S
3k 2S 2k 3S

33

0

33
4 )1( xnxxkCxnS

n

k

knkk
n =−= ∑

=

− . 

adre miRebuli  formulebis gamoyenebiT, 

( )223233
2 3 xnxnxnS +−= , . 33

3 3 xnS =

1S -sTvis gvaqvs 

∑∑
=

−

=

− −
−−

−=−
−

=
n

k

knk
n

k

knk xx
knk

nnkxx
knk

nkS
1

2

0

3
1 )1(

)!()!1(
)!1()1(

)!(!
!

 

∑∑
−

=

−−

=

−− −
−−

−+=−
−−

−=
1

0

12

1

12 )1(
)!1(!

)!1()1()1(
)!()!1(

)!1( n

j

jnj
n

k

knk xx
jnj

njnxxx
knk

nknx  

⎥
⎦

⎤
⎢
⎣

⎡
+−

−−
−+−

−−
−= ∑∑

=

−−
−

=

+−
n

j

jnj
n

j

jnj xx
jnj

njxx
jnj

njnx
0

1
1

0

12 1)1(
)!1(!

)!1(2)1(
)!1(!

)!1(
 

[ ]1)1(2)1()1()1( 222 +−+−+−−−= xnxnxnxnnx  

[ ]1)1(3)1()1( 222 +−+−−−= xnxnxnnx . 

amrigad, (15)-is marjvena mxareSi Semavali jamisTvis gveqneba: 

( ) [ ])(
6
1)1()(

6
1

43213
0

3
3 SSSSxf

n
xxCnxkxf

n

n

k

knkk
n −+−′′′=−−′′′ ∑

=

−  

( nxnxxnnxxnxnxf
n

+−++−′′′= 22233233
3 3323)(

6
1

 

) [ ]xxxxf
n

xnxnxnxnxn +−′′′=−+−+− 23
2

3333223233 32)(
6

13333  
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⎟
⎠
⎞

⎜
⎝
⎛ −−

′′′
−=⎟

⎠
⎞

⎜
⎝
⎛ −−′′′= xxx

n
xfxxxxf

n 2
1)1(

3
)(

2
1)1()(

6
2

22 . 

sabolood: 

.
2
1)1()(

3
1)1()("

2
1

2
1)()( 2 ⎟

⎠
⎞

⎜
⎝
⎛ −−′′′−−=− xxxxf

n
xxxf

n
xfxBn           (16) 

(16) Sefaseba miuTiTebs imaze, rom, Tu  igivurad  nulis toli 

ar aris,  

)(" xf

( ) )()( xfxBBf nni −=Δ  gadaxris rigi 
n
1
-ze ukeTesi ver iqneba. 

SeviswavloT -is warmoebulis yofaqceva. samarTliania Semdegi )(xBn

Teorema: Tu , maSin  Tanabrad krebadia  

funqciisken, rodesac . 

]1,0[)( 1Cxf ∈ )(' xBn )(' xf
∞→n

d a m t k i c e b a .  

∑∑
=

−−

=

−− −−⎟
⎠
⎞

⎜
⎝
⎛−−⎟

⎠
⎞

⎜
⎝
⎛=

n

k

knkk
n

n

k

knkk
nn xxknC

n
kfxkxC

n
kfxB

0

1

1

1 )1()()1()('  

∑∑
−

=

−−
−

=

−−+ −−⎟
⎠
⎞

⎜
⎝
⎛−−+⎟

⎠
⎞

⎜
⎝
⎛ +=

1

0

1
1

0

11 )1()()1()1(1 n

k

knkk
n

n

k

knkk
n xxknC

n
kfxxkC

n
kf . 

gvaqvs 

k
n

k
n

k
n nC

knknk
nnknCkn

knk
nkn

knk
nkCk 1

1

)!1)((!
)!1()()(

)!(!
!)(

)!1()!1(
!)1()1( −

+ =
−−−

−−=−=
−

−=
−−+

+=+ . 

amis gamo 

∑
−

=

−−
− −⎥

⎦

⎤
⎢
⎣

⎡
⎟
⎠
⎞

⎜
⎝
⎛−⎟

⎠
⎞

⎜
⎝
⎛ +=

1

0

1
1 )1(1)('

n

k

knkk
nn xxC

n
kf

n
kfnxB . 

sasruli nazrdis formulis ZaliT: 

( ) ∑∑
−

=

−−
−

−

=

−−
− −⎟

⎠
⎞

⎜
⎝
⎛ −=−⎥⎦

⎤
⎢⎣
⎡ −+=

1

0

1
1

1

0

1
1

)( )1(1')1(1')('
n

k

knkk
n

n

k

knkk
n

n
kn xxC

n
kfxxC

n
k

n
kzfnxB

 
 

( )∑
−

=

−−
− −⎥

⎦

⎤
⎢
⎣

⎡
⎟
⎠
⎞

⎜
⎝
⎛ −′−+

1

0

1
1

)( )1(1'
n

k

knkk
n

n
k xxC

n
kfzf ,  ⎟

⎠
⎞

⎜
⎝
⎛ +<<

n
kz

n
k n

k
1)( .          (17) 

 
ukanaskneli formulis marjvena mxaris pirveli Sesakrebi warmoad-

gens bernSteinis  rigis polinoms -isTvis da igi Tanabrad 

krebadia [0,1]-Si. 

1−n )(' xf

Semdeg, radgan 

n
kz

n
k n

k
1)( +<< , 

n
k

n
k

n
k 1

1
+<

−
<   )1( ≥> kn

da 
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nn
kz n

k
1

1
)( <

−
− . 

(17) formulis meore SesakrebisTvis, -is Tanabari uwyvetobis 

gamo, misi uwyvetobis moduli, nebismieri 

)(' xf

0>ε  da yvela n-sTvis, 

dawyebuli >n )(00 εnn = -dan, naklebia ε -ze. 
Teorema damtkicebulia. 

Sedegi. Tu   SualedSi akmayofilebs lipSicis pirobas  

mudmiviT, maSin  polinomiT  miswrafebis rigi (12) utolobis Za-

liT 

)(' xf ]1,0[ 1L

( )xBn′

2
1

−
n -ia. 
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Tavi 3. splain-funqciaTa Teoriis elementebi 

 

3.1. Sesavali. kuburi splainebi momentebiTa da daxrilobebiT 
 

ricxviTi analizis leqciaTa kursis am nakveTSi gadmocemulia spla-

in-funqciaTa Teoriis elementebi da misi gamoyeneba funqciis warmoe-

bulisa da gansazRvruli integralis gamoTvlis SedarebiT axali 

(klasikurisagan gansxvavebuli) algoriTmebiT. splain-funqciaTa Teo-

ria warmoadgens funqciaTa miaxloebis Teoriis uaxles mniSvnelovan 

da Zalze intensiurad ganviTarebad dargs. Teoriisa da praqtikis 

mravali amocanasaTvis splain-funqciebi gacilebiT bunebriv aparats 

warmoadgens, vidre polinomebi. kerZod, erTi da mravalganzomilebia-

ni splainebi farTod gamoiyeneba diferencialuri gantolebebis ricx-

viTi integrebisaTvis, Tanamedrove kompiuterebisaTvis maTematikuri 

bazis Seqmnasa da, maT Soris, kompiuterul grafikaSi. 

qvemoT gadmocemuli ZiriTadad emTxveva ricxviTi analizis Tanamed-

rove kursebSi warmodgenil Sesabamis masalas splain-funqciaTa Teo-

riidan da igi gadmocemulia Semdegi saxelmZRvaneloebis safuZvelze:  

1. J.H.Ahlberg, E.N.Nilson, J.L.Walsh. The Theory of Splains and Their Applications, Acad. 
Press: N.-Y./L, 1967, (Chapters 1-2). 
2. G.Engeln-Müllges, F.Reutter. Formelsammlung zur Numerischen Mathematik mit C-
Programmen, B.I, Wissenschaftsverlag, Manheim/Wien/Zürich, 1990, (Parts 10, 11, pages 
204-240, 546-570). L 
 
 
avagoT  funqciis maxlobeli mrudi, romelic warmoadgens ku-

buri polinomebisgan Semdgar maintorpolebel texils (parabolebis _ 

mesame rigis polinomebisgan Semdgars). 

)(xfy =

CavTvaloT, rom  gansazRvrulia . davyoT   na-

wilad Semdegnairad: 

)(xfy = bxa ≤≤ ],[ ba N

bxxxxa N =<<<<=Δ "210: . 

amasTan erTad vigulisxmoT, rom cnobilia aseve Sesabamisi ordi-

natebi: 

nyyyyY ,,,,: 210 … . 

saZiebelia funqcia  (amave funqciisTvis gamoviyenebT aRniS-

vnebs: ,  an ), romelic uwyvetia -ze Tavis pirveli 

da meore rigis warmoebulebTan erTad da yovel  

);( xYSΔ

)(xSΔ )(, xS YΔ YS ,Δ ],[ ba

jj xxx ≤≤−1
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),,2,1( Nj …=  monakveTze mesame rigis polinoms emTxveva. amasTan 

vTvliT, rom sruldeba interpolebis piroba: 

( ; )j jS Y x yΔ =  . ),,2,1,0( Nj …=

( ; )S Y xΔ -s uwodeben maintorpolebel splains  badis mimarT. splaini 

iwodeba periodulad (periodiT ), Tu 

Δ

ab −

 51

p pS a S bΔ Δ+ = − )2,1,0( =p( ) ( )( 0) ( 0)  . 

SemoviRoT Semdegi sidideebi:   

( ) jj MxS =Δ
//  , . ),,2,1,0( Nj …= 1−−= jjj xxh

yovel ( )jj xxx ≤≤−1  Sualedze  iqneba wrfivi funqcia. amitom )(// xSΔ

j

j
j

j

j
j h

xx
M

h
xx

MxS 1
1)( −
−Δ

−
+

−
=′′ .                  (1.1) 

(1.1), cxadia, 2-kvanZian lagranJis sainterpolacio formulas war-

moadgens. 

Tu (1.1) tolobas vaintegrebT orjer da daviTvliT integrirebis mud-

mivebs, miviRebT: 

       

3 3
1

1

( ) ( )
( )

6 6
j j

1, 2,j j j
j j

x x x x
S x M M c x c

h h
−

Δ −

− −
= + + j+ ;     (A.1) 

1, jc  da  ganisazRvreba Semdegi pirobebidan 2, jc

1jx x −= : 

3 2
1

1, 1 2, 1 1 1 1

( )
6 6

j j j
j j j j j j

j

x x h
c x c M y M y

h
−

− − − −

−
+ = + = − + j−  

jx x= :        

3 2
1

1, 2,

( )
6 6

j j j
j j j j j j

j

x x h
c x c M y M y

h
− −

+ = + = − + j       (A.2) 

jc ,1  da  vipovoT (A.2) sistemebidan da CavsvaT (A.1)-Si.  jc ,2

( ) ( )
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
−−−= −− 1

2

1,1 6
1

jj
j
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j MM
h
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c , 

 

2

2, 1 1 1 1
1 ( ) (

6
j

j j j j j j j j
j

h
c x y x y x M x

h − − − −

⎡ ⎤
= − − + −⎢ ⎥

⎢ ⎥⎣ ⎦
)jM    (A.3) 

davajgufoT , ,  da -Tan mdgomi koeficientebi, gveqneba jy 1−jy jM 1−jM

2 2
1

1, 2, 1 1
1 1( ) (

6 6
j j j j

j j j j j j
j j

M h M h
c x c y x x y x x

h h
−

− −

⎛ ⎞ ⎛ ⎞
+ = − − + − −⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠
) . 

sabolood  (A.1) miiRebs saxes: 



3 3 2
1 1

1 1

( ) ( )
( )

6 6 6
j j j j

j j j
j j

j

j

x x x x M h x
S x M M y

h h
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Δ − −

⎛ ⎞− −
= + + −⎜ ⎟⎜ ⎟

⎝ ⎠

x
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⎜
⎜
⎝

⎛
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am formulis gawarmoebiT miviRebT: 

( ) ( )
j

jj

j

jj

j

j
j

j

j
j h

MM
h

yy
h
xx

M
h

xx
MxS

622
)( 11

2
1

2

1
−−−

−Δ

−
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−
+

−
+

−
−=′ .    (1.3) 

cxadia, rom  da  uwyvetia -ze (interpolebisa da  

sidideebis ganmartebis gamo!). imisTvis, rom  funqcia uwyveti 

iyos -ze pirveli rigis warmoebulTan erTad, aucilebelia da 

sakmarisi, rom 

)(xSΔ )(xSΔ′′ ],[ ba jM

)(xSΔ

],[ ba

( ) ( )00 +′=−′ ΔΔ jj xSxS           (A.4) )1,,2,1( −= Nj …

pirobebi Sesruldes, sadac, magaliTad, niSnavs calmxriv 

zRvars marjvnidan. gamoviTvaloT 

)0( +Δ aS

( )0−′Δ jxS  da ( )0+′Δ jxS . amisTvis 

gamoviyenoT (1.3) toloba. ( )0−′Δ jxS  gamoiTvleba (1.3)-Si  uSualo 

CasmiT. 

jxx =

( )0+′Δ jxS  SeiZleba daviTvaloT, Tu (1.3)-Si CavsvamT  da 

indeqss gavadidebT 1-iT, an (1.3) gadavwerT 

1−= jxx

( )1, +jj xx  SualedisaTvis da 

Semdeg davuSvaT . jxx =

amgvarad, gveqneba: 

( )
j

jj
j

j
j

j
j h

yy
M

h
M

h
xS 1

1 36
0 −

−Δ

−
++=−′ .                (4.a) 

1
1 1( 0)

3 6
j j j

j j j
j

h h y y
S x M M

h
−

Δ − −

−
′ + = − − + ,j

 

saidanac 

1 1 1
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.j j j
j j j

j

h h y
S x M M

h
+ + +

Δ
+

−
′ + = − − + jy

+                (4.b) 

(4.a) da (4.b) tolobebi (A.3)-is gaTvaliswinebiT gvaZlevs: 

1

1
1
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1 6336 +

+
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j
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M
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j
j

jj
j

j

h
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h
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M
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M
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M
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1
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+
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−
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−
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+
+ .     (1.5) 
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amgvarad, miviReT wrfivi gantoleba   

ucnobiT. imisTvis, rom (1.5)-dan calsaxad ganisazRvros , saWiroa 

kidev ori damatebiTi piroba. am sakiTxs qvemoT ganvixilavT. 

1−N jM ),,1,0( Nj …= 1+N

jM
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)

periodul SemTxvevaSi, cxadia, (1.5) toloba sruldeba  

indeqsisTvis, radgan (A.4) piroba am SemTxvevisTvis miiRebs saxes: 

Nj =

( ) ( ) ( 000 0 +′=+′=−′ ΔΔΔ xSxSxS NN , 

amasTan, , , , ,  amgvarad, ro-

desac , (1.5) miiRebs saxes: 

0yyN = 0MM N = 11 yyN =+ 11 MM N =+ 1 1.Nh h+ =

Nj =

N

NNN
N

N
N

N

h
yy

h
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M
h

M
hh

M
h 1

1

1
1

~~~

11
1 636

−
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−
−

−
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+
+ .        (1.5N) 

amave dros -isTvis (1.5) gadaiwereba aseTnairad: 1=j

1

1

2

12
2

2
1
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~~~~~~~~~

1

636 h
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h
yy

M
h

M
hh

M
h N

N
−

−
−

=+
+

+ .      (1.51) 

(mivaqcioT yuradReba xazgasmul wevrebs, romlebsac qvemoT gamovi-

yenebT!). 

davubrundeT araperioduli SemTxvevis ganxilvas. Tu, magaliTad, Cav-

TvliT, rom mocemulia meore rigis warmoebulebi  da , maSin 

damatebiTi pirobebi gadaiwereba ase: 

0y ′′ Ny ′′

00 yM ′′= , .                           (B.1) NN yM ′′=

Tu CavTvliT, rom Sualedis boloebze cnobilia ,  sidideebi, 

maSin (4.a) da (4.b) formulebi, rogorc calmxrivi warmoebulebi 

-isTvis _ marjvnidan, xolo -sTvis _ marcxnidan) gvaZ-

levs: 

0y′ Ny′

0( xa = bxN =

1 01 1
0 0 1

1

( 0)
3 6

y yh hy S a M M
hΔ
−′ ′= + = − − − ,  

N

NN
N

N
N

N
N h
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M

h
M

h
bSy 1

1 36
)0( −

−Δ
−

++=−′=′ . 

ukanaskneli formulebi gadavweroT ase: 
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1
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−
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N
NN h
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h
MM 1

1
62 . 

ganvixiloT aseTi tolobebi: 



01002 dMM =+ λ . 

NNNN dMM =+− 21μ .                            (1.6) 

cxadia, es tolobebi aerTianebs (B.1) da (B.2) pirobebs. marTlac, Tu 

davuSvebT, rom 

00 == Nμλ ,  , 0 02 ,d y′′= 2N Nd y′′=

miviRebT (B.1) pirobebs. rodesac 

10 == Nμλ , ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ ′−
−

= 0
1

0`1

1
0

6 y
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h

d , ` 16 N N
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y yd y
h h
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⎝ ⎠

, 

miviRebT (B.2)-s. 
SemoviRoT aRniSvnebi: 

1

1
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+
=
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j
j hh

h
λ , j
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j
j hh

h
λμ −=

+
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+

1
1

; , )1,,2,1( −= Nj …

maSin (1.5) (ZiriTadi tolobebi!) gadmoiwereba Semdegnairad: 
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1
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1
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μ λ
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amgvarad, (1.6) da (1.7) gantolebebi, romlebic warmoadgenen  gan-

tolebas amdenive ucnobiT, SeiZleba gadavweroT matriculi saxiT: 
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sadac  sidideebiT aRniSnulia (1.7) tolobaTa 

marjvena mxareebi: 

jd )1,,2,1( −= Nj …
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1
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periodul SemTxvevebSi miviRebT (1.51)-isa da (1.5N)-is gaTvaliswinebiT: 

 54 



⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

=

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

−

−

−

−

−−

−

N

N

N

N

N

N

NN

NN

N

d
d
d

d
d
d

M
M
M

M
M
M

1

2

3

2

1

1

2

3

2

1

11

2

3

22

11

2000
2000

02000

00020
0002

0002

"
"
"

"
"
"

"
"
"

"""""""
"""""""
"""""""

"
"
"

μλ
λμ

λ

μ
λμ

μλ

,             (1.9) 

sadac (gavixsenoT) 

NMM =0 , 
1

1

hh
h

N
N +
=λ , 

1
.N

N
N

h
h h

μ =
+

 

sanam (1.8) da (1.9) sistemebis amoxsnadobis da amonaxsnis efeqturad 

agebis sakiTxebis Seswavlaze gadavidodeT, avagoT splaini, rodesac 

parametrebad  sidideebis (e. w. `momentebis~) nacvlad gamoiyeneba  jM

( )jj xSm Δ′=  daxrilobebi. 

amgvarad, yovel [ ]jj xx ,1−  SualedSi kuburi polinomis asagebad ga-

moiyeneba Semdegi parametrebi: , ,  da : ordinatebi da 

daxrilobebi. 

1−jy jy 1−jm jm

qvemoT vagebT analogiur sistemebs, rodesac  momen-

tebis nacvlad aiReba, rogorc bazisi, daxrilobebi: 

( )TNMMM ,,0 …=

( )fxSm jj ;Δ′= -

sidideebi. 

cxadia, rom, Tu { }jjjj mmyy ,;, 11 −−  parametrebiT avagebT mesame rigis 

mainterpolebel polinoms 

3 2( ; ) ,S x f ax bx cx dΔ = + + +   ,                  (d.1) jj xxx ≤≤−1

sadac a, b, c, d   j-ze damokidebuli ricxvebia, gveqneba: 

iiii ydcxbxax =+++ 23  , ),1( jji −=

ixi mcbxax =++ 23 2  ,                       (d.2) ),1( jji −=

Tu (d.2) sistemas amovxsniT a, b, c, d koeficientebis mimarT, CavsvamT 

maT (d.1)-Si, aigeba ( )jj xx ,1−  SualedSi gansazRvruli kuburi splaini, 

romelsac eqneba saxe: 

1 1 2 3 1 4( ; ) ( ) ( ) ( ) ( )j j jS x f H x m H x m H x y H x yΔ − −= + + + j  

1 1( ) ( ) 0,i jH x H x′= =  ( ) 111 =′ −jxH ; , 3 3( ) ( ) 0,j iH x H x′= = ( ) 113 =−jxH , 
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j iH x H x− ′= = ( )2 2 1( ) ( ) 0,i jH x H x −′= = ,   2 ( ) 1;jH x′ = 4 1 4( ) ( ) 0, 14 =jxH
   

(d.3) 

),1( jji −= . 

zemoT mocemuli Tvisebebi   funqciebs calsaxad gan-

sazRvravs da maT aqvT Semdegi saxe: 
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savarjiSo 1. avagoT, magaliTad, . cxadia, )(4 xH
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anu -is ZaliT 4)4( ⋅d

( ) ( ) 02 2
4 =⋅++=′ ahbaxhxH jjjj , . ( ) ( ) 1 2

4 =+= baxhxH jjj

( )baxah jj +−= 2 ,  
2

j
j

ah
bax −=+ ,  1

2
2 =⋅− j
j

ah
h .  3

2

jh
a −=  

( )jjj
j

jjjj xhh
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analogiurad, 

2
3( ) ( ) ( ),jH x x x ax b= − +   ( ) ( ) axxbaxxxxH jj ⋅−++−−=′ 2

3 )(2)(

( ) ( )baxhahxH jjjj +−⋅==′ −− 1
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13 20 , 
3
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3 1 1( ) 1 ( )

2
j

j j j

ah
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2
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j
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h
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2
33 jjj
j

hxxxx
h

xH +−−= − . 

savarjiSo 2. avagoT . misTvis  orjeradi nulia, xolo  _ 

erTjeradi. amitom cxadia, 

)(1 xH jx 1−jx

( ) ( ) axxxxxH jj ⋅−−= −1
2

1 )( . 

piroba  gvaZlevs, rom 1)( 11 =′ −jxH

1)( 2
1 =−⋅ −jj xxa , 2

1

jh
a = . 

aseve: 



2
2 1)( jj ahxH −==′ ,  2

1

jh
a −= . 

saboolod: 

( ) ( )
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amgvarad: 

2

2
1

2
1

2

1

)()()()(
)(

j

jj
j

j

jj
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m

h
xxxx

mxS
−−

−
−−

= −−
−Δ  

3

2
1

3
1

2

1

])(2[)(])(2[)(

j

jjj
j

j

jjj
j h

hxxxx
y

h
hxxxx
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− .     (1.10) 

gagaxsenebT, rom (1.10) warmoadgens Sarl ermitis sainterpolacio 

formulis kerZo SemTxvevas: or kvanZiT wertilSi mocemuli ordi-

natebiTa da daxrilobebiT. 

SevniSnoT, rom (1.10) SesaZlebelia aigos sxva gziTac, magram 

meTodologiuri erTianobisTvis qvemoT gadmovcemT xerxs, romelic 

splainis momentebiT agebisas gamoviyeneT. 

veZeboT splainis rigis warmoebuli, rogorc kvadratuli polinomi 

( ) cbxaxxS ++=′Δ
2 ,  

 
. ( ) ,i iS x mΔ′ = ( 1,i j j= − )

integrebiT gvaqvs: 

1j jy y+ − = ( )1
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jj

jjjj xxc
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bolo sami gantolebidan martivad isazRvreba a, b, c ricxvebi 

 sidideebiT. { jjimy ii ,1,, −= }
sabolood, (d.1)-dan d ganisazRvreba uSualod. 

(1.10)-is  gawarmoebiT miviRebT 
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saidanac 
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anu, Tu qveda tolobaSi -s SevcvliT j-iT, gveqneba: 1−j
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Tu gamoviyenebT pirobas, rom meore rigis warmoebulebi uwyvetia 

kvanZiT wertilebSic 

( ) ( )fxSfxS jj ;0;0 +′′=−′′ ΔΔ , 

(1.131) da (1.132) gvaZlevs: 
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an, Tu visargeblebT jλ  da jμ  ricxvebiT, rogorc zemoT, (1.14) 

gvaZlevs: 
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11 332

+
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−
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−
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j
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j

j
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jjjjjj h

yy
h

yy
mmm μλμλ .            (1.15) 

davubrundeT sasazRvro pirobebis sakiTxs, anu (1.15) sistemiT gansazR-

vrul tolobebs. rogorc momentebis SemTxvevaSi, (1.15) samarTliania, 

rodesac . periodul SemTxvevaSi (1.15) gavavrceloT 

-isTvisac. periodulobis gamo , , , 

, . amitom (1.15) gantolebis ZaliT, rodesac , 

gveqneba: 

1,,2,1 −= Nj …

Nj = Nmm =0 11 += Nmm Nyy =0

11 += Nyy 11 += Nhh Nj =

1 1
1 1

1

2 3 3N N N
N N N N N N N

N N

y y y ym m m
h h

λ μ λ μ−
− +

+

− −+ + = ⋅ + ⋅ . 

es gantoleba unda mivuerToT (1.15)-s. amave dros, rodesac , (1.15) 

gvaZlevs: 

1=j

1 2
1 1 1 2 1 12 2

1 2

2 3 3N
N

y y y ym m m
h h

λ μ λ μ− −+ + = ⋅ + ⋅ 1 .       (1.15 ) 1

rogorc adre, araperiodul SemTxvevaSi, an cnobilia daxrilobebis 

wrfivi kombinaciebi  da ax =0 Nx b=  wertilebSi, an TviT daxri-

lobebi. es pirobebi zogadad SeiZleba Caiweros erTiani saxiT: 

01002 cmm =+ μ , NNNN cmm =+− 21λ .                  (d.5) 
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amis Sedegad (1.15) da (d.5) CavweroT Semdegnairad: 
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sadac 

1

11 33
+

+− −
+

−
=

j

jj
j

j

jj
jj h

yy
h

yy
c μλ  . )1,,2,1( −= Nj …

periodul SemTxvevaSi meore rigis warmoebulTa toloba CavweroT 

 wertilisTvis. Tu gaviTvaliswinebT, rom , , 

 , ,  da a. S., miviRebT 

Nxx = Nmm =0 11 += Nmm

Nyy =0 11 += Nyy 11 += Nhh
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gamovweroT  da : 1c Nc

2

12
1

1

1
11 33

h
yy

h
yy

c N −
+

−
= μλ , 1 1

1

3 3N N N
N N N

N

y y y yc
h h

λ μ−− −= + . 

gadavweroT (1.16) da (1.17) simoklisTvis matriculi formiT  ,cBm =
sadac B  kvadratuli matricaa, xolo m saZiebeli da c cnobili veq-

torebia. TvalsaCinoebisTvis gamovweroT sasazRvro pirobebi rogorc 

momentebis, ise daxrilobebis Sesabamisi SemTxvevebisTvis. gvaqvs: 

rodesac ax = ,  bx =
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( i )  ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ ′−
−

=+ 0
1

01

1
10

62 y
h

yy
h

MM ,  ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −
−′=+ −

−
N

NN
N

N
NN h

yy
y

h
MM 1

1
62 , 

( ii )  ,                  00 22 yM ′′= 2 2N ,NM y′′=                       (1.18) 

( iii ) 01002 dMM =+ λ ,            , NNNN dMM =+− 21μ
 

( i )  ,                    00 22 ym ′= NN ym ′= 22

( ii ) 0
1

1

01
10 2

32 y
h

h
yy

mm ′′−
−

=+ ,   N
N

N

NN
NN y

h
h

yy
mm ′′+

−
=+ −

− 2
32 1

1 ,  (1.19) 

( iii ) 01002 cmm =+ μ ,              NNNN cmm =+− 21λ .  

sasazRvro pirobaTa es ori simravle erTmaneTis ekvivalenturia. 

rodesac 

( )
0

0
0 4

14
λ
λμ

−
−

= ,             
( )

N

N
N μ

μλ
−
−

=
4
14

,                     (d.7) 

,  
4
26

4 1
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0 h
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N h
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μ
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magaliTad, (1.19)3-s mivceT, rodesac ax = , (1.18)3-is saxe. amisTvis 

gamovsaxoT 0002 cmm −+ μ  sidide -iTa da -iT. (1.4)-dan gvaqvs: 0M 1M

1

01
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1
0

1
0 63 h

yy
MhMhm
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1
1 63 h

yy
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SevadginoT 
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romelic ase gadaiwereba: 
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naTelia, rom , dAM = Bm c=  sistemebs aqvT erTnairi struqtura 

amoxsnadobis TvalsazrisiT rogorc perioduli, ise araperioduli 

SemTxvevebisTvis. periodul SemTxvevebSi matricebs ewodebaT 

cikluri, xolo araperiodul SemTxvevaSi _ iakobis. (1.8) da (1.16) 

sistemebis amoxsna faqtiurad emTxveva gausis meTods, rodesac 

mTavari elementi . 2ij ija b= =

ganvixiloT algebrul gantolebaTa sistema:  

,
,

,
,

,

111121

3433323

2322212

12111

nnnnn

nnnnnnn

dxbxa
dxcxbxa

dxcxbxa
dxcxbxa

dxcxb

=+
=++

=++
=++

=+

−−−−−−

"""""""""
"""""""""
"""""""""

                      (c.1) 

romlis kerZo SemTxvevebia (1.8) da (1.16) (araperioduli SemTxvevebi). 

amovxsnaT (c.1) Semdegnairad: pirveli gantolebidan ganvsazRvroT  

ucnobi -is saSualebiT. Semdeg (c.1
1x

2x 2)-Si (meore gantolebaSi) CavsvaT 

-is magivrad misi gamosaxuleba, miRebuli (c.11x 1)-dan. gardaqmnili 

gantolebidan amovxsnaT  rogorc -sa da marjvena mxaris 

funqcia. miRebuli gantoleba gamoviyenoT (c.1

,2x 3x

3)-Si da gaviTvaliswinoT 

(c.14)-Si da a. S.  ucnobi ganvsazRvroT (c.11−nx n-1) gantolebidan da 

gamovsaxoT igi -iT da cnobili wevrebiT. amgvarad miRebuli 

gamosaxuleba gaviTvaliswinoT ukanasknel (c.1
nx

n) gantolebaSi, saida-

nac vipoviT -s. Tu igi gansazRvrebadia, maSin TanmimdevrobiT 

vipoviT , , … ,  da -s. miTiTebuli procedura gansazRvravs 

algoriTms, romelic ori nawilisgan Sedgeba: pirdapiri svla _ 

koeficientebis Tvla, xolo ukusvla _ ucnobTa gamoTvla. 

nx

1−nx 2−nx 2x 1x

amgvarad, ganvsazRvroT sidideebi, romelic pirdapiri svliT miiReba 

. ),,2,1( nk …=

kkkk bqap += −1  , )0( 0 =q
k

k
k p

c
q −= , 

k

kkk
k p

uadu 1−−=          (1.20)                 )0( 0 =u

(am sqemaSi vgulisxmobT, rom , ,  da  sidideebi mocemulia 

da warmoadgens sawyis informacias). -is, -is, , -is 

ja jb jc jd

1x 2x … 1−nx
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gamoricxva meore, mesame da a. S. n-uri gantolebidan gvaZlevs 

ekvivalentur sistemas: 

1211 uxqx +=    ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
==+=−=

1

1
111011

1

1
1    ,   ,

b
dubbqap

p
cq  

kkkk uxqx += +1  ,                   (c .2) )1,,3,2( −= nk …

nn ux = , 

saidanac TandaTanobiT ganisazRvreba , , … , , . nx 1−nx 2x 1x
amoxsnadobisa da Tvlis mdgradobis sakiTxebs, romlebic dakav-

Sirebulia (1.20) da (c.2) procesebTan, SeviswavliT odnav mogvianebiT. 

qvemoT ganvixiloT SemTxveva, rodesac A da B cikluri matricebia. am 

SemTxvevaSi (c.1)-is nacvlad gveqneba: 

,112111 dxaxcxb n =++  

2 1 2 2 2 3 2 ,a x b x c x d+ + =  

. . . . . . . . . . . . . . . . .   

. . . . . . . . . . . . . . . . .                                      (1.21) 

. . . . . . . . . . . . . . . . .  

,111121 −−−−−− =++ nnnnnnn dxcxbxa  

nnnnnn dxbxaxc =++ −   11                                

(1.21)-is mimarT ganvaxorcieloT amoxsnis igive procedura, rogorc 

(c.1)-isTvis. gansxvaveba iqneba imaSi, rom pirvelive nabijidan sidide 

Seva marjvena mxareebSi: (1.21

nx

1)-dan _ cxadad, (1.212)-dan _ -is 

saSualebiT, (1.21

1x

3)-dan _ -is saSualebiTa da a. S. modificirebuli 

(1.21 )-dan, radgan wina tolobidan ganisazRvreba, rogorc -is, 

-isa da marjvena mxareTa wrfivi funqcia,  gamoisaxeba -iTa da 

marjvena mxariT. am tolobebis gaTvaliswineba (1.21 ) modificirebul 

gantolebaSi -s gansazRvravs, rogorc mxolod -isa da cnobili 

wevrebis kombinacias. Semdgom, -is gaTvaliswinebiT igive struq-

tura eqneba -s da a. S. -s. 

2x

1−n 2−nx 1−nx

nx 1−nx nx

1n−

2−nx nx

2−nx

3−nx 1x

(1.21 ) gantolebaSi  da -is gaTvaliswinebiT (rogorc -isa da 

cnobili wevrebis kombinacia) -is mimarT gvaZlevs erT gantolebas 

erTi ucnobiT da Tu mas aqvs amoxsna, vipoviT -s. -is saSualebiT 

vipoviT danarCen  . 

n 1x 1−nx nx

nx

nx nx

ix )1,,2,1( −= ni …
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Tvali mivadevnoT -is koeficientebs TiToeul gardaqmnil toloba-

Si. Tu -is koeficients -uri gantolebidan aRvniSnavT, -Ti, 

cxadia gveqneba: 

nx

nx k ks

( )1,1.
0

1

01

1

1
1 =−=−= s

b
sa

b
as , 

2

12
2 p

sa
s

⋅
−= ,                        (1.22) ( 2212 baqp += )

da a. S. 

k

kk
k p

sa
s 1−−= . 

amis Sedegad (1.21) sistemis pirveli  gantoleba aseTnairad 

gadaiwereba: 

)1( −n

knkkkk uxsxqx ++= +1  .               (c.3) )1,,2,1( −= nk …

(c.2)-isgan gansxvavebiT, gasaTvaliswinebelia -is gavlenac. nx

gamoviyenoT (c.3) TanmimdevrobiT -dan 1-mde. am procesma unda 

mogvces -Tvis 

)1( −n

 ( 1,2,..., 1)k k n∀ = −

knkk vxtx +=     .              (1.23) )1,,2,1( −= nk … ( !111 +++ += knkk vxtx )

,

radgan, rodesac , (1.23) igiveobad unda iqces, gvaqvs: , . 

(c3)-Si (1.23)-is gaTvaliswinebiT miviRebT: 

nk = 1=nt 0=nv

1 1( )k n k k k n k k n kt x v q t x v s x u+ ++ = + + +  

saidanac 

kkkk stqt += +1 ,   .                    (c.4) kkkk uvqv += +1 )1,,2,1( −= nk …

(c.4) warmoadgens rekurentul damokidebulebas, radgan  da  

cnobilia.  da  ganisazRvreba (c.4)-dan, rogorc adre, uku proce-

siT. vgulisxmobT, rom ,  da  miiReba pirdapiri svliT. 

nt nv

kt kv

kq ku ks

amgvarad, (1.23)-Si ganisazRvra yvela  da  koeficienti. misi gamo-

yeneba (1.21 )-Si gvaZlevs: 

kt kv

n

( ) ( ) nnnnvnnnn dxbvxtavxtc =++++ −− 1111 , 

romlis amoxsna -is mimarT gansazRvravs am ucnobs. -is saSua-

lebiT (1.23)-dan vipovoT  . 

nx nx

kx )1,,2,1( −= nk …
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xazi gavusvaT, rom ( .1) da (1.21) sistemebis amoxsnadobisa da agebuli 

Sesabamisi procedurebis mdgradobis (Tvlis) sakiTxebi Seiswavleba 

dawvrilebiT Semdgom leqciebSi. 

c
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)

SeviswavloT sakiTxi, Tu ra raodenobis ariTmetikuli operacia unda 

Catardes, rom ( .1) da (1.21) sistemebi amoixsnas. ( .1)-isTvis yoveli 

fiqsirebuli -sTvis ,  da  sidideebis sapovnelad saWiroa 4 

operacia (gamravleba an gayofa), xolo -s povna (c .2)-dan saWiroebs 
1 operacias. amgvarad (c .2)-iT gansazRvruli procesi -is pirveli 

xarisxis rigisaa. igive rigis operaciaTa raodenobaa saWiro (1.21)-is 

amosaxsnelad, Tuki gamoviyenebT zemoT gansazRvrul algoriTms: , 

 da  sidideebis Tvla saWiroebs yoveli k-sTvis 3 gamravlebasa da 

1 gayofas, anu operaciaTa  rigs. (1.23) saWiroebs 1 gamravlebas, anu 

veqtori ganisazRvreba sabolood , e. i. -is pirveli 

xarisxis rigis ariTmetikul operacias, sadac n gantolebaTa raode-

nobaa. 

c c
k kp kq ku

kx
n≈

ks

kt kv
n≈

( T
nxxx ,,, 21 … )(0 n n

Tu  ,  da  koeficientebi mudmivebia, (1.20) gvaqvs:  ka kb kc

baqp kk += −1 , 
k

k p
cq −= , 

anu 

1

.k
k

acp b
p −

= − +  

Tu -s ganvsazRvravT, rogorc ori sididis fardobas: kp

1−

=
k

k
k h

h
p , 

maSin 

b

h
h
ac

h
h

k

kk

k +−=

−

−−

2

11

⇒ 021 =+− −− kkk achbhh . 

amgvarad,  warmoadgens II rigis mudmivkoeficientebiani, sxvaobiani 

gantolebis amonaxsns, romelic advilad igeba. 

kh

vaCvenoT, rom wina leqciebSi warmodgenili algoriTmebi samar-

Tliania im SemTxvevaSi, Tu (1.8) da (1.16) sistemebSi 

( 2,,,max 00 <NN λμμλ ) .                          (1) 



rac Seexeba danarCen sasazRvro pirobebs, maTTvis mTavari diago-

nalis elementi dominantia. amgvarad -sTvis sruldeba 

diagonalis Warbobis kriteriumi. 

∀ Ni ,,2,1,0 …=

 

3.2. splainebis arseboba, erTaderToba, saukeTeso miaxloeba 

 
SeviswavloT amgvarad amoxsnadobis sakiTxi (1.8) da (1.16) tipis 

sistemebisTvis. amisTvis gamoviyenoT adamaris lema. igi ase yalibdeba: 

adamaris lema (kriteriumi): Tu 
n

ikaA
1

=  matricisTvis samarTliania 

1
0    ( 1,2,..., )

n

i ii ij
j
j i

H a a i n
=
≠

= − > =∑                        (H) 

n utoloba, maSin A matrica gadaugvarebelia. 

d a m t k i c e b a. davuSvaT, A matrica gadagvarebulia. maSin 

0det == AA . am SemTxvevaSi 

,0=Ax  anu  ∑  
=

=
n

j
jij xa

1

0 ),1( ni =  

erTgvarovan gantolebaTa sistemas eqneba aranulovani amonaxsnic 

 iseTi, rom iarsebebs maqsimaluri elementi TvisebiT ),,,( 21 nxxxx …=

0>kx . 

(Tu aseTi  metia erTze, maSin viRebT nebismieridan erT-erTs). nk ≤
k -uri gantolebidan gvaqvs: 

1 1 1

n n n

kk k kk k kj j kj j k k j
j j j
j k j k j k

a x a x a x a x x a
= = =
≠ ≠ ≠

= = − ≤ ≤∑ ∑ ∑ . 

kx -ze SekveciT gvaqvs 

∑
≠
=

≤
n

kj
j

jkkk aa
1

, 

rac  pirobas ewinaaRmdegeba. amitom adamaris Teorema damtki-

cebulia.  

0>iH

pirobebi  niSnavs, rom diagonaluri elementis moduli 0>iH iia  

aRemateba (mkacrad) i -uri striqonis yvela danarCeni elementebis mo-

dulebis jams. aseTi elementi iwodeba dominantad (Tavisi Sesabamisi 
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striqonisTvis), xolo adamaris kriteriumi iTxovs, rom yvela dia-

gonaluri elementi iyos dominanti. 

samarTliania agreTve Semdegi (SedarebiT zogadi) Teorema. 

Teorema. Tu A  matrica ar aris daSladi da sruldeba adamaris 

kriteriumi susti azriT, 

1
0

n

i ii ij
j
j i

H a a
=
≠

= − ≥∑ ,  ),,2,1( ni …=

xolo mkacri utoloba sruldeba romelime erTi mainc fiqsirebuli 

indeqsisTvis, maSin A  matrici gadaugvarebelia. 

d a m t k i c e b a. davuSvaT, rogorc zemoT, rom A  gadagvarebulia. 

maSin , , … ,  ricxvebidan avarCioT  maqsimaluri elementi 1x 2x nx kx , 

romelic yvela danarCens aRemateba. SesaZlebelia sami SemTxveva: 

aseTi elementi erTia, aseTi elementebis raodenoba np <  ricxvia da 

np = . ganvixiloT pirveli 2 SemTxveva: . gadavnomroT maq-

simalurmoduliani elementebi iseTnairad, rom isini Seadgendnen 

pirvel 

np <≤1

p komponents: 

 21 jp xxxx >=== "   ),,1( npj …+=

(es procesi xorcieldeba martivad A  matricis striqonebisa da sve-

tebis gadanacvlebiT,  gamowveuli  sidideebis axali gadanomvriT!). 

amis gamo gvaqvs: 

jx

∑
≠
=

−=
n

ki
j

jkjkkk xaxa
1

 , ),,2,1( pk …=

saidanac martivad miviRebT: 

∑
≠
=

≤
n

kj
j

kjkk aa
1

   , ),,2,1( pk …=

Tu am pirobas SevadarebT pirobas, rom  -sTvis, maSin gveq-

neba:  

0≥iH ∀ i

∑
≠
=

=
n

kj
j

kjkk aa
1

,   ),,2,1( pk …=

∑∑∑
+=

≠
=

≠
=

+≤=
n

pj
jkj

p

kj
j

kkj

n

kj
j

jkjkkk xaxaxaxa
111

,   ),,2,1( pk …=
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davuSvaT, 0
1

≠∑
+=

n

pj
kja , maSin ukanaskneli utoloba gvaZlevs: 

k

n

pj
kj

p

kj
j

kkj

n

pj
jkj

p

kj
j

kkj

n

kj
j

jkjkkk xaxaxaxaxaxa ∑∑∑∑∑
+=

≠
=+=

≠
=

≠
=

+<+≤=
11111

, 

saidanac gamomdinareobs, rom  rac SeuZlebelia. amitom ,0<kH

0
1

=∑
+=

n

pj
kja  , ),,1( npk …+=

rac niSnavs, rom A -s aqvs saxe: 

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ Θ
=

43

1

    
    

AA
A

A , 

Θ  aqvs p  striqoni, rogorc -s da  sveti, rogorc  mat-

ricas, rac niSnavs, rom 

1A n p− 4A

A  daSladia. 

amgvarad, rodesac , np <≤1 A  matrica daSladia. vTqvaT, np = , maSin 

 , e. i. yvela -sTvis adamaris Sesustebuli krite-

riumi gadadis tolobaSi, rac ewinaaRmdegeba pirobas, rom 
 
ricxve-

bidan erTi mainc gansxvavdeba nulisgan. amgvarad, Teorema damtki-

cebulia. 

0=iH ),,2,1( ni …= i

iH

davubrundeT (1.8) da (1.16) sistemebs. maTTvis sruldeba adamaris 

kriteriumi (mkacri azriT), radgan pirobebi 

0>iH   i∀

kmayofildeba, Tu sasazRvro pirobebis koeficientebisaTvis (d.1) uto-
loba daculia. gavixsenoT (1.8) da (1.16) struqtura. (1.16)-isTvis 

,2=iia   . 111 =+ +− ijij aa ),,2,1( Ni …=

(1.8)-isTvis 

2=iia , .  111 =+ +− ijij aa )1,,2,1( −= Ni …

200 =a , . 2 =NNa

xolo danarCeni  da  udris an 0-s (1.18)01a 1−NNa 2 da (1.19)1-is Sem-

TxvevaSi, udris 1-s, rodesac pirobebi emTxveva (1.18)1-sa da (1.19) -s da 

aris 

2

0λ , Nμ  (2.18)3-is SemTxvevaSi da 0μ da Nλ (2.19)3-isTvis. (d.1)-is gamo 

aqac Sesrulebulia diagonaluri elementis Warbobis (mkacri azriT) 

kriteriumebi. 
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(1.8) da (1.16) sistemebi warmoadgens gantolebebs  da  (momen-

tebisa da daxrilobebis) mimarT. davsvaT aseTi sakiTxi: yovelTvis ar-

sebobs Tu ara splaini, rom  da  gansazRvruli iyos nebis-

mierad?! zemoT mocemuli kriteriumebi gvaZlevda pasuxs, rom  da 

 ricxvebi moicema calsaxad marjvena mxareebiT. davsvaT Sebru-

nebuli amocana: ramdenad Tavisufalia 

jM jm

jm jM

jM

jm

M M da  mravalsaxeobebi?! m
ganvixiloT perioduli SemTxveva, rodesac gvaqvs (1.5) gantolebebi 

(perioduli SemTxveva): 

j

jj

j

jj
j

j
j

jj
j

i

h
yy

h
yy

M
h

M
hh

M
h 1

1

1
1

11
1 636

−

+

+
+

++
−

−
−

−
=+

+
+  .  (1.5) ),,2,1( Nj …=

amasTan gavixsenoT, rom 0 ,NM M=  , , , 

. 

11 MM N =+ 0yyN = 11 yyN =+

11 hhN =+

(1.5)-dan, rodesac , N  marjvena mxareebs aqvT saxe: 1=j

,
1

1

2

12
1 h

yy
h

yy
d N−

−
−

=  1 1

1

.N N N
N

N

y y y yd
h h

−− −= −  

amis gaTvaliswinebiT, (1.5) tolobebis marjvena mxareTa jami udris    

0-s, radgan, Tu  N-isgan, 1≠j 1j j

j

y y
h

−−
 Sedis da  da  

gantolebaSi sxvadasxva niSniT, xolo Sesakrebi 

j 1−j

1

1

h
yy N−

 Sedis pirvel 

da N-ur gantolebaSi aseve sxvadasxva niSniT, amitom marcxena mxareTa 

Sekreba mogvcems: 

( ) 0
2
1

1
1 =+∑

=
+

N

j
jjj Mhh .                         (c .1) 

marTlac, gamovTvaloT koeficientebi -Tan: jM

3
: 21

1
hhM +

 
(pirveli gantolebidan) 

6
2h+  (meore gantolebidan) 

6
1h+
 
(n-

uridan) 
2

21 hh +
= . 

3
  )I(

6
: 11 hhhM N

N
+

+ (N-dan)
6
Nh

+ ( -dan) 1−N
2

1++
= NN hh

  )( 11 += Nhh

6
: 1hM j ( -dan)1−j

3
1++

+ jj hh
(j-uridan)

6
1++ jh
( -dan)1+j

2
1++

= jj hh
. 
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amgvarad, (c .1) pirobebi warmoadgens aucilebel pirobebs, romelsac 

unda akmayofilebdes (1.5) sistemis amonaxsni. 

aRvniSnoT (1.5)-is marjvena mxareebi jϕ -Ti. maSin ( .1)-is Tanaxmad c

0
1

=∑
=

N

j
jϕ . 

davuSvaT, 

c
h

yy N =
−

1

1 , 

aSkaraa: 

1

11
121 h

yy
h

yy N

j

jj
j

−
−

−
=+++ −

−ϕϕϕ " ,  

anu 

11
1

−
− +++=

−
j

j

jj c
h

yy
ϕϕ "  ,                 (c .2) ),,3,2( Nj …=

amave dros 

∑
=

=
N

j
j

1
0ϕ ⇒ ∑

=

+=
N

j
jcc

1
ϕ ⇒ c

h
yy N =

−

1

1 . 

(c .2)-dan,  tolobis damatebiT, gvaqvs: chyy N 11 +=

1 1

2 1 2 1

3 2 3 1 2

1 1

( )
( ),

...............................................

..............................................

...............................................
( ...

N

N N N

y y h c
y y h c
y y h c

y y h c

ϕ
ϕ ϕ

ϕ−

= +
= + +
= + + +

= + + + 1)Nϕ −+

                  ( .3) c

(c .3) sistemis determinanti nulis tolia (gantolebaTa Sekreba gvaZ-

levs nulovan striqons). amitom kroneker-kapelis Teoremis Tanaxmad 

marjvena mxareTa jami unda iyos nulis toli, rom gafarToebuli 

matricis rangi daemTxves sistemis matricis rangs. amitom 

( ) ( ) ([ ]12121312321 −+++++++−=++++ NNN hhhchhhh )ϕϕϕϕϕϕ """ , 

( )∑
=

−++−=−
N

j
jjhcab

2
11)( ϕϕ " ⇒ ( )1 1

2

1 ...
N

j j
j

c h
a b

ϕ ϕ −
=

= +
− ∑ + . 
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amgvarad,  gamoisaxeba c jϕ -Ti, anu -is saSualebiT. TviT sistema 

(c .3)-dan, radgan igi Tavsebadi sistemaa, SesaZlebelia, aviRoT 

nebismieri  gantoleba (magaliTad, 1, … , ). maSin nebismier 

parametrad gamodgeba . 

jM

1−N 1−N

Ny

araperiodul SemTxvevaSi  ricxvebs, cxadia, SezRudva ar edebaT. jM

vnaxoT, rogori suraTia, rodesac vixilavT periodul splains dax-

rilobebiT. 

amisTvis ganvixiloT (1.14) tolobebi: 

2
1

1
2

1

1
1

11
1 3311121

+

+−
+

++
−

−
+

−
=+⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛
++

j

jjjj
j

j
j

jj
j

j h
yy

h
yy

m
h

m
hh

m
h

 . ),,2,1( Nj …=

amasTan gavixsenoT , . Nmm =0 Nyy =0

rogorc momentebis SemTxvevaSi, SemoviRoT aRniSvna: 

c
h

yy N =
−

2
1

1  .                              ( .1) a

(1.14)-is marjvena mxareebi aRvniSnoT jψ3 -Ti. cxadia, 

2
1

12
2

1

1
1 h

yy
h

yy N −
+

−
=ψ ⇒ 2 1

12
1

.y y c
h

ψ− = −  

aseve 

2
3

23
2
2

12
2 h

yy
h

yy −
+

−
=ψ ⇒ c

h
yy

h
yy

+−=
−

−=
−

122
2

12
22

3

23 ψψψ         ( .2) a

induqciiT mtkicdeba, rom 

2
1

2
1

21
1

N

NN

N

NN
N h

yy
h

yy −

−

−−
−

−
+

−
=ψ ⇒ 2

1

21
12

1

−

−−
−

− −
−=

−

N

NN
N

N

NN

h
yy

h
yy ψ ⇒  

c
h

yy NN
NN

N

NN 1
1

2
212

1 )1()1( −−
−−

− −+−++−=
− ψψψ " . 

c
h

yy NN
NN

N )1()1( 1
1

12
1

1 −+−++−=
− −

− ψψψ " . 

magram ( .1)-is ZaliT: a

ccNN
NN =−+−+− −
− )1()1( 1

1
1 ψψψ "                      ( .3) a

gamovsaxoT yoveli jψ   m-ebis saSualebiT (1.14)-dan da SevitanoT 

(a .3)- Si.  

:1m  koeficienti ( 1ψ -dan + 2ψ -dan + Nψ -dan) 
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Nm -Tan:  ⎥
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1

11)1(
3
11)1(1)1(22)1(

3
1

jj

jN

j

jN

j

jN

jj

jN

hhhhhh
. 

sabolood, (a .3) miiRebs saxes (m -is terminebSi): 

[ ]1)1())1(1(11)1(
3
1

1 1

1

1

−−=⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛ +
−−−⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛
+−∑

= +

N
N

j

NN
j

jj

j c
h

mmm
hh

. 

ganvixiloT (a.1)+(a.2) sistema (a.1,2). misi determinanti, Tu ucnobebad 

CavTvliT  ricxvebs, nulis tolia. (a.1,2)-is TvisebadobisTvis, Tavis 

mxriv, aucilebeli da sakmarisia, rom 

jy

( )212
2

2
1 )1( N

N hhhc −−++− "  

( ) ( )[ ]1
2

1
2

12
2
31

2
2 )1( ψψψψψψ −

− −++−++−+−= N
NNNhhh "" ,            (a.4) 

SemovisazRvroT SemTxveviT, rodesac  Tanabari 

badea. rodesac , maSin (a.4) gvaZlevs: 

hhhh N ==== "21

12 += sN

( ) [ "" ++−+−+−=−+++− 123121
222222 )1( ψψψψψψhhhhhc s  

( ) ( ]12122122212 )ψψψψψψψψ −++−++−+−+ −−− "" ssss  

( ) ( )[ ]ssshch 2123222121
22 ψψψψψψψψ +−++−++−+−= −− ""  

[ ]sh 242
2 ψψψ +++−= " . 

sc 242 ψψψ −−−−= " .                      (a.5) 

(a.3)-dan gvaqvs: 

122122 ψψψψ +−+−= + "ssc                    (a.6) ⇒

(a.5)-is gaTvaliswinebiT 

cccs =−=+++ + 21231 ψψψ " .                   (a.7) 

cs −=+++ 242 ψψψ " , ⇒  .                 (a.8) ∑
=

=
s

j

2

1
1 0ψ

vTqvaT,  maSin (a.3)-dan gveqneba: 2 ,N s=

 71



0123122 =−=+−++− − ccss ψψψψψ " , 

anu 

ss 2421231 ψψψψψψ +++=+++ − "" .               (a.9) 

(a.4)-dan 

( )122222
1 )1( −−+−+− shhhhc "  

( ) ( ) ([ ]122212123121
2 ( ψψψψψψψψψψ +−+−+++−+−+−= −− "" ssh )  

( ) 01231
2 =+++−= −sh ψψψ " , 

anu 01231 =+++ −sψψψ " . magram ( .9)-is ZaliT, a 0242 =+++ sψψψ " , an 

-is terminebSi: N
( ) ( 033 42131 =+++=+++ − NN )ψψψψψψ "" . 

m -is terminebSi: 

( ) ( ) ( ) 0243 42131131 =+++++++=+++ −− NNN mmm
h

mmm
h

""" ψψψ . 

aseve: 

( ) ( ) ( ) 0243 1314242 =+++++++=+++ −NNN mmm
h

mmm
h

""" ψψψ . 

Tu aRvniSnavT 

xmmm N =+++ −131 " , , ymmm N =+++ "42

bolo ori sistema miiRebs saxes: 

,02
,02

=+
==

yx
yx

  , ⇒ 0== yx

anu 

0121 =+++ −Nmmm " ,  032 =+++ Nmmm "
aris damatebiTi damokidebuleba, romelsac unda akmayofilebdes 

perioduli splainis daxrilobebi. 

 

ganvixiloT eqstremaluri amocana, saidanac gamoCndeba im algebrul 

gantolebaTa sistemis roli, romelsac akmayofilebs  

momentebi araperiodul SemTxvevaSi 

( )NMMMM ,,, 10 …=
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⎞
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T
NMMMM ,,, 21 …= NMM =0sasazRvro pirobiT, an  periodul Sem-

TxvevaSi. 

( ) ⇒

davuSvaT, mocemulia Δ  dayofa, ( ).jj xff =  aRvniSnoT  perio-

duli an araperioduli ((a.1) sasazRvro pirobebiT) mainterpolebeli 

splaini. amgvarad 

),( xfSΔ

( ) ( ); ; .j j j jS f x S f x fΔ Δ= =  

davuSvaT,  nebismieri kuburi splainia. ganvixiloT funqcionali )(xSΔ

[∫ Δ′′−′′=
b

a

dxxSxfE 2)()( ] .                          (a.2)  

E   asaxavs  funqciis miaxloebis zomas -iT -ze. davuS-

vaT, 

)(xf ′′ )(xSΔ′′ ],[ ba

( )jj xSM Δ′′= .  ricxvebi warmoadgens nebismier ricxvebs 

 . amgvarad,  ganisazRvreba, rogorc klasi fun-

qciebisa. 

jM

+∞<<∞− jM j∀ )(xSΔ

gaviTvaliswinoT, rom  da gadavweroT (a.2) CvenTvis mosa-

xerxebeli formiT. amgvarad ( , ): 
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aRvniSnoT simartivisaTvis α=jx , β=+1jx , h=−αβ  da gamovTvaloT 
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(1)-Si igulisxmeba, rom , , , Tu  f da  

funqciebi periodulia periodiT . 

Nff ′=′0 NMM =0 Nff =0 ΔS

)( ab −
Cveni mizania (1) funqcionalisTvis stacionaruli wertilis gansaz-

Rvra. amisTvis aucilebeli pirobaa 
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amgvarad, periodul SemTxvevaSi stacionaruli wertili arsebobs, Tu 

Sesrulebulia (21), da _ araperiodulSi, Tu sruldeba (2) ( ) sa-

sazRvro pirobebiT. Mmagram es gantolebaTa sistemebi igivea, rac 

adre ganxiluli (1.8) (1.18i) pirobebiT da (1.9) wrfiv algebrul 

gantolebaTa sistemebi Sesabamisad araperioduli da perioduli Sem-

TxvevebisTvis, romelTa erTaderTi amonaxsnebi iyo mainerpolebeli 

splainebi. 

)1.(a

vaCvenoT, rom es wertili minimumis wertilia. aRvniSnoT 

( )TNMMM ,,, 10 …  da ( T
NMMM ,,, 21 … )  (2) sistemis amonaxsnebi arape-

rioduli da perioduli SemTxvevebisTvis. amasTan ( ) jj fxfS =Δ ; , 

radgan (2) sruldeba jM  sistemisTvis, CavsvaT masSi jj MM =  da 

miRebuli sidideebi gavamravloT , , ,  Sesabamisad. 

aseTnairi tolobebi (faqtiurad nulebi) mivumatoT (1) tolobas. 

miviRebT: 
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pirveli da mesame Sesakrebi sidideebze araa damokidebuli; rac 

Seexeba meore Sesakrebs, igi arauaryofiTia, radgan, Tu aRvniSnavT 

jM

11 −− −= jj MMa , jj MMb −= , cxadia, rom 

022 ≥++ baba . 

amitom funqcionali miiRebs minimalur mniSvnelobas, Tu E jj MM = , 

anu , e. i., Tu  mainterpolebeli splainia. ( xfSxS ;)( ΔΔ ′′=′′ ) )(xSΔ

 

3.3. krebadoba 
 

Cvens mizans Seadgens, SeviswavloT splain-funqciebiT krebadobis 

sakiTxebi. krebadobis sakiTxebi ukavSirdeba M da  sidideebisTvis 

agebul gantolebaTa sistemis Sesabamisi matricebis Seswavlas da 

maTTvis zogierTi Tvisebis dadgenas. 

m
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davuSvaT, B   rigis kvadratuli matricaa da  ele-

mentis norma Semdegnairad ganvsazRvroT: 

n ( )Tnxxxx ,,, 21 …=

ixx max= . 

vipovoT am normis B  matricis inducirebuli norma. ganvixiloT 

wrfivi gardaqmna, gansazRvruli B matriciT: 

∑
=

=
n

j
jiji xby

1
 . )1( ni ≤≤

aqedan visargebloT operatoris normis ganmartebiT: 

1 1
max max max

n n

i ij ji i ij j
y y b x x

= =

= = ≤ ijb∑ ∑  

rac niSnavs, rom  

∑
=≠≠

≤==
n

j
ijixx

b
x
y

x
Bx

B
100

maxsupsup . 

vaCvenoT, rom am utolobaSi SesaZlebelia tolobac, e. i. utoloba 

gaumjobesebadia. marTlac, davuSvaT, rom ∑
=

n

j
ijb

1
 maqsimalur mniS-

vnelobas iRebs, rodesac . 0ii =
ganvixiloT 
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b
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max max
n n n n

ij i j i j j iji ij j j j

y b b b x x
= = = =

= = = =∑ ∑ ∑ ∑ b  

 

∑
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j
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max . 

 
amgvarad, Tu  A  aRniSnavs (1.8) an (1.9) sistemebis Sesabamis matricas, 

amasTan, Tu 0λ  da Nμ  naklebia 2-ze, maSin araperiodul SemTxvevebSi 

gvaqvs 

1 1
0max (2 ) , (2 ) , 1 ,NA λ μ− − 1−⎡ ⎤≤ − −⎣ ⎦                    (3.1) 

 
xolo periodul SemTxvevaSi 
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11 ≤−A .                             (3.2) 

daxrilobebisTvis gansazRvruli sistemebisTvis, Tu Sesabamisi mat-

ricaa B , maSin 20 <μ  da 2<Nλ  

1 1
0max (2 ) , (2 ) , 1 NB μ λ− − 1−⎡ ⎤≤ − −⎣ ⎦                   (3.3) 

(araperiodul SemTxvevaSi), 

11 ≤−B  

(perioduli SemTxvevisTvis). 

krebadobis sakiTxi an cdomilebis Sefasebis procesi Seiswavleba, 

Cveulebriv, rodesac saTanado parametri qmnis process. aseTnairad 

avirCioT biji, romlis Sesabamisi dayofaTa ricxvi qmnis mimdevrobas. 

amgvarad, ganvixiloT badeTa mimdevroba: 

0 1: ... .
kk k k k Na x x x bΔ = < < < =                      (3.4) 

davuSvaT 

1−−= kjkjkj xxh ,                              (3.5) 

ganvsazRvroT  badis norma: kΔ

( )kjNjk h
k≤≤

=Δ
1
max                               (3.6) 

(zemoT motanil aRniSvnebSi  TamaSobs mimdevrobis nomris rols, 

xolo  _ wertilTa raodenobas yoveli -sTvis). 

k

kN k

ganixileba  badeTa iseTi mimdevrobebi, romelTaTvis { }kΔ ,0→Δ k  

rodesac . aseve vigulisxmoT, rom badisaTvis Sesrulebulia 

e.w. aralakunarobis piroba 

∞→k

∞<≤
Δ

=Δ
≤≤

β
kj

k

Njk hk1
max .                          (3.7) 

(dayofa xorcieldeba Tanabrad -sTvis  , ). 

samarTliania Semdegi Teorema krebadobis Sesaxeb. 

],[ ba 0kjh → jk >∀ ∞→k

Teorema 3.1.  

davuSvaT, rom  SualedSi mocemulia uwyveti perioduli funqcia 

 da badeTa  mimdevroba, romelic akmayofilebs (3.7) pirobas da 

],[ ba

)(xf kΔ

0lim =Δ
∞→ kk

. 

Tu aris funqciis mainterpolebeli perioduli splaini  

badis kvanZebSi, maSin 

)(xS
kΔ

( )xf kΔ
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( )( ) ( ) 1 ,kf x S x oΔ− =                           (3.8) 

Tanabrad x -is mimarT -ze. ],[ ba

Tu  akmayofilebs  lifSicis pirobas ( )xf )10( ≤<αα  rigiT, maSin 

(( ) ( ) a
kf x S x O AΔ− = )k                          (3.9) 

Tanabrad x -is mimarT -Si. ],[ ba

araperiodul SemTxvevaSi, Tu  mainterpolebeli splaini akmayo-

filebs (1.18

)(xS
kΔ

iii)-tipis sasazRvro pirobebsa da 

2
0 0sup max( , ) 2;          ( ) 0k kNk k k kNkd dλ μ < Δ + →  

SezRudvebs, rodesac , maSin samarTliania (3.8). ∞→k
amis garda, Tu  funqcia akmayofilebs lifSicis pirobas )(xf α  ri-

giT, )10( ≤<α  maSin samarTliania (3.9), Tu mimdevroba 

( )kNkkk dd +Δ −
0

2 α
 

SemosazRvrulia. 

damtkiceba. Tu (1.2) formulis orive mxares gamovaklebT -s, maSin 

 -isTvis samarTliania Semdegi: 

)(xf

jj xxx <<−1 ),,2,1( Nj …=
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−
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⎝ ⎠

x x−
         (3.10) 

sadac Canaweris Semoklebisa da simartivisTvis gamotovebulia . 

magaliTad,   nacvlad aris  da a. S. 

k
xxkj − xx j −

aRvniSnoT -iT 1−
ijA 1−A  matricis elementebi (vixilavT (1.8) sistemas). 

maSin 

1 11
1 11

0 0
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i i i iN

i i 1
j ji j jN N

i ii

f f f f
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M A
h h
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davuSvaT, ),( fδω  aRniSnavs  funqciis uwyvetobis moduls -

ze: 

)(xf ],[ ba

sup ( ) ( ) ( , ),f x f t fω δ− =
 
 δ<− tx ,  [ ], , .x t a b∈  
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vaCvenoT, rom (3.10) tolobebSi da -Tan mdgomi koeficientebi 

ar aRemateba 
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analogiurad vRebulobT meore koeficientisaTvis (  da  icvlis 

adgilebs): 
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amis gamo -dan gamomdinareobs (araperiodul SemTxvevaSi): )1.(a
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periodul SemTxvevaSi (a.1)-is magivrad gveqneba: 
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magram ( ) 0, →Δ fω , rodesac ( ) 0→Δ . 

amgvarad (3.8) damtkicebulia. 

(3.9)-is dasamtkiceblad gamoviyenoTYlifSicis piroba, anu 

1( ) ( ) ,
a

f x f x K x x′− ≤ −  

sadac -s ewodeba lifSicis mudmiva da K α -s maCvenebeli, anu rigi. 

amgvarad, ( ) αω Δ≤Δ Kf, , Δ≤− 1xx  pirobis gamoyenebiT gveqneba 
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zemoT Seswavlil iqna cdomilebis Sefasebis sakiTxi, rodesac -

is maaproqsimirebel aparatad arCeuli iyo kuburi splainebi momen-

tebiT. 

)(xf

sainterpolacio splainis SemTxvevaSi daxrilobebiT, samarTliania 

aseTi Teorema: 

Teorema 3.2. davuSvaT, rom  monakveTze mocemulia  badeTa mim-

devroba, iseTi, rom 

],[ ba kΔ

0→Δ k , rodesac  da . Tu 

sainterpolacio splaini  akmayofilebs (1.19i) sasazRvro pirobebs, 

anu  da , an igi periodulia  funqciasTan er-

Tad, maSin 

∞→k 1)( Cxf ∈ ],[ ba

k
SΔ

00 22 ym ′= NN ym ′= 22 )(xf

( )1( ) ( )( ) ( ) pp p
k kf x S x ο −

Δ− = Δ                   (3.13) )1,0( =p

Tanabrad -s mimarT. ],[ bax∈

Tu  akmayofilebs -ze lifSicis pirobas )(xf ],[ ba α  )10( ≤< α  rigiT, 

maSin 

( )1( ) ( ) ( ) pp p
k kf x S x α+ −

Δ− = Ο Δ                  (3.14) )1,0( =p

damtkiceba. davuSvaT, araperiodul SemTxvevaSi ,  

, . periodul SemTxvevaSi gan-

vixilavT amave veqtorebs pirveli komponentebis gareSe. mocemuli  

badisTvis aRvniSnoT  simboloTi (1.16) ((1.19i) pirobebiT) an (1.17) 

sistemaTa Sesabamisi matricebi. amasTan, (1.19i) piroba aseTnairad 

gadavweroT: 
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sadac  aris  an  rigis erTeulovani matricaa. SevniSnoT, 

rom   da  

kI 1+kN kN

kkkk cImB = kkkk cBcB
3
1

3
1 −=−  tolobaTa SekrebiT miviRebT  

(3.15)-s. 

araperiodul SemTxvevaSi (3.15)-is marjvena mxare miiRebs aseT saxes: 
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periodul SemTxvevaSi gvaqvs: 
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TiToeuli am veqtoris norma ar aRemateba ( ) ( )ff kk ′Δ≤′Δ ,3,3 ωω . 
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( ) ( ) ( ).sup;,21 tfxff

tx
−=+=

<− δ
δωδδδ

 

maSin 

.,, 20100 δδ <−<−∃ txxxx
 

amitom 

( ) ( ) ( )tfxff
tx

−=
<− δ

δω sup;  
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( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )[ ]
( ) ( ) ( ) ( ) ( ) ( ).;;supsup

supsup

21

0000

21

fftfxftfxf

tfxfxfxftfxfxfxf

txtx

txtx

δωδω
δδ

δδ

+=−+−≤

−+−≤−+−=

<−<−

<−<−
 

amis Sedegad 

        
( ) ( ) ( ) ( ))(,311 xfcccc kjjkjkjjkjkjj ′Δ+≤−−− +− ωμλμλ . 

sxvaoba or momdevno -sa da  Soris SevafasoT aseTnairad: kjc 1−kjc

( ) ( ) ( ) ( ))(,311 xfcccc kjjkjkjjkjkjj ′Δ+≤−−− +− ωμλμλ . 

amis Sedegad (3.15)-dan 

( ) ( )ffBcm kkkkk ′Δ≤′Δ⋅≤− − ,3,3
3
1 1 ωω . 

Semdeg, periodul SemTxvevaSi, yoveli kjc
3
1

-Tvis samarTliania saSua-

lo mniSvnelobis Teorema 

( )kjkj fc ξ′=
3
1

 [ ]kjkjkj xx ,1−∈ξ . 

igivea samarTliani araperioduli SemTxvevisTvis, rodesac  

da , . amitom 

11 −≤≤ kNj

)(30 afck ′= )(3 bfc
kkN ′=

( )ffm kkk ′Δ≤′− ,4ω . 

(1.11)-dan gamomdinareobs ( k -ze damokidebuleba simartivisTvis gamov-

toveT): 

( )( ) ( )( )
2

11
2
1

1
1 3232

)(
j

jjj
j

j

jjj
j

j

jj

h
xxxxx

m
h

xxxxx
m

h
ff

xS
−+−

−
−+−

=
−

−′ −−−
−

−
Δ  

( )( )
j

jj
jj

j

jj

h
ff

xxxx
h

ff 1
12

1 6 −
−

− −
−−−⋅

−
+ ,              (3.16) 

romlis marjvena mxridan SevadginoT   sxvaobebi; 

amasTan erTad marcxena mxares davumatoT da gamovakloT , gamo-

viyenoT Sefaseba: 

ii fm ′− ),1( jji −=

if ′

( ) ( fh
h

ff
xf j

j

jj ′≤
−

−′ − ,1 ω ) da utoloba cbaba ≤−≤− , bca +≤ . maSin 

(3.16) gvaZlevs 

                          
( )fxSxf ′Δ≤′−′ Δ ,

2
21)()( ω , 

kerZod, Tu funqcia akmayofilebs lifSicis pirobas α  rigiT, maSin 
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.

2
21)()( αΔ≤′−′ Δ KxSxf  

radgan  splaini mainterpolebelia -sTvis  badis kvan-

ZebSi, maSin 

)(xSΔ )(xf Δ

[ ]jj xx ,1− -ze gvaqvs warmodgena 

[ ] ( )21( ) ( ) ( ) ( ) , ,
4

x

t

f x S x f x S x dx fωΔ Δ′ ′− = − ≤ Δ Δ∫ ′  

sadac  aRniSnavs t x -Tan [ ]jj xx ,1−  Sualedis uaxloes kvanZs. Teorema 

damtkicebulia. 

(3.16)-dan gamomdinareobs: 
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3)(
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⎥
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⎜
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jjjjjj h
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fffmfm 1

111 2  
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⎞
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⎝

⎛ +
−+ jjjjjj

jj

j

fffmfm
xx

x
h

 

( f ′Δ≤ ,
2

19ω ) .                             (3.17) 

SevniSnoT, rom (3.17)-Si 
j

jj

h
ff 1−−

-Tan da (3.15) marjvena mxareSi 
j

jj

h
ff 1−−

 

gamosaxulebasTan (erTi da igive) wevrebTan mdgomi koeficientebia 

Sesabamisad. 
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⎥
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⎢
⎣
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−⎟⎟

⎠

⎞
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12 −−− −jj
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xxxx
h
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romlebic tolia. marTlac, 

( ) ( )
2
324

4
6

4
6 22

11121

2
1

2 =+++−=
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
−

+
−−−−

−
jjjjjj

j
jj

jj

j

xxxxxx
h

xx
xx

h
. 

daumtkiceblad moviyvanoT Semdegi Teorema. 

Teorema 3.3. davuSvaT,  monakveTze mocemulia  

funqcia da  badeTa mimdevroba akmayofilebs aralakunarobis (3.7) 

pirobas da 

[ ba, ] ( ) [ ]baCxf ,3∈

{ }kΔ

,0→Δk rodesac . ∞→k
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) )
maSin mainterpolebeli splainisaTvis, romelic akmayofilebs 

 an  sasazRvro pirobebs, an periodulia (Tu  perio-

dulia), samarTliania Sefaseba: 

( )xS
kΔ

( i18.1 ( ii18.1 ( )xf

( ) ( )−xf p ( ) ( )xS k
p
Δ = ( )p

ko −Δ 3
,  3,2,1,0=p

Tanabrad mimarT. [ bax ,∈ ]
] )Tu   akmayofilebs -ze ( )xf ′′′ [ ba, ( 10 ≤<αα rigiT lifSicis pirobas, 

maSin 

 

               =( ) ( )−xf p ( ) ( )xS k
p
Δ ( )p

ko −+Δ α3
,  3,2,1,0=p

Tanabrad mimarT [ bax ,∈ ]
 

 

komentarebi da literaturuli miTiTebani 

 

splain-funqciaTa Teoriis elemetebis gamocemasaTan dakavSirebiT 

SeniSvnebi saTanado wyaroebis miTiTebiT mocemulia am Tavis da-

sawyisSi. damatebiT aRvniSnavT, rom qarTul enaze analogiuri masala 

pirvelad gamoqveynda saxelmZRvaneloSi h. melaZe, m. menTeSaSvili,    

n. sxirtlaZe `gamoTvliTi maTematikis safuZvlebi~, nawili II, Tsu, 

2005.  

amave wignSi gadmocemulia pirvel 2 TavSi ganxiluli sakiTxebi, 

romlebic ricxviTi analizis klasikur nawilebs warmoadgens; didi 

moculobis literaturuli miTiTebaa moyvanili zemoT citirebuli 

engeln-miuglerisa da roiteris germanulenovan saxelmZRvaneloSi. 

gansakuTrebuli aRniSvnis Rirsia am mimarTulebiT qarTul enaze 

pirveli dastambuli saxelmZRvanelo: S. miqelaZe. interpolebis 

Teoria da praqtika, mecniereba, 1946. 



n a k v e T i   III 

 

ricxviTi gawarmoeba da integreba 

 

Tavi 1. ricxviTi gawarmoeba 
 

Cveulebriv, ricxviTi gawarmoebis operacias mivmarTavT im Sem-

TxvevaSi, rodesac  funqcia, romlis warmoebulis povnaa saWi-

ro, mocemulia cxriliT, an rTuli saxis analizuri gamosaxulebiT, 

romliT sargebloba ukavSirdeba teqnikuri, rig SemTxvevebSi, gadau-

laxavi xasiaTis siZneleebs. 

( )xfy =

aseT SemTxvevebSi vsargeblobT wina nakveTSi ganviTarebuli aparatiT; 

sainterpolacio an maaproqsimirebeli procesebiT, an splain-funqciebiT.  
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)

sainterpolacio polinomebiT sargeblobisas cdomileba isazRvreba 

bunebrivad, naSTiTi wevris Sesabamisi rigis warmoebulis yofaqceviT 

da es problema damatebiT gamokvlevebs saWiroebs. funqciis simcire 

yovelTvis ar ganapirobebs misi warmoebulis simcires. garda amisa, 

ricxviTi gawarmoebis procesi SesaZlebelia aRmoCndes aramdgradi, 

sxva sityvebiT, cxriliT funqciis mocemisas, vTqvaT, damrgvalebis Se-

degad, zusti mniSvnelobisagan mcire gadaxras, ricxviTi gawarmoebis 

formuliT sargeblobisas, ar mohyves warmoebulis mcire gadaxra. am 

suraTis aRsawerad, gamoviyenoT umartivesi formula: 

( ) ( ) ( )( ) ( .2//1 hfhxfxfxy iii ξ′′+−=′ +                     

CavTvaloT, rom funqciis zust da -miaxloebiT mniSvnelobebs 

Soris sxvaoba ar aRemateba 

if

0>δ sidides. SevafasoT: 

( ) ( ) hffxy iii /1 −−′ +=Δ  

( ) ( ) ( )( ) ( )( ) ( )( )1 1 1/ /i i i i i i iy x f x f x h f x f h f x f h+ + +⎡ ⎤ ⎡ ⎤′= − − + − − −⎣ ⎦ ⎣ ⎦ / ≤  

( ) ( ) ( )( )1 /i i iy x f x f x h+′≤ − − +  

( )( ) ( ) ( )( )1 1 1 2
2/ /i i i if x f h f x f x h M h
h
δ

+ + +⎡ ⎤+ − + − ≤ +⎣ ⎦ / 2 . 

cxadia, Tu δ≅h , maSin , rac ganxiluli konkretuli 

SemTxvevisaTvis niSnavs procesis aramdgradobas. 

( )1O=Δ

ricxviTi gawarmoebis umartives formulebs moviyvanT momdevno nak-

veTis pirveli Tavis 1.1 punqtSi, I rigis Cveulebrivi diferencialuri 

gantolebisaTvis koSis amocanis Seswavlisas. rigi sqemebisa moyva-



nilia amave nawilis momdevno punqtSi, xolo splain-funqciebiT 

ricxviTi gawarmoebis formulebi gadmocemulia am Tavis 1.2 punqtSi. 

Cveni azriT, ricxviTi gawarmoebis formulaTa sayuradRebo klass 

warmoadgens IV nakveTis 13.2 punqtSi warmodgenili (  formulebi, 

gamosaxuli ori ordinatiTa da momentebiT.     

)Q

 

1.1 ricxviTi gawarmoebis formulaTa cxrili 

 

qvemoT mogvyavs pirveli da meore rigis warmoebulebisaTvis ricxviTi 

gawarmoebis formulaTa cxrili TanabraddaSorebuli kvanZebisaTvis. 

SemoRebulia aRniSvnebi: biji - , , , ,ihxi = ii yxy =)(h ( ) ( )( )i iy x yα α= 2,1=α . 

interpo-

lebis 

kvanZTa 

rიcxvi 

naSTiTi wevri 

ii yy ′′′, -is warmodgena ],[),,( 021 nxx∈ξξξ  
 

 

1 2 3 
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1.2. miaxloebiTi diferencireba splainebiT 

 

splain-funqciaTa gamoyenebis erT-erTi mniSvnelovani sferoa ricxvi-

Ti gawarmoeba da integreba. 

qvemoT moviyvanT ricxviTi gawarmoebis ramdenime efeqtur formulas, 

dafuZnebuls  splain-funqciaTa zemoT gadmocemul Teoriaze. 

1. perioduli splainis (1.15) warmodgenidan uSualod gvaqvs: 

⎥
⎥
⎦
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⎢
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−∑
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11
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1

1

1   ~   3
j
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j

j

jj
N

j
iji h

ff
h

ff
m μλβ ,                                  (5.1)       

xolo araperioduli splainisTvis _ 

NjN
j

jj
j

j

jj
N

j
ijii c

h
ff

h
ff

cm 1

1

11
1

1

1

1
0

1
0 3 −

+

+−
−

=

−− +
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡ −
+

−
+= ∑ βμλββ            (5.2) 
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gavixsenoT, rom  da  1~ −
ijβ 1−

ijβ B  matricis Sebrunebuli matricis ele-

mentia. 

Tanabari badis SemTxvevaSi SesaZlebelia  elementebi gamoT-

vlil iqnes efeqturad. am SemTxvevaSi (5.2) tolfasia Semdegi gamo-

saxulebis (am SemTxvevaSi 

1−
ijβ

⎟
⎠
⎞==

2
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ii μλ : 

( ) jijij
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iii f
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h 1
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1 2
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2
3 ββ                         (5.3) 

imis mixedviT, Tu rogori sasazRvro (damatebiTi) pirobebia,  sxva-

dasxvaa. Tu gvaqvs  SemTxveva, maSin 
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Tu gvaqvs  sasazRvro pirobebi, maSin )(ii
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Tavi 2. ricxviTi integreba 

 

1)2.1. zogadi mosazrebani

 
Tu mocemuli funqciis pirvelyofilis analizuri saxis gansazRvra 

rTulia an SeuZlebeli, maSin 

∫=
b

a

dxxfJ )(                               (1) 

gansazRvruli integralis gamosaTvlelad (an Sesafaseblad) iyeneben 

miaxloebiT meTodebs, romelic integrals garkveuli sizustiT 

gvaZlevs. 

erT-erTi meTodi, romelic J-s miaxloebiT sidideebs gvaZlevs, aris 

utolobaTa meTodi, romlis gamoyeneba bevradaa damokidebuli -

is struqturasa da momxmareblis maTematikur doneze. 

)(xf

davuSvaT, rom  gansazRvrulia  da adgili aqvs utolobas: )(xf ],[ ba

)()()( xxfx ψϕ ≤≤ ,                           (2) 
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sadac )(xϕ  da )(xψ  raime cnobili funqciebia. (2)-dan gvaqvs: 

∫∫∫ ≤≤
b

a

b

a

b

a

dxxdxxfdxx )()()( ψϕ . 

)(xϕ -isa da )(xψTu -is pirvelyofili cnobilia, maSin J-sTvis mivi-

RebT or sazRvars, romelTa Sorisaa mocemuli integralis mniSvne-

loba. ganvixiloT, magaliTad, 

∫ −
=

1

0
41 x

dxJ                                 (3) 

integrali. cxadia, gvaqvs 

24 11 xx −=− 21 x+ , 

211 2 ≤+≤ xTu  maSin ],1,0[∈x . amitom (3)-isTvis samarTliania 

 

∫∫ −
≤≤

−

1

0
2

1

0
2 112

1
x

dxJ
x

dx
. 

,
2

)1( 2
11

0

2 π=−
−

∫ dxxradgan  amitom (3)-isTvis gvaqvs: 

                                                 
1) ix. Eeduard gursa. maTematikuri analizis kursi, tomi I, nakveTi I, V., Tavi: 
“integralTa miaxloebiT gamoTvla” (inglisur da rusul enebze). 



2
)1(

22

1

0

2
1

4 ππ ≤−=≤ ∫
−

dxxJ . 

moyvanili msjeloba damaxasiaTebelia utolobaTa meTodisTvis, mag-

ram SesaZlebelia am meTodikis srulyofa. marTlac, Tu gamoviyenebT 

SedarebiT zust utolobas 

22
1

2

2
11)1( xx −≥+

−
 (binomis ZaliT), 

rac teiloris formuliTac mtkicdeba (Tu SemovifarglebiT ori 

wevriT), (3)-isTvis gvaqvs: 

[ ] ∫∫∫∫∫ −
−

−
=

−

−
≥+−=− −− 1

0
2

21

0
2

1

0
2

2

1

0

2
1

22
1

0

2
1

4

12
1

11
2

1
)1)(1()1(

x
dxx

x
dxdx

x

x

dxxxdxx  

8
3

22
11

2
1

21

11
2
1

2

1

0

2
1

0
2

2 ππππ =−−+=
−

−−+= ∫∫ dxxxd
x

x
. 

amgvarad, miviReT ufro zusti sazRvrebi: 

28
3 ππ ≤≤ J . 

SedarebiT mZlavri meTodia qvemoT moyvanili xerxi, romlis mixedviT 

jer ZiriTad Sualeds vyofT qveSualedebad da Semdgom TiToeuli 

SesakrebisTvis viyenebT saSualo mniSvnelobis formulebs. 

simartivisTvis davuSvaT, rom zrdadia -Si. davyoT  

Tanabar nawilebad . aseT SemTxvevaSi integralis  mniS-

vneloba moTavsebuli iqneba Semdeg or jams Soris: 

)(xf ],[ ba ],[ ba

nhab =−

[ ]))1(()()( hnafhafafhs −+++++= " , 

[ ])()2()( nhafhafhafhS ++++++= " . . bnha =+

,2 Ss +=σcxadia, Tu aRvniSnavT  maSin 

( ) ( )( ) [ ]
( 1)1

0

1
( ) ( ) ( ) ( )

2

a i hb n

ia a ih

f a ih f a i h b af x dx f x dx h S s f b f a
n

σ
+ +−

= +

+ + + + −− = − < − = −∑∫ ∫
. 

([ ]hiaafihafh )()(
2

++++ )σ  sididis yoveli Sesakrebi _  _ warmoad-

gens trapeciis farTobs, moTavsebuls or mezobel ordinats Soris h 
simaRliT. 

ganvixiloT 
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∫ =
+

=
1

0
2 41

π
x

dxJ 21
1)(
x

xf
+

=, . 

4
1=h,4=n .  Tu davuSvebT, rom 

( ) ⎥
⎦

⎤
⎢
⎣

⎡ +⎟
⎠
⎞

⎜
⎝
⎛+⎟

⎠
⎞

⎜
⎝
⎛+⎟

⎠
⎞

⎜
⎝
⎛+=+ )1(

4
32

2
12

4
120

2
1

4
1

2
fffffsS

 

78279,0
2
1

25
32

5
8

17
321

8
1 =⎥⎦

⎤
⎢⎣
⎡ ++++= . 

4
010473,0

4
13116,3141532,378279,0

4
=−=−π

. 
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13116,3≈π . cdomilebaa . radgan  amitom ,)( Sxfs <<01,0≈

22
)(

2
sSSsSxfsSs +−<+−<+−

2
)( sSxf −<−σ; ; 

16
1

1
1

11
1

42
1

2
=−

+⋅
=− sS

. 

0625,0
16
1 =  _ Sefaseba uxeSia. sinamdvileSi cdomileba ar aRemateba 

0,0105-s. 

 

 

2.2. gansazRvruli integralis miaxloebiTi gamoTvla sainterpolacio 

polinomebiT 

 

davuSvaT,  dayofilia  nawilad. aRvniSnoT , , … , -iT 

wertilebi, aRebuli  mrudze. Tu ,… ,  

da ,  interpolaciis kvanZebia, maSin 

0M 1M nM],[ ba n

),( 000 yxM =)(xfy = n = ),( nn yxM

ix ni ,,1,0 …=

)()()()( 1100 xyxyxyxP nnn A"AA +++=  

lagranJis sainterpolacio polinomia. radgan (gavixsenoT): 

∏
≠
= −

−
=

n

ik
k ki

k
i xx

xx
x

0

)(A                              (2.1) 

amitom 

dxxydxxP
b

a
i

b

a

n

i
in )()(

0
∫∫ ∑

=

= A .                        (2.2) 

 ganvsazRvroT kvanZebi iϑ  ricxvebis daxmarebiT Semdegnairad: 



)(00 abax −+= ϑ )(11 abax −+= ϑ )( abax nn −+= ϑ, … , , , 

10 110 ≤<<<<≤ − nn ϑϑϑϑ " . 

iit ϑ= (2.2) integralSi gardavqmnaT cvladi: , )( abtax −+= . maSin 

i

n

ki
k ki

k
b

a

n

ki
k ki

k
i pabdt

tt
tt

abdtab
abtaabta
abtaabta

dxx )()()(
)()(
)()(

)(
1

0 0

1

0 0

−=
−
−

−=−
−−−−+
−−−−+

= ∫∏∫ ∫∏
≠
=

≠
=

A

. 

maSin (2.2)-dan gveqneba: 

∫ ∑
=

−=
b

a

n

i
iin ypabdxxP

0
)()( .                       (2.3) 

amrigad, Tu  davyofT qveSualedebad ise, rom is  Sualedis 

proporciuli iqneba, maSin 

),( ba )1,0(
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0ϑ , 1ϑ , … , nϑ  ricxvebi, romlebsac kvanZebi 

ewodebaT, da  koeficientebi, romlebsac wonebi ewodebaT, araa 

damokidebuli -ze da isini invariantebs warmoadgenen. amis 

Semdeg, (2.3)-is funqcionirebisTvis saWiroa  ricxvebis 

gansazRvra. 

ip

)(xf

)( ii xfy =

ganvixiloT kerZo SemTxvevebi: 

1. . 1,0 10 === hϑϑ1=n , 

10

1
0 )(

ϑϑ
ϑ
−
−

=
ttA , 

2
1

2
)(1

0

1

0

1

0

2

1,00 =−−=
−
−== ∫

ht
h

dt
h
htpp

2
1

1

1

0
1,1 == ∫ dttp

01

0
1 )(

ϑϑ
ϑ
−
−

=
t

tA , , . 

( ) (∫ +−=+−==
b

a

yyabypypabdxxPJ 1011,101,01 2
)()( )                (2.4) 

(2.4) ewodeba trapeciis formula. 

2. .2=n 00 =ϑ , 
2
1

1 =ϑ , 12 =ϑ . 

( )

( )10
2
10

1
2
1

)(0

−⎟
⎠
⎞

⎜
⎝
⎛ −

−⎟
⎠
⎞

⎜
⎝
⎛ −

=
tt

tA ( )( )
⎟
⎠
⎞

⎜
⎝
⎛ −⎟
⎠
⎞

⎜
⎝
⎛ −

−−=
1

2
10

2
1

10)(1
tttA

( )

( ) ⎟
⎠
⎞

⎜
⎝
⎛ −−

⎟
⎠
⎞

⎜
⎝
⎛ −−

=

2
1101

2
10

)(2

tt
tA, , ; 

( )
6
11

2
12

1

0
2,0 ∫ =−⎟

⎠
⎞

⎜
⎝
⎛ −= dtttk ( )

6
414

1

0
2,1 ∫ =−−= dtttk

6
1

2
12

1

0
2,2 ∫ =⎟

⎠
⎞

⎜
⎝
⎛ −= dtttk, , . 

amgvarad 



(∫ ++−==
b

a

yyyabdxnPJ 2102 4
6

)( ) .                      (Sm) 
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3. , 3=n 00 =ϑ , 
3
1

1 =ϑ , 
3
2

2 =ϑ , 13 =ϑ . 

⎟
⎠
⎞

⎜
⎝
⎛ +++−= 3210 3

1
3
1

8
)(3 yyyyabJ ⎜

⎝
⎛

8
3

 -is formula) 

( )43210 73212327
90

yyyyyabJ ++++−=4. , ii
4
1=ϑ4=n , , 4,3.2,1,0=i . 

magaliTad, am SemTxvevaSi 

( )
( )dtttttdt

tttt
p 1

4
3

4
164

1
2
1

4
3

2
1

4
1

2
10

2
1

1
4
3

4
1)0( 1

0

1

0
4,2 −⎟

⎠
⎞

⎜
⎝
⎛ −⎟
⎠
⎞

⎜
⎝
⎛ −=

⎟
⎠
⎞

⎜
⎝
⎛ −⎟
⎠
⎞

⎜
⎝
⎛ −⎟
⎠
⎞

⎜
⎝
⎛ −⎟
⎠
⎞

⎜
⎝
⎛ −

−⎟
⎠
⎞

⎜
⎝
⎛ −⎟
⎠
⎞

⎜
⎝
⎛ −−

= ∫∫  

90
12

3253
45509064

216
3

316
3

3
1

4
1

4
1

3
1

4
1

5
64

1

0

2345

=
⋅⋅
−−⋅=⎥

⎦

⎤
⎢
⎣

⎡
−⎟

⎠
⎞

⎜
⎝
⎛ +++⎟

⎠
⎞

⎜
⎝
⎛ ++−= tttt

. 

zemoT moyvanili formulebi iwodeba niuton-koutsis (Cotes) formule-

bad. 

5. davubrundeT punqt 1.5-Si mesame magaliTs. 

⎟
⎠
⎞

⎜
⎝
⎛ −==⎟

⎠
⎞

⎜
⎝
⎛ +===

6
cos1

2
,

2
,

6
cos1

2
,,0 210

ππ hxhxhxhba . 

am SemTxvevaSi kvadratul formulas CebiSevis polinomis kvanZebiT 

aqvs saxe 

( 2103, 252
9

yyyhJTs ++= )

)

                        ( )3,Ts

SevniSnoT, rom aRniSnuli formula warmoadgens klenSou-kurtisis 

tipis formulas, romelic 3 kvanZisTvis emTxveva simpsonis formulas. 

 Ria tipisaa, amasTan gansxvavebulia maTgan kvanZebiTa da 

wonebiT, radgan klenSou-kurtisis anu simpsonis formula Caketili 

tipisaa. 

( 3,Ts

qvemoT vaCvenebT, rom naSTiTi wevri: 

[ ] ( )5
3, ,0; hOhfETs == . 

ganvixiloT zemoT mocemuli formulebis Sesabamisi, SedarebiT 

rTuli – Sedgenili _ kvadraturuli formulebi. kerZod, Tu 

saintegro Sualedi dayofilia 2n nawilad, yoveli qveSualedisTvis 

sigrZiT 2h, vsargeblobT, magaliTad,  an trapeciis martivi )(Sm
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)

formuliT. aseTi formulebis asagebad davuSvaT, rom , , … ,  

ordinatebia. gavixsenoT, rom, rodesac -dan gadavdivarT -ze, 

kvadraturul formulas gauCndeba Tanamamravli  Tu -dan 

gadavalT -ze an  qveSualedze, gaCndeba Tanamam-

ravli . -is tipis yoveli wonis mniSvneloba iqneba 

0y 1y ny2

),( ba )1,0(

).( ab − )1,0(

( nhhn 2,)22( −)2,0( h

6
1

6
4

6
1)(Smh2 , , . 

amis Sedegad simpsonis Sedgenil formulas eqneba saxe: 

( )[ ]nnn

b

a

yyyyyyyy
n
abdxxfJ 2224212310 )(24

6
)( +++++++++−== −−∫ "" .   

(Sm′) 
savarjiSo. gamoiyeneT marTkuTxedebis da trapeciis (erTi kvanZiT) 

formulebi: 

)()()( afabdxxfJ
b

a

−== ∫ ,   da )()()( bfabdxxfJ
b

a

−== ∫

( ) ⎟
⎠
⎞

⎜
⎝
⎛ +−== ∫ 2

)( bafabdxxfJ
b

a

 

Sesabamisi Sedgenili formulebis misaRebad. 
  

 

2.3. niuton-koutsis formulebis naSTiTi wevris Sefaseba 

Tu visargeblebT lagranJis sainterpolacio formuliT: 

( ) ( ) (∏∑
=

+

=

−
+

+=+=
n

i
i

nn

i
iinn xx

n
fxfxlfxRxPxf

0

)1(

0 )!1(
)()(;)()( ξ ) ,          (3.1) 

maSin kvadraturuli formulis cdomileba 

( )[ ]∫ +
+

+
=

b

a
nn

n dxxxxxf
n

bafE )(,,,
)!1(

1),;( 101
)1( ωξ … ,               (3.2) 

sadac 

( )nxxx ,,, 01 …ξξ = , . ( )∏
=

+ −=
n

i
in xxx

0
1 )(ω

martiv SemTxvevaSi, rodesac 0)(1 ≥+ xnω  an 0)(1 ≤+ xnω , 

∫ +
+

+
=

b

a
n

n dxxf
n

bafE )(*)(
)!1(

1),;( 1
)1( ωξ , ],[* ba∈ξ . 

ganvixiloT, rogorc wina leqciaSi, kerZo SemTxvevebi. 

1. , , , , , . (ix. (3.2)): 00 =x bhx ==1],0[],[ hba =1=n 0=a hb =



∫ −=−=
h

fhdxhxxfhfE
0

)2(
3

)2( *)(
12

)(*)(
!2

1],0;[ ξξ . 

20
hx =2. , , , 0=n 0=a hb = . (specialuri SemTxveva) 

( ) ( ) ( ) ( )
)(

2
)(

2
0

000 ξf
xx

xfxxxfxf ′′−
+′−+= . 

( ) ( )[ ] ( ) ( )( )∫ ∫∫ ′′−
+′−+=

h hh

o

dxxxf
xx

dxxfxxxfdxxf
0 0

0,

2
0

000 2
)()( ξ , 

( ) ),0;(
2

);0;(
2

2
2

)( 1,00
0

hfEhhfhfExf

hxhhfdxxf Gs
h

h

+⎟
⎠
⎞

⎜
⎝
⎛=+′

−
+⎟

⎠
⎞

⎜
⎝
⎛=∫ .         (3.3) 

(3.3)-is naSTiTi wevria 

( )*
243

2
2
1*)()(

22
1),0;(

3

0

3

0

2

1, ξξξ fh
hx

fdxfhxhfE

h

h

Gs ′′=
⎟
⎠
⎞

⎜
⎝
⎛ −

⋅′′=′′⎟
⎠
⎞

⎜
⎝
⎛ −= ∫ , ]1,0[*∈ξ . 

SevniSnoT, rom es SemTxveva araa niuton-koutsis formulebidan 

gamomdinare Sedegi. 

⎟
⎠
⎞

⎜
⎝
⎛≈∫ 2

)(
0

hhfdxxf
h

 

formulas ewodeba trapeciis Ria tipis kvadraturuli formula an 

gausis kvadraturuli formula 1 kvanZiT. 

3. simpsonis formulis naSTiTi wevri. 

21
hx =

 99

2=n , , , , 00 =x0=a hb = , . am SemTxvevaSi, rogorc 

vnaxeT, kvadraturuli formula iyo: 

hx =2

[ ]210 4
6

yyyhJ ++= . 

davuSvaT, rom  aris mesame rigis polinomi, romlis inter-

polanti lagranJis meore rigis polinomia. amis gamo samar-

Tliania warmodgena:.  

( )xH 3

( )xP2

( ) ( ) ( ).
2

23 ∏
=

−+=
ok

kxxAxPxH , . tA cons=∀

ganvixiloT   funqcia, romelsac meoTxe rigamde CaTvliT gansa-

xilvel SualedSi aqvs uwyveti warmoebulebi. davuSvaT, 

( )xf∀



( ) ( ) [ ]xfRxHxf ;43 += . 
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)
SevarCioT  ise, rom igi iyos -is interpolanti da Ses-

ruldes piroba: . amisTvis sakmarisia A sididis 

saTanadod SerCeva, rac ganapirobebs naSTiTi wevris saxes: 

( )xH 3 ( )xf

( ) ( hHhf 5,05,0 3′=′

[ ] ( ) ( )∏
=

−⎟
⎠
⎞

⎜
⎝
⎛ −=

2

4 2
;

ok
kxxhxxKxfR . 

Semdeg nawilSi, gausis kvadraturuli formulis naSTiTi wevris 

Seswavlisas, dawvrilebiT ganvixilavT ufro zogad SemTxvevas, rode-

sac yvela kvanZi orjeradia. aq, gansaxilvel SemTxvevaSi gvaqvs: 

[ ]
( ) ( ) (∏

=

−⎟
⎠
⎞

⎜
⎝
⎛ −=

24

4 2!4
;

ok
kxxhxfxfR ξ ) .                     (1) 

 gamovTvaloT naSTiTi wevri:. 

[ ] ( ) )(
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1

22
)(

!4
1,0; )4(

5

0

2
)4( ξξ fhdxxhhxxfhfE

h

Sm ⋅⎟
⎠
⎞

⎜
⎝
⎛−=−⎟

⎠
⎞

⎜
⎝
⎛ −−= ∫ . 

sabolood, 

)(
2880

)(
2

4)0(
6

)( )4(
5

0

ξfhxfhffhdxxf
h
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⎦

⎤
⎢
⎣

⎡ +⎟
⎠
⎞

⎜
⎝
⎛+=∫  

da 

)(
2880

)()(
2

4)(
6

)( )4(
5

ξfabbfbafxfabdxxf
b

a

⋅−−⎥
⎦

⎤
⎢
⎣

⎡ +⎟
⎠
⎞

⎜
⎝
⎛ ++−=∫ .         (2) 

SevafasoT Sedgenili simpsonis formulis naSTiTi wevri (ix. (Sm’) 

formula). aRvniSnoT naSTiTi wevri , sadac m aRniSnavs 

intervalTa raodenobas, xolo  polinomis rigs. 

),;(2, bafEm

2=n

( ) ( ) [ ],2 ,2 ,2
1 1

; , ; ( 1) , ;
m m

m i
i i

iE f a b E f a i h a ih E f i
= =

= + − + =∑ ∑ , .  )( abmh −=

(2)-is ZaliT 

[ ] ( )
2880

1)()(, 4
5

5

2,1 if
m

abifE ξ−−= [ ]
5

(4)
,2 5

1 1

( ) 1, (
2880

m m

i i
i i

b aE f i f
m

)ξ
= =

−= − ⋅∑ ∑, . 

saSualo mniSvnelobis TeoremiT: . ( ) )()4(

1

)4( ξξ mff
m

i
i =∑

=

sabolood simpsonis Sedgenili  formulis naSTiT wevrs aqvs saxe: 

( ) ( ) )()(
2880

1,; 4
4

5

2, ξf
m

abbafEm
−−= . 

4. SevafasoT kvadraturuli formulis 



( )2103, 252
9

yyyhJTs ++=  

naSTiTi wevri. visargebloT simpsonis formulisTvis Catarebuli sqe-

miT. kvanZebis mimarT simetriulobis gamo integrali  fun-

qciidan nulis tolia.  interpolantis SemoyvaniT inter-

polaciis naSTiT wevrs eqneba analogiuri saxe im gansxvavebiT, rom 

martivi nulebi iqneba , , xolo  _ orjeradi nuli. 

amrigad: 

(∏
=

−
2

oi
ixx )

( )xH 3

2x hx 5.01 =0x

[ ] ( ) ( )( ) ( )∫ ∏
=

−−=
h

i
iTs dxxxhxfhfR

0

2

0

4
3, 5.0

!4
1,0; ξ , 

saidanac, imis gamo, rom  CebiSevis pirveli gvaris mesame xarisxis 

polinomis nulebia, naSTiTi wevrisTvis samarTliania Sefaseba: 

ix

[ ] 4
5

3, 3072
1,0; MhhfETs ≤ . 

 

5. kvadraturul formulaTa saintereso klass warmoadgens klenSou-

kurtisis mier agebuli daxuruli tipis kvadratuli formula (ix. 

C.W. Clanshaw, A.R. Curtis, Numerishe Mathematick, 2,1960, 197-205)), romelSic 

kvanZebad gamoyenebuli iyo 

)cos( nkxk
π= , : nk )1(0=

]1,1;[)()()1,1;(
0

)(
1

1

−+==− ∑∫
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+

−

fExfAdxxffI
n

k
k

n
k ,                         (1 ) a

wonebi moicema Semdegi formulebiT: 

∑
−

= −
−

−
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1
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2
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)2cos(4
)1(
)1(12

n

j

k
n

k j
nik

nnn
nA

π

1
1

2
)()(

−
==

n
AA n

n
n

k 1)1(1 −= nk, ,    (2) 

(1 -gan gansxvavebiT, Tu kvanZebad avirCevT CebiSevis I gvaris  

polinomis nulebs: 

( )xTn 1+)a

)1(2
)12(cos

+
−=

n
kxk

π
, , maSin (1) tipis for-

mula iqneba Ria tipis 

1(1)( 1)k n= +

∑
=

−+
n

k
Tsk

n
k fExfnB

0

)( ]1,1;[)(TsI =− ]1,1;[ f ,                              (1b ) 
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dx
xTxx

xT
B

knk

nn
k ∫

+

− +

+

−
=

1

1 1

1)(

)()(
)(

, ,                          (3) 0)(1 =+ kn xT nk )1(0=

 

aSkaraa, rom (1 ) kvadraturuli formulebi niuton-koutsis tipisaa 

da (2)-iT gamosaxuli  wonebis niSangansazRvrulobis sakiTxi Ria 

problemaa. Aamdenad, (1 )-iT sargeblobis upiratesobis damtkiceba Ta-

nabraddaSorebuli kvanZebis mqone niuton-koutsis formulebTan Se-

darebiT saTuoa, garda praqtikuli xasiaTis TvalsaCino SemTxve-

vebisa. 

a
)(n

kA

a

meore mxriv, wonebis niSangansazRvruloba gansakuTrebiT mniSvne-

lovania kvadraturuli procesebis krebadobisa da koSis amocanebis 

ricxviTi integrebis problemebis Seswavlisas. 

amgvarad, arsebiTia (1 )-iT gansazRvruli  wonebis niSangan-

sazRvrulobis gamokvleva. am mimarTulebiT, samarTliania Semdegi 

Teorema: 

)(n
kBb
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Teorema 1. Tu  kvanZebi  gantolebis fesvebia, maSin 

. 

kx 0)(1 =+ xTn

0)( >n
kB

damtkiceba. visargebloT qristofel-darbus igiveobiT (mag. Dun-
ham  Jackson, Fourier series and orthogonal polynomials, 1941)     

 

1
1

( ) ( ) ( ) [ ( ) ( ) ( ) ( )
n

n
k k n n n n

nk o

at x P t P x P t P x P t P x
a +

+=

− = −∑ 1 ]+ ,                         (4) 

 
sadac  aRniSnulia nebismieri woniT gansazRvruli polinomebi, ( )kP x

1
n

n

a
a +

 fardoba ganisazRvreba am polinomebisaTvis rekurentuli 

damokidebulebisagan. CebiSevis I gvaris  polinomebisaTvis, 

romlebic orTogonaluria 

( )nT x

2

1( )
1

x
x

ρ =
−

  woniT, (4) gadadis Semdeg 

igiveobaSi 
 

xt
xTtTxTtT

xTtT nnnn
n

ok
kk −

−
= ++

=
∑ )()()()(

2
1)()( 11 .                         (  )4′

 

Tu davuSvebT, rom   da -s vaintegrebT  (-1,1) 

SualedSi, miviRebT 

( )4′,kt x= 1( ) 0n kT x+ =



∫∑∫
+

−=+

+

− +

+ =
−

=
1

10
'

1

1

1
'

1

1)( )()(
)()(

2
)()(

)(
dxxTxT

xTxT
dx

xTxx
xT

B i

n

i
ki

knknknt

nn
k .               (5) 

 

SeviswavloT (5)-is marjvena mxareSi Semavali wevrebi. 

)('
1 kn xT + -Tvis gvaqvs: 

'
1 2

1( ) sin[( 1)arccos ]
1 k

n k x x
nT x n x

x
+ =

+= + +
−

 

1
2

1 sin((2 1) ) ( 1)
21 1

k

k k

n k
2

1n

x x

π −+= + − = −
− −

+                                                                ( ) a6

)(nTn polinomebi, rogorc cnobilia, akmayofileben Semdeg 

damokidebulebas: 

                    .                       (7) )(2)()( 11 xxTxTxT nnn =+ −+

1
2
+< nk 1

2
+> nkganvixiloT ori SemTxveva: ,  . 

1
1
1212 <

+
−

⇒<−
n
knkpirveli SemTxvevisaTvis gvaqvs , amitom  

0
21

12cos >
+
−= π

n
kxk 1

2
+< nk                           (6b)             , 

meore SemTxvevisaTvis, , magram, radgan , 

amitom  

11212 +≥−⇒>− nknk nk ≤

1
1
12 >

+
−

n
k1

)1(2
12 <

+
−

n
k221212 +<−≤+ nnk    ; , amis gamo meore SemTxve-

visaTvis 

0
21

12cos <
+
−= π

n
kxk )1

2
( +> nk                          (6c)             , 

davubrundeT pirvel SemTxvevas: . gvaqvs 10 << kx

])
2
1)(

1
21cos[(]

21
12)1cos[()(1 ππ −

+
−=

+
−−=− k

nn
knxT kn      

π
1
12sin)1( 1

+
−− +

n
kk=

+
−+−=

+
−+−= πππ )

1
12

2
1cos[()1(])

1
12

2
1(cos[

n
k

n
kk k , 

0
1
12sin >

+
− π

n
k

radgan , amitom (7) tolobidan gvaqvs: 

        ⇒−== +
−

1
1 )1())(()}({ k

knknk xTsignxTxsign 1)1()( +−= k
kn xsignT
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ganvixiloT   SemTxveva. analogiurad,  01 <<− kx
 

πππ
1
12sin)1(])

1
12

2
1(cos[)( 1

1 +
−−=

+
−+−= +

− n
k

n
kkxT k

kn . 

0
1
12sin <

+
− π

n
k1

1
12 >

+
−

n
k

, amitom . radgan 

amis gamo, 

⇒−== +
−

2
1 )1()}({)}({ k

knknk xTsignxTxsign 13 )1()1()}({ ++ −=−= kk
kn xTsign  

amgvarad, orive SemTxvevaSi, 

01)1()}()({ 22'
1 >=−= +
+

k
knkn xTxTsign                                  (6e) 

davuSvaT, , aseT SemTxvevaSi,  da . 

amis gamo, , , amitom 

0=kx ⇒=+ 0)0(1nT 0)0(1 =−nTsn 2=

)()( 21 xxQxT nn −− = 0)0(2 ≠−nQ
1

2 )1()}0({sin)}0({sin +
− −== k

nn TgQg                                   (6f) 

davubrundeT (5)-s da gamoviTvaloT: 

1

1 0

[ ;1] ( ) cos sinii T x dx it t
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J dt
π+

−

= =∫ ∫ ))1(0( ni =  

2cos]1;0[
0
=−= πtJ ,                                    (8a) [1,1] 0,J =

π
π

0
0 1

)1cos(
2
1

1
)1cos(

2
1))1sin()1(sin(

2
1]1;[

−
−+

+
+−=−−+= ∫ i

ti
i

tidttitiiJ = 

1
)1(

2
1

1
)1(

2
1)

1
1

1
1(

2
1 11

−
−+

+
−−

−
−

+
=

−+

iiii

ii

])1(1[
1

1
1

]11[)1(
2
1

1
11

2
1

222
i

i

ii
ii

i
ii −+

−
−=

−
−−−−+

−
−−−=    .                        (8b) 2≥i

amgvarad, (5)-dan (8)-is ZaliT gamomdinareobs: 

 

∫∑
+

−=

1

10
)()( dxxTxT i

n

i
ki  

=
+
−

−
− ∑

≥

n

i n
ki

i)2(2
2 )]

)1(2
12arccos(coscos[

1
11(2 π=

−
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≥
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i
ki xT
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2 )(

1
122

∑
≥ +

−
−

−=
n

i n
ki

i)2(2
2 )

)1(2
)12(cos

1
11(2 π .                                                                        

(9) 
SevafasoT 



∑
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=
n

i
n n
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S
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<

+
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+
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1

)( )()(
)()(

2 dxxTxT
xTxT

B i

n

i
ki

knkn

n
k

2
2(2)

2sin 2 2(1 2 cos[ arccos(cos )])
( 1)sin 2( 1)1

n
k

k i

x ki
n x ni

π
≥

−= ⋅ ⋅ −
+ +−∑ 1

 

( )
2

2(2)

4 1(1 )
1 1

n
k

i

B
n i

∞

≥

> −
+ −

⋅

∑  

2(2) 2(2)

4 1 1 1 4 1 2[1 ( )] (1 ) 0.
1 2 1 1 1 2 1i in i i n n

∞ ∞

≥ ≥

= − − = − = >
+ − + + +∑ ∑  

 
rodesac kvadraturuli formulebis kvanZebad gamoyenebulia CebiSevis 

pirveli gvaris polinomis fesvebi, zemoT ganxiluli meoTxe maga-

liTis analogiurad sami kvaZisaTvis, magistrant l. abzianiZis mier 

gamoTvlil iqna Sesabamisi wonebi, rodesac . kvanZebi da 

wonebi gansazRvrulia 

11,...,5,4=n

[ ]1.0∈x . 

qvemoT cxrilSi moyvanilia  koeficientebis mniSvnelobebi 

-saTvis. gamoTvlebi Catarebulia Semdegi formule-

bis gamoyenebiT. 

p
4,5,6,7,8,9,10,11n =

1

1
0

;
n

i
k i iki k

t tp dt
t t=

≠

−= ∏
−∫ ,1,k n=  
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sadac ;1
2

i
i

xt += ix.1,i n=  da  aris -uri rigis CebiSevis polinomis 

-uri fesvi da gamoiTvleba formuliT 

n

.2 1cos
2i
ix
n

π⎛ ⎞= ⎜ ⎟
⎝ ⎠

−i  

 

 

 



 106 

 n=4 n=5 n=6 n=7 
p1 0.132148869802242 0.0838906142333418 0.0593305106906179 0.0433580903633612 
p2 0.367851130197758 0.262776052433325 0.188888888888889 0.143915697394346 
p3 0.367851130197758 0.306666666666667 0.251780600420493 0.199120770065422 
p4 0.132148869802242 0.262776052433325 0.251780600420493 0.227210884353742 
p5  0.0838906142333418 0.188888888888889 0.199120770065422 
p6   0.0593305106906179 0.143915697394346 
p7    0.0433580903633612 

 
 n=8 n=9 n=10 n=11 

p1 0.0334914728492949 0.0263683249549534 0.0214695597870654 0.0176988582802572 
p2 0.111493966507289 0.0895943562610229 0.0729374596886955 0.0608477669520386 
p3 0.162076259532262 0.132018611270502 0.11015873015873 0.0924416242945135 
p4 0.192938301111154 0.165422587584068 0.140439609331938 0.120994808076864 
p5 0.192938301111154 0.173192239858907 0.154994641033571 0.13624729789941 
p6 0.162076259532262 0.165422587584068 0.154994641033571 0.143539288993834 
p7 0.111493966507289 0.132018611270502 0.140439609331938 0.13624729789941 
p8 0.0334914728492949 0.0895943562610229 0.11015873015873 0.120994808076864 
p9  0.0263683249549534 0.0729374596886955 0.0924416242945135 
p10   0.0214695597870654 0.0608477669520386 
p11    0.0176988582802572 
 
   

2.4. kvadraturuli formulebis miaxloebis zusti Sefaseba 

 

Cven mier zemoT Seswavlil iqna kvadraturuli formulebis naSTiTi 

wevrebis Sefasebis sakiTxi im SemTxvevebisaTvis, rodesac yoveli 

konkretuli kvadraturuli formulisaTvis dasaSveb funqciaTa 

klasis sigluvis rigi ganisazRvreboda im polinomTa maqsimaluri 

xarisxiT, romlebisTvisac aRebuli kvadraturuli formula iyo 

zusti. magaliTad, trapeciis erT- da orkvanZiani formulebisaTvis 

maqsimaluri rigi oris tolia, xolo simpsonis formulisaTvis _ 

oTxis. 

sainteresoa Semdegi problemis Seswavla: rogoria kvadraturuli 

formulis naSTiTi wevris saxe, rodesac funqciaTa klasis sigluvis 

rigi maqsimalurad dasaSveb rigze naklebia? anu, Tu es SesaZlebelia, 

SevafasoT kvadraturuli formulis naSTiTi wevri gansxvavebuli sig-

luviT ganpirobebul funqciaTa klasebze. 

cxadia, cnobili iyo, rom Sedgenili  kvadraturuli formulebi da-

debiTi wonebiT darbus jamebis konkretuli saxiT ganxorcielebaa da 



rimanis integralis arsebobis sakiTxSi araviTar axal informacias 

ar iZleva. magram sainteresoa zemoT dasmuli problemis gadaWra fun-

qciaTa iseTi simravleebisaTvis, romlebic integrebad funqciaTa qve-

simravlea da Seicavs aRebuli kvadraturuli formulisaTvis siglu-

vis maqsimaluri rigiT gansazRvrul funqciaTa simravles, romelTac 

vuwodoT    funqciaTa saSualedo klasebi.      

   zemoT dasmuli problemis sistematuri xasiaTis Seswavla  ukavSir-

deba, pirvel rigSi, artur sardis saxels da Sesabamisi gamokvlevebi 

gadmocemulia misive SromebSi. momdevno periodSi (1960-1980 ww.) aR-

niSnuli problematikis mimarTulebiT aRsaniSnavia mravali gamoCe-

nili maTematikosis moRvaweoba, maT Soris a. kolmogorovisa da s. ni-

kolskis, qvemoT moyvanili gadmocemulia s. nikolskis saxelmZRva-

nelos: `kvadratuli formulebi~, moskovi, nauka, 1987 w. (rusul enaze) 

mixedviT.  

 

1. funqciaTa klasebi. qvemoT SemoviyvanT funqciaTa saSualedo 

klasebs. 
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baM ,;1

ganvixiloT iseTi  funqciebi, romlebic SualedSi uwyvetia 

da aqvs uban-uban uwyveti pirveli rigis warmoebuli. aseT klass 

aRvniSnavT )W  saxiT, Tu  

( )xf ],[ ba

( )( ( ) Mxf ≤′ . 

Tu funqciaTa klass -ze aqvs rigamde CaTvliT uwyveti 

warmoebulebi, xolo 

],[ ba 1( −r )
r  rigis warmoebuli ubnobriv uwyvetia da igi 

SemosazRvrulia  ricxviT, maSin aseT klass aRvniSnavT 

 simboloTi. 

rM
( ) ( baMW r
r ,; )

r  (rogorc zemoT) mTeli arauayofiTi ricxvia, Tu davuSvebT, rom 

10 ≤< α ,maSin  simboloTi aRvniSnoT -ze gan-

sazRvruli   funqciaTa klasi, romelTa 

( ) ( ) ( baMHW r ,;α ) ],[ ba

( )xf r  rigis  warmoebulebi 

nebismieri x ,  akmayofilebs Semdeg utolobas: x′ ],[ ba∈
 

( ) ( ) ( ) ( ) αxxMxfxf rr ′−≤′−                        . 

aRvniSnoT -iT (( ) ( ) ( baHW r ,α ) M -is gareSe) yvela im funqciaTa klasi, 

romlis yoveli elementi romelime M -Tvis ekuTvnis -s. ( ) ( )( )baMHW r ,;α

aseTnairad gansazRvruli  klasebi iZleva uwyvet da war-

moebad funqciaTa garkveul klasifikacias. 

( ) ( ) ( baHW r ,α )
α+r  sididis gazrda iwvevs 

 funqciis, Tu igi ekuTvnis -s, diferencialuri Tvisebe-( )xf ( ) ( )( baHW r ,α )
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bis gaumjobesebas. kerZod, Tu 2211 αα +<+ rr , maSin   

. 

( ) ( ) ( )baHW r ,11 α ⊃
( ) ( ) ( )baHW r ,22 α

zemoT gansazRvruli  funqciaTa klasis ganzogadebas 

warmoadgens   funqciaTa klasi, Tu  funqcia, ro-

desac , akmayofilebs utolobas: 

( ) ( )( baHW r ,α )
) ( ) ( )xf r( ) ( baHW r ,ω

],[, baxx ∈′
 

( ) ( ) ( ) ( ) ( )xxxfxf rr ′−≤′− ω    , ( ) ( ) ( ) ( ) ( )xfxf rr ′−= maxδω xx ′− δ≤, , 

rogorc cnobilia, ( )δω  funqcias ewodeba uwyvetobis moduli. 

cxadia, rom  funqciaTa klasi  daemTxveva  

klass, Tu  . 

( ) ( )( baMHW r ,;α )

)

( ) ( )baHW r ,ω

( ) δω Mxx =
 

2. teiloris formula. vigulisxmoT, rom . aseT Sem-

TxvevaSi, samarTliania warmodgena: 

( ) ( ) ( baMWxf r ,;∈

( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( )dttftx

rr
axafaxafxf r

rx

a

r 11

!1
1

!1
...

1

−−

∫ −
−

+
−
−++′−+= .       (2.1) 

(2.1) warmoadgens teiloris erT-erT formulas, romlisTvisac 

naSTiTi wevri warmodgenilia integraluri saxiT. igi mtkicdeba 

martivad naSTiTi wevrisaTvis nawilobiTi integrebis formulis 

TandaTanobiTi r -jer gamoyenebiT. Tu SemoviRebT aRniSvnas  

, ( ) { }0,0;0,1 <≥= − uuuuK r
r

maSin teiloris formulis naSTiTi wevri miiRebs saxes: 

 

( ) ( ) ( ) ( )dtftx
r

r
x

a

r∫ −−
−

1

!1
1

( ) ( ) ( ) ( )dtftxK
r

r
b

a
r∫ −

−
=

!1
1( ) =xRr   .       (2.2) 

 

 

3. kvadraturuli formulis naSTiTi wevris Sefaseba funqciaTa kla-

sebze. ganvixiloT nebismieri kvadraturuli formula: 

                                           (3.1) ( ) ( ) ( ),
1

0
k

m

k

b

a

xfpfLdxxf ∑∫
−

=≈

gansazRvruli  wonebiTa da  kvanZebiT.  kp bxxxa m ≤<<<≤ −110 ...

1−rCavTvaloT, rom (3.1) zustia yvela  xarisxis polinomebisaTvis.  
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)aseT SemTxvevaSi, Tu , SevafasoT (3.1) warmodgenis 

sizuste. imis gamo, rom (3.1) zustia nebismieri  

( ) ( )( baMWxf r ,;∈

( )xPr 1− 1−r  rigis 

polinomebisaTvis, dirixles formulis gamoyenebiT, samarTliania 

Semdegi tolobebi: 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )dttftxKp
r

dtdxtftxK
r

RLdxxRRLdxxRPLdxxPfLdxxf

r
k

b

a
r

m

k
r

b

a

b

a
r

r

b

a
rr

b

a
rr

a
r

b

a

−
−

−−
−

=

−=−+−=−

∫∑∫ ∫

∫∫∫∫
−

−−

1

0

11

!1
1

!1
1

( ) ( ) ( ) ( ) ( )dttftxKpdxtx
r

r
b

a

m

krk

b

t

r∫ ∑∫ ⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
−−−

−
=

−
−

1

0

1

!1
1

 

( )
( ) ( ) ( ) ( )dttftxKp

r
tb

r
r

b

a

m

krk

r

∫ ∑ ⎥
⎦

⎤
⎢
⎣

⎡
−−−

−
=

−1

0!1
1

            (3.2) 

amgvarad, Tu ganvixilavT 

( ) ( )!1
1
−

=
r

tFr
( ) ( ⎥

⎦

⎤
⎢
⎣

⎡
−−− ∑

−1

0

m

krk

r

txKp
r
tb )

)

 ,              (3.3)         

funqcias, kvadraturuli formulis naSTiTi wevrisaTvis, rodesac 

, samarTliania Semdegi zusti warmodgena:  ( ) ( )( baMWxf r ,;∈

                                .                                    (3.4)     ( ) ( )fLdxxf
b

a

−∫ ( ) ( ) ( )dttftF r
b

a
r∫=

                                 

4. zogierTi kvadraturuli formulis ricxviTi mudmivebi. davuSvaT, 

rom (3.4)-Si  , maSin (3.3) miiRebs saxes: 1,0 == ba

( ) ( )!1
1
−

=
r

tFr
( ) ( )⎥

⎦

⎤
⎢
⎣

⎡
−−− ∑

−1

0

1 m

krk

r

txKp
r
t

                   . 

ganvixiloT Semdegi gamosaxuleba: 

( ) ( ) ( ) ( ) ( )01;1,max
1

0

1

0

r
rr WffLdxxfdttFc ∈−== ∫∫             , 

rc -tipis ricxvebi _ funqciaTa klasisaTvis absoluturi konstantebi 

_ Semoyvanili iyo artur sardis mier da maT sardis ricxvebs 

uwodeben.  

vaCvenoT, rom 

 



( ) ( )
1

0

max rf x dx L f Mc− =∫ ,  . ( ) ( )01;MWf r∈                 

marTlac, ukanasknel gamosaxulebaSi toloba miiRweva, rodesac 

. ( ) ( ) ( )xMsignFxf r
r =

 

1. marTkuTxedebis  formula 

 am SemTxvevaSi , radgan marTkuTxedebis (anu gausis 

erTi kvanZiT) wesi zustia wrfivi funqciisaTvis, amitom zemoT gad-

mocemuli samarTliania, 

5.0,1,1 00 === xpm

rodesac  1,2.r =
 

( ) ( ) ( ) ,25.011)1(5.01
1

5.0

5.0

0

1

0
11 =−+−−=−−−= ∫∫∫ dttdttdttKtc

               

( ) ( ) ( )
24
1

2
15.0

2
1 1

5.0

25.0

0

2

2 =−+−−−= ∫∫ dttdtttc              . 

 

2.simpsonis formula 

am SemTxvevaSi . 4,3,2,1,1,5.0,0,3/2,6/1,3 210120 ======== rxxxpppm
 

( ) ( ) ( )
1

1 1 1 1
0

1 1/ 6 2 /3 0.5 1/ 6 1
1

tc K t K t K−= − − − − − −∫ t dt =  

2 3 45/ 36, 1/81, 1/ 576, 1/ 2880c c c= = = =  

 

  

2.5. gausis kvadraturuli formulebi 

niuton-koutsis formulebi, radgan maTi ageba damokidebuli iyo 

koeficientebis (anu wonebis) SerCevaze, xolo kvanZebi winaswar iyo 

dasaxelebuli (fiqsirebuli), yvela n rigis polinomisTvis zusti iyo. 

qvemoT SevarCioT wonebi da kvanZebi iseTnairad, rom Sesabamisi 

kvadraturuli formula zusti iyos maqsimalurad maRali xarisxis 

polinomisTvis. am problemis gadasaWrelad ganvixiloT funqcionalis 

( )∫∫
+

−

−
−

+

−

++++==
1

1

2
01

1
1

1

1

2 )( dxaxaxaxdxxlJ n
n

n
n "             (5.1) 
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minimizaciis problema  koeficientis mimarT. ka
eqstremumis aucilebeli piroba gvaZlevs: 

1 1
2

1 1

( ) 2 ( ) 0k
n n

k k

J l x dx x l x dx
a a

+ +

− −

∂ ∂= =
∂ ∂ ∫ ∫ = .                 (5.2) 

amgvarad, aseTi polinomis arsebobisTvis aucilebelia -sTvis igi 

iyos orTogonaluri yoveli polinomisa, romlis xarisxi naklebia n-
ze. 

n∀

vigulisxmoT, rom aseTi polinomi arsebobs da avagoT iseTi 

kvadraturuli formulebi, romlis kvanZebi   xarisxis 

polinomis nulebia. nulebi aRvniSnoT 

)(1 xlm+ )1( +m

0 1 21 1mx x x x− < < < < < <" . 

aseT SemTxvevaSi kvadraturuli formula miiRebs saxes 

( )∑∫
=

+

−

≈
m

k
kk xfpdxxf

0

1

1

)( , 

sadac  wonebia da kp

( )
( ) (∫

+

−

=
1

1

)( )( dxxqp k
mk

 111

, )kmk

kmmk
m xlxx

xlxl
x '

1

11)( )(
)(

+

++

−
−

= ( ) )!01 =+ km xlq , (          (5.3) 

( )∏
=

+ −=
m

k
km xxxl

0
1 )( . 

vaCvenoT Semdegi debulebis samarTlianoba: 

Tu   rigis polinomia, maSin samarTliania Semdegi 

warmodgena: 

)(xf )12( +m

( )
( ) ( )

( )1 1
1

0 1
'

( )
( ) ( ) ( )

m
m m k

k m
k k m k

l x l x
f x f x

x x l x
+ +

+
= +

−
−

−∑ l x S x= ,              (5.4) 

sadac  ara umetes m xarisxis polinomia. )(xS
marTlac, marjvena mxareSi maklebi mainterpolebeli polinomia, xo-

lo marcxena mxare unaSTod iyofa -ze, radgan,  misive 

nulia. amitom  ganayofi ver iqneba m-ze maRali xarisxis 

polinomi, radgan -is xarisxi ar aRemateba -s. 

)(1 xlm+ ixx =

)(xS

)(xf 12 +m

CavTvaloT, rom -isTvis sruldeba (5.2) pirobebi. amis gamo )(1 xlm+

0)()(
1

1
1 =∫

+

−
+ dxxSxlm ,                         ( )5.2′

romlis gaTvaliswinebiT (5.4)-dan gvaqvs: 



( )∑∫
=

+

−

=
m

k
kk xfpdxxf

0

1

1

)( .                        (5.5) 

amgvarad, davamtkiceT Semdegi debuleba: Tu  aris  rigis 

polinomis nulebi da  arCeulia (5.3)-is mixedviT, maSin (5.5) 

warmodgena igiveobaa  rigis polinomisTvis. dasamtkicebeli 

dagvrCa -is arseboba. davubrundeT kvlav aRniSvnas . 

amitom, Tu Sesrulebulia (5.2), gvaqvs: 

kx 1+m

kp

12 +∀ m

)(1 xlm+ nm =+1

0)()(
1

1
1 == ∫

+

−

dxxpxlJ n  , ,              ( )5.2′)(xp∀ nxp <)(deg

veZeboT  polinomi Semdegi saxiT )(xln

)()( 2 xR
dx
dxl nn

n

n = ,                          (5.6) 

sadac  saZiebeli polinomia )(2 xR n

(5.6) tolobis daSveba, cxadia, zogadobas ar zRudavs. aseTi  

aigeba -is n-jer integrebiT. radgan  ganisazRvreba  

rigis polinomis sizustiT, avarCioT igi iseTnairad, rom 

)(2 xR n

)(xln )(2 xR n )1( −n
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0)1()(
2 =−i

nR  .                          (5.7) )1,,2,1,0( −= ni …

)()( 2 xR
dx
dxl nn

n

n =gamovTvaloT , rodesac 1J -is tolia. nawilobiTi 

integrebiT gvaqvs: 

∫∫
+

−
−

−+

−
−

−+

−

′−=
1

1
21

11

1
21

11

1
2 )()()()()()( dxxR

dx
dxpxR

dx
dxpdxxR

dx
dxp nn

n

nn

n

nn

n

 

1( 1) ( 2) 1 ( 1) (0)
2 2 2 1

( ) ( ) ( ) ( ) ( 1) ( ) ( )n n n n
n n np x R x p x R x p x R x

+− − − −
−

⎡ ⎤′= − + + −⎣ ⎦" , 

(5.7)-is ZaliT, ukanaskneli toloba gvaZlevs: 

( 1) ( 2) 1 ( 1)
1 2 2 2(1) (1) (1) (1) ( 1) (1) ( 1) 0n n n n

n n nJ p R p R p R− − − −′= − + + − +" = .            (5.8) 

)(xp  polinomis nebismierobis gamo, (5.8) igiveobis SesrulebisTvis 

aucilebeli da sakmarisia, rom 

0)1()(
2 =+i

nR  .                          (5.9) )1,,2,1,0( −= ni …

amgvarad, (5.2)-is dasamtkiceblad sakmarisia iseTi polinomis ageba, 

romelic akmayofilebs (5.7) da (5.9) pirobebs. magram aseTi polinomia 

n
nn

n

n

n cxx
dx
dxR ×−+= )1()1()(2  



(nebismieri ). amasTan,  polinoms -Tan unda hqondes 

koeficienti 1. amitom SevarCioT c. 

nxconst=nc )(2 xR n

gvaqvs: 

( )[ ] "" ++−−=− n
nn xnnnnx )12()12(21

)(
2 , 

amitom, Tu avirCevT , maSin  miiRebs saxes: ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=−

n
n

cn 2
1 )(xln

( n

n

n

n x
dx
d

n
nxl 1

)!2(
!)( 2 −⋅= ) .                       (5.10) 

polinomTa klass, gansazRvruls (5.10) tolobiT (mudmiv mamravlamde 

sizustiT), ewodebaT leJandris polinomebi, xolo (5.5) tolobiT 

gansazRvrul formulas _ gausis kvadraturuli formula. 

 

SevniSnoT, rom (5.5) formula aris kerZo SemTxveva gausis 

kvadraturuli formulebisa, romelTac aqvT saxe: 

( ) ]1,1;[][)()(
0

1

1

−+=∑∫
=

+

−

fExfpdxxfx
m

k
kk ρρ ,             ( )5.5′

0)( ≥xρsadac  cnobili woniTi funqciaa. 

 

ramdenadac (5.9) zustia nebismieri  rigis polinomisTvis, ami-

tom (5.4)-is gaTvaliswinebiT  samarTliania Semdegi 

warmodgena 

)12( +m

]1,1[)( )22( −∈∀ +mCxf

( )∑∏
=

++

≠
=

++
−
−

=
m

k
mm

m

ki
i

k
ik

i xfRxSxlxf
xx
xx

xf
0

221
0

];[)()()( .           (5.11) 

vipovoT -isa da gausis formulis naSTiTi wevris saxe. 22 +mR
(5.11) gamosaxulebis marjvena mxaris pirveli Sesakrebi lagranJis 

sainterpolacio polinomia, meore SesakrebisTvis ( )mixx i ,0==  kvan-

Zebi _ nulebi,  _ nebismieri ara umetes m-uri rigis mravalwevri. 

Tu (5.11)-s gadavwerT ekvivalenturi saxiT: 

)(xS

];[)()( 2212 xfRxHxf mm ++ += . 

avagoT  iseTnairad, rom Sesruldes pirobebi: )(xS
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( ) ( )imi xHxf 12 += ,  ( ) ( )imi xHxf 12 +′=′ ( )mi ,0= .              (5.12) 



SevniSnoT, rom aqedan pirveli wyeba formulebisa avtomaturad 

sruldeba interpolebis pirobebis gamo. (5.12)-is gamo (5.11)-dan 

gamomdinareobs, rom naSTiTi wevrisTvis samarTliania warmodgena: 

[ ] ( )∏
=

+ −=
m

i
im xxxKxfR

0

2
22 )(; , 

sadac  eqvemdebareba gansazRvras. )(xK
iseve, rogorc lagranJis sainterpolacio formulis naSTiTi wevris 

gansazRvrisas, ganvixiloT 

( )2
2 1

0

( ; ) ( ) ( ) ( )
m

m i
i

F z x f z H z K x z x+
=

= − − −∏ , 

x parametrze damokidebuli funqcia. amasTan vigulisxmoT, rom 

. aseT SemTxvevaSi -s eqneba  nuli: aqedan  ixx i ∀≠ : ix);( xzF 32 +m

( )mi ,0= F ′
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 orjeradi da xz = . -s eqneba  nuli: aqedan  _ 

erTjeradi, xolo  -sa da x-sgan gansxvavebuli (rolis Teo-

remis gamo) nuli, 

ixz =22 +m

ix1+m

F ′′  funqcia nulis toli gaxdeba  wertilSi 

da a. S. -s eqneba  nuli,  funqcias _ 

1 nuli. amitom 

12 +m

);()22( xzF m+)12( +mF 21232 =−−+ mm

(2 2) (2 2) 0 ( )(2 2)m mF f K x m+ += − − + ! 

Tu -is nuls aRvniSnavT );()22( xzF m+ ξ=z , ukanaskneli tolobidan 

miviRebT: 

)!22(
)()(

)22(

+
=

+

m
fxK

m ξ )11( <<− ξ  

anu 

(∏
=

+

+ −
+

+=
m

i
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m

m xx
m

fxHxf
0

2
)22(

12 )!22(
)()()( ξ ) .                      (5.13) 

Tu ukanasknel tolobas  SualedSi vaintegrebT, gveqneba: )1,1( +−

( ) ( )∫ ∏∑∫
+

− =

+

=

+

−

−
+

+=
1

1 0

2
)22(

0

1

1 )!22(
)()( dxxx

m
fxfpdxxf

m

i
i
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k
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ξ
.                (5.14) 

gavamartivoT 

( )( ) ( )
(2 2)1 1

20
2 2 2 2

01 1

, , ,
[ ] [ ; ]

(2 2)!

m m
m

m m i
i

f x x x
E f R f x dx x x d

m
ξ++ +

+ +
=− −

= = −
+ ∏∫ ∫

…
x , 

(5.2)-isa da (5.10)-is ZaliT . amitom saSualo mniSvnelobis 

Teoremis ZaliT: 

2
1( ) 0m xω + ≥



( )
∫
+

−
+

+

+ +
=

1

1

2
1

)22(

22 )(
)!22(

][ dxx
m

ffE m

m

m ωξ 11 <<− ξ .                 (5.15) 

(5.2)-isa da (5.10)-is ZaliT (droebiT ) da nawilobiTi 

integrebiT: 

nm =+1

( ) ( )∫∫
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⎞
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1 11 1 1
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1 1 1
n n n nn n n n

n nn n n n
d d d dc x x c x x d
dx dx dx dx

+ +− + −

− + −
−−

= − ⋅ − − − ⋅ −∫ 1  x

)

1)

cxadia, pirveli Sesakrebi nulis tolia, radgan -is -jer 

gawarmoebiT miRebuli wevri Seicavs 

( nx 12 − )1( −n

( )12 −x  Tanamamravls. kvlav 

nawilobiTi integrebiT 
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Tavis mxriv, nawilobiTi integrebis Sedegad miviRebT 
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1)   erT-erTi pirvelyofilia ( ) dxxdv n)(2 1−= ( ) )1(2 1 −−= nxv
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SevniSnoT, rom, Tu integreba xorcieldeba  SualedSi, maSin sa-

integro cvladis gardaqmniT 

),( ba
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−
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2
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222 2
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gamovyoT zogierTi Sedegi: 

1) radgan gausis kvadraturuli formula zustia  xarisxis 

polinomisTvis, amitom igi zustia 

12 +m
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( ) 1

1
( )( )k m

m
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xl x
x x
ω +
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polinomisTvis. amis gamo 
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ω

, 

saidanac gamomdinareobs  wonebis dadebiToba. kp

kp ( )np x wonebi. CavTvaloT, rom 2) gamovTvaloT cxadad  aris leJan-

dris polinomi TvisebiT  aseT SemTxvevaSi adgili aqvs 

qristofelis  igiveobas: 

( 1) ( 1) .n
np − = −

1 1

0

( ) ( ) ( ) ( )2 1 1( ) ( )  
2 2

n
n n n n

k k
k

p x p x p t p xk np t p x
t x

+ +

=

−+ +=
−∑ . 

Tu aRniSnul igiveobas vaintegrebT x-iT da t-s magivrad CavsvamT 

( )np x  polinomis erT-erT nuls, miviRebT 

1
1

1
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x x
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Tu visargeblebT (5.3) formuliT, miviRebT 
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1

2
( 1) ( ) ( )k

n k n k

p
n p x p x+

= −
′+

. 

rekurentuli damokidebulebidan  

1 1( 1) ( ) (2 1) ( ) ( )n n nn p x n xp x np x+ −+ = + − ⇒  

1 1( 1) ( ) (n k n kn p x np x+ −+ = − )  

kpamitom -Tvis gveqneba Semdegi gamosaxuleba: 

1

2
( ) ( )k

n k n k
p

np x p x−

=
′   . ( 1,2,...,k n= )

3)  wonebis gamosaTvlelad, garda (5.3) formulebisa, adgili aqvs 

Semdeg cxad warmodgenebs
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k xxm
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L c des -sken

bas. 
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)

                                                

 leJandris orTogonaluri mravalwevrebia. 

4) SevniSnoT: imisTvis, rom gausis kvadraturuli formulis Sesa-

bamisi procesi )f , rodesa ∞→ , ikribebo )( dxxf  

)  ],[ ba -ze uwyveti funqciisTvis, aucilebeli da sakmarisia, rom 

nebismieri mravalwevrisTvis adgili hqondes krebado

∫
+

−

1

1

( m

(xf∀

5) msjelobis sisrulisTvis, davamtkicoT leJandris polinomis (mud-

miv mamravlamde sizustiT) erTaderToba. amisTvis vaCvenoT, rom, Tu 

Sesrulebulia (5.2) an (5.2') pirobebi, maSin  . ( ) 01 =+ im xl ),,2,1,0( mi …=

davuSvaT winaaRmdegi. vTqvaT,  funqcias aqvs  nuli da 

es nulebia . avirCioT  polinomi (5.2')-dan, rogorc 

. aqedan cxadia,  polinomi -Si niSangansa-

zRvrulia, ris gamoc (5.2) piroba ar Sesruldeba. 

( )xlm 1+ 1+< mk

( 1,2, , )i = … ( )S x

(
1

( )
k

i
i

S x x x
=

= −∏ ]1,1[−1( ) ( )ml x S x+
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 dawvrilebiT ix., mag., Н. С. Бахвалов, А. В. Лапин, Е. В. Чесноков. Численные 
методы в задачах и упражнениях, Изд. ВШ, 2000. 



2.6. eiler-maklorenis tipis formulebi 

 

am nawilSi ganvixilavT tipiur magaliTebs iseTi kvadraturuli 

formulebis agebisas, romlebic, funqciis mniSvnelobaTa garda, 

iyenebs funqciis sxvadasxva rigis warmoebulebis sidideebsac. 

 

kvadraturuli formulebis agebis Sesaxeb kuburi splain-funqciebis 

gamoyenebiT. meore TavSi miRebuli formulebi kuburi splainebisTvis 

uSualod SeiZleba gamoviyenoT kvadraturuli formulebis asagebad, 

rogorc momentebis, ise daxrilobebis SemTxvevaSi. 

qvemoT moviyvanT erT tipiur formulas, rodesac kvadraturuli 

formula igeba meore Tavis (1.2) formulis safuZvelze. rac Seexeba 

daxrilobebis Semcvel splainebs, maT ar moviyvanT imis gamo, rom 

eiler-maklorenis formula swored aseTi struqturisaa. 

amgvarad, meore Tavis (1.2)-iT gansazRvruli gamosaxulebis integrebiT 

( )jj xx ,1−  SualedSi gvaqvs: 

242
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+
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,                (6.1) 

romelic zustia meore xarisxis polinomebisTvis. 

(6.1)-dan advilad miiReba: 
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ff
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313

1

1

2424
1

2
);( .          (6.2) 

periodul SemTxvevaSi (6.2)-dan gamomdinareobs trapeciis wesi, ramde-

nadac  da amitom (6.2) formulaSi Tanabari badis 

SemTxvevaSi  -is Semcveli Sesakrebi ganuldeba. 

021 =+++ nMMM "

iM
eiler-maklorenis formula. rogorc ukve iTqva, eiler-maklorenis 

tipis formulebi funqciis mniSvnelobebTan erTad Seicaven war-

moebulebis mniSvnelobebsac. gadmocemis mTlianobisTvis aseTi kvad-

raturuli formulebis asagebad gamoviyenoT splainebi daxrilobe-

biT, Tu  sidideebs SevcvliT ( )jxf ′jm  sidideebiT. 

visargebloT nakveTi II-is Tavi II-is (1.10) formulebiT da  aR-

vniSnoT -iT. amgvarad gvaqvs: 

)(xSΔ
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)(3 xH 1jx a− = , , , 

 

)(1 aym j ′=−bx j =

)(bym j ′=

2

2

2

2

3 )(
)()()(

)(
)()()()(

ab
xbaxby

ab
axxbayxH

−
−−′−

−
−−′=  



[ ] [ ]
3

2

3

2

)(
)(2)()(

)(
)(2)()(

ab
abxbaxby

ab
abaxxbay

−
−+−−+

−
−+−−+ ,        (6.3) 

(4)
2 2

4
( )[ ; ] ( ) ( )

4!
fR x f x a b x ξ= − −];[)()( 43 fxRxHxf += , .         (6.4) 

Tu vaintegrebT (6.4)-s, rogorc adre gavakeTeT niuton-koutsis 

formulebis miRebisas, mag., -Tan koeficienti iqneba: )(ay

[ ] )(
2
1

)(
)(2)(
3 abdx

ab
abaxxbb

a

−=
−

−+−−
∫ , 

aseve daiTvleba koeficientebi ,  da -Tan. amis Sedegad 

miviRebT: 

)(ay′ )(ly′)(by

[ ] [ ]21 1( ) ( ) ( ) ( ) ( ) ( ) ( )
2 12

b

a

f x dx b a f a f b b a f a f b′ ′= − + + − −∫  

∫ −−+
b

a

dxbxaxf 22)4( )())((
24
1 ξ           (6.5) 

radgan , naSTiTi wevris SefasebisTvis gvaqvs: 0)()( 22 ≥−− bxax

( )1
)4(

5
22)4(

720
)()())((

!4
1],;[ ξξ fabdxbxaxfbafE

b

a
ME

−=−−= ∫− , ),(, 1 ba∈ξξ . 

(6.5) formulidan, Tu -s gavyofT 4 nawilad da TiToeuli 

qveSualedisTvis gamoviyenebT (6.5)-s, miviRebT ( ) 

),( ba
nhab =−

( )[ ])()()(2)(
2
1)()(

1

0

)1(

bfhbfhafafhdxxfdxxf
n

i

hia

iha

b

a

+−++++==∑ ∫∫
−

=

++

+

"  

( )[ ] ( )∑∑
−

=

−

=

+++′−+′+
1

0

)4(
51

0

2

720
)1()(

12
1 n

i
i

n

i
fhhiafihafh ξ  

( )[ ])())1(()(2)(
2
1 bfhnafhafafh +−+++++= "  

[ ]
720

)()()(
12
1 4

2 abhbfafh −+′−′+ .                    (6.6) 

daumtkiceblad moviyvanoT eiler-maklorenis formulis zogadi saxe, 

romelic miiReba, Tu  funqciisTvis gamoviyenebT teiloris 

formulas da  gamoviTvliT Sesabamis (gardaqmnil) naSTiT wevrs. amis 

Sedegad eiler-maklorenis formulas eqneba aseTi saxe: 

)()4( xf

[ ] ( )
( ) ( )( )

1
2 2 1 2 12

10

( ) (0) ( ) (0) ( )
2 2 !

h n
j j jj

j

Bhf x dx f f h h f f h
j

−
− −

=

= + + −∑∫  
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( ) )(
!2

)2(122 ξnnn fh
n

B +− , ),0( h∈ξ , 

sadac 

10 =B , 
2
1

1 −=B , 
6
1

2 =B , 
30
1

4 −=B , 
42
1

6 =B , ,  012 =+jB  )1( >j . 

bernulis ricxvebi da polinomebi nB  da )(tBn   akmayofileben Semdeg 

rekurentul damokidebulebebs: 

)0(nn BB = . 10 =B . 

1)()1( −+=+ n
nn nttBtB , 1)(0 =tB , 

2
1)(1 −= ttB . 

(detalebi bernulis ricxvebisa da polinomebis Sesaxeb ix., mag., И. 
Березин, Н. Жидков, Методы вычислений, т. 5, М: ФМ, 1959, gv. 284-297). 
 

komentarebi da literaturuli miTiTebani 
 
Tavi I. `ricxviTi gawarmoeba~ sacnobaro-gamoyenebiTi xasiaTis nawi-

lia da masSi ZiriTadad gadmocemulia pirveli da meore rigis war-

moebulTa analogebi Tanabari bijisaTvis. ZiriTad wyaroebad vu-

TiTebT: S. miqelaZis [1946], h. melaZis, m. menTeSaSvilis, n. sxirtlaZis 

[2005], v. kosarevis: `12 leqcia gamoTvliT maTematikaSi~, Tsu, 2003 - 

qarTul, g. engel-miuglerisa da f. roiteris [1990] – germanul, i. be-

rezinisa da n. Jidkovis [1959, t. I] – rusul, j. albergis, e. nilsonisa 

da j. uolSis [1967] – inglisur enebze gamoqveynebul saxelmZRva-

neloebs. 

Tavi II. `ricxviTi integreba~ gadmocemulia sakmaod detalurad, ko-

mentarebi da literaturuli miTiTebani moyvanilia teqstSive sa-

Tanado adgilas. 



n a k v e T i  IV 

 

Cveulebrivi diferencialuri gantolebis ricxviTi 
amoxsnis meTodebi 

 
Tavi 1. Cveulebrivi diferencialuri gantolebisaTvis koSis 

amocanis amoxsnis ricxviTi  meTodebi 

 

1.1. Cveulebrivi I rigis diferencialuri gantoleba  

sawyisi pirobebiT. eilerisa da eiler-koSis modificirebuli 

ricxviTi meTodebi 

 

qvemoT ganvixilavT pirveli rigis Cveulebrivi diferencialuri gan-

tolebisTvis koSis amocanis amoxsnis meTodebs ricxviTi analizis 

gamoyenebiT. 

ganvixiloT 

( ) 0)(, =− xyxf
dx
dy

, , ,                   (1) ayay =)(bxa <<

sadac  saZiebeli funqciaa,  _ ori cvladis funqcia, 

xolo  _ mocemuli ricxvi. 

)(xyy = ),( yxf

ay

{
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vigulisxmoT, rom  gansazRvrulia marTkuTxedSi ),( yxf ,a x b≤ <  

}M y M− ≤ < , uwyvetia orive cvladis mimarT, xolo meore cvladis (e.i. 

y-is) mimarT aqvs kerZo warmoebuli . rogorc cnobilia, am 

SemTxvevaSi (1)-s aqvs erTaderTi amonaxsni. Cven vixilavT SemTxvevas, 

rodesac -s aqvs 

),( bax∈∀

yf
y
f =
∂
∂),( yxf  warmoebuli, Tumca (1)-is amoxsna-

dobisTvis sakmarisia, rogorc cnobilia, ricxviTi f funqcia akmayofi-
lebdes lipSicis pirobas meore cvladis mimarT. 

ricxviTi algoriTmebis agebis erT-erTi midgoma emyareba amocanis 

diskretizacias. amisTvis  Sualeds vyofT sasruli raodenobis 

qveSualedebad da yoveli qveSualedis kidura wertilebs vuwodebT 

kvanZiT wertilebs, xolo am wertilebis erTobliobas _ badur ares. 

amgvarad 

],[ ba

{ }abKhKkhax kk
n −==+== ,,,2,1,0,)( …ω  



aris baduri are, h integrebis an badis biji, xolo  _ kvanZebi. 

aRvniSnoT: 

kx

{ }Kkyy k
n ,,1,0,)( …==  _ 

(1) amocanis amonaxsnis saZiebeli miaxloebiTi mniSvnelobebis erTob-

lioba kvanZiT wertilebSi: 

( ){ }Kkxyy k
n ,,2,1,0,][ )( …==  _ 

(1) amocanis amonaxsnis zust mniSvnelobaTa erToblioba badis 

kvanZebSi (yuradReba mivaqcioT, rom sazogadod . ( ))kk xyy ≠
)(ny
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}

-iTa da -iT gansazRvrul erTobliobas vuwodoT baduri 

funqciebi. cxadia,  erTi cvladis baduri funqciaa, xolo  

gansazRvrulia  wertilebis erTobliobaze, anu marTkuTxedis 

kvanZiT wertilebSi. 

)(nf
)(ny )(nf

{ kk yx ,

SemoviyvanoT ricxviTi amonaxsnis cdomileba 

( ){ }Kkxyyyy kk
nnn ,,1,0,][ )()()( …=−=−=δ  

Tu SevqmniT  ganzomilebian sivrces (es sxvadasxva gziT SeiZ-

leba) da SemoviyvanT Sesabamis normas, anu 

)1( +K
)(nδ  (aseTnairi maxasia-

Tebelia, magaliTad, 

( ) )kkk

n xyy −= max)(δ , 

maSin advili saCvenebelia, rom aseTnair ricxvs axasiaTebs Semdegi 

Tvisebebi: 

0)( ≥nδ1) , 

)()( nn cc δδ = , Tu c raime namdvili ricxvia, 2) 

)(
2

)(
1

)(
2

)(
1

nnnn δδδδ +≤+ , 3) 

1δ  Seesabameba raime erT-erT badur funqcias, xolo 2δsadac  _ meo-

res. 

SemoviRoT aseTnairi gansazRvreba: vityviT, rom ricxviTi amonaxsni 

krebadia zustisken , Tu ( )( )kk xyy → 0)( →nδ , rodesac . aseve 

vityviT, rom meTodi, romelic saSualebas gvaZlevs avagoT , aris 

p rigis sizustis, Tu 

0→n

( )y x

pn ch≤)(δ  (  h-isgan damoukidebeli mudmivia). 0≥c



zemoT moyvanil SezRudvebSi, romelsac  funqcia akmayofi-

lebda, (1) ekvivalenturia volteras Semdegi meore gvaris arawrfivi 

integraluri gantolebisa 

)( yxf ⋅

( )∫+=
x

t

dyftyxy τττ )(,)()(  , .           (2) )( bxta ≤≤≤ ayay =)(

(2) sazogadod aris safuZveli iseTi algoriTmebis agebisa, romelsac 

ricxviT analizSi sxvaobiani sqemebi ewodeba. es termini imiTacaa 

ganpirobebuli, rom saTanado sqemebi aigeba, Tu -s SevcvliT 

ricxviTi gawarmoebis formulebiT, anu warmoebulebs SevcvliT 

gayofili sxvaobebiT. 

)(xy′

amgvarad, Tu (1)-Si Semaval warmoebuls SevcvliT yoveli calmxrivi 

(marjvena) sxvaobiT, an (2)-Si avirCevT , , xolo integrals 

SevcvliT marTkuTxedis (marcxena) kvadraturuli formuliT, mivi-

RebT sqemas, romelsac eileris meTodi ewodeba 

1+= kxx kxt =

( )kkkk yxhfyy ,1 +=+ , , .                   (3) 1,,2,1,0 −= Kk … ayy =0

rogorc aRvniSneT, (3) sqema miiReba (1)-dan, Tu gamoviyenebT teiloris 

formulas 

( ) ( ) ( ) ( ) ( ) ( )k
kk

kkkkk y
xx

xyxxxyxy ξ′′−
+′−+= +

++ !2

2
1

11 1+≤≤ kkk xx ξ,  

 ( ,         (4) )11 =−+ kk xx
ukuvagdebT naSTiT wevrs 

)(
!2

2

2 ξyhr ′′= , 

xolo -s SevcvliT (1)-is marjvena mxariT _ -iT. ( )kxy′ ( )kk yxf ,
advili sanaxavia, rom (3)  SualedSi aRwers texils: ( 1, +kk xx )

 

 B 
1+ky

 
  
 C 

   A 
 

ky  

y 

x

nax. 1

AB wrfis gantolebaa 
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( )kkkk yxhfBAChyy ,tg1 ==−+ . 
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)amgvarad, Tu -s gavutolebT  ricxvs da process 

daviwyebT 

( kk yxf ,BACtg
ax = -dan, gveqneba Semdegi saxis grafiki: 

y=f(x)

 ay  
 
 

y 

              h              h  
       0x             1x          2x                     b         x 

nax. 2
 

amgvarad, (3) sqemis geometriuli interpretaciaa -is miaxloeba 

texiliT, wrfis monakveTebiT. 

)(xf

(4)-is saSualebiT (3) gamosaxulebis zusti analogi Semdegnairad 

gamoiyureba: 

( ) ( ) ( )( ) ( )kkkkk yhxyxhfxyxy ξ′′++=+ 2
,

2

1 , .                   (5) ayay =)(

eileris meTodi ewodeba sqemasac, romelic (1)-dan miiReba, Tu 

warmoebuls SevcvliT marcxena sxvaobiT 

( )kkkk yxhfyy ,1 =− − , , .                (6) Kk ,,2,1 …= ayyay == 0)(
(5)-is analogiuri gamosaxuleba am SemTxvevisTvis, cxadia, Semdegia: 

( ) ( ) ( )( ) ( kkkkk yhxyxhfxyxy η′′−+= − 2
,

2

1 ) kkk xx ≤≤− η1, , . ayy =0

(6)-iT, cxadia, SesaZlebelia, gamovTvaloT yoveli momdevno . 

amisTvis saWiroa, amoixsnas erTucnobiani (sazogadod arawrfivi) 

gantoleba. vaCvenoT, rom, Tu  funqciis kerZo warmoebulis 

ky

),( yxf

y
f
∂
∂max  SemosazRvrulia, sakmarisad mcire h-isTvis (6)-iT gansaz-

Rvrul gantolebas -sTvis aqvs erTaderTi amonaxsni. marTlac, Tu 

(6)-s iteraciis wesiT amovxsniT, aseTnairi procesiT avagebT misive 

amonaxsnebs. CavTvaloT, rom  da  mocemuli sidideebia, h _ 

parametria. 

k∀

1+ky kx



aRvniSnoT  sididiT (6) gantolebis n-uri iteraciiT agebuli si-

dide da (6) aseTnairad gadavweroT: 

nky ,

( )nkkknk yxhfyy ,111, , −−+ =− , .                   (7) 10, −= kk yy

SevafasoT 

( )[ ] ( )[ ] ( ) ( )( )1,,1,1,1,1, ,,,, −−−−+ −=+−+=− nkknkknkkknkkknknk yxfyxfhyxhfyyxhfyyy . 

aqedan sasruli nazrdis formulis ZaliT gveqneba: 

( ) ( )nkkynknknknk xfyyhyy ,1,,,1, ξ−′−=− −+ , ( nknknk yy ,,1, ≤≤− ξ  an 

)1,,, −≤≤ nknknk yy ξ , 

( ) ( ) ( "=′′−=− −−−+ 1,,
2

2,1,,1, ,, nkkynkkynknknknk xfxfhyyyy ξξ )  

( ) ( )∏
= ∂
∂−=

n

i
ikk

n
kk x

y
fhyy

1
,0,1, ,ξ , 

⎟⎟
⎠

⎞
∂
∂=′

y
ff y( ikikik yy ,,1, ≤≤− ξ )1,,, −≤≤ ikikik yy ξ an  (aq . 

h-is simcirisa da -is SemosazRvrulobis gamo, Tu davuSvebT, rom  yf

( ) 1, , <≤′ qxfh ikky ξ .                           (8) 

maSin 

n
kknknk qyyyy 0,1,,1, −≤−+ , 

rac niSnavs, rom (7) procesi krebadia da mas erTaderTi amonaxsni 

aqvs, Tu samarTliania (8) damokidebuleba. 

zemoT moyvanili sqemebidan bunebrivad gamomdinareobs miRebuli Se-

degebis imedianobis problema. jerjerobiT CavTvaloT, rom -is 

misaRebad saWiro gamoTvlebi zustad tardeba (magaliTad, damrgva-

lebis cdomilebis gareSe) da SeviswavloT sakiTxi: miRebuli 

Sedegebi ramdenad axlos iqneba (1) amocanis namdvil amonaxsnTan. 

amgvarad SeviswavloT sakiTxi, Tu ramdenad axlosaa  sidide -

sTan anu SevafasoT cdomileba 

)(ny

( )kxyky

( )kkk xyy −=δ  -sTvis. k∀
pirvelad ganvixiloT cxadi sqema. (3) tolobas gamovakloT (5): 

( ) ( )( )[ ] ( kkkkkkk yhxyxfyxfh ξδδ ′′−−+=+ 2
,,

2

1 ).                (9) 
(9) tolobis marjvena mxareSi Sedis saZiebeli funqciis meore rigis 

warmoebuli . (1) gantolebidan gvaqvs y ′′

( )( ) f
y
f

x
f

dx
dy

y
f

x
fxyxf

dx
d

dx
dy

dx
dxy

∂
∂+

∂
∂=

∂
∂+

∂
∂==⎟

⎠
⎞

⎜
⎝
⎛=′′ )(,)( . 

Tu vigulisxmebT, rom 
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3c
y
f ≤
∂
∂

2c
x
f ≤
∂
∂

1 cf < , , , 

sadac  sasruli ricxvebia, ic

yvela dasaSvebi  gveqneba Ryx ∈),(

4312 ccccy =+≤′′ . 

amave dros (9)-dan gvaqvs, rom, Tu 

( ) ( )( ) 3( , ,k k k k kh x y f x y x hc δ− ≤ , 

( ) ( )kkkykkk yhxfh ξηδδδ ′′−′+=+ 2
,

2

1  ( )( )kkk xyy ,∈η  

anu 

( ) 4

2

31 2
1 chhc kk ++≤+ δδ . 

aqedan 

( ) ( ) 4

2

4

2

1331 22
11 chchhchc kk +⎥

⎦

⎤
⎢
⎣

⎡
+++≤ −+ δδ  

( ) ( ) ( )( )1
3

0
34

2

13 11
2

21 hchcchhc k +++++≤ −δ  

( ) ( ) ( ) ( )( ) "≤+++++++≤ −
2

3
1

3
0

34

2

2
3

3 111
2

1 hchchcchhc kδ  

( ) ( )∑
=

+ +++≤
k

m

mk hcchhc
0

34

2

0
1

3 1
2

1 δ . 

SevafasoT  ( )03 ≠c

( ) ( ) ( ) )(
1

33
1

3
31313

3

1

111 abcxcxc
hch

x
k eehchchc kk

k −⋅+ ≤≤+=+=+ ++
+

, 

( ) ( )
3

)(

3

1
3

0
3

1
11

11
1

3

hc
e

hc
hc

hc
abckk

m

m −=
−+
−+

=+
−+

=
∑ , 

( )
5

43

)(
4

3

)(

4

2 11
2

33

hc
cc

ech
hc

ech abcabc

=
−

=−⋅
−−

. 

1+kδamgvarad -isTvis gveqneba: 

50
)(

1
3 hce abc

k +≤ −
+ δδ  

 ( , ukanaskneli utolobidan )06 ≥chc60 =δTu vigulisxmebT, rom 

hck 71 ≤+δ  

anu 
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hck 71 ≤+δ   . Kk ,,2,1,0 …=∀

amgvarad, eileris (cxadi) meTodi krebadia pirveli rigis sizustiT. 

 

eiler-koSis modificirebuli meTodi. gadavweroT (1) Semdegi saxiT: 

( ) ( ) ( ) ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
⎟
⎠
⎞

⎜
⎝
⎛ ++=+

−
=

⎟
⎠
⎞

⎜
⎝
⎛ +

+

2
,

2
2
1

21 hxyhxfhO
h

xyxy
dx

hxdy
kk

kk
k

. 

Tu naSTiT wevrs ukuvagdebT, gveqneba 

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
++=

++
2
11 ,

2 kkkk yhxhfyy .                        (2.1) 

2
1+k

y  gamovTvaloT eileris (cxadi) meTodiT: 

( ) .,,
2 0

2
1 akkkk

yyyxfhyy =+=
+

                      (2.2) 

Tu (2.2)-s CavsvamT (2.1)-Si, gveqneba 

( )⎟
⎠
⎞

⎜
⎝
⎛ +++=+ kkkkkk yxhyhxhfyy ,

2
,

21 , .              (2.3) ayy =0

vaCvenoT, rom (2.3) amocana axdens (1) amocanis aproqsimacias h-is mi-
marT meore rigis sizustiT. am mizniT ganvixiloT sxvaoba (romelsac 

vuwodoT aproqsimaciis cdomileba): 

( ) ( ) ( ) ( )( )⎟
⎠
⎞

⎜
⎝
⎛ ++−

−
= +

kkkk
kk

k xyxhxyhxf
h

xyxy
,

2
,

2
1ψ  

( ) ( ) ( ) ( ) ( )
( ) ( )( )⎟

⎠
⎞

⎜
⎝
⎛ ++−

−+′′+′+
= kkkk

kkkk
xyxfhxyhxf

h

xyhOxyhxyhxy
,

2
,

2
2

3
2

 

( )( ) ( ) ( ) ( )( )⎟
⎠
⎞

⎜
⎝
⎛ ++−+′+=

=
kkkk

xx
kk xyxfhxyhxfhOxy

dx
dhxyxf

k

,
2

,
2

)(
2

, 2  

( )( ) ( )
( )

( ) ( )( )
( )k

k
k

kk
xyy

xxkk
xyy

xxxxkk x
fhxyxfhOxyxf

dx
dhxyxf

=
=

=
== ∂

∂−−++=
2

,)(,
2

, 2  

( )( )
( )

( )
( ) ( ) ( )k

k
k

k
k

k
k

k
xyy

xx
xyy

xx
xyy

xx
xyy

xxkk y
fh

dx
dy

y
f

y
fhhO

y
fxyxfh

=
=

=
=

=
=

=
= ∂

∂−⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂+

∂
∂=+

∂
∂−

22
,

2
2  

( )( )
( )

,
2 k

k

k k x x
y y x

h ff x y x
y =

=

∂− +
∂

 

( )
( )

( )( )
( )

( )( ) ( )2 2, ,
2 2k k k

k k

x x k k x x k k
y y x y y x

h f h fO h f x y x f x y x O h
y y= =

= =

∂ ∂+ = ⋅ − +
∂ ∂

 



( )2hOk =ψ . 

debuleba damtkicebulia. 

 

1.2. koSis amocanis amoxsnis mravalwertilovani runge-kutasa da 

adamsis tipis meTodebi 

 

mravalwertilovani meTodebis Sesaxeb. koSis amocanis amoxsnis 

mravalwertilovani meTodebi xasiaTdeba imiT, rom gamosaTvleli 

amonaxsnis mniSvneloba mimdinare kvanZSi damokidebulia ara mxolod 

wina (erT) kvanZSi cnobil monacemebze, rogorc eileris cxad 

sqemebSi, aramed ramdenimeze. formalurad aseTi sqemis miReba SeiZ-

leba, Tu 

( )( kk xyxfxy ,)( =′ )                            (1) 
gamosaxulebaSi warmoebuls SevcvliT ricxviTi gawarmoebis for-

muliT, romelic damokidebulia orze met kvanZze, xolo 

-s mivuaxlovdebiT sainterpolacio formuliT. ( )( ) )(, xFxyxf kk =

magaliTad, Tu , , maSin ihxx kik +=− 3,2,1=i

( ) ( ) ( )kkkkkk yhyyyy
h

xy ξ)4(
3

1233 4
111292

6
1 ++−+−=′ −−− . 

meore mxriv, Tu gamoviyenebT lagranJis sainterpolacio formulas 3 

kvanZiT ,  da , -isTvis gveqneba : ( )ihxx kik +=±hxx kk 33 −=− 2−kx 1−kx )(xF

( ) ( )3 3
( 2)( 1) ( 3)( 1)( )

( 3 2)( 3 1) ( 2 3)( 2 1)k k
t t t tP x F x F x− −
+ + + += +

− + − + − + − + 2 +  

( ) ( )3
1

( 3)( 2)
( 1 3)( 1 2) k

t t F x O h−
+ ++ +

− + − +
 

( ) ( ) ( ) ( ) ( )1233 2
6

1
3

2
2

−−− +
−

+
+

=≈ kkkkk xFxFxFxPxF . 

maSin (1) SeiZleba aseTnairad SevcvaloT: 

[ ] ( )3
321 291211

6
1 hOyyyy
h kkkk +−+− −−−  

( )( ) ( )( ) ( )( ) ( )3
332211 ,,3,3 hOxyxfxyxfxyxf kkkkkk ++−= −−−−−− , 

anu 

[ ] ( )3
321321 336291211 hOfffhyyyy kkkkkkk ++−=−+− −−−−−− . 

ukanasknel gamosaxulebaSi jerjerobiT . ( )ii xyy =
mravalwertilovan sqemas Cvens SemTxvevaSi eqneba saxe: 
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( )321321 336291211 −−−−−− +−=−+− kkkkkkk fffhyyyy , . .    (2) kxx = 0=t
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(2) gamosaxulebaSi ky  niSnavs  miaxloebas, xolo ( )kxy ( )kkk yxff ,=  

niSnavs _ -is miaxloebas ( )3hO( )( kk xyxf , )  sididis ukugdebis Sedegad. 

(2) formula warmoadgens mravalwertilovan cxad sqemas. zogadad (2) 

tipis sqemebi SeiZleba ase gadaiweros: 

( )lklkkmkmkk fbfbfbhyayaya −−−− +++=+++ "" 110110 .           (3) 

(3) sqemaSi zogadobis SezRudvis gareSe SeiZleba vigulisxmoT, rom 

. (3) sqemas ewodeba cxadi, Tu  da aracxadi, Tu . 10 =a 00 =b 00 ≠b

zemoT ganxilul SemTxvevaSi , , . 00 =b3=m 3=l

Tu , , maSin (3)-s adamsis sqemebs 

uwodeben. 

110 =−= aa 032 ==== maaa "

adamsis sqemebi advilad aigeba, Tu (1)-s  SualedSi vainteg-

rebT da 

( kk xx ,1− )

}

( )∫
−

=
k

k

x

x

dxxyxJ
1

)(, -s 

gamovTvliT, magaliTad, niuton-koutsis  kvanZiani formuliT.  1+l
(2) da (3) tipis sqemebis ganxorcielebas xels uSlis is garemoeba, 

rom cxrilis gasafarToeblad saWiroa e. w. sawyisi cxrilis codna 

  . erT-erTi xerxi, romlis 

gamoyenebiTac SeiZleba es siZnele moixsnas, mdgomareobs teiloris 

formulis gamoyenebaSi. davuSvaT, saWiroa, gamovTvaloT   

saWiro sizustiT. teiloris formula gvaZlevs: 

{ }iy { 1,1max −−= lmssi ,,2,1,0 …=

( )ixy si <

( ) ( ) ( ) ( ) ( ) ( )
2

0
0 0 0 02

i
i i

x x
y x y x x x y x y x

−
′ ′′= + − + +"+  

( ) ( ) ( )( )10 ( )
0 0!

p
pi p

i
x x

y x O x x
p

+−
+ + −

)

. 

p ganisazRvreba (2) an (3) sqemebTan SeTanxmebiT. 

vaCvenoT, rom nebismieri   SeiZleba gamovsaxoT 

 funqciis kerZo warmoebulebiTa da f funqciis xarisxebiT. 

marTlac, 

( )0
)( xy i )0( pi ≤≤

( )(, xyxf

( ) ( )( )000 , xyxfxy =′ . 

( ) ( ) ( ) ( )000000 ,,,)(,)(
000

yxfyxfyxf
dx
dy

y
f

x
fxyxf

dx
dxy

dx
d

yx
xxxxxx

+=
∂
∂+

∂
∂==′

===

 



( ) ( ) ( , ) ( , ) ( , )x y
d dy x y x f x y f x y f x y
dx dx

⎡ ⎤′′′ ′′= = + ⋅ =⎣ ⎦  

22xx xy yy x y y
2f f f f f f f f= + ⋅ + ⋅ + + ⋅ f      (4) 

x
yxff x ∂
⋅∂= )(

⎟
⎠
⎞

∂
∂=

x
ff yda a. S. (am gamosaxulebebSi , . 

i-uri rigis warmoebuli gamoiTvleba Semdegi operatoris ganxilviT: 

( )
0

( )
[ ] ( )

mm
k
m m k k

k

u x
A u f u x c

x y x y−
=

∂⎛ ⎞∂ ∂⋅ = + =⎜ ⎟∂ ∂ ∂ ∂⎝ ⎠
∑  

(4)-is Semdgomi gawarmoeba gviCvenebs, rom, Tu romelime warmoebuli, 

vTqvaT, kkm

m

yx
yxf

∂∂
∂

−

),(
 gavawarmoveT y-iT, rTuli funqciis warmoebulis 

gamoTvlis wesis gamo gveqneba 

f
yx
f

dx
dy

yx
yxf

kkm

m

kkm

m

⋅
∂∂

∂=
∂∂

∂
+−

+

+−

+

1

1

1

1 ),(
, 

rac niSnavs, rom -sTvis  gamoiTvleba f-is kerZo war-

moebulebiTa da f-iT. 

( 0
)( xy i )i∀

 

runge-kutas meTodebis Sesaxeb. mravalwertilovani meTodebisgan gan-

sxvavebiT, im meTodebidan, romelic ar saWiroebs sawyisi cxrilis 

gafarToebas da aqvs meore rigze maRali sizuste bijis mimarT, ga-

movyofT runge-kutas meTods. es meTodi Tavisi struqturiT 

mravalwertilovania, magram parametrebs axal wertilebSi wina 

monacemebiT iTvlis. 

gavixsenoT eileris martivi da dazustebuli meTodebi: 

( )kkkk yxhfyy ,1 +=+ , 

( )( )[ ]kkkkkkkk yxfyxhfyxfhyy ,,,
2
1

11 +++= ++ ( ) . 
rogorc pirveli, ise meore sqema cxadi tipisaa. maTi gaerTianeba 

formalurad SeiZleba aseTnairad: 

( ) (( )kkkkkk
kk yxhfyhxfyxf

h
yy

,,,1 δγβα +++=
−+ )              (1.1) 
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cxadia, rodesac 
2
1=α

2
1=β 1=γ 1=δ, , , , miiReba eileris dazus-

tebuli sqema, xolo, rodesac 0=== δγβ1=α , , (1.1) gvaZlevs 

eileris cxad (umartives) sqemas. 



γβα
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SevarCioT , ,  da δ  iseTnairad, rom (1.1) gvaZlevdes diferen-

cialuri gantolebis aproqsimacias meore rigis sizustiT (vgulis-

xmobT, rom funqcias aqvs im rigis warmoebulebi, romlebic Sesabamisi 

gardaqmnebisTvis dagvWirdeba). 

rogorc zemoT, kψ  aproqsimacia ganvsazRvroT aseTnairad: 

( ) ( ) ( )( ) ((( )kkkkkk
kk

k xyxhfyhxfxyxf
h

xyxy
,,,1 δγβα ))ψ ++−−

−
= + .    (1.2) 

(1.1) miiReba, Tu -s SevcvliT -Ti. (1.2)-Si visargebloT 

teiloris formuliT: 

( )kxy ky

( ) ( ) ( ) ( ) ( )
( )( ) ( )( )

k
k

yy
xxkkkk

kkkk

x
fhxyxfxyxf

h

xyhOxyxyhxy

=
=∂

∂−−−
−+′′+′+

βγβα ,,2
1 3

 

( )( ) ( ) ( )( )kk

yy
xxkk

yy
xx

kk xyxff
x
f

x
fhyxf

y
fxyxhf

k
k

k
k

,)(
2

,, βαβδ +−⎥⎦
⎤

⎢⎣
⎡

∂
∂+

∂
∂+=

∂
∂−

=
=

=
=

 

( ) ( )( ) ( )( ) ( )2,
,

,
hO

y
xyxf

xyxhf
x

yxf
h kk

kk
kk +

∂
∂

−
∂

∂
− βδβγ . 

imisTvis, rom ( )2hOk =ψ , aucilebeli da sakmarisia, rom 

2
1=βγ

2
1=βδβα +=1 , , , 

saidanac 

βα −= 1 , 
β

δγ
2
1== 0≠∀β . 

amgvarad (1.1) miiRebs saxes: 

( ) ( ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ +++−+=+ kkkkkkkk yxhfyhxfyxhfyy ,
2
1,

2
1,)1(1 ββ

ββ )           β)1(1. ′

Tu gavixsenebT, rom 

( ) ( )( ) ( )( )[ ]
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡

∂
∂+

∂∂
∂⋅

+
∂
∂−′′′= 2

222

2

223

2
,

2
,

2
2

)(
6

1
y

fxyxhf
yx
fxyxhfh

x
fhyh

h
kkkk

k
δδγγβξψ , 

sadac xazi miuTiTebs, rom warmoebulebi gamoiTvleba  

wertilis midamoSi. magram 

( )( )kk xyx ,

( ) ( ) [ ] 2ffff
dx
df

dx
dyyy yx

m ⋅⋅+=
′

⎥⎦
⎤

⎢⎣
⎡=

′
⎥⎦
⎤

⎢⎣
⎡ ′′=′′′=  

fffffffffff yyxyyxyxyxx
22 ++⋅+⋅+⋅+= , 



amitom 

[ ] [ ]ffffhfffffh
yyxyyxyxxk
2

2
2

2

6
2

6
++⋅++=ψ  

⎥
⎦

⎤
⎢
⎣

⎡
+⋅⋅+⋅− yyxyxx fffffh 2

222
2

4
1

4
12

4
1

2
1

βββ
β  

[ ] [ ] [ ]yyxyxxyyxyyxyxx fffffhffffhfffffh 222
2

2
2

2
8
1

6
2

6
+⋅+−++++=

β
. 

ukanaskneli tolobidan gamomdinareobs, rom, ( )2hOk =ψ , rac 

nebismieri -sTvis SeuZlebelia, Tu ar aris Sesrulebuli 

pirobebi 

),( yxf

3
4=β , . )(2 hOffff yyx =+

rogorc vxedavT, Cven zemoT avageT runge-kutas meore rigis sizustis 

formulebi. meoTxe rigis sizustis runge-kutas formulebs aqvT saxe: 

⎭
⎬
⎫

⎩
⎨
⎧ ++++=+ 43211 6

1
3
1

3
1

6
1 kkkkhyy iii , 

( )ii yxfk ,1 = , 

⎟
⎠
⎞

⎜
⎝
⎛ ⋅

++=
2

,
2

1
2

kh
y

h
xfk i

i
i

i , 

⎟
⎠
⎞

⎜
⎝
⎛ ⋅

++=
2

,
2

2
3

kh
y

h
xfk i

i
i

i , 

( )34 , khyhxfk iiii ++= . 

aseTive formiT, Tu  gadaiwereba Semdegnairad: β)1(1. ′

[ ]211 )1( kkhyy ii ββ +−+=+ , 

( )ii yxfk ,1 = ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ ++= 12 2
,

2
1 khyhxfk ii ββ

, . 

3=m  

[ ]3211 4
6
1 kkkhyy iii +++=+ , 

( )ii yxfk ,1 = ⎟
⎠
⎞

⎜
⎝
⎛ ++= 12 2

1,
2
1 kyhxfk iii
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, , . ( )213 2, kkyhxfk iii +−+=

sistemisTvis: 

( ))(),(,)( xzxyxfxy =′    0)( yay =

( ))(),(,)( xzxyxgxz =′ 0)( zaz =   



( ) ( ) [ ]4321010 22
6
1 kkkkhxyxyy +++=−=Δ ,    

( ) ( ) [ ]4321010 22
6
1 llllhzxzxz +++=−=Δ  

( 001 , yxfk = ) ,                                01 hgl =

⎟
⎠
⎞

⎜
⎝
⎛ +++=

2
,

2
,

2
1

0
1

002
lzkyhxfk ⎟

⎠
⎞

⎜
⎝
⎛ +++=

2
,

2
,

2
1

0
1

002
lzkyhxhgl,               

⎟
⎠
⎞

⎜
⎝
⎛ +++=

2
,

2
,

2
2

0
2

003
lzkyhxfk ⎟

⎠
⎞

⎜
⎝
⎛ +++=

2
,

2
,

2
2

0
2

003
lzkyhxgl,              

( )303004 ,, lzkyhxfk +++= ,                . ( )303004 ,, lzkyhxgl +++=
 

 

1.3. gaus-hermitis meTodi 

 

qvemoT ganvixilavT (1) amocanis ricxviTi amoxsnis axalsxvaobian me-

Tods.  igi efuZneba karl gausis kvadratul formulaTa Teoriis da 

Sarl hermitis sainterpolacio procesis gamoyenebas. aseTnairi mid-

goma ganapirobebs adamsis tipis sxvaobiani meTodebis dafuZnebas kre-

badobisa da mdgradobis sakiTxebis gamokvlevis CaTvliT. 

meTodis sailustraciod detalurad vixilavT meeqvse rigis sizustis 

sqemebs. Nnebismieri sizustis sqemis ganxilvisasPparalelurad Sevis-

wavliT gamoTvliTi xasiaTis proceduras. Ggaus-hermitis meTodis 

gadmocemisas visargeblebT 3 kvanZiani kvadratuli formuliTa da 

hermitis 3 wertilovani jeradi sainterpolacio formuliT, rodesac 

ConCxs (parametrebs) Seadgens funqciisa da maTi pirveli rigis warmo-

ebulTa mniSvnelobebi. gadmocemis gamartivebis mizniT da zogadobis 

SeuzRudavad CavTvaloT, rom (1)-Si  .,0 lba ==
1.  gausis kvadratuli formula 3 kvanZiT (-1,1) Sualedis SemTxvevaSi, 

rogorc vnaxeT III nakveTSi, xasiaTdeba Semdegi monacemebiT: 

9
5

9
8( ) ⇒= 03 xl 6.0,0 21 == xx 1p
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   0x 6.0−=      ,  =20 pp = ,    = . 

naSTiTi wevri  funqciaTa  klasebisaTvis gamowerilia magaliTad  ni-

kolskis, sardis monografiebSi. qvemoT CavTvaloT, rom C( )xf ∈ (6)[0,l]. 

maSin naSTiTi wevri (ix. gausis kv. formulebi) 

(
504000

],0;[ )6(
7

2, fhhfE sG =(
15750

1]1,1;[ )6(
2, ffE sG =− ξ),       ξ). 



]],,0,[)](9)(8)(5[
18

)( 2,2,01,00,0
0

hfExfxfxfhdxxf sG

h

+++=∫         (3.1) 

( )6.01
20,0 −= hx ( 6.01

22,0 += hx ),
21,0
hx =,                                    (3.2) 

sadac kvanZebis indeqsebidan pirveli miuTiTebs qveSualedis nomers, 

xolo meore – kvanZis nomers. 

   SualedisTvis ganvixiloT Semdegi diskretuli are (bade): ),0( l

      },,,.....,,,;,,{],0[ 2,21,20,22,11,10,12,01,00,0 nnnh xxxxxxxxxl =ω , 

2,0,
hkxx kik +=  (k=0,1,….,2n; i=0,1,2),    nhl =sadac  

 hermitis 3-kvanZian orjerad sainterpolacio formulas 

(ordinatebiTa da daxrilobebiT) aqvs Semdegi saxe: 

( ) ( ) [ ]tfRtHtf ;5 +=
( )
( )

( ) )(
!6

)(
)(})())(1({ 6

2

0

2
32

2
'

3

3 ξω
ϖ
ϖ

f
t

tLytttt
t
t

y
i

iiii
i

i
i∑

=

+−+−
′
′′

−= , 

 (a         (3.3) )bt ≤≤

sadac                ,)()(
2

0
3 ∏

=

−=
i

itttω ),,( bat ∈ .210 bttta <<<<

martivi gamoTvlebiT: 

 

.
)(

].....[2
)(
)(

))(())(())((
]3[2

)(
)(

0, ,0

10
'

1

''
1

212010

210
'

''
3

ixx
xx

xxxnx
t
t

ixx
xxxxxxxxxxxx

xxxx
t
t

n

si

n

ss
j

j

n

in

in

in

i

=
−

−−−−
=

=
−−+−−+−−

−−−
=

∑∏
=

≠
=

+

+

ω
ω

ω
ω

 

uSualo gamoTvlebiT advili saCvenebelia, rom marTlac (3.3) kvanZiT 

wertilebSi akmayofilebs interpolebis pirobebs: 

 

 134 

              ,                              iiiii ytLtytH == )()()( 2
25 ji ≠,0)(2 =ji tL  

 

),()(2)].00.
)(

)(2
1([)

(

)(2
()( '

22.
''
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'
5 iiiii

ji
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ji
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ii
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ii xx
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amitom     H .)( ''
5 ii yxH =

)(
)(

'
1

''
1

in

in

t
t

+

+

ω
ω

gamovTvaloT )(1 tn+ω    da      sidideebi, rodesac cvladi 

eqvemdebareba gadatanas: t=x+a. 
 

∏ ∏

∏
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L 

)
2

)2(;
2

( hkhk +Tu H (x)  ganisazRvreba 5  SualedSi, maSin (3.3) sainterpo-

lacio formuliT, ordinatebi momdevno Sualedis kvanZiT wertilebSi 

gamoiTvleba _ cnobili sidideebi gamravlebuli 
2
h
 sidideze. 

)(
)(

'
3

''
3

i

i

t
t

ω
ω

 da  sidideebi proporciulad dayofili badisaTvis 

warmoadgens invariantebs. 

)( ini tL

amgvarad, koSis amocanis ricxviTi amoxsnis algoriTmi gaus-hermitis 

meeqvse rigis sizustis formulebisaTvis ganisazRvreba Semdegnairad: 

vuSvebT, rom [0,l] Sualedi Secvlilia ];0[ lhω  badiT:  kvanZiTi ikx ,
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wertilebia. vigulisxmoT, rom e. w. sawyisi cxrili, anu  

wertilebis Sesabamisi ordinatebi cnobilia (es SesaZlebelia 

ganxorcieldes mravalnairad. iteraciis xerxiT es procedura 

faqtiurad ganxorcielebulia eileris aracxadi sqemis Seswavlisas). 

Semdeg vsargeblobT hermitis orjeradi sainterpolacio formuliT, 

rodesac kvanZebia . misi saSualebiT viTvliT ordina-

tebs  kvanZebSi. geometriulad kvanZebis ganawileba mocemulia 

nax. 1-ze (jvriT aRniSnulia interpolebis kvanZebi  Suale-

disaTvis). 

2,01,00,0 ,, xxx

)2,1,0(, =ix io

2,10,1 , xx

),( 1,21, +kk xx

                                                                              0,1+kx 1,1+kx 2,1+kx

∀k                    ×        ×   °   ×     °         °                      

                                                                                0,kx 1,kx kx 2,

2
h h

2
3
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           0,0x =        =          =0x 0,1x 1,1x 2,2xh       2        nax.1                h1,

    •   ×          ×     °     ×   •   °   °    •    ×   °    •        l                    

ix ,0  naxazze gansazRvrulia jvriT. ganvixiloT wertilebi 

20,00,1
hxx +=

22,02,1
hxx += (aRniSnulia rgoliT).   (aRniSnuli rgoliT) 

ordinatebi am wertilSi ganvsazRvroT hermitis formuliT, gamowe-

rili (0;h)-is mimarT 2,01,00,0 ,
2

, xhxx =  kvanZebisaTvis.  wer-

tilSi y(h)  vipovoT gausis (3.1) formuliT (naSTiT wevrebis ukug-

debiT!) 

hxx == 1,1

 qvemoT mocemuli formuliT, Tu ordinati cnobilia, gamovTva-

loT daxrilobebis miaxloebiTi mniSvnelobebi (Tumca es SeiZleba 

hermitis formuliTac):  

);()( ,1,1,1
'

iii yxfxy =     i=0,1,2. 

amgvarad  wertilebSi cnobilia  )(
,1
α
iyix ,1 )1,0( =α   ricxvebi. hermitis 

formuliT vipoviT 0,2y   da  2,2y  sidideebs, xolo     kvanZis Sesa-

bamis ordinats ganvsazRvravT gausis formuliT.  Semdeg gamovTvliT 

kvlav 

1,2x

);()( ,2,2,2
'

iii yxfxy =      i=0,1,2 

)( 1,3xy  da ase Semdeg. sidideebs, romelTa daxmarebiT vipoviT 



hermitis formuliT sargeblobisas  kvanZebisaTvis gavag-

rZelebT process 

2,21,20,2 ,, xxx

)( 0,3xy )( 2,3xy da  sidideTa gansazRvrisaTvis, xolo 

)( 1,3xy -sTvis visargeblebT gausis formuliT da a. S.  CavTvaloT, rom 

cnobilia miaxloebiT ordinatebi da daxrilobebi   wer-

tilebSi. maTi saSualebiT gamovwerT hermitis formulas da 

ukanasknelis gamoyenebiT vipoviT Sesabamis mniSvnelobebs  da 

 wertilebSi, xolo 

2,1,0, ,, kkk xxx

0,1+kx

2,1+kx )( 1,1+kxy  ordinats ganvsazRvravT gausis 

formuliT. Aamgvarad, miaxloebiT vipoviT ordinatebs  werti-

lebSi. daxrilobebi ganisazRvreba pirobidan   

ikx ,1+

))(~,(~ '
)( xyxfy x =                      

am procesis Sedegad (3.3) formulebis paralelurad vsargeblobT gau-

sis Semdegi formulebiT: 

1,1,1

,1

1

,1)
00

( (0) ( , ( ) (0) ( , ( )
jk

j

xx k

k
j x

y x y f x y x dx y f x y x dx
+−

=

= + = +∑∫ ∫ =  

1 1

,0 ,0 ,1 ,1 ,2 ,2 ,1 1,1
0 0 ,2

(0) (5 ( ; ) 8 ( ; ) 5 ( ; )) [ ; ; ]
18

k k

j j j j j j j j
j j

Gs
hy f x y f x y f x y E f x

− −

+
= =

+ + + +∑ ∑ x     (3.4) 

amgvarad, zemoT gansazRvruli sqema warmodgeba hermitis lokaluri 

h-is mimarT meeqvse rigis sizustis formuliT da gausis globaluri 

kvadratuli (3.4) procesiT, romlis sizuste -s zrdasTan erTad 

iklebs 1-iT da sabolood sizuste -is mimarT meeqvse rigisa iqneba. 

mdgradobis piroba avtomaturad sruldeba, radgan maxasiaTebeli 

gantolebis rogorc lokalur, ise globalur SemTxvevaSi yvela 

fesvi martivia da moduliT 1-is tolia. aseT SemTxvevaSi rogorc 

cnobilia, samarTliania dalkvistis Sedegebi mdgradobis Sesaxeb (ix. 

mag.,Bi. berezinisa da n. Jidkovis saxelmZRvanelo `gamoTvlebis meTo-

debi~, II tomi). 

k
h

krebadoba gamomdinareobs Semdeg, qvemoT gansazRvrul apriorul Se-

fasebaTa safuZvelze.  

centraluri    kvanZebisaTvis aprioruli Sefaseba gamomdinareobs 

(3.4) formulebis ZaliT. marTlac, 

1,kx

)(
504000

|)(;(|max|)(|max|)(| )6(
6

,01, ξflhxyxflxyxy jjjiik ++≤ , 

ip  wonebis dadebiTobis gamo. 

aracentraluri kvanZebisaTvis samarTliania warmodgena: 
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,

, ,1

,1

( ) ( ) ( )
xk i

k i k
xk

y x y x f x dx= + ⇒∫  

0,1

0, ,2 ,1
0

,1

, 2
( ) (0) ( ) , ( ) ( ) ( )

x

i k k

k

xk

x
y x y f x dx y x y x f x dx= + = +∫ ∫  

saidanac 

 

.];;[)(0)](5)(8)(5[
18

)(

)()()()(

1

0
1,11,2,1,

1

0
0,,

1),1(

,

,0

0

1),1(

0
,0

,

,0

,0,

2,∑∑

∫∫∫∫
−

=
+

−

=

++

+++++

=+−+=+=

k

j
jjjj

k

j
jio

k

ikx

ixkx

i

ikx

ix
iik

xxfEhxfxfxfhxy

xydxxfxyxy

sG

x

 

amis gamo,  

( ).,max

|,))(,(
504000

|)(;(|max|)(| )6(
6

,,),(,

yxfM

yflhMhxyxfxy jsjsjsik

=

++≤ ξξ
            

radgan 

MhxhMMxfdxfdx ii

kx

ikx

ix

=−+≤−− ∫∫
+

)(|| ,0,0

1,1

,

,0

0

         i=0,2 

 

     ×   ×        ×                ×    |       ×    ×     

                                        0,0x 1,0x 1,0x 2,0x

 

davubrundeT zogadi SemTxvevis ganxilvas. davuSvaT, (3.1)-is magivrad 

vsargeblobT gausis formuliT, rodesac kvanZTa ricxvi  m+1-ia  da 

hermitis 2-jeradi kvanZiani sainterpolacio formuliT. advili 

sanaxavia, rom Tvlis sqema meordeba, Tu CavTvliT, rom sawyisi 

cxrili gansazRvrulia  (i=0,1,2...,m) wertilebSi. gausis formulis 

naSTiTi wevris Sefaseba warmoebulTa maqsimalurad dasaSveb klasSi  

 sididea, xolo hermitis formulebisTvis _  (unda 

gaviTvaliswinoT, rom badis bijis mimarT SeTanxmebuli rigi miiReba, 

Tu sainterpolacio procesSi gansazRvrul warmodgenebSi dasaSvebi 

funqcia igive klasisaa, rac kvadraturul procesSi). (3.5) da (3.6) 

1+m

ix ,0

)(0 32 +mh )(0 22 +mh
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tipis aprioruli Sefasebebi avtomaturad kmayofildeba gausis 

kvadraturul formulebSi Semavali wonebis dadebiTobis gamo ∀m  .0≥
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)

ganvsazRvroT amonaxsnis asagebad saWiro ariTmetikul operaciaTa 

raodenoba. yovel etapze saWiroa 3-jer (zogadad (m+1)-jer)    

funqciis gamoTvla. kvadraturuli formulebiT sargebloba saWi-

roebs funqciis  

( )yxf ,

18
5h

18
8h( yxf ,  da  ricxvebze (zogadad  wo-

nebze )   2-jer ( ( -jer gamravlebas).  hermitisa da 

gausis formulebSi Semavali koeficientebi damoukidebelia k-sgan da 
Tvlis procesi warmoadgens erTgvarovan process 8 (zogadad- 5(m+1)/2) 

gamravlebiT, rac sadaria ara marto eileris dazustebul sqemasTan 

(radgan =0 SemTxveva eileris dazustebuli sqemaa), aramed 

umjobesia, vidre runge-kutas mesame rigis sqemebi, rodesac . 

kp

_
,0 mk = ) 2/1+m

m
5≤m

im SemTxvevaSi, rodesac m=0,  gausis formula          

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
⎟
⎠
⎞

⎜
⎝
⎛==− ∫ 2

,
22

)()0()1(
0

hyhfhdxxfyy
h

( )3hO+  ,              (3.5)          

trapeciis Ria tipis formulaa, xolo hermitis  polinoms aqvs 

saxe: 

)(1 xH

( ) 1),(
6

)()))((],[)()( 00,0
)2(

2

00,0
2'

00021 =+−+=+= xLfhxLyxxyxfRxHxf ξ     

rac teiloris formulaa da dazusteba xorcieldeba 

'
002

~~~ yhyy += )~~~( 1 iii yhyy +=+           

tipis formuliT, romelic (3.5)-Tan erTad eiler-koSis dazustebuli 

meore rigis  sqemaa. 

qvemoT gadmocemuli iqneba rigi ganzogadebebisa, romelic uSualod 

gamomdinareobs zemoT mocemuli gaus-hermitis sqemisagan. 

 

lobatos kvadraturuli procesis gamoyenebis Sesaxeb. lobatos 

kvadraturuli formulebi Caketili tipisaa da (-1,1) SualedisaTvis 

leJandris  rigis polinomis fesvebTan erTad vaCvenoT, rom 

lobatos kvadraturuli formulis wonebi dadebiTi ricxvebia. 

m

   amisaTvis avagoT or wertilze gamavali funqcia: ( )( 1,1 ±± fM )

( ) ( ) ( )
2

11
2

11 xfxfxQ ++−−=  , 

da gamosavali integrali warmovadginoT ase: 



[ ] ( ) ( ) ( )
1 1 2

2
1 1

1( )
1

xJ f Q x dx f x Q x dx
x− −

−= + −
−∫ ∫ =  

( ) ( ) ( )2

1

1 1 1
m

k k k k
k

f f p x f Q
=

= − + + − − +∑  

( ) ( ) 2
, 1 ( ); 1,1 , 1Gs m ,E p x f Q p x x− ⎡ ⎤+ − − =⎣ ⎦ −    (3.6) 

(3.6) ZiriTadi nawili warmoadgens hermitis kvadraturul formulas, 

sadac leJandris polinomis nacvlad aRebulia orTogonaluri 

( )
2

1

1
p x

x
=

−
woniT polinomebi, romlebic, rogorc cnobilia, CebiSe-

vis I gvaris  polinomebia, 
( )2 1

cos ,
2k

k
x

m
π−

=,kp
m
π=( )xTm

m−12  . 1,2,...,k m= 

aSkaraa, kerZo SemTxvevebSi, rodesac  (3.6) trapeciisa da simp-

sonis formulebia. 

1,0=m

hermitis formulis gamoyeneba pirvel SemTxvevaSi Seesabameba  eiler-

koSis ucxado sqemas, xolo -saTvis hermitis mesame rigis 

polinomis gamoyeneba, rodesac kvanZebad avirCevT                      

1=m

( ) ( )
2

2,
2

1,
2

0 2,1,0,
hkxhkxhkx kkk +=+=+=  

abscisebs (amasTan, - rogorc orjerads), miviRebT sqemas, romelic 

meoTxe rigis sizustis milnis algoriTmis saxis sqemaa da simpsonis 

wesi gamoiyeneba kvlav, rogorc damazustebeli formula. sqemaTa 

klasi miiReba kvanZebisa da kvanZiT wertilebSi mocemuli ordi-

natebisa da daxrilobebis variaciiT. 

1,kx

davuSvaT,  

( ) ( ) ( ) ( ) ( ) ( ) ( )115.001115.0 2 fxxfxfxxxQ ++−+−−−= . 

am dros (3.6) miiRebs Semdeg saxes: 

[ ] ( ) ( ) ( )[ ] ( ) [ ]1,1);(1041
6
2

1,
1

−−+−+++−= −
=
∑ QfqEQfpffffJ mGskk

m

k
k .   (3.7)  

sadac -raime woniTi funqciaa. ( )xq/1
 

 

1.4. sawyisi cxrilis agebis operaciul-iteraciuli meTodi 
 

davubrundeT sawyisi cxrilis gansazRvris sakiTxs. rogorc litera-

turidanaa cnobili, arsebobs cxrilis Sedgenis sami MmeTodi: 

  1) teiloris formulis gamoyenebiT, 
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  2)runge-kutas tipis meTodebis saSualebiT, 

  3)iteraciul-operatoruli meTodiT. 

P   

1. teiloris formuliT sawyisi cxrilis Sedgenis meTodi, gadmoce-

muli mag., a. krilovisa [1956,1]1 da i. berezinisa da n. Jidkovis[1959,1] 

saxelmZRvaneloebSi. am  meTodis uaryofiTi mxare Cveni SemTxvevisaT-

vis mdgomareobs imaSi, rom maRali rigis warmoebulTa gamoTvla, 

rogorc cnobilia, arakoreqtuli amocanaa. garda amisa, am meTodiT 

sargebloba ganapirobebs  funqciaze aSkara arsebiTi 

xasiaTis rogorc struqturuli, ise Tvisobrivi xasiaTis SezRudvebs. 

))(,( xyxf

2. runge-kutas formulebiT sawyisi sqemis Sedgena

runge-kutas tipis sqemiT sargeblobisas unda aRiniSnos, rom sawyisi 

cxrilis codna  wertilebSi h-is mimarT meeqvse rigis 

sizustiT, saWiroebs runge-kutas eqvswertilovan (meeqvse rigis) 

sqemebis gamoyenebas (ix. detalebi G. Engeln-Műllges, F.Reutters [1990,1]). rac 

Seexeba sawyisi cxrilis Sedgenas  wertilebSi  sizustiT 

( ), amisaTvis saWiroa 2m wertilovani runge-kutas sqemis ga-

moyeneba. amasTan, orive SemTxvevaSi, ordinatebi isazRvreba  

 wertilebSi da ara  wertilebSi. cxrilis gagrZelebi-

saTvis, am wertilebSi Sesabamisi ordinatebis gansazRvra 

2,01,00,0 ,, xxx

)( 2mhOix ,0

_____
,0 mi =

ihxi =

,...2,1=i ix ,0

( )22 +mhO sizustiT saWiroebs lagranJis 2m+1 rigis sainterpolacio 

polinomebiT sargeblobas. 

iteraciul-operaciuli meTodi3.  (arawrfiv volteras II gvaris 

integralur gantolebebze an arawrfiv algebrul gantolebaTa 

sistemaze miyvanis xerxi) 

aSkaraa, rom (1) amocana tolfasia volteras meore gvaris arawrfivi 

Semdegi gantolebisa: 

                                 (3.8) ∫+=
x

dxxyxfyxy
0

)(,()0()(

am gantolebis amoxsna SesaZlebelia iteraciis meTodiT  saw-

yisi funqciis dasaxelebiT.

)(]0[ xy
2 Sesabamisi funqcionaluri mwkrivi 

krebadia ∞,  miT umetes, rodesac  (h-biji) _ mcirea. 

amdenad, sawyisi cxrilis gansazRvra integralur gantolebaTa 

+<∀l mhx <

                                                 
1  A. Крылов. Лекции  о приближенных вычислениях, Тостсхиздат., 1951. 
2
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xerxiT araviTar Teoriul siZneles ar Seicavs. Ppraqtikuli 

realizacia warmoSobs mraval problematur sakiTxs, romelic 

SeiZleba gadaWril iqnes, Tu (3.8) miviyvanT arawrfiv algebrul 

gantolebaTa sistemaze da SeviswavliT rogorc Teoriuli xasiaTis, 

ise ricxviTi realizaciisas wamoWril sakiTxebs. Aam nawils 

gadmovcemT im SemTxvevisaTvis, rodesac moiTxoveba sawyisi cxrilis 

Sedgena  ( ) wertilebisaTvis bijis badis 

mimarT meeqvse (an zogad SemTxvevaSi 2m+2) sizustiT. qvemoT 

gadmocemuli eyrdnoba mag., n. baxvalovis [1973,1] (Tavi VIII, §2) mier 
gadmocemul meTodikas da warmoadgens mis modifikacias gausis 

kvanZebisaTvis.  

,...,, 1,00,0 xx2,01,00,0 ,, xxx mx ,0

amgvarad, saWiroa avagoT sawyisi cxrili, rodesac kvanZebia    – 

leJandris polinomis nulebi, gadaTvlili (0,h) SualedisaTvis. 

ganvixiloT  wertilis midamoSi kvanZiTi wertilebis Semdegi 

ganawileba: 

ix ,0

0=x

2
h h

2
3
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            =  1,0x0,0x             h               0,1x 2,0x 2,1x                               

  ||   °      ◊   *   °        *   °             *     °                 
  0                                                               

                              nax. 2 

ganvixiloT wertilebi:   

,00 =ϑ   0,01 x=ϑ ,   0.02 2
xh −=ϑ ,   1,03 x=ϑ ,   0,14 x=ϑ ,   2,05 x=ϑ   

ϑ,0 )   (j=1,2,3) SualedSi. vaintegroT (1) gantoleba   ( 

dxxy
j

)('
0
∫
ϑ

ϑ

=− )0()( yy jϑ  

 

da  SevcvaloT  meeqvse rigis sainterpolacio formuliT )(xy′ jϑ   

( ) kvanZebiT: 
_____

5,0=j

=−+′
−
−

∏∑∏
== ≠

5

0
51

5

0
0

' )();,....,,()(
i

i
k kj

k
jk

j xxyy
x

ϑϑϑϑϑ
ϑϑ
ϑ ( ) [ xyRxP ;65 ′+ ]xy (′ )=   (3.9) 

                      (3.10) ];0;[)()0()( ''
5

0

'
jj

k
kjkj yEychyy ϑϑϑ +=− ∑

=

sadac  



∫=
j

dxxL
h

c kjk

ϑ

0

)(1
,                                    (3.11) ∫=

i

dxxxyE jj

ϑ

ϑ
0

6
' )(r];0);([

)('510 ];,....,,[ xyfx =ϑϑϑrogorc cnobilia    sididisTvis cnobilia 

Sefaseba: 

;
!6

|)(|max
)7{

],0[

xy
jϑ

≤
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'| y ( x;,....,, 510 ϑϑϑ )|  

(1) amocanidan gvaqvs: 

( ) ( ) ( )dxxyyy
j

j ∫ ′+=
ϑ

ϑ

ϑϑ
3

3  ,       (j=4,5,6), 

saidanac (1)-is gamoyenebiT gvaqvs: 

];;[)()()( 33
''

3

5

0

'
31 ++

=
+ +=− ∑ jj

k
kjkj yEychyy ϑϑϑϑϑ  .            (3.1 ) 0′

radgan  

∫∫ =
+ jj

dttLdxxL kk

ϑϑ

ϑ 0

)()(
3

3

. 

)( jy ϑ amitom    sidideebis miaxloebiT mniSvnelobad miviRoT Semdegi 

sistemis amonaxsni: 

y =y(0)+  ∑
=

5

0
))(;(

k
kkjk yfch ϑϑj 

+=+ 33 yy j  y(0)+  ∑
=

=
5

0
))(;(

k
kkjk yfch ϑϑ ))(;((

5

0
3∑

=

+
k

kkjkk yfCch ϑϑ

Tu gamoviyenebT cnobil meTodikas (ix. magaliTad  [n. baxvalovi, 

[75,1]]),   )( iij
yy ϑε −=  sidideebisaTvis    miviRebT: 

7
71

1||max hM
cLhi −

≤ε , 

5
7

7, chMEL
y
f

j ≤≤
∂
∂

sadac ,   ∑
=

=
5

0

||max
k

iki
cc  

,)()( 5

5

0
6 hcxx i ≤−= ∏

=ϑ
ϑω )(max 1 iii

h ϑϑ −= +      

 

zemoT moyvanili sqema, cxadia, samarTliania . sawyis kvanZebad 

am SemTxvevaSi gveqneba (Tu garkveulobisaTvis davuSvebT, rom 

: 

0≥∀m

)12 += sm



,0 0ϑ= , ... ,  10,0 ϑ=x 21,0 ϑ=x 0, 1 ,s sx ϑ +=, 

21 2 ++ == ss
hx ϑ 32,0 ++ = ssx ϑ 2212,0 ++ = ssx ϑ, ...,, . 

lagranJis formuliT 

                    . +′=′ ∑
+

=

)()()(
12

0
k

s

k
k yxLxy ϑ )( 12 +shO

SesaZlebelia gamoviyenoT aseTi sqemac:  warmovadginoT  

orjeradi hermitis formuliT, rodesac kvanZTa raodenoba aris . 

rogorc cnobilia,  . amitom 

)(xy′

1+m

fffy yx +=′′

∑∑ ∏
= = =

+

+ ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −
+

+=′
s

k

m

k
k

m

kkm x
m

fyxLxy
0

2

1 0

2
)22(

)(
,,12 )(

)!22(
)()()()(

α

α
α ϑξϑ  

amis Sedegad  (5.12) miiRebs saxes 

∑∑
= =

++=−
m

k

m
kjki hOycyy

0

1

0

32)(
, )()()0()(

α

α
α ϑϑ . 

amgvarad, Tu -is kerZo warmoebulebi SesaZlebelia gamoviTvaloT 

sakmarisi sizustiT, maSin am sqemiT sawyisi cxrilis SedgenisaTvis  

saWiroa mxolod  wertili. 

( )xf

1+s
analogiurad, SesaZlebelia hermitis asimetriuli formulebis 

gamoyenebac imis mixedviT, Tu ramdeni SedarebiT martivi 

(gamoTvlebis TvalsazrisiT) informaciaa mocemuli  

( )xy  saZiebel funqciaze 0-is sakmarisad axlo midamoSi. magaliTad, 

meeqvse rigis sizustis miRweva SesaZlebelia   

 parametrebis saSualebiT. 

( ) ( )0 ,iy i =

( ) (0.0 0,20,1,2, ,y x y x= )
 
 

1.5. orTogonalur polinomTa gamoTvlis meTodi 

   
am nawilSi moviyvanT orTogonaluri (maT Soris leJandris, lagerisa 

da CebiSevis) polinomebis gamoTvlis maRali( ) rigis 200-mde niSnis 

sizustis, literaturaSi mocemulidan gansxvavebul, SedarebiT axal  

algoriTmebs. ideuri mxare aRebulia parodis Sromebis  mixedviT, 

rodesac rekurentuli damokidebuleba orTogonalur  polinomebs 

Soris gamoiyeneba rogorc samdiagonaluri matricis sakuTrivi 

ricxvebis povnis obieqti, xolo sakuTrivi da singularuli ricxvebis 

410
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1povnisaTvis visargeblebT j.uilkinsonis monografiaSi  ganvi-

Tarebuli sqemebis modificirebuli algoriTmebiT. 

algoriTmTan erTad moviyvanT standartul realizebul da eqsplo-

ataciaSi Seyvanil programaTa pakets, romelic Seqmnilia r. Cika-

SuasTan erTad. 

 

aRvniSnoT -iT leJandris -uri rigis polinomi. rogorc 

cnobilia, leJandris polinomebi akmayofileben Semdeg rekurentul 

Tanafardobas: 

)(xPn n

∞= ,0n),()()12()()1( 11 xnPxxPnxPn nnn −+ −+=+    ,0)(0 =xP      (1) 

gadavweroT es formula Semdegnairad: 

)()12()()()1( 11 xxPnxnPxPn nnn +=++ −+  ,               (2) 

(2) tolobis orive mxares gamovakloT , miviRebT: )()12( xPn n+

∞= ,0n)()1)(12()()()12()()1( 11 xPxnxnPxPnxPn nnnn −+=++−+ −+ ,   

)()1()(
12

)()(
12

1
11 xPxxP

n
nxPxP

n
n

nnnn −=
+

+−
+
+

−+            (3) 

x
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davuSvaT, rom  aris  polinomis erT-erTi fesvi, anu )(1 xPN +

0)(1 =+ xPN xx = Nn ,0=. amovweroT (3) tolobebi, roca  da . amasTan 

erTad gaviTvaliswinoT, rom 1( ) 0,NP x+ =  miviRebT: 

)()( 01 xPxP − )()1( 0 xPx −=                                  

)()1()(
12

)()(
12

1
11 xPxxP

n
nxPxP

n
n

nnnn −=
+

+−
+
+

−+                  (4) 

)()1()(
12

)( 1 xPxxP
N
NxP NNN −=
+

+− −                          

)1( −= xλTu aRvniSnavT  da gadavwerT (4) sistemas matriculad, 

miviRebT: 

)()( xPxPA λ=  ,  

sadac  

T
N xPxPxPxP ))(,),(),(()( 10 …= . 

A  matrica aris samdiagonaluri. Tu -Ti aRvniSnavT  matricis 

 elements, maSin gveqneba: 

ija A

),( ji

                                                 
1 J. Wilkinson, The Algebraic Eiqenvalne Problem, Clarendon Press. Oxford, 1965. 



,
12

1
1, +

+=+ i
ia ii ,

121, +
=− i

ia iiNi ,0= 1,0 −= Ni Ni ,1=  ,1−=iia  ,   ,       (5) 

 

aqedan gamomdinareobs, rom leJandris   rigis polinomis 

fesvebis povnis amocana midis samdiagonaluri  matricis sakuTrivi 

ricxvebis povnis amocanaze, radgan, Tu 

1+N
A

x  warmoadgens   

polinomis fesvs, maSin 

)(1 xPN+

1−= xλ A warmoadgens  matricis sakuTriv 

ricxvs da piriqiT. amgvarad, -s gaaCnia  raodenobis 

erTmaneTisagan gansxvavebuli fesvi, romelic ukavSirdeba 

)(1 xPN+ 1+N

A  mat-

ricis sakuTrivi ricxvebis gansazRvras da maT Soris urTierT-

calsaxa Tanadobaa 1−= xλ  formulis saxiT. 

 ganvixiloT  A  matricis sakuTrivi ricxvebis povnis problema. 

amovweroT  )( IA λ−  matricis  -uri rigis mTavari minori: n
 

=

−
−

−

−
−

−

−

−−−−−

−−−−−−

λ
λ

λ

λ
λ

λ

nnnn

nnnnnn

nnnnnn
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aaa

aaa

aaa
aaa

aa

1,

,11,12.1

1.12,23.2

232221

121110

0100

000
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00
00
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"
"
"

""""""
"
"
"

                         

 

−

−

−
−

−=

−−−− λ

λ
λ

λ
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121110

0100
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0
00
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nnnn
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aa
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             (6) 
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−
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aRvniSnoT   matricis   rigis mTavari minori n -Ti. maSin 

(6)-dan gamomdinareobs:  

Nn ,1=),()()()( 21,,11 λλλλ −−−− −−= nnnnnnnnn faafaf               (7)  

,1)(0 =λf λλ −= 001 )( af     . 

Tu (5) formulebs CavsvamT (7)-Si, miviRebT: 

)(
1212

)()1()( 21 λλλλ −− −+
−+−= nnn f

n
n

n
nff                (8) 

Nn ,1=,1)(0 =λf ,1)(1 λλ −−=f   

 

A)(λNf  warmoadgens (8) formuliT gansazRvruli  matricis maxa-

siaTebeli gantolebis mniSvnelobas λ  wertilSi, anu 

)det()( IAf N λλ −= . 

)(λNf 0)( =λNf, amitom radgan Cven SegviZlia gamovTvaloT  

gantolebis amosaxsnelad SegviZlia gamoviyenoT mkveTTa meTodi 

 

)()(
)()(

1

11
1

−

−−
+ −

−
=

kNkN

kNkkNk
k ff

ff
λλ

λλλλλ                        (9) 

0λ 1λamisaTvis saWiroa davasaxeloT  da . 

A λ 1−= λxrogorc viciT,  matricis  sakuTriv ricxvs Seesabameba  

 polinomis fesvi. gavixsenoT leJandris polinomebis erT-erTi 

asimptoturi gamosaxuleba.

)(1 xPN+

1

1
3

2
21 1(cos ) sin cos cos ( ) ( ),

2 2 2 4nP n
n

ϕ ϕ πϕ ϕ
π

−
−⎛ ⎞ ⎛ ⎞= + −⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠
O n+  

επϕε −<<<0 ε,  sadac   nebismieri dadebiTi ricxvia. moviTxovoT, 

rom  0
4

)
2
1(cos =⎟

⎠
⎞

⎜
⎝
⎛ −+ πϕn 0)(cos ≈ϕnP, maSin  .Tu 

0
4

)
2
1(cos =⎟

⎠
⎞

⎜
⎝
⎛ −+ πϕn , πππϕ in +=−+

242
12

, ,
24
34 πϕ

+
+=

n
i 1,0 −= ni    

davuSvaT, rom . miviRebT: 1+= Nn

                                                 
1  G. Szegö. Orthogonal Polynomials. New York City, 1959. 



0
64

34cos1 ≈⎟
⎠
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⎜
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+ π
N
iPNπϕ

64
34
+
+=

N
i Ni ,0=     ,   

π
64

34cos
+
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N
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e.i.  warmoadgens  polinomis i -uri fesvis sawyis 

miaxloebas. aqedan gamomdinare, 

)(1 xPN+

1
64

34cos1 +
+= πλ

N
i

210
1

N
+= λλ−  da , 

A0,Ni =  iqneba  matricis i -uri fesvis sawyisi miaxloebebi. mkveTTa 

meTodiT SegviZlia vipovoT  matricis yvela sakuTrivi ricxvi, 

romlebzec erTis damatebiT miviRebT  polinomis fesvebs. 

A

)(1 xPN+

aRvniSnoT  polinomis -uri fesvi -iT, maSin n
ix)(xPn i

 

∏
−

=

−
+
+=

1

0

)(
1
12)(

n

i

n
in xx

i
ixP . 

rogorc cnobilia, leJandris polinomTa mimdevroba  war-

moadgens orTogonalur sistemas  segmentze da adgili aqvs 

Semdeg tolobas: 

)}({ xPn

]1,1[−

nmmn δ
n

(x)dx(x)PP
12

21

1 +
=∫

+

−

                                    (10) 

amitom zemoT moyvanili algoriTmis sizustis Sesamowmeblad viyenebT 

(10) pirobas. 

Tavis mxriv, (10) integralis dasaTvlelad viyenebT gausis 

kvadraturul formulas 

1 1

01

( ) ( ),
N

N N
k k

k

f x dx p f x
−

=−

=∑∫                          (11)                   

sadac  aris leJandris -uri rigis polinomis fesvi, -wonebi. 

 gamoiTvleba erT-erTi Semdegi formuliT (ix. nawili II, punqti 2.3): 

N
kx N

kpN
N
kp

 

∏
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≠
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−
+
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+
+=′

1

0
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1
12

1
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N

ki
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N
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N
k

N
xN xx

i
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k
kxP22 ))()()(1(

2
N
kN

N
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N
k xPx

p
′−

=  ,      .    (12) 
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1.6. danarTi 1. 

 
iakobis polinomebis gamoTvlis programaTa paketi 

. 
 
 
static class JacobiClass 
{ 
    private static double[] Namr; 
    private static double Eps = 1E-14; 
 
    private struct pdp 
    { 
        public double p; 
        public double Dp; 
    } 
 
    public static double[] Jacobi(double Alpha, long n, double Accuracy) 
    { 
        Eps = Accuracy; 
        Namr = new double[n + 2]; 
        int i = 0; 
        for (i = 2; i <= n; i++) 
        { 
            Namr[i] = A3(i - 2, i - 1, n, Alpha) * A3(i - 1, i - 2, n, Alpha); 
        } 
 
        double[] Roots = new double[n]; 
 
        if (n == 1) 
        { 
            Roots[0] = 0; 
        } 
        else 
        { 
            double x0 = 0; 
            for (i = 0; i <= (n + 1) / 2 - 1; i += 1) 
            { 
                x0 = FirstApproximation(i, n, Alpha) - 1; 
                Roots[i] = Newton(x0, n) + 1; 
                Roots[n - i - 1] = -Roots[i]; 
            } 
        } 
        return Roots; 
    } 
 
    private static double Newton(double x0, long n) 
    { 
 
        double x1 = 0; 
        double x2 = 0; 
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        pdp pd = default(pdp); 
 
        x1 = x0; 
        do 
        { 
            pd = Wilkinson(n, x1); 
            x2 = x1 - pd.p / pd.Dp; 
            if (System.Math.Abs(x2 - x1) < Eps) break; 
            x1 = x2; 
        } 
        while (true); 
 
        return x2; 
    } 
 
    private static pdp Wilkinson(long n, double X) 
    { 
        pdp Res = default(pdp); 
        double p2 = 0; 
        double p1 = 0; 
        double p0 = 0; 
        double dp2 = 0; 
        double dp1 = 0; 
        double dp0 = 0; 
        long i = 0; 
 
        p0 = 1; 
        p1 = -1 - X; 
        dp0 = 0; 
        dp1 = -1; 
        for (i = 2; i <= n; i++) 
        { 
            p2 = (-1 - X) * p1 - Namr[i] * p0; 
            dp2 = (-1 - X) * dp1 - Namr[i] * dp0 - p1; 
            p0 = p1; 
            p1 = p2; 
            dp0 = dp1; 
            dp1 = dp2; 
        } 
        Res.Dp = dp2; 
        Res.p = p2; 
        return Res; 
    } 
 
    private static double A3(long i, long j, long n, double Alpha) 
    { 
        if (j == i) return -1; 
        if (j == i - 1) return (i + Alpha) / (2 * i + 2 * Alpha + 1); 
        if (j == i + 1) 
        { 
            if (i == 0) 
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            { 
                return 1 / (1 + Alpha); 
            } 
            else 
            { 
                return (i + 1) * (i + 2 * Alpha + 1) / (2 * i + 2 * Alpha + 1) / (i + Alpha + 1); 
            } 
        } 
        return 1; 
    } 
 
    private static double FirstApproximation(long i, long n, double Alp) 
    { 
        return System.Math.Cos(System.Math.PI * (4 * i + 2 * Alp + 3) / (4 * n + 4 * Alp + 2)); 
    } 
} 
 
qveprogramis gamoyeneba: 
double[] Roots = JacobiClass.Jacobi(0.5, 10, 0.00000000001); 
sadac: 
0.5 aris alfa, 10 aris polinomis rigi, 0.00000000001 sizuste. 
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Tavi 2. erTganzomilebiani sasazRvro amocanebis amoxsnis 
ricxviTi meTodebi II rigis diferencialuri gantolebisaTvis 

 

2.1. Sesavali. amonaxsnis arseboba da erTaderToba.             

klasikuri sxvaobiani meTodebi 

 

Cveulebrivi diferencialuri gantolebebisaTvis koSis amocanebTan  

erTad ganixileba iseTi amocanebic, rodesac saZiebeli integrali 

(diferencialuri gantolebis amonaxsni) an raime sxva saxis damokide-

buleba (vTqvaT, wrfivi kombinacia amonaxsnsa da mis warmoebulTa So-

ris) mocemulia or an orze met wertilSi. aseTi saxis amocanebs ewo-

debaT sasazRvro amocanebi. Cveulebrivi diferencialuri gantolebe-

bisaTvis. sasazRvro amocanebis gamokvleva da amoxsnis meTodebis Seq-

mna Seadgens maTematikis erT-erT umniSvnelovanes mimarTulebas. igi 

viTardeboda da viTardeba Rrmad da intensiurad. 

ricxviTi analizis umniSvnelovanesi problematikaa Cveulebrivi dife-

rencialuri gantolebebisaTvis sasazRvro amocanebis efeqturi saT-

vleli sqemebis Seqmna, gamokvleva da miaxloebiTi amonaxsnis mosaZeb-

nad agebul sqemaTa ricxviTi realizacia Tanamedrove teqnikis gamoye-

nebiT. istoriulad qarTvel mecnierTa Soris am mimarTulebiT aRsa-

niSnavia S. miqelaZis pioneruli Sromebi, maT Soris Ш. Микеладзе. 
Новые методы интегрирования дифференцииальных уравнений и их приложения к 
задачам теории упругости, Гостехиздат, 1951. 
gansakuTrebuli aRniSvnis Rirsia Temur jangvelaZis SesaniSnavi sa-

xelmZRvanelo `Cveulebrivi diferencialuri gantolebebis miaxloe-

biTi amoxsnis meTodebi~, Tbilisis universitetis gam-ba, 2005 ([jangv. 

20005]). garda umdidresi literaturuli wyaroebisa, aq gadmocemulia 

koSisa da sasazRvro amocanebis miaxloebiT amoxsnis mravali meTodi, 

maT Sorisaa  orwertilovani sasazRvro amocanebis amoxsnis umarti-

vesi (bijis mimarT meore rigis sizustis) sasrulsxvaobiani meTodebi 

meore rigis Cveulebrivi wrfivi da arawrfivi diferencialuri gan-

tolebebisaTvis. 

qvemoT mocemuli iqneba am MmeTodebis arsebiTi dazusteba da ganzoga-

deba. rac Seexeba sasazRvro amocanebis amoxsnis umartives sxvaobian 

xerxebs, aq moviyvanT maTze zust citirebas [jangv. 2005] wignidan, ram-

denadac igi qarTveli mkiTxvelebisaTvis metad misawvdomia da saTana-

do nawili SesaniSnavadaa gadmocemuli. amdenad, am nawilSi gadmoce-

muli masalis garCevamde, mkiTxvelisaTvis umjobesi iqneba ([jangv. 
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2005] naSromidan Sesabamisi nawilis Rrmad gacnoba. SromaSi [jangv. 

2005] Tavi IV, paragr. 2-4, gv. 159-175) ganixileba Semdegi ori klasis 

amocana: 

( ) ( ) ( ) ( ) 0,0,010, ≥>===−′′ qpyyxfqyyp , 

( )( ) ( ) ( ) ( ) ( ) 8max,0,011,00,, 21 <≥=′+=′−=′′ yi fkykyykoyxyxfy , 

romlebic amoxsnilia sasrulsxvaobiani meTodiT, Tu warmoebulebs 

SevcvliT samwertilovani simetriuli sqemiT (ix. agreTve nakveT III-is 

punqt 1.2-Si moyvanili cxrili). Seswavlilia sqemaTa amoxsnadobis, mi-

axloebiTi amonaxsnis  zusti amonaxsnisken krebadobis, mdgradobis 

sakiTxebi. 

ucxo enaze gamoqveynebuli literaturuli wyaroebidan garkveul mi-

moxilvas vakeTebT 13.2 punqtis dasawyisSi. maT unda daematos araer-

Txel zemoT citirebuli engeln-miuglerisa da roiteris saxelmZRva-

nelo.  

qvemoT gadmocemuli iqneba Cveulebrivi II rigis diferencialuri gan-

tolebebisaTvis orwertilovani sasazRvro amocanebis bijis mimarT 

maRali rigis sizustis krebadi  ricxviTi sqemebi, romlebic warmoad-

gens klasikuri sqemebis ganzogadebasa da dazustebas. 

amonaxsnis sakmarisad gluv funqciaTa klasebze krebadobis rigi  

)1( −p  tolia, rodesac ( ) ( ) ( )1,01+∈ pCxy , xolo, rodesac amonaxsni ekuT-

vnis ( ) ( )1,0;r
r MW  ( 1+< pr ) funqciaTa klass, maSin krebadobis rigi 

1−r  tolia, magram Tavisufali kvanZebis saSualebiT  SesaZlebelia 

artur sardis tipis absoluturi mudmivebis optimalurad SerCeva, 

iseve, rogorc es xdeba kvadraturul formulebis TeoriaSi naSTiTi 

wevrebisaTvis zusti Sefasebebis miRebisas (ix. nakveTi III,Tavi 2, p.3). 

amasTan erTad mtkicdeba, rom miaxloebiTi amonaxsnis asagebad saWiro 

ariTmetikul operaciaTa ricxvi wrfivi amocanebisaTvis ( )nO -is, xo-

lo arawrfivi amocanebis SemTxvevaSi ( )nnO ln   rigisaa. 

sanam ricxviTi algoriTmebis agebasa da gamokvlevaze gadavidodeT, 

aqve ganvixiloT zogierTi sakiTxi, dakavSirebuli saTanado sasazR-

vro amocanis amonaxsnis arsebobisa da erTaderTobis sakiTxebTan. 

sasazRvro amocanebi, ganpirobebuli erTaderTi amonaxsnis arsebobis 

sakmarisi pirobebiT  da dakavSirebuli ricxviTi analizis Tematikas-

Tan, SeiZleba davyoT or klasad: pirveli _ rodesac Sesabamisi  ope-

ratori monotonuri tipisaa da calsaxad amoxsnadobas uzrunvel-

yofs maqsimumis principi; meore _ rodesac sasazRvro amocanis Sesaba-

misi integro-diferencialuri operatori kumSviTi asaxvisaa. meore 
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klasis meTodTa Soris farTod gavrcelebuli da efeqturia vale-pu-

senis tipis meTodebi. ix. magaliTad, SesaniSnavi monografia: Дж. 
Сансоне. Обыкновеные дифференциальные уравнения, M.: ИЛ, т. I, гл. IV, п. 1, 1953.  
am meTodebis saSualebiT igeba diferencialuri gantolebis koe-

ficientebisagan Sedgenili algebruli gantoleba, romlis dadebiTi 

amonaxsni gansazRvravs im Sualedis sigrZes, sadac saTanado 

sasazRvro amocanas erTaderTi amonaxsni aqvs. 
qvemoT moviyvanT vale-pusenis tipis pirobebisan gansxvavebul 

amonaxsnis arsebobis sakmaris pirobebs orwertilovani amocanisaTvis 

meore rigis wrfivi diferencialuri gantolebis SemTxvevaSi. es pi-

robebi sasazRvro amocanaTa qveklasisaTvis aucilebelicaa. am mi-

marTulebiT samarTliania Semdegi Teorema. 

Teorema: 

vTqvaT, mocemulia sasazRvro amocana: 

                        ( ) ( ) ( ) 0=−′′ xyxqxy ,                             (*) 

                   ( ) ( ) 021 == xyxy , ( ) ( )xqxq −= . 

maSin sasazRvro amocanis  erTaderTi amonaxsnis arsebobisaTvis   

aucilebeli da sakmarisia, rom (*) gantolebis amonaxsni   ( ) 01 >xY , 

rodesac 
( )

1
i

Y ( ) 01 ix δ= , 1,0=i  21 xxx << , 21, xx∀ ,  

d a m t k i c e b a.  sakmarisoba. zogadobis  SeuzRudavad SeiZleba Cav-

TvaloT, rom 1 20 .x x≤ ≤  davuSvaT, ( ) ( )xYxY 21 ,0>  (*) gantolebis ori 

wrfivad damoukidebeli amonaxsnia, maSin (*) zogadi amonaxsni moicema 

formiT: ( ) ( ) ( )xYcxYcxy 2211 += . am tolobidan 21,cc  ganisazRvreba cal-

saxad, Tu ( ) ( ) ( ) ( ) .021122211 ≠−=Δ xYxYxYxY   

ganvixiloT vronskiani 

( ) ( )[ ] [ ]2121 ,,1, xxxxYxYW ∈= . 

cxadia, 

( ) ( ) ( )
( )

( )
( )

( ) ( ) ( ) ( ) ( )2 1 1 1 1 2 1 22 2 2
1 1 1 2 2

1 2 1 1 1

,
0

( )

x x Y x Y x W Y YY x Y x
Y x Y x

Y x Y x Y

ξ ξ
ξ

⎡ ⎤−⎡ ⎤ ⎣ ⎦Δ = − = ≠⎢ ⎥
⎢ ⎥⎣ ⎦

. 

aucilebloba. davuSvaT, rom ( )1 0Y t = , maSin ( )xY1  funqciis - volteras 

II gvaris integraluri gantolebiT warmodgenidan, ( )xq  funqciis 

luwobis gamo, ( ) 01 =− tY . axla, Tu davuSvebT txtx =−= 21 , , sasazRvro 

amocanas, sazogadod, erTaderTi amoxsna aRar eqneba.  
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13.2. vaSaymaZis [1999] monografiis III Tavis p.13 Tanaxmad, warmodgenil 

naSromSi ganvixilavT arawrfiv meore rigis Cveulebrivi diferencia-

luri gantolebisaTvis sasazRvro amocanis amoxsnis ricxviT meTods  

            ))(),(,()( xyxyxfxy ′=′′        )10( << x ,                  (13.1) 

                  ,)0( α=y     β=)1(y .                            (13.2)  

aq da qvemoT, Sedarebisa da beWdvis cdomilebis acdenis  mizniT, 

formulaTa nomrebi emTxveva zemoT citirebuli monografiis me-13 

punqts. 

calke ganvixilavT SemTxvevas, rodesac (13.1)  gantolebas aqvs Semdegi 

saxe 

              ))(,()( xyxfxy =′′           ),10( << x                   (13.3) 

sadac ),( yxf  funqcia y -is mimarT akmayofilebs lifSicis pirobas 

8<L  mudmiviT. rogorc pikaris  (E.Picard.Lessons sur quelques probléms  aux 
limites de la therie des equations differentialles. Gautier-Villars, Paris, 1930) Sromidanaa 
cnobili, es sakmarisi pirobaa  (13.3), (13.2) amocanis amonaxsnis 

arsebobisa da erTaderTobisaTvis. 

(13.1), (13.2)  amocanaSi vuSvebT, rom 

              ,1)(
4
1 <′+ LL                              (13.4)     

sadac  

,max yx
fL <=    yx

fL ′=′ max ,     ).,( ∞≤′≤−∞ yy  

rogorc Semdgom davinaxavT, (13.4) utoloba sakmarisi pirobaa  (13.1), 

(13.2) amocanis erTaderTi amonaxsnis arsebobisaTvis. 

(13.3), (13.2) da (13.1), (13.2) amocanebis miaxloebiTi amoxsnis analizi 

mravali avtoris SromaSia ganxorcielebuli. 

(13.3), (13.2) amocanis ricxviTi amoxsnis Sesaxeb literaturis deta-

luri sia SegiZliaT ixiloT henriCis monografiaSi (P.Henrici. Discrete 
variable methods for ordinary differential equations, J. Wiley&Sons inc., 1962). monog-
rafiidan Cans, rom miaxloebiTi amoxsnis povnis ricxviTi meTodis 

krebadobis siCqare ar aRemateba badis bijis meoTxe rigs. 

(13.1) diferencialuri gantoleba, ufro zogadi niutonis tipis-  

sasazRvro pirobebiT, damuSavebulia Sroderis mier: I.J. Schröder Angev. 
Math. Mach. v. 36, p. 319-331, v.37, p. 443-455, 1957. 
(ix. agreTve zemoT citirebuli  berezini, Jidkovi [1959], sadac gadmo-

cemulia Sroderis Sromis gamartivebuli varianti da Catarebulia 

ricxviTi analizi). am naSromidan Cans, rom (13.2) sasazRvro pirobebis 

SemTxvevaSi ricxviTi meTodebis krebadobis rigia badis bijis meore 
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rigi. unda gamovyoT agreTve foksis (L.Fox. The numarical solutions of two-
point boundary value problems in ordinary differential equations, Oxford, University Press, 
1957) monografia, romelic orwertilian sasazRvro amocanebs eZRvneba. 

am monografiebSi moyvanilia (13.1), (13.2) amocanis miaxloebiTi amoxsnis 

povnis meTodebi cdomilebisa da gamoTvliTi procesis krebadobis 

Sefasebis gareSe. 

am nawilSi gamoTvliT sqemebs vagebT axali kvadratuli formulebis, 

e. w. )()( QP − formulebis safuZvelze. am aparatis saSualebiT vagebT 

(13.1),(13.2) amocanis miaxloebiT amoxsnasa da mis warmoebuls. Cven 

vaCvenebT, rom es formulebi ikribeba (13.1), (13.2) amocanis zusti 

amonaxsnisaken da misi warmoebulisaken da rom, Tu ( ) ]1,0[)( 1+∈ pCxy , ma-

Sin krebadobis rigia )1( −p  badis bijis mimarT. 

 

2.2. )(P  da )(Q  formulebi 

 
ganvixiloT lagranJis sainterpolacio formula 

),()()()( 1
1

ip

p

i
ii xRxyxLxy −

=

+=∑                        (13.5) 

sadac ,1....0 21 ≤<<<≤ pxxx   da 

∏∏ −=
−
−

= −
=
≠

).(),...,,()(,)( 11
1

kpp

p

k ki

k
i xxxxxyxR

xx
xx

xL
ki

 

(13.5) tolobis orjer gawarmoebis Sedegad vRebulobT  

2

1 2
1 1

( ) ( ) ( ) ( , ,..., ) ( )
pp

i i p j
i j

dy x L x y x y x x x x x
dx= =

′′ ′′= + − +∑ ∏  

1
1

2 ( , , ,...., ) ( )
p

p j
j

dy x x x x x x
dx =

+ − +∏  

.)(),....,,,,(2
1

1 ∏
=

−+
p

j
jp xxxxxxxy  

am gamosaxulebidan Tu davuSvebT, rom  == ixx i ( 1,2 −p ) , miviRebT 

      )()()( 1
1

ip

p

j
jiji xRxyAxy −

=

′′+=′′ ∑   ),1,...,2,3( −=≥ pip            (13.6) 

sadac )( ijij xLA ′′= ),1,...,2,1( ppi −= , xolo naSTiTi wevrisaTvis adgili 

eqneba Semdeg Sefasebas  

         11221
1 )!1(!

)( −+−
− +

+≤′′ pppp
ip h

p
Mc

h
p
Mc

xR     )1,...,3,2( −= pi        (13.7) 
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).(max 111 piipi
xxh −= +−≤≤

 

im SemTxvevaSi, rodesac  12 += sp  da  ,22 isisiis xxxx −−++ −=−   ),1( si = , 

(13.7) utolobas  )( 11 +−′′ sp xR -isaTvis aqvs saxe 

                112
11 )!1(
)( −+

+− +
≤′′ pp

sp h
p
Mc

xR                          (13.8) 

pM  da 1+pM  asoebiT, Sesabamisad, )()( xy p  da )()1( xy p+  funqciebis 

absoluturi mniSvnelobebis zeda sazRvaria aRniSnuli 10 ≤≤ x  mo-

nakveTze, xolo (13.7), (13.8) gamosaxulebebSi 1c  da 2c  mudmivebia, rom-

lebic araa damokidebuli ix  ),1( pi =  wertilebis ganawilebaze. io-

lad SegviZlia maTi gamoTvla  ),( ixy  ),...,2,1( pi =  mniSvnelobebis gan-

sasazRvravad,  (13.6) gamosaxulebidan vamtkicebT Semdeg lemas. 

 

lema 13.1.   (13.6) sistemis determinanti gansxvavdeba nulisagan 

1
2det{ } 0p

ijA − ≠  

damtkiceba. sanam gadavidodeT lemis damtkicebaze. gavixsenoT, rom 

lagranJis sainterpolacio mravalwevri da maklorenis formulebi 

gansxvavebulad Caiwerebian polinomebisaTvis, magram maTi dayvana 

erTmaneTze martivia, rasac qvemoT ganvaxorcielebT. garda amisa, 

radgan 1
2}det{ −p

ijA   araa damokidebuli )(xy  funqciaze, davuSvebT, rom 

igi aris )1( −p  xarisxis polinomi. 

Tu maklorenis formulas gavawarmoebT orjer da CavsvamT ixx = , 

gveqneba 

             ∑
−

=

′′=
1

2

)( )()0(
p

j
jkj

k xyy β    )1,....,3,2( −= pk              (13.9) 

sadac 

),...,,(

)!2(
}det{

132

1

21
2

−

−

=−
∏ −

=
p

p

kp
kj xxxW

k
β , 

W  vandermondis determinantia. (13.9)  gamosaxulebis maklorenis 

formulaSi CasmiT viRebT 

∑ ∑
−

=

−

=

′′=′−−
1

2

1

2
)(

!
)0()0()(

p

k

p

j
jkj

k
p

ii xy
k
x

yxyxy β     ),1,....3,2( −= pi  
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∑ ∑ ′′=′−− ).(
!

)0()0()( jkj

k
p

pp xy
k
x

yxyxy β  

bolo tolobebidan advilad viRebT Semdegs 

∑ ∑
−

=

−

=

′′
−

=−
−

−
1

2

1

2
)(

!
)()0()(

p

k

p

j
jkjk

p

k
pi

k
ip

p
p

i

p

ip
i xy

x
xxxx

xy
x
x

y
x

xx
xy β  

)1,...,3,2( −= pi     (13.10) 

 
Tu (13.10) sistemis determinanti ar udris nuls, maSin (13.10) 

tolobidan miRebuli 1−′′py -is gamosaxuleba (13.6) gamosaxulebis ekvi-

valenturia naSTiTi wevris gareSe. (13.10) sistemis determinanti 

SeiZleba Semdegnairad gamoisaxos 

 

2 1 3 1 2
2 2 2 2 2 2 2

2 1 2 2 4

2 1 3 1 2
1 1 1 1 1 1 1

....... ........ ..........
................ ................. ....... ( 1) ...................

...... ....... ........

p p p

p p p p
p p p

p p p
p p p p p p p

x x x x x x x
x x x

x x x x x x x

− − −

− − − −

− − −
− − − − − − −

⎧
⎪

Δ = − + + −⎨

⎫
⎪⎪ ⎪×⎬

⎪ ⎪
⎪ ⎪⎩ ⎭

 

( ) ( ) 2 1

1
1 ! 2 ! ,..., pp p W x x −

×
⎡ ⎤− − ⎣ ⎦

 

1 1
2

2
2 2 2

2 1

( 1) ( )
( 1) [ ,........, ]

0,
( 1)!( 2)! [ ,........, ] ( 1)!( 2)!

p p
p

p i p i
p i i

p

x x x
W x x

p p W x x p p

− −
−

−
= =

−

− −
−

= = ≠
− − − −

∏ ∏
 

 

saidanac   
Δ

=− 1}det{ 1
2
p

ijA . 

aqedan gamomdinare, lema damtkicebulia. 

 (13.10) da am lemidan (13.6) gantoleba mogvcems 

   ∑
−

=
−′′−′′++

−
=

1

2
1 )),()(()()0()(

p

j
jpjijp

p

i

p

ip
i xRxybxy

x
x

y
x

xx
xy       (13.11) 

).1,......,3,2( −= pi  

radganac ijb   ricxvebi araa damokidebuli  )(xy -ze, da Tu davuSvebT, 

rom 2)( xxy = , maSin (13.1) formulidan miviRebT 

       ∑
−

=

<
−

=
1

2
,0

2
)(p

j

pii
ij

xxx
b     ).1,......,3,2( −= pi            (13.12) 
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Tu 
2

1,...,1,1
+=−= −+

pixxx ippi  ix  da px  wertilebis simetriulobis gamo, 

(13.12) formulebidan vaskvniT, rom 

jpipij bb −+−+= 1,1      ).
2

1,.....,3,2,( += pji                 (13.13) 

SegviZlia vaCvenoT, rom adgili aqvs Semdeg Sefasebas 

              ,
)!1(

)( 113
2

2
1,1

++

=
−+ +

≤′′∑ pp
s

j
jpjs h

p
Mc

xRb                   13.14) 

sadac 3c  mudmivi damoukidebelia h -sa da 1+pM -sagan. igi damoki-

debulia p -ze da ,12,.....,2,1, += sixi  wertilebis ganawilebaze. teilo-

ris formulidan, (13.12), (13.13) tolobebidan, roca 12 += sp  da ix  

wertilebi simetriulia 1+sx -is mimarT, (13.11) formulis naSTiTi 

wevrisaTvis, rodesac 1+= si , miiReba (13.4) utoloba. 

(13.11) formulebs vuwodebT )(P  formulebs. isini naSTiTi wevrebis 

gareSe specialuri splainis tipis  kvadratuli formulebia. sainte-

resoa, rom, rodesac (13.11)-Si hjxpssi j )1(,2/)1(,1 −=−=+= , igi 

emTxveva S. miqelaZis erT-erT cnobil formulas naSTiTi wevrebis 

gansxvavebuli formiT. aRvniSnoT, rom  ijb  koeficientebi SeiZleba 

vipovoT sxva gziT, algebrul gantolebaT sistemis amoxsnis gareSe. 

marTlac, Tu )(xy ′′ funqcias 

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
′′−′′++

−
= ∫ ∫ ∫ ∫

x x x x

p
p

p
pp

p
p

dxxydxxdxxydxx
x

xy
x
xy

x
xx

xy
0 0 0 0

)()(1)()0()(  

igiveobaSi SevcvliT sainterpolacio formuliT 

                ,)()()( 3

1

2
−

−

=

+′′=′′ ∑ p

p

j
ij rxyxlxy                    (13.15) 

sadac     

∏
−

=
≠

−
−

=
1

2

)(
p

i ij

i
j

ji
xx
xx

xl ,  ,)(),.......,,()(
1

2
123 ∏

−

=
−− −′′=

p

i
ipp xxxxxyxr  

)(P  formulebis erTaderTobidan gamomdinareobs, rom 

,)()(1

0 0 0 0
⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
−= ∫ ∫ ∫ ∫

i px x x x

jijp
p

ij dttldxxdttldxx
x

b             (13.16) 
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,)()(1)(
0 0 0 0

33

1

2 ⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
−=′′− ∫ ∫ ∫ ∫∑ −−

−

=

i px x x x

pipp
p

p

j
iij dttrdxxdttrdxx

x
xRb    ).1,......,3,2( −= pi  

)(P -formulebis analogiurad SegviZlia gamovsaxoT ),1(),( pixy i =′  si-

dideebi e.w. `momentebiT~ _ ( )jxy ′′ , ( )1xy  da ( )pxy  ordinatebiT, Tu vi-

sargeblebT igiveobiT: 

∫ ∫ ′′−−=′
px t

xp
p

p

dttydt
x

yxy
x

xy
0

)(1)]0()([1)( , 

saidanac (13.15)-is ZaliT, 

,)(1)(1)]0()([1)(
0 0

3

1

2
∫ ∫∑ −

−

=

−′′−−=′
px x

p
p

p

j
jij

p
p

p

dttrdx
x

xyc
x

yxy
x

xy      13.17) 

                     ).,......,2,1( pi =  

sadac     

             ,)(
0
∫ ∫=

p

i

x x

x
jij dttldxc     ).1,......,3,2( −= pj               (13.18) 

(13.17) gamosaxulebebs vuwodebT )(Q  formulebs. Tu (13.17)-Si 

davuSvebT, rom ,)( 2xxy =  miviRebT 

              
2

)( 22

1

ip
p

j
ij

xxx
c i

−−
−=∑

=
                    (13.19) 

roca ,1 ippi xxx −+−=  
2

1,1 += pi  koeficientebi akmayofilebs pirobebs 

jpipij cc −+−+−= 1,1    )
2

1,......,3,2( ⎥⎦
⎤

⎢⎣
⎡ += pj              (13.20) 

(13.16) da (13.18) gamosaxulebebidan uSualod gamomdinareobs (13.13) da 

(13.20) tolobebi.  

        

 2.3. sasazRvro amocana kvaziwrfivi  gantolebisaTvis 

 
(13.3)-(13.2) amocanis ricxviTi amonaxsnisaTvis vagebT arawrfiv algo-

riTms, romlis mTavar nawils Seadgens gamosaxuleba niSan gansazR-

vruli koeficientebiT. am miznis gansaxorcieleblad viyenebT )(P  

formulebs. 

advili dasanaxia, rom, roca ,)1( hixi −=  ,,12,1 += ki  12 += sp ,  

,2/1 ksh =  )(P - formulebi SegviZlia gadavweroT aseTnairad: 
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   ∑
=

+−+++−+− Φ+−+−−=
s

j
jstijststist by

s
iy

s
isy

2

2
)1(1)1(1)1()1( 2

1
2

)1(2
        (13.21) 

( 22,.....,2,1 −= kt , ;1,.....,3,2 += si 12 −= kt , si ,.....,3,2= ) 

sadac    ,)( itsits yxy ++ =  jtsjtspjts xRxy ++−+ Φ=′′−′′ )()( 1  

rodesac ,1+= si  gvaqvs: 

   ∑
=

+−++++−+ Φ++=
s

j
jstjisststts byyy

2

2
)1(,1)1(1)1(1 2

1
2
1

            (13.22) 

gadavweroT (13.22) qvesistema sxva saxiT. amisaTvis (13.22) sistemis yo-

veli t -uri da )2( tk − -uri gantolebebi gavamravloT kt / -ze. am gziT 

miRebuli gantolebebis Sekrebis Sedegad miviRebT: 

          11 )1(
2
1)0(

2
1

++ ++= ksks yyy σ                      (13.23) 

sadac  

  .
1

1

2

2
)12(,1

2

2
)1(,1

1

1

2

2
)1(,11 ∑ ∑∑∑ ∑

−

= =
+−−+

=
+−+

−

= =
+−++ Φ+Φ+Φ=

k

t

s

j
jstkjs

s

j
jstjs

k

t

s

j
jstjsks btbkbtσ    (13.24) 

davuSvaT 31 ≤≤ s . Tanabari bijisaTvis uSualo gamoTvlebiT 1, 0,s jb + ≤    

552,2 ,( 4, 0)j s s b= = > . (13.12) utolobidan gvaqvs 

     
8
)1(

2
)1)(1( 2221

2

hppihb
p

j
ij

−−≥−−−=∑
−

=

 , )2,....,3,2( si =      (13.25) 

radgan  )1)(1( −− pi  xdeba maqsimaluri, roca .12,1 +=+= spsi   

(13.24) tolobidan da (13.25) utolobidan gvaqvs  

                    )(8/11 ξσ Φ−=+ks                        (13.26) 

sadac )(ξΦ  aRniSnavs saSualo mniSvnelobas iΦ  )2,......,3,2( ksi =  ricx-

vebis minimumsa da maqsimums Soris. 

aqedan gamomdinare, (13.23) formulis saSualebiT, 1+ksy  sidideebi  war-

moadgens sasazRvro da )(1)()( xpRxyx −′′−′′=Φ  _ funqciis mniSvnelobebis 

wrfiv formas. 

analogiurad (13.23) formulebisa, nebismieri 1+tsy  ( 1,2,... 1,t k= −  1,....,k +  

2 1)k −  SegviZlia CavweroT (13.23) saxis gamosaxulebebis saSualebiT. 

marTlac, rodesac [1, 1],t k∈ −  (13.22) gamosaxulebebidan aviRoT pirveli 

t  gantoleba. maTgan pirveli gavamravloT t/1 -ze, meore t/2 -ze  da 

a.S. bolo gavamravloT 1/ =tt -ze, maTi Sekrebis Sedegad uSualod 

miviRebT:                                                   
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                 ][
1)1(1 )0(

)1(
1

1
t

stts y
t

y
t

ty Σ+
+

+
+

= +++                    (13.27)  

sadac  

    )(
81

2
2

1

2

2
)12(,1

][
t

t

r

s

j
jssjs

t

k
tbr

t
ξΦ=Φ

+
=Σ ∑ ∑

= =
+−+   )1,......,2,1( −= kt        (13.28) 

amis Semdeg (13.23) da (13.27) gvaZlevs 1+tsy  da )0(y , )1(y  da ,iΦ   

)2,2( ksi = -is Soris saZiebel damokidebulebebs: 

       11 )1(
2

)0(
2

2
++ ++−= tsts y

k
ty

k
tky σ      )1,....,2,1( −= kt            (13.29)  

sadac 

       ][]1[]1[
11 1

.....
1

ttk
ksts t

t
k

t
k
t Σ+Σ

+
++Σ

−
+= +−

++ σσ               (13.30) 

bolo gamosaxulebidan (13.28)-is gamoyenebiT advilad miviRebT, rom       

.)1()(
8

)1(
122

1

]1[ I
ks

tk

i

k

k
tk

k
tk

ik
t

+

−

=

− −−=Φ−−=Σ
−∑ σξ  

 

(13.26) da (13.27)-is gamoyenebiT am gamosaxulebebidan gamomdinareobs 

II
ksts k

tk
12

2

1
)(11 ++ ⎥
⎦

⎤
⎢
⎣

⎡ −−=+ σσ         ).1,....,2,1( −= kt  

I
ks 1+σ  da II

ks 1+σ  jamebisaTvis gvaqvs (13.26)-is analogiuri tolobebi.  

rodesac ]12,1[ −+∈ kkt  (13.29)-is analogiurad, samarTliania 

    1)2(1)2( )0(
2

)1(
2

2
+−+− ++−= stkstk y

k
ty

k
tky σ , )1,...,2,1( −= kt         (13.31)  

sadac 
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1

1.....
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]2[)]1(2[]1[
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tktkk
ksstk kk

t
k
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++− Σ+
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++Σ
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ttk
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t

1
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]2[ ,)( σ  

IV
ksstk k

tk
1
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1)2( 1 ++−
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
⎟
⎠
⎞

⎜
⎝
⎛ −−= σσ     ).1,....,2,1( −= kt  

(13.23), (13.29) da (13.31) gamosaxulebebis gaerTianeba gvaZlevs erTian 

warmodgenas: 
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      ,)1(
2

)0(
2

2
11 ++ ++−= tsts y

k
ty

k
tky σ   )12,.....,2,1( −= kt          (13.32), 

sadac  

,1 1

2

1
t
ksts k

tk
++

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
⎟
⎠
⎞

⎜
⎝
⎛ −−= σσ )12,.....,2,1( −= kt               (13.33) 

( t
ks

IV
ks

III
ks 111 ,, +++ σσσ  sidideebisaTvis samarTliania (13.26)-is analogiuri 

warmodgena). 

(13.32) sistema (13.22) qvesistemis ekvivalenturia. avagoT (13.32)-is tipis 

formulebi danarCeni isty +− )1( ( 1+≠ si )-saTvis.  (13.21)-dan (13.32)-is saSua-

lebiT viRebT 

   istist y
ks

issty
ks

isstksy +−+− +−+−++−+−= )1()1( )1(
2

1)0(
2

12 σ         (13.34) 

sadac 

    ∑
=

+−+−+++− Φ++−+−=
s

j
jstijstistist b

s
is

s
i 2

2
)1(1)1()1()1( 2

)1(2
2

1 σσσ          (13.35) 

(13.34) da (13.35) formulebi gviCvenebs, rom yovel wertilSi )(xy  

gamoisaxeba (13.2) sasazRvro sidideebiTa da jamebiT. jamebis ZiriTad 

nawils gaaCnia uaryofiTi koeficientebi. 

Tu ,1=Φ  (13.33) da (13.25) tolobebi gvaZlevs 

8
1

11 ≤< ++ ksts σσ  

8
1)}4(1,1{max

8
1 22

)1( =−−<+− iiist sh γσ ,                           (13.36) 

( ) ;2,....,3,21( ksistj =+−= 22,....,2,1 −= kt , ;,...,3,2 si = 12 −= kt ,

ssst 2,...,2,,...2,1 += ), sadac  

          ,1 2

2
21 ∑

=
−+ ==

s

j
ijipi b

h
γγ     ),...3,2( si =               (13.34) 

sistema (13.3), (13.2) sasazRvro amocanis ekvivalenturia, Tu )(xy ′′ -is 

nacvlad CavsvamT ))(,( xyxf . 

naSTiTi wevris ukugdebiT (13.34) gvaZlevs arawrfiv algebrul gan-

tolebaTa sistemas, sadac ucnobebia ,iii yy η−=  .2,2 ksi =  aq iη -ebiT 

aRniSnulia is cdomileba, romelsac viRebT naSTiTi wevris ugu-

lebelyofiT. 

aqedan gamomdinare, gvaqvs 
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    istist y
ks

issty
ks

isstksy +−+− +−+−++−+−== )1()1( )1(
2

1)0(
2

12 σ         (13.37) 

( 22,....,2,1 −= kt  da ;1,...,3,2 += si   12 −= kt  da ;2,...,3,2 si = ) 

sadac 1+tsσ  miiReba Tu 1+tsσ -Si naSTiT wevrs ukuvagdebT. 

zemoTqmulidan gamomdinareobs, rom (13.36) utolobebi sruldeba, ro-

desac 7,5,3=p   da ,)1( hixi −=  .12,.....,2,1 += ksi  

qvemoT vaCvenebT, rom (13.34)-is analogiuri formulebis miReba SegviZ-

lia igive (13.36) SefasebebiT. yoveli 3≥p -sTvis, Tu bades SevarCevT 

garkveuli wesiT. 

amis saCveneblad, upirveles yovlisa, unda avagoT (13.22) formis for-

mula aradadebiTi koeficientebiT. agreTve unda movZebnoT (0,1) 

intervalis iseTi danawileba, romelic saSualebas mogvcems zemo- 

Tqmuli formula CavweroT qveintervalis yoveli centraluri wer-

tilisaTvis. maSin cxadia, rom aseTi formulebis simravlis gadawera 

SegviZlia (13.32) formiT.  

am miznisaTvis viyenebT Semdeg igiveobas: 

=′′−−′′−+= ∫∫
+

+

+

+++

2

2

2

)()(
2
1)(

2
1)(

2
1)0(

2
1)( 2

0
22

p

s

s x

x
p

x

ps dttytxdttytxyyxy  

∫
+

−′′+′′−+= +−

2

0
22 ,)]()([

2
1)]()0([

2
1 sx

pp dttxytytxyy  

sadac  ,12 += sp     .122 22 ≤= ++ ps xx  

Tu ukanasknel gamosaxulebaSi integrals SevcvliT gausis kvadra-

tuli formuliT s  abscisiT, maSin miviRebT 

    ∑
+

=
+++++ +′′++=

22

2
21

*
,222 )()()]()0([

2
1)(

s

j
spjjsps xrxybxyyxy         (13.38) 

sadac ricxvebi ,0*
42,2

*
,2 <= −+++ jssjs bb  )1,2( += sj  miRebulia [-1,1] interva-

lisaTvis gamoTvlili gausis koeficientebis js xx 24
1

+ -ze )1,2( += sj   

gamravlebiT; naSTiTi wevrisaTvis gvaqvs 

                1
1

1
*
3

21 )!1(
)( ++

++ +
≤ pp

sp h
p
MC

xr                        (13.39) 

(13.39)-Si *
3C  mudmivaa, romelic damokidebulia p -ze da ix -ze 

)2,1( += pi   da   )(max 1111 iisi
xxh −= ++≤≤

. 
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(13.38)-Si jx  )1,2( −= sj   kvanZebi s -uri rigis leJandris polinomis 

nulebia, romelic ganmartebulia  ),0( 2+sx  intervalze da romlis 

22,...,3, ++= ssjx j  nulebi ekuTvnis ),( 322 ++ ss xx  intervals. 

Tu (0,1) intervals davyofT k -raodenoba  qveintervalad da gamo-

viyenebT (13.38) formulas, miviRebT 

  jst

s

j
jsststst byyy ++−

+

=
++++++−++ Φ++= ∑ )1)(1(

22

2

*
,21)1)(1(1)1)(1(1)1( 2

1
2
1

 )12,1( −= kt .   (13.40) 

(13.22) da (13.40) formulebi erTnairi struqturisaa, gansxvaveba isaa, 

rom (13.22)-Si bade Tanabaria, xolo (13.40)-Si _ specialuri. maSasadame 

(13.40) formulebs SegviZlia mivceT (13.32) formulebis analogiuri 

saxe. 

Tu gamoviyenebT ( P ) formulebs da davuSvebT, rom yoveli qvein-

tervalis ,)1( istx ++  )2,2,12,0( +=−= sikt   wertilebi arCeulia zemoT mi-

TiTebuli wesiT, anu, mokled, gausis badis kvanZebia, gveqneba 

2 2
*

( 1)( 1) ( 1)( 1) 1 ( 1)( 1) 1 ( 1)( 1)
2

(1 )
s

t s i i t s i t s ij t s j
j

y kx y kx y b
+

− + + − + + + + + − + +
=

′= − + + Φ =∑  

2 2 2 2
* *

( 1)( 1) 1 ( 1)( 1) 1 ( 1)( 1) 1 ( 1)( 1)
2 2

(1 ) ( ,
s s

i t s i t s ij t s j ij p t s j
j j

kx y kx y b y b R x
+ +

− + + + + + − + + − − + +
= =

′ ′ ′′= − + + −∑ ∑  

 

22,...,2,1( −= kt  da ;1,....,3,2 += si   12 −= kt  da 

).22,....,3,1,...,3,2 +++= sssi  

aqac da Semdgomac marcxena mxareSi  jamis simbolosTan Strixi 

niSnavs, rom ajamvisas romelime ori (umjobesia simetriuli) indeqsi 

gamoitoveba. 

ukanaskneli sistemisa da (13.32)-is analogiuri formulebis daxma-

rebiT, romelic (13.40) sistemis modificirebiTaa agebuli, samar-

Tliania Semdegi warmodgena:          

     ,)1()0( *
))(1()1)(1()1)(1()1)(1( iistististist yyy ++−++−++−++− ++= σβα         (13.41) 

22,...,2,1( −= kt , ;2,....,3,2 += si   12 −= kt , ),22,....,,2 += ssi  

sadac 

,
2

122
)1)(1( k

tkxk i
ist

+−−
=++−α     .

2
12

)1)(1( k
tkxi

ist
−+

=++−β  

*
)1( ist ++σ -isaTvis, romlebsac igive agebuleba aqvT, rac its+σ -s, gvaqvs 

    )},1(
4

11,1max{
8
1 *

2
*

)1( iist k
γσ −−=++   ).1( ≡Φ   )),1(2,...,3,2( += skj    (13.42) 
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sadac  

.4
22

2

*2* ∑
+

=

=
s

j
iji bkγ  

(13.41) sqemaSi naSTiTi wevrebis ukugdebis Sedegad  miviRebT:      

    
*

)1)(1()1)(1()1)(1()1)(1( )1()0( istististist yyy ++−++−++−++− ++= σβα .         (13.43) 

amgvarad avageT gamosaxuleba, romlis mTavar (arawrfiv) nawils aqvs 

aradadebiTi koeficientebi. Tanabari badis SemTxvevaSi es warmodgena 

samarTliania, rodesac ;7,5,3=p  gausis badis SemTxvevaSi mTavari 

nawilis koeficientebs erTnairi niSani aqvs yoveli kenti 3≥p -sTvis.  

(13.37) da (13.43) arawrfivi algoriTmebis, agreTve σ -jamebis, pR ′′  da 

1+pr -is sidideebisaTvis miRebuli SefasebebisAAdaxmarebiT SegviZlia 

davamtkicoT Semdegi Teorema. 

Teorema 13.1. vTqvaT, sruldeba Semdegi pirobebi: 8<L  da 

].1,0[)( )1( +∈ pCxy  

maSin: 

1. (13.37) da (13.43) sistemebs gaaCnia erTaderTi amoxsna iy -is mimarT       

da misi miReba SeiZleba mimdevrobiTi miaxloebis meTodiT; 

2. rogorc Tanabari badis )7,5,3( =p , aseve gausis )312( ≥+= sp  

danawilebis SemTxvevaSi miaxloebiTi amoxsna ikribeba (13.3),(13.32) 

amocanis zusti amoxsnisaken )1( −p  rigiT h -isa da 1h -is mimarT. 

damtkiceba. Teoremis pirveli nawilis dasamtkiceblad sakmarisia imis 

Cveneba, rom (13.37) da (13.43) arawrfivi algoriTmebis Sesabamisi σ  da 

*σ  operatorebi arian kumSviTi operatorebi. σ -saTvis es gamom-

dinareobs (13.36)-dan, xolo *σ -isaTvis (13.42)-dan, Tu SevniSnavT, rom 

8<L  pirobisa  da k -s saTanado SerCeviT  

* *
2

18 max{1,1 (1 )} 8 0
4 iL L

k
γ− − − = − >  

SevafasoT cdomileba. jer ganvixiloT Tanabari badis SemTxveva. 

gamovakloT tolobebi (13.37) (13.34)-s. (13.8), (13.14) formulebisa da iσ  

)2,2( ksi = sidideebisaTvis miRebuli  gamosaxulebebis gaTvaliswinebiT 

miviRebT 

                   
1

)!1)(8(

14max −
+−

+
≤ ph

pL

pMC
iη    )7,5,3( =p            (13.44) 
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gausis badis SemTxvevaSi cdomilebis SefasebisaTvis samarTliania   

igive sqema:  (13.41) tolobebs vaklebT (13.43), viTvaliswinebT (13.8), 

(13.12), (13.39) formulebsa da  *
iσ - ))1(2,2( += ski  sidideebisaTvis age-

bul  gamosaxulebebs. amis Sedegad miviRebT  

1
1*

15

)!1)(8(
max −+

+−
≤ pp

i h
pL

MC
η  )3( ≥p             ( )44.13 ′  

Tu (13.44) da ( )44.13 ′  utolobebSi gadavalT zRvarze, rodesac ,k →∞  

amiT  Teorema 13.1 damtkiceba sruldeba, radgan 4C  da 5C  ar aris da-

mokidebuli k -ze. 

Tu ][n
iy  aRvniSnavT (13.37), (13.43) amocanebis amonaxsnebis n -ur miax-

loebas iteraciuli meTodiT, n  akmayofilebs utolobebs 

ϑ
ϑ

ln
)1ln(ln)1( 1 −+−

≤
−hp

n , 

sadac  8/L=ϑ , Tanabari badisaTvis, 8/*L=ϑ  gausis badisaTvis,  

maSin sabolood miviRebT 

114][ 1
)!1)(8(

−+
⎥
⎦

⎤
⎢
⎣

⎡
+

+−
≤− ppn

ii h
pL

MC
yy     )2,......,3,2;7,5,3( ksip == , 

1
1*

15][ 1
)!1)(8(

−+
⎥
⎦

⎤
⎢
⎣

⎡
+

+−
≤− ppn

ii h
pL

MC
yy     )).1(2,....,3,2;12( +=+= skisp  

 

 

2.4. sasazRvro amocana arawrfivi  gantolebisaTvis  
 

vTqvaT mocemulia [0,1] intervalis Tanabari )7,5,3( =p  an gausis 

)312( ≥+s  danawileba; visargebloT (13.34) da (13.40) formulebiT da   

)(xy ′′  SevcvaloT (13.1) diferencialuri gantolebis marjvena mxariT 

( , ( ),f x y x  ( ))y x′ : 

           iztiztiztizt yyy +−+−+−+− ++= )1()1()1()1( )1()0( σβα              (13.45) 

22,....,2,1( −= kt   da  ;1,...,3,2 += ri    12 −= kt  da  )2,....,3,2 zi =  

sadac 

 

 

maSin )(Q  formulebs [ 1)1(1)1( +++− zkzk xx ] qvesegmentisaTvis eqneba saxe: 

           

Tanabari badis SemTxvevaSi 

 gausis badis SemTxvevaSi 
,

1,
s

z
s

⎧
= ⎨ +⎩
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  ∑ +−−+−+−+++− −′′′−−=′ ,][ )1(,3)1(1)1(1)1()1( izkpjzkijzkzkizk yCkyyky ρ       (13.46) 

sadac 

∏∫ ∫
=

+−

++

+− +−

+−++−+−− −′′=
z

j
jzk

zkx

zkx

x

izk

zkzkzkizkp dxxxxxxxydxk
x

2

2
)1(

1)1(

1)1( )1(

)1(1)1(2)1()1(,3 .)(),,...,,(ρ  

(13.46) formula Seicavs 1)1(1)1( +−++ − zkzk yy  sxvaobas. am sxvaobis gamoTvla 

(13.45) formulidan (yuradReba mivaqcioT  
1)1( ++ zk

σ  da 1)1( +− zkσ jamebs) 

gvaZlevs 

[ ]∑ ∑
−

= =
+−+−−+

−+
+−++

Φ−Φ+−=

=Σ−Σ+−=−

1

1

2

2
)1()12(,1

]1[]1[
1)1(1)1(

2)]0()1([1

)()]0()1([1

k

r

z

j
jzrjzrkjz

kk
zkzk

br
k

yy
k

yy
k

yy
         (13.47) 

]1[]1[ −+ Σ−Σ kk  sxvaobisaTvis gvaqvs 

        [ ] [ ]i
k

kbr
k ik

k

r

z

j
jzrjzrkjz Φ−Φ−−=Φ−Φ −

−

= =
+−+−−+∑ ∑ 22

1

1

2

2
)1()12(,1 8

12
     (13.48) 

sadac tk−Φ 2  da tΦ  Sesabamisad moTavsebuli aris iks−Φ 2  da iΦ   

)1,2( −= kzi  ricxvebs Soris. 

  

      

[ ]

.12,...,2,1,

2)0()1(

)1(,3

2

2
)1(

1

1

2

2
)1()12(,1)1(

+=−′′′−

Φ−Φ+−=

+−−
=

+−

−

= =
+−+−−++−

∑

∑ ∑

ziyck

bryyy

izkp

z

j
jzkij

k

r

z

j
jzrjzrsjzizk

ρ
       (13.49)  

                     

qvemoT (13.45) da (13.49) formulebs gamoviyenebT (13.1)-(13.2) amocanis 

amosaxsnelad. amasTan erTad ganvixiloT koSis Semdegi amocanebi: 

        ))(),(,()( 11 xyxxfxy λ=′ ,    11 ≤≤ xl ,                 (13.50) 

γ=)( 11 ly  , 

        ))(),(,()( 11 xyxxfxy μ=′ ,     02 ≥≥ xl ,                (13.51) 

δ=)( 21 ly , 

sadac Semotanilia Semdegi aRniSvnebi: )()(,, 121)111)1( xyxylxlx zkzk =′== +−+− .              

)(xλ  da )(xμ  funqciebsa da δγ , ricxvebs ganvsazRvravT qvemoT. 

Tu (13.45) da (13.49) sistemebSi ukuvagdebT naSTiT wevrebs da 

gamoviyenebT (13.1) gantolebas, miviRebT 
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iztiztiztizt yyy
+−+−+−+− ++=

)1()1()1()1( )1()0( σβα             (13.52) 

1 2

( 1) 1, (2 1) ( 1)
1 2

(1) (0) 2
k s

k z i z j s r z j r z j
r j

y y y r b f f
−

− + + − − + − +
= =

⎡ ⎤′ = − + − −⎣ ⎦∑ ∑  

2

( 1)
2

, 1,2,...,2 1
z

ij k z j
j

k c f i z− +
=

′− = +∑                     (13.53) 

sadac  )).(),(,( iiii xyxyxff ′=    

ganvixiloT (13.52), (13.53), (13.50) da (13.51) gamosaxulebaTa erToblioba, 

romlebic warmoadgens (13.1), (13.2) amocanis arawrfiv analogs. miax-

loebiTi amoxsna iii yy η−= −   da misi warmoebuli iii yy η′−′=′ − , sadac 

iη  da iη′ cdomilebebia, SegviZlia miviRoT Semdegi gziT. (13.52) da 

(13.53) gantolebebiT ganvsazRvroT nulovani miaxloeba: )2,2(]0[ ksiyi =  

da ))1)1(,1)1((]0[ +++−=′ zkzkiyi ; (13.50) da (13.51)-Si Semdegi daSvebiT 

]0[)( iii yx == λλ     ),1( 1 ≤≤ ixl   )( 1
]0[ ly′=γ  

]0[)( iii yx == μμ         ),0( 2 ≥≥ ixl     )( 2
]0[ ly′=δ , 

vxsniT koSis or amocanas romelime cnobili mdgradi meTodiT (am 

mimarTulebiT ix. qvemoT saTanado SeniSvnebi), romlis daxmarebiTac 

ganvsazRvravT ]0[
iy′  ( 2,....,( 1) ,i k z= −  ( 1) 1,....,2 )k z kz+ +  sidideebs. 

ramdenadac gvaqvs nulovani aproqsimacia ]0[
iy  da ]0[

iy′ , kzi 2,.....,2= .  

(13.52) da (13.53) sistemebis meSveobiT SegviZlia miviRoT [ ]
iy 1   

kzi 2,.....,2=   da ]1[
iy′  )1)1(,1)1(( +++−= zkzki .  (13.50)  da  (13.51) amoca-

nebidan im daSvebiT, rom 

]1[)( iii yx == λλ     ),1( 1 ≤≤ ixl   )( 1
]1[ ly′=γ , 

]1[)( iii yx ′== μμ         ( ),02 ≥≥ ixl     )( 2
]1[ ly′=δ , 

SegviZlia vipovoT ]1[
iy′ ,  )2,....,1)1(,)1(,....,2( kzzkzki ++−= . 

am procesis gagrZelebiT mimdevrobiT vpoulobT ][m
iy  da ][m

iy′ ,  

.....3,2=m  

advili dasanaxia, rom ][m
iy  da ][m

iy′  ikribeba y  da iy′ -saken, Tu ara-

wrfivi  sqemis Sesabamisi operatori aris kumSviTi. (13.52) da (13.53) 

gantolebisaTvis am pirobis miReba advilad SeiZleba wina 13.2 punqtSi  

izt +− )1(σ -sTvis miRebuli Sefasebebidan, (13.19), (13.48) da (13.4) for-
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mulebidan: (13.50) da (13.51) koSis amocanisaTvis, Tavis mxriv, samar-

Tliania kaCiopoli-banaxis principi. 

unda aRvniSnoT, rom (13.50) da (13.51) amocanebis amoxsna SegviZlia sak-

maod zustad (anu  cdomilebiT )( 1hO p
sz
−
− , sadac hh =0 ),radgan (13.53) 

formulebi gvaZleven ucnobi integralis mniSvnelobebs sawyisi 

segmentis 12 +z   kvanZiT wertilSi. 

arawrfivi analogis amoxsnis erTaderTobidan gamomdinareobs Semdegi 

utolobis samarTlianoba 

           1
1max −

−++−≤ p
szpcszi hMCη                        (13.54)  

      1
216 )(max −
−++−+− ′′+′≤′ p

sppszpcszi hMCMCη    )12,....,2,1( += kzi     (13.55) 

sadac 6+−szC ,  6szC −′  da cszC +−′′   k -sa M -sagan damoukidebeli arauar-

yofiTi sidideebia. 

Tu qvesegmentTa ricxvi ∞→k , maSin (13.54) da (13.55) utolobebidan 

gamomdinareobs zemoTqmuli procesis krebadoba. 

axla gavakeTebT ramdenime SeniSvnas (13.50) da (13.51) amocanebis 

ricxviTi amoxsnis Sesaxeb mravalbijiani meTodiT (henriCi [1962]). 

(13.50) amocanisaTvis unda gamoviyenoT mdgradi formulebi, xolo 

(13.51) amocanisaTvis `wminda aramdgradi formulebi~, anu romlis  

maxasiaTebel mravalwevrs aqvs fesvebi moduliT 1≥ -ze, xolo jeradi 

fesvebi moduliT metia erTze.  

zemoTqmulis safuZvelze samarTliania Semdegi Teorema. 

Teorema 13.2.   vTqvaT (13.1) da (13.2) amocanisaTvis sruldeba pirobebi 

(13.4)  da ]1,0[)( 1+∈ pCxy . maSin 

1) (13.1)-(13.2) amocanas aqvs  erTaderTi amonaxsni; 

2) arawrfiv analogs aqvs erTaderTi amonaxsni da igi miiReba   

mimdevrobiTi miaxloebis  krebadi procesis Sedegad; 

3) rogorc Tanabari )7,5,3( =p , aseve gausis badis SemTxvevaSi 

)312( ≥=+ ps  arawrfivi analogis amoxsnis krebadobis rigi 

(13.1)- (13.2) amocanis zusti amoxsnisa da misi warmoebulisaken 

aris )1( −p   h -is da 1h -is mimarT Sesabamisad. 

zemoT moyvanili  algoriTmis saSualebiT advilad mtkicdeba Semdegi 

Teorema. 

Teorema 13.3.   vTqvaT sruldeba lifSicis piroba: 

,),,(),,( zyLzyLzzxfyyxf ′−′′+−≤′−′ 4<′+ LL  

maSin (13.1)-(13.2) amocanas aqvs erTaderTi amoxsna, romelic igeba  

iteraciuli meTodiT. 
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am Teoremis dasamtkiceblad sakmarisia )(P  da )(Q  formulebis ana-

logiuri gamosaxulebebis ageba SemTxvevisaTvis, roca 
( )

].1,0[
2

Cy∈    

marTlac, Tu nyhnkz =+=+ ,112 , maSin teiloris formulidan gveqneba 

      [ ] iiiiii rhyyhyyy
442

1
2
1 2

11

2

11 +′′−′′−+= −++−                 (13.56) 

      [ ] [ ] iiiiii rhyyhyy
h

y ′+′′−′′−−=′ −+−+ 222
1 2

11

2

11    ,...)3,2( =i         (13.57) 

sadac 

iiiiii

iiiiii

yyyyr

yyyyr

εξξ
εξξ
′<′′−′′−′′−′′=′

<′′−′′+′′−′′=

−−++

−−++

))(())((

,))(())((

1111

1111
 

11 ++ ≤≤ ii xx ξ  ,  iii xx ≤≤− ξ1  

(13.56) gamosaxuleba Seesabameba )(P  formulebs, xolo (13.57) _ )(Q  

formulebs, krebadobas ganapirobebs lifSicis piroba. 

 

aRvniSnoT, rom, roca (13.3)-Si )()()())(,( xfxyxqxyxf +=  , maSin )(P  da 

)(Q  formulebiT xdeba Cveulebrivi sasrulsxvaobiani sqemis ganzo-

gadeba. samarTliania Semdegi Teorema.  

Teorema 13.4.  vTqvaT baduri are Tanabaria da diferencialuri gan-

tolebis koeficientebi  ,0)( ≥xq ),2(],1,0[)( )1( ≥∈ − pCxf p  maSin )(P  

formulebis gamoyeneba gvaZlevs algoriTms, romliTac miaxloebiTi 

amoxsnis krebadobis rigi wrfivi amocanis zusti amonaxsnisaken aris 

( 1)p −  bijis mimarT. 

 

 

2.5. ganzogadebuli faqtorizaciis meTodi 

 

T. vaSaymaZis [1999] monografiis III Tavis p.14 Tanaxmad, qvemoT sa-

sazRvro amocanis ricxviTi amoxsnisaTvis 

 )()()())()(()( tftutqtutk
dt
dquAu =−′=+−      )0,0( ≥> qk           (14.1) 

   ,)0()0( 1 α=′− uku    β=′+ )1()1( uku l      )0,0( 21 ≥≥ kk          (14.2) 

warmogidgenT ucnobi )(tu  funqciis sigluvis rigze damokidebul ne-

bismieri sizustis meTods. 

winaswar moviyvanT damxmare formulebs. isini 13.1 nawilis )(P  da )(Q  

formulebis ganzogadebas warmoadgenen. Cven vTvliT, rom  
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.12),1,0()( 1 +=∈ + spCtu p  

)(P  formulebs aqvT Semdegi forma (aRniSvnebi aqac da Semdegac iqne-

ba aRebuli wina 13 punqtidan):  

 

[ ]∑
=

−+ −−+=
s

j
ipjj

p
ijsi

p
ii

p
ii tRtAutKbtuktuktu

2

2
1

1,1,1, ,)()()()()()()()( βα ,,...2,1 pi =   (14.3) 
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α ,      )(1)( 1,1, kk p
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p
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)(Q  formulebi ki asea warmodgenili: 
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p
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ijp
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ii dttArtkdttAutkCtutuktu
τ

τ
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1,

1
1,       (14.4) 
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sadac  
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⎜
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⎛
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,
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jib   da  1,
,
p

jic  koeficientebi Semdegi formuliT gamoiTvleba: 
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nω -iT aRvniSnoT baduri are, romelic asea ganmartebuli: 

}.;1,,....,,0{ 1121 −+ −==== iiinnn tthttttω  

nω  badis sazRvrispira wertilebs vuwodebT im it  kvanZebs, romel-

TaTvisac 1+≤ si   an  .1+−≥ sni  

)()()()()()0()()( 12
2

2

1,1,1, +

=

+
+

++ +−+= ∑ s
s

j
jj

si
ijsi

si
i

si
ii hOtAutKbtukuktu βα ,   1+≤ si  
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)()()()1()()()()( 12
2
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,1,1,1 +
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−+−+
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−+ +−+= ∑ s
s

j
jj

sin
ij

sin
isi

sin
ii hOtAutKbuktuktu βα ,  (14.6)               

1+−≥ sni  

 

(14.4) da (14.6) Tanadobebi Semdegi gamosaxulebebis miRebis saSualebas 

gvaZlevs: 

[ ] −
+
+

+′−
+

= + )(
1

)0()0(
1

)(
11

11
1

11
si

ii
i tu

k
k

uku
k

tu
γ
γβ

γ
α

 

              ∑ ++⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+

−− )()(
1

12

11

11 s
jijij hOtkc

k
k

b
γ

γ
, 1+≤ si ,            (14.7)  
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              ∑
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⎛
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12

)12
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12

112 )()()(
1 γ

γβ
,  .1+−≥ sni  

aqac da Semdgomac koeficientebis zeda indeqsebs da maT funqciaze 

damokidebulebebs aRar davwerT. damatebiT Semotanilia aRniSvna 

)(max 1 iii
tth −= + .   

(14.7) formulebis mniSvnelovani Tvisebaa is, rom marjvena mxareSi 

monawileobs sawyisi monacemebi ((14.3) pirobebidan). cxadia, (14.7) tipis 

formulebis miaxloeba saSualebas gvaZlevs ganvazogadod pirobebi. 

vTqvaT, ijijii tttt −=− +−   )2( snis −≤≤+ , maSin (14.3)formulis naSTiTi 

wevri gvaZlevs Sefasebis saSualebas [ix. 13.1): 

,)()( 1
11

1

1
1

+
+

−+

+−=
− <∑ p

p

si

sij
jpjij hMctARtkb     )(max )1(

)1,0(1 tuM p
p

+
+ = . 

Siga kvanZebisaTvis ni wt ∈  (14.3) gamosaxulebidan gamomdinareobs: 

  ∑
−+

+−=

+
+− +−+=

1

1

22
, )()()()()()(

si

sij

s
jjjisiisiii hOtAutkbtututu βα .         (14.8) 

Tu (14.8) formulaSi Au gamosaxulebas SevcvliT fqu + -gamosaxule-

biT da ukuvagdebT naSTiT wevrs, miviRebT wrfiv algebrul ganto-

lebaTa sistemas, romlis amoxsnasac iu -Ti aRvniSnavT  ),......,3,2( ni = . 

am sistemis Sesabamisi matrica multidiagonaluria da damokidebulia 

s -ze. aseTi sistemis amosaxsnelad ganzogadebulia faqtorizaciis  

meTodi. 
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2.6. arawrfivi SemTxveva niutonis sasazRvro pirobebiT 

  

Cven ganvixilavT arawrfiv sasazRvro amocanas: 

   )),(),(,()( xuxuxfxu ′=′′   MuuMx <′<−<< ,,10             (15.1) 

   ,)0()0(1 α=′= uuk     ,)1()1(2 β=′+ uuk    02
2

2
1 >+ kk          (15.2) 

)(P  da )(Q formulebis daxmarebiT am nawilSi avagebT erTparametrian 

gamoTvliT sqemebs, romlebic (15.1), (15.2) arawrfivi amocanis tolfasi 

iqneba. 

vTqvaT mocemulia Tanabari an gausis (13.2 nawilSi Semotanili azriT) 

danawileba [0,1] segmentisa. Cven gamoviyenebT formulebs centraluri 

kvanZebisaTvis,   1+tzx : 

    ,
2
1

2
1

1)1(1)1(1 tztzttz Auuu ++= +++−+    2,2 −= kt ,             (15.3) 

sadac   
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=

+
−+−+ +′′=

z

j
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1
)1(,1  . 

am formulas davukavSirebT (14.7)-is msgavs formulas: 
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2
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sadac 

( )∑
=

+
−

+
+ +′′

+
−=

z

j

p
szjj

z
jzi hOuc

kk
xkbA

2

2

1
,1

1

12
,1 )(  

( )∑
+−=

+
−+

+
+− +′′⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
+

−=
kz

zki

p
szjz

z
jzk hOuc

kk
xkbA

2

2)1(2

1
12

2

12
,112  

(15.3) mravldeba Sesabamis ucnob iα  )12,1( −= ki   ricxvebze da isini 

SeirCeva ise, rom sruldebodes Tanadobebi: 
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2
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sadac 
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(15.5) gamosaxulebidan garkveuli gamoTvlebis Semdeg gamomdinareobs 
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(14.3) da (15.6) gamoyenebiT, advilad SegviZlia (15.6)-is msgavsi 

gamosaxulebis miReba )(,)1( zix izt ≠+−  kvanZis SemTxvevaSi:  
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sazRvrispira wertilebisaTvis ix  da ix−1  ),2( zi =  ukanaskneli for-

mulis analogiurad gveqneba: 
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amitomac Cven davakavSirebT (15.5a) da (15.5b) formulebs (15.5) gamosa-

xulebebTan da vuwodebT aseT formulaTa samravles (15.5) tipis for-

mulebs. 

(15.5 formulebi grinis funqciis sxvaobian analogs warmoadgenen. 

raime xarisxiT ucnobi ordinatebis mimarT (SeadareT berezin-Jidkovs 

[1958] an Sroders [1957]). (15.5)-s davumatoT pirveli rigis warmoebulis 

mimarT sxvaobiani formulebi im SemTxvevaSi, Tu marjvena mxareSi 

mdgomi funqcia f  damokidebulia .)( zexu −′  

cxadia, rom am miznebisaTvis ricxviTi diferencirebis formulebis 

gamoyeneba araa moxerxebuli. magram, Tu upiratesobas mivaniWebT 

ganzogadebul )(Q  formulebs (14.4) izix +− )1(   12,1( += zi ) da (15.6)-dan tx  

)1,1( +−= kkt wertilebisaTvis,  u′  da σ ′  sidideebisaTvis miviRebT 

Semdeg gamosaxulebebs: 
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erTparametriani sqemis ageba dasrulebuli iqneba, Tu (15.6) da (15.7)-is 

tipis gamosaxulebebs davukavSirebT koSis (sawyis) amocanebs: 

)),(),(,()( 11 xuxxfxu λ=′   ,11 ≤≤ xl  

,)( 11 γ=lu       ,1)1(1 +−= zkxl  

)),(),(,()( 11 xuxxfxu μ=′     ,02 ≥≥ xl  

,)( 21 δ=lu       .1)1(2 ++= zkxl  
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axla vubrundebiT (15.1)-(15.2) amocanis Seswavlas da ganvixiloT 

Semdegi sidideebi: 
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samarTliania Semdegi Teorema: 

Teorema 15.1. vTqvaT ))(),(,( xuxuxf ′  uwyvetia x -is mimarT, akmayofilebs 

lifSicis pirobas u  da u′ -is mimarT Sesabamisad L  da L′  mudmivebiT; 

damatebiT, davuSvaT, sruldeba erT-erTi Semdegi ori pirobidan: 

        ,1)( <′+ LLw   

         .121 <′+ LwLw                                    (15.9) 

maSin sawyis amocanas gaaCnia erTaderTi amoxsna, romlis agebac 

SeiZleba iteraciuli  meTodiT. 

am Teoremis damtkiceba (13.2) da(13.3) Teoremebis damtkicebis sqemis 

analogiuria. 

axla (15.6) da (15.7) tipis formulebSi, Tu ukuvagdebT naSTiT wevrs, 

miviReb gamosaxulebebs, romlis meSveobiTac vagebT sawyis cxrils. 

koSis amocanas SevcvliT mravalbijiani meTodebiT (ix. henriCi [1962]). 

miRebul sistemas vuwodebT sxvaobian sqemas. 

samarTliania Semdegi Teorema: 

Teorema 15.2.  vTqvaT (15.1)-(15.2) amocanisaTvis (15.9) pirobebidan srul-

deba erT-erTi, maSin: 

1) sxvaobian sqemas gaaCnia erTaderTi amoxsna da iteraciuli 

meTodi krebadia; 

2) rogorc Tanabari )7,5,3( =p , aseve  gausis )3( ≥p  danawilebis 

SemTxvevaSi algebruli amocanis amoxsnis (15.01)-(15.2) amocanis 

amoxsnisaken krebadobis rigi aris )1( −p  h -is mimarT. 

am Teoremis damtkiceba analogiuria 13.2. Teoremis damtkicebisa. 

adgili aqvs Semdeg Teoremas: 

Teorema 15.3.  ariTmetikul operaciaTa ricxvi, romelic saWiroa )(xu  

miaxloebiTi amonaxsnisa da misi warmoebulis )(xu′  gamosaTvlelad, 

kk ln  rigisaa. 
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am Teoremis damtkiceba 1+tzσ  jamis specialur Tvisebas emyareba. Tu 

gamovTvliT 1+kzσ , maSin 1+tzσ -c gamoTvlilia nebismieri kt ≠ -Tvis, 

radganac  1+kzσ  jami Seicavs mas, rogorc qvejams.  

   

2.7. ricxviTi realizacia. magaliTebi1 

                        
vixilavT II rigis Cveulebrivi diferencialuri gantolebisaTvis 

sasazRvro amocanas, rodesac gantolebis mTavari nawili  TviT-

SeuRlebuli _ 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ),tftutq
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xolo sasazRvro pirobebi niutonis saxiTaa mocemuli 
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zemoT ganxiluli (ix. p.p. 14,15) meTodikis gamoyenebiT Sesabamis mra-

valwertilovan sxvaobian sqemas aqvs Semdegi saxe: 
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1  samuSao Sesrulebulia d. arabiZesTan erTad. 
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(3) sqemis ricxviTi realizacia Sesabamisi qvemoT moyvanili progra-

maTa paketis gamoyenebiT xorcieldeba 5=p -sTvis. (3) sqemaSi 

indeqsebi icvleba Semdegnairad: pirveli damokidebulebisaTvis aRebu-

lia 0=m , 2=i ; momdevno 3−n  damokidebulebisaTvis: 3=i , 

4,...,1,0 −= nm ; bolo ( )1−n -e sxvaobiani gantolebisaTvis: 4−= nm , 

4=i . (3) sqemis Sesabamisi matrica 5 diagonaluria. (3) sqemaSi 

koeficientebi 4 indeqszea damokidebuli. SesaZlebelia, rom mas 

mieces daprogramebisTvis mosaxerxebeli saxe, risTvisac sakmarisia 

SemovitanoT Semdegi aRniSvnebi: 

22,0,22 1 cbq ≡− , 23,0,23 dbq ≡ ,  

24,0,24 ebq ≡ , X≡0,2β , ( ) ( ) 20,24,0,243,0,232,0,22 gbfbfbf ≡×−++− αα  

32,0,32 bbq ≡ , 33,0,33 1 cbq ≡− ,  

34,0,34 dbq ≡ , 30,3 e≡β , ( ) ( ) 30,34,0,343,0,332,0,32 gbfbfbf ≡×−++− αα , 

ii a≡−3,3α , iii bbq ≡−− 2,3,31 ,  

iii cbq ≡−− 13,3,3 , iii dbq ≡−+ 4,3,31 , ii e≡−3,3β , 

( ) immmmmm gbfbfbf ≡++− +++ 4,,343,,332,,32 2,...,4 −= ni  

14,3 −− ≡ nn aα , 12,4,32 −−− ≡ nnn bbq ,  

13,4,31 1 −−− ≡− nnn cbq , 14,4,3 −− ≡ nnn dbq , 

( ) ( ) 14,34,4,33,4,312,4,32 −−−−−−− ≡×−++− nnnnnnnn gbfbfbf ββ  

Yn ≡−4,4α , nnn abq ≡−− 2,4,42 ,  

nnn bbq ≡−− 3,4,41 , nnn cbq ≡−− 14,4,4 , 

( ) ( ) ,4,44,4,43,4,412,4,42 nnnnnnnn gbfbfbf ≡×−++− −−−−−− ββ  

sadac 

( )kmm
mimi

++
+= 1,5

, αα , ( )kmm
mimi

++
+= 1,5

, ββ ,  

( ) ( ) ( )kkkb mjm
mm

mimjmijmi ++
++

+++ ×−= ,5
1,5

,,, γβγ , 

amgvarad (3) sistema gadaiwereba Semdegnairad 

25242322 gXueuducu =×+×+×+×  

335343332 geuducubu =×+×+×+×  

iiiiiiiiiii geuducubuau =×+×+×+×+× ++−− 2112 , 2,...,4 −= ni                      (5)                                  

11111213 −−−−−−−− =×+×+×+× nnnnnnnnn gducubuau

nnnnnnnn gcubuauYu =×+×+×+× −−− 123 ,   

anu  
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  ≡  gTu =                (6)

            
programaTa paketi, warmodgenili danarTis saxiT, Sedgeba  3 ZiriTadi 

nawilisagan.  

pirveli nawilis Semomavali parametrebi ),(tk  ),(tq  )(tf  warmodgenilia  

funqciebis saxiT,  ,α  β  da n  _ inincome.  failiT. { mi,α , mi,β }, jmib ,, _ 

koeficientebi  da T  matrica inaxeba Sesabamisad outalfabeta. , outbimj. , 

outabcdef .  failebSi.  

paketis meore nawili _ xorcieldeba T  matricis Sebruneba faqto-

rizaciis meTodiT, formirdeba gTu 1−=  da igi inaxeba outamo.  

failSi cxrilis saxiT.  

paketis mesame nawilis Semomavali parametria cxrilis saxiT 

warmodgenili amonaxsni. Tu testi imgvaria, rom cnobilia zusti 

amonaxsnic, maSin mimarTviT igeba miaxloebiT da zust amonaxsnTa 

grafikebi, xorcieldeba  maTi Sedareba.  

paketis pirveli ori nawili Sesrulebulia `Turbo Pascal 7.0~-ze, xolo 

mesame _ `Matlab 6.5~-ze.  
algoriTmebisa da programuli paketis calkeuli nawilebisa da 

mTlianobaSi maTi sworad funqcionirebis Semowmebis mizniT ganxi-

lulia saTanadod SerCeuli 4 testuri amocana. Tvlis Sedegebi 

warmoidgineba cxrilebis saxiT. pirvel or amocanaSi dayofaTa rao-

denoba .10=n  mesamesa da meoTxeSi 100=n ; Sesabamisi cxrili asaxavs 

cdomilebis   maqsimalur mniSvnelobebs. 

(4) koeficientebis Tvla xorcieldeba simpsonis Sedgenili 

formuliT, riTac (1)-(2) amocanisaTvis (4) sqemiT aproqsimacia ar 

uxeSdeba.  

testuri amocana1: 1)( =tk , 21
1)(

tt
tq

++
= , 1)( =tf , 1=α , 3=β .  
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miaxloebiTi amonaxsni 

 

zusti amonaxsni 

21)( tttu ++=  

sxvaobis 

absoluturi 

mniSvneloba 
u[1]=1.00000000000 1.00000000000 0.00000000000 
u[2]=1.11000000000 1.11000000000 0.00000000000 
u[3]=1.24000000000 1.23999999999 0.00000000000 
u[4]=1.38999999999 1.38999999999 0.00000000000 
u[5]=1.56000000000 1.55999999999 0.00000000000 
u[6]=1.75000000000 1.75000000000 0.00000000000 
u[7]=1.96000000000 1.96000000000 0.00000000000 
u[8]=2.19000000000 2.18999999999 0.00000000000 
u[9]=2.44000000000 2.43999999999 0.00000000000 
u[10]=2.71000000000 2.70999999999 0.00000000000 
u[11]=3.00000000000 3.00000000000 0.00000000000 
 

testuri amocana 2: tetk −=)( , tetq =)( , tetf 2)( = , 1−=α , 

59057182818284.2−=β . SevniSnoT, rom aseTi wonisaTvis (1) gantolebis 

mTavari nawili igivurad nulad iqceva. 

                                                                        
miaxloebiTi amonaxsni 

 
zusti amonaxsni 

tetu −=)(  

sxvaobis absoluturi 

mniSvneloba 

u[1]=-1.00000000000 -1.00000000000 0.00000000000 
u[2]=-1.10517091807 -1.10517091807 0.00000000000 
u[3]=-1.22140275815 -1.22140275815 0.00000000000 
u[4]=-1.34985880757 -1.34985880757 0.00000000000 
u[5]=-1.49182469763 -1.49182469764 0.00000000000 
u[6]=-1.64872127070 -1.64872127069 0.00000000000 
u[7]=-1.82211880038 -1.82211880039 0.00000000000 
u[8]=-2.01375270747 -2.01375270746 0.00000000000 
u[9]=-2.22554092848 -2.22554092849 0.00000000000 
u[10]=-2.45960311115 -2.45960311115 0.00000000000 
u[11]=-2.71828182845 -2.71828182845 0.00000000000 
 
 

testuri amocana 3: 1)( += tetk , tetq 2)( = , tetf =)( , 1=α , 

59057182818284.2=β . 
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miaxloebiTi amonaxsni 

 
zusti amonaxsni 

tetu =)(  

sxvaobis 

absoluturi 

mniSvneloba 
u[45]=1.552707223242318 1.552707218512296 0.000000004730022 
u[46]=1.568312188474860 1.568312185489049 0.000000002985811 
u[47]=1.584073989871795 1.584073984993665 0.000000004878129 
u[48]=1.599994196340424 1.599994193216844 0.000000003123580 
u[49]=1.616074407260080 1.616074402192680 0.000000005067400 
u[50]=1.632316223236235 1.632316219955101 0.000000003281135 
u[51]=1.648721275844155 1.648721270699752 0.000000005144403 
u[52]=1.665291198428359 1.665291194945894 0.000000003482465 
u[53]=1.682027654962565 1.682027649700103 0.000000005262461 
u[54]=1.698932312379518 1.698932308618168 0.000000003761350 
u[55]=1.716006867592892 1.716006862185168 0.000000005407724 
 

testuri amocana 4: tetk =)( , 6

5

1
6)(

t
ettq

t

+
= , ,30)( 4 tettf =  1=α , 2=β .  

miaxloebiTi amonaxsni 

 
zusti amonaxsni 

( ) 61 ttu +=  

sxvaobis 

absoluturi 

mniSvneloba 
u[45]=1.007256387950061 1.007256313856487 0.000000074093574 
u[46]=1.008303795066679 1.008303765624078 0.000000029442601 
u[47]=1.009474372613156 1.009474296895860 0.000000075717296 
u[48]=1.010779244732708 1.010779215328512 0.000000029404197 
u[49]=1.012230667687513 1.012230590464242 0.000000077223271 
u[50]=1.013841316482845 1.013841287200194 0.000000029282652 
u[51]=1.015625078545637 1.015625000000000 0.000000078545637 
u[52]=1.017596316912697 1.017596287800188 0.000000029112508 
u[53]=1.019770689413416 1.019770609664192 0.000000079749223 
u[54]=1.022164389940897 1.022164361129398 0.000000028811498 
u[55]=1.024794992102479 1.024794911296340 0.000000080806139 
 

SeniSvna. komentarebi da literaturuli miTiTebani am nakveTs ar 

erTvis. 
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2.8. danarTi 2  

programaTa paketi 

 
I nawili 

 

program mag1; 
uses crt; 
var aa,bb,cc,dd:text; 
    n,i,m,j:integer; 
    alfa,beta,h,X,Y:real; 
    alfaIM,betaIM:array[2..4,0..100] of real; 
    bIMJ:array[2..4,0..100,2..4] of real; 
    t:array [1..100] of real; 
    s:string; 
 
function k(t:real):real; 
begin 
     k:=exp(t)+1; 
end; 
 
function q(t:real):real; 
begin 
     q:=2*exp(t); 
end; 
 
function f(t:real):real; 
begin 
     f:=exp(t); 
end; 
 
function intK(i,j:integer;h:real):real; 
var s:real; 
    l:integer; 
begin 
     s:=0; 
     for l:=i to j-1 do 
         s:=s+(1/k(h*(m+l-1))+ 4*1/k(h*(m+l))+1/k(h*(m+l))); 
     intK:=s*h/6; 
end; 
 
function intKL(i,m,j:integer;h:real):real; 
var s,t:real; 
    l:integer; 
delta, lambda, sigma:array[2..100] of real; 
begin 
 delta[2+m]:=-(2*m+5);     delta[3+m]:=-(2*m+4);     delta[4+m]:=-(2*m+3); 
lambda[2+m]:=(m+2)*(m+3); lambda[3+m]:=(m+1)*(m+3); lambda[4+m]:=(m+1)*(m+2); 
 sigma[2+m]:=2;            sigma[3+m]:=-1;           sigma[4+m]:=2; 
     s:=0; 
     for l:=1+m to i+m-1 do 
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     begin 
     t:=(l-1)*h; 
s:=s+(1/k(t))*((t*t*t/3+delta[j+m]*h*t*t/2+lambda[j+m]*h*h*t)/(sigma[j+m]*h*h)); 
     t:=(l-1/2)*h; 
s:=s+4*(1/k(t))*((t*t*t/3+delta[j+m]*h*t*t/2+lambda[j+m]*h*h*t)/(sigma[j+m]*h*h)); 
     t:=l*h; 
s:=s+(1/k(t))*((t*t*t/3+delta[j+m]*h*t*t/2+lambda[j+m]*h*h*t)/(sigma[j+m]*h*h)); 
     end; 
     intKL:=s*h/6; 
end; 
 
 
begin 
     clrscr; 
     assign(aa,'income.in'); 
     assign(bb,'alfabeta.out'); 
     assign(cc,'bimj.out'); 
     assign(dd,'abcdef.out'); 
 
     reset(aa); 
     readln(aa,s); 
     val(copy(s,3,length(s)-2),alfa,i); n:=trunc(alfa); 
     readln(aa,s); 
     val(copy(s,6,length(s)-5),alfa,i); 
     readln(aa,s); 
     val(copy(s,6,length(s)-5),beta,i); 
     close(aa); 
     h:=1/n; 
     for m:=0 to n-4 do 
         for i:=2 to 4 do 
             begin 
                  alfaIM[i,m]:=intK(i,5,h)/intK(1,5,h); 
                  betaIM[i,m]:=intK(1,i,h)/intK(1,5,h); 
             end; 
     for m:=0 to n-4 do 
         for i:=2 to 4 do 
             for j:=2 to 4 do 
                 bIMJ[i,m,j]:=intKL(i,m,j,h)-betaIM[i,m]*intKL(5,m,j,h); 
 
     rewrite(bb); 
     writeln(bb,alfaIM[2,0]:0:12,' ',betaIM[2,0]:0:12,' ',alfaIM[2,0]+betaIM[2,0]:0:12); 
     for m:=0 to n-4 do 
     writeln(bb,alfaIM[3,m]:0:12,' ',betaIM[3,m]:0:12,' ',alfaIM[3,m]+betaIM[3,m]:0:12); 
     writeln(bb,alfaIM[4,n-4]:0:12,' ',betaIM[4,n-4]:0:12,' ',alfaIM[4,n-4]+betaIM[4,n-
4]:0:12); 
     close(bb); 
 
     rewrite(cc); 
     writeln(cc,bIMJ[2,0,2]:0:12,' ',bIMJ[2,0,3]:0:12,' ',bIMJ[2,0,4]:0:12); 
     for m:=0 to n-4 do 
     writeln(cc,bIMJ[3,m,2]:0:12,' ',bIMJ[3,m,3]:0:12,' ',bIMJ[3,m,4]:0:12); 
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     write(cc,bIMJ[4,n-4,2]:0:12,' ',bIMJ[4,n-4,3]:0:12,' ',bIMJ[4,n-4,4]:0:12); 
     close(cc); 
 
     for i:=1 to n do t[i]:=(i-1)*h; 
 
     rewrite(dd); 
     write(dd,q(t[2])*bIMJ[2,0,2]-1:0:12,' ',q(t[3])*bIMJ[2,0,3]:0:12,' '); 
     write(dd,q(t[4])*bIMJ[2,0,4]:0:12,' ',betaIM[2,0]:0:12,' '); 
     writeln(dd,-(f(t[2])*bIMJ[2,0,2]+f(t[3])*bIMJ[2,0,3]+f(t[4])*bIMJ[2,0,4])-
alfa*alfaIM[2,0]:0:12); 
 
     write(dd,q(t[2])*bIMJ[3,0,2]:0:12,' ',q(t[3])*bIMJ[3,0,3]-1:0:12,' '); 
     write(dd,q(t[4])*bIMJ[3,0,4]:0:12,' ',betaIM[3,0]:0:12,' '); 
     writeln(dd,-(f(t[2])*bIMJ[3,0,2]+f(t[3])*bIMJ[3,0,3]+f(t[4])*bIMJ[3,0,4])-
alfa*alfaIM[3,0]:0:12); 
 
     for m:=1 to n-5 do 
     begin 
     write(dd,alfaIM[3,m]:0:12,' ',q(t[2+m])*bIMJ[3,m,2]:0:12,' ',q(t[3+m])*bIMJ[3,m,3]-
1:0:12,' '); 
     write(dd,q(t[4+m])*bIMJ[3,m,4]:0:12,' ',betaIM[3,m]:0:12,' '); 
     writeln(dd,-
(f(t[2+m])*bIMJ[3,m,2]+f(t[3+m])*bIMJ[3,m,3]+f(t[4+m])*bIMJ[3,m,4]):0:12); 
     end; 
 
     write(dd,alfaIM[3,n-4]:0:12,' ',q(t[n-2])*bIMJ[3,n-4,2]:0:12,' ',q(t[n-1])*bIMJ[3,n-4,3]-
1:0:12,' '); 
     write(dd,q(t[n])*bIMJ[3,n-4,4]:0:12,' '); 
     writeln(dd,-(f(t[n-2])*bIMJ[3,n-4,2]+f(t[n-1])*bIMJ[3,n-4,3]+f(t[n])*bIMJ[3,n-4,4])-
beta*betaIM[3,n-4]:0:12,' '); 
 
     write(dd,alfaIM[4,n-4]:0:12,' ',q(t[n-2])*bIMJ[4,n-4,2]:0:12,' ',q(t[n-1])*bIMJ[4,n-
4,3]:0:12,' '); 
     write(dd,q(t[n])*bIMJ[4,n-4,4]-1:0:12,' '); 
     writeln(dd,-(f(t[n-2])*bIMJ[4,n-4,2]+f(t[n-1])*bIMJ[4,n-4,3]+f(t[n])*bIMJ[4,n-4,4])-
beta*betaIM[4,n-4]:0:12,' '); 
 
     close(dd); 
     writeln(sin(1)*exp(1):5:20); 
     writeln(alfa,' ',beta); 
     write(n); 
end. 
 
 
II nawili 
 
program mag2; 
uses crt; 
var aa,bb,cc,dd:text; 
    a,b,c,d,e,g,u:array[2..100] of Extended; 
    al,be,ga,ep:array[3..105] of Extended; 
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    alS,beS,gaS,deS,epS:array[4..105] of Extended; 
    X,Y,alfa,beta,koe:Extended; 
    n,i:integer; 
    s:string; 
 
function uu(t:real):real; 
begin 
     uu:=exp(t); 
end; 
 
begin 
     clrscr; 
     assign(aa,'income.in'); 
     assign(bb,'abcdef.out'); 
     assign(cc,'albegaep.out'); 
     assign(dd,'amo.txt'); 
 
     reset(aa); 
     readln(aa,s); 
     val(copy(s,3,length(s)-2),alfa,i); n:=trunc(alfa); 
     readln(aa,s); 
     val(copy(s,6,length(s)-5),alfa,i); 
     readln(aa,s); 
     val(copy(s,6,length(s)-5),beta,i); 
     close(aa); 
 
     a[2]:=0; a[3]:=0; b[2]:=0; 
     d[n]:=0; e[n]:=0; e[n-1]:=0; 
 
     reset(bb); 
     readln(bb,c[2],d[2],e[2],X,g[2]); 
     readln(bb,b[3],c[3],d[3],e[3],g[3]); 
     for i:=4 to n-2 do 
     readln(bb,a[i],b[i],c[i],d[i],e[i],g[i]); 
     readln(bb,a[n-1],b[n-1],c[n-1],d[n-1],g[n-1]); 
     readln(bb,Y,a[n],b[n],c[n],g[n]); 
     close(bb); 
 
     al[3]:=b[3]*d[2]-c[2]*c[3]; 
     be[3]:=b[3]*e[2]-c[2]*d[3]; 
     ga[3]:=b[3]   *X-c[2]*e[3]; 
     ep[3]:=b[3]*g[2]-c[2]*g[3]; 
 
     alS[4]:=a[4]*d[2]-c[2]*b[4]; 
     beS[4]:=a[4]*e[2]-c[2]*c[4]; 
     gaS[4]:=a[4]   *X-c[2]*d[4]; 
     deS[4]:=         -c[2]*e[4]; 
     epS[4]:=a[4]*g[2]-c[2]*g[4]; 
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     for i:=3 to n-1 do 
         begin 
              if i=n-2 then 
                 begin 
                      a[n]:=Y*be[n-3]-al[n-3]*a[n]; 
                      b[n]:=Y*ga[n-3]-al[n-3]*b[n]; 
                      c[n]:=         -al[n-3]*c[n]; 
                      g[n]:=Y*ep[n-3]-al[n-3]*g[n]; 
                 end; 
 
              al[i+1]:=(alS[i+1]*be[i]-al[i]*beS[i+1])*(koe); 
              be[i+1]:=(alS[i+1]*ga[i]-al[i]*gaS[i+1])*(koe); 
              ga[i+1]:=(              -al[i]*deS[i+1])*(koe); 
              ep[i+1]:=(alS[i+1]*ep[i]-al[i]*epS[i+1])*(koe); 
 
              alS[i+2]:=(a[i+2]*be[i]-al[i]*b[i+2])*(1); 
              beS[i+2]:=(a[i+2]*ga[i]-al[i]*c[i+2])*(1); 
              gaS[i+2]:=(            -al[i]*d[i+2])*(1); 
              deS[i+2]:=(            -al[i]*e[i+2])*(1); 
              epS[i+2]:=(a[i+2]*ep[i]-al[i]*g[i+2])*(1); 
 
         end; 
 
     rewrite(cc); 
     writeln(cc,c[2]:0:12,' ',d[2]:0:12,' ',e[2]:0:12,' ',X:0:12,' ',g[2]:0:12); 
     for i:=3 to n do 
     writeln(cc,al[i]:0:12,' ',be[i]:0:12,' ',ga[i]:0:12,' ',ep[i]:0:12); 
     close(cc); 
 
     for i:=n downto 3 do 
     u[i]:=(ep[i]-be[i]*u[i+1]-ga[i]*u[i+2])/al[i]; 
     u[2]:=(g[2]-d[2]*u[3]-e[2]*u[4]-X*u[5])/c[2]; 
 
     rewrite(dd); 
     for i:=2 to n do 
     write(dd,u[i]:0:12,' '); 
     writeln(dd,beta:0:12); 
     for i:=1 to n do 
     write(dd,uu(i/n):0:12,' '); 
     close(dd); 
end. 
 
III nawili 
U=load('amo.out failis misamarti'); 
X=.01:.01:1; 
plot(X,U). 
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